On Mikusinski’s algebraical theory of differential equations
by
R. SIKORSKI (Warszawa)

Let ¥ be a linear space over an algebraical field ¢ with the chara-
cteristic zero. The letters »,y,# (with indices, if necessary) will always
denote elements of ¥, the letters a, b — elements of ¢, and the letters
P,Q — polynomials of a variable & with coefficients belonging to C.

Let D be an abstract derivation in F, 4. ¢. an endomorphism') of 7
such that
I if

(1) P(§) = e+ 0,8+ Aap

is a polynomial of degree p, then the equation®) P(D)a = 0, i. 6.
the equation

2) aoDPa+a, DP o+ 4 ap_y D+ apz = 0

has at most p linearly independenti solutions ay, ..., &p;

(IT) if the equations Py(D)z = 0 and P,(D)xz = 0 (where P, and P,
are polynomials) have exactly p, and p, linearly independent
solutions respectively, then the equation Py(D)Py(D)x = 0 has
exactly p,-+p. linearly independent solutions.

Suppose also that
(IIT) each element xe¢F is a solution of an equation P(D)x == O for

& nomn-zero polynomial P.

The equation (2) is an abstract homogeneous differential equation
with constant coefficients. By (IIT), F is a space of solutions of equations
(2). In the theory of ordinary differential equations (2) with real (or com-
plex) coefficients, the space F' of all real (or complex) solutions of al)

') U is said to be an endomorphism of a linear space F (over a field 0) if U
is & mapping of F into itself and U(aw+by) = aUz+bTUy.

?) If P is a polynomial of the form (1), then P(D) obviously denotes the endo-
morphism agD?+ a1 D?~14... 4 ap D’ where D° is the identity endomorphism.
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equations (2) is such that if a function %(t) 18 in F', then the function
t(t) also belongs to F', 4. e., the transformation T defined by the equation

(3). Tu(t) = tw(1)

i3 a linear endomorphism of ¥”. Moxeover, DTx = TDx-+x for wek’
(D denotes here the usual derivation).

Mikusingki®) has proved that, in the case of an arbitrary linear space &
with an abstract derivation D, there exists an endomorphism 7 which
is an abstract analogue of the endomorphism (3). More exactly, he has
proved the following theorem:

(M) Under the hypotheses (I), (I1), (XII), there is am endomorphism T
of F such that DTw = TDa+x for every xel.

The purpose of thiy paper is to give another proof of Theorem (M).
Since the knowledge of Mikusitiski’s paper is not assumed here, we start
with the proof of some simple lemmas.

(1) If my 48 @ solution of the equation P(D)x =0, and P, is any
polynomial, then the element P,(D)z, is also a solution of this equation.

In fact, P(D)Py(D)my = Py(D)P(D)z, = 0.

The letter @ will always denote a fixed polynomial, irreducible in O,
Q) = E-by & .. 4Dy, such that the equation Q@(D)z = 0 has
a solution x £ 0. :

Let B, (n = 0,1,2,...) denote the linear space of all w¢ I such that
Q(D)*x = 0, and let Fg = By+ By+ Fy,+... be the linear space of all
solutions # of all the equations Q(D)*z = 0, n=0,1,2,... Of course,
we assume that @ (D) is the identity endomorphism of F, therefore K,
contains only the zero element 0 of F. Observe _that E,CE,CE,C...

It follows from (IT) that the set By —B, iz not empty (n =0,
1,2,..0. :

(il) If @"*(D)y =0 but QDYy #0 (i.e., if yeBy . —EB,), then
P(D)y = 0 if an only if the polynomial P is divisible by Q™.

Consequently P(D)y + 0 for every non-zero polynomial P of degree
< (n--1)g.

I P = PyQ™, then P(D)y = Py(D)Q(DY*+y = 0.

If P is not divisible by @™, then ¢* is a multiple of the largest
common divisor of P and @™, Therefore there exist ‘polynomials P,
and Py such that Py P-PQ"* == ", This implies that P(D)P(D)y
= @YD)y 5 0. Hence P(D)y 0. L .

. ,
Y Jo Mikusinski, Sur Vespaco lindaire avee dérivation, " ce fasciculs, p. 113-123.
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(ifi) Lot yeBpy—B,. An clement weF belongs to By, if and only
if it is of the form

(4) @ = P(D)y,

where P is a polynomial of degree < (n+1)q. The representation of « in
the form (4) is unique. ‘ :

The element @ of the form (4) belongs to B, if and only if P is divisible
by Q. ‘

By (i), every element & of the form (4) belongs to Brpn.

In particular, the elements

(5) y, Dy, Dy, ..., DOy

belong to E,,,. By the second part of (ii), they are linearly independent.
Let x¢ B, . By (I), the element  and the elements (5) are linearly depen-
dent, 7. e.

o = a0y+a1Dy+.-.+a(n+1)q_1D("+l)q_l’y = P(D)y,

where P(£) = tp-+ayf+. ..+ iy 1E7TI) Since the elements (5)
are linearly independent, the coefficients o; are uniquely determined
by @, i.e., the representation of # in the form.(4) is unique.

If ¢ = P(DyeR,, then Q(D)"P(D)y = 0. By (ii), the polynomial
Q"P is divisible by @}, which implies that P is divisible by @. On the
other hand, if ® = P(D)y and P is divisible by @, 4. ., P = P1@, then
Q(D)'s = Q(D)"P(D)y = Py(D)Q(D)**'y =0, i.e., we L.

(iv) If yeEn . —Ey, then cvery element we By, can be uniquely re-
presented in the form

(6) # = P(D)y+ a1,
where P is a polynomial of degree < q and xye By, 4. e. in the form
) z = aoy-l—all)y+...+aq_lD““‘y—l—ml‘ (wy 6 By)-

The element « belongs to B, if and only if P =0,

By (iii), we have z = P,(D)y, where P, is a polynomial of degree
< (n--1)q. There exist polynomials P and P, such that P, == QPP
and the degree of P is <'¢. We have x = P(D)y--u,, whore
= Q(D)P,(D)yeE, on account of the second part of (iii).

On the other hand, if equation (6) holds, then x, is of the form
@y = Q (D) Py(D)y by the second part of (iii). Consequently x = Py(D)y,
where P, = QP,-+P. Since P, is uniquely determined by x on account
of (iii), so are P and P,. This proves the uniqueness of the decomposition (6).
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(v) If weBy,,, then there ewists an element 268y, o such that
(8) Q(D)z = a.

If weBy1—B,, then zeB, ,— s

Let ye B, 3—By,y. By (iii) (where » should be replaced by n-1)
there exists a polynomial P,(D) of degree < (n+41)g, such that ==,
= @Q(D)P,(D)y. The element z = P,(y) fulfils equation (8).

If zeHyyp, then Q(D) = Q(D)™ % = 0 by (ii), i. e. zel,.

(vi) There ewist an endomorphism T of Fy such that DTw = TDzp+az
for meFy.

Let x 5% 0 be an eclement guch that @ (D)a, = 0, . e.,
(9) a/'oE.El—Eo.

We define, by induction, the linear transformation T on the sub-
spaces B, (n =0,1,2,...) of the space Fq in such a way that

(10) DTw = TDs+
(11) T (By—Ey_,)CEyyy —Fy

for w¢H,,

for j=1,2,...,n

On the subspace F, the transformation 7 is obviously defined by the
formula 7'(0) = 0.

Suppose that T' is defined on B, so that (10) and (11) hold. We extend
T to By, as follows.

Let‘ y = I"x,. Condition (11) implies that I™(By— By) CBpyy—E,.
In particular
(12) Yy = T"wy6Bpyy—1,.
Consequently (see (iii))
(13)

DyeBy,—B, for i=0,1,...,q¢—1.

It follows also from (iii) that Q(D)yeH,, which implies, by (11),
TQ(D)yeBy,,.

Let @' be the ordinary derivative of ‘the polynomial Q, i. e
Q(8) = & (g—1) 08 . Dy

Bince Q'(D)ye B, by (13), we infer that TQ(Dyy+Q(D)yeRy,,.
By (v) there exists an element 26l,,, such that

@(D)z = TQ(D)y-+Q'(D)y.

We define the values of the transformation T at elements (13) by
the formulae

(14)
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Ty =2,
TDy = Dz—1y,
TDY = D*%— 2Dy,
(15) ...........

TD%Yy = D —(¢—1)D"%.

Tor an arbitrary element @eX,,, of the form (7) we define T by
the formula Tz = apTy+ ey TDy ...+ aq  TD¥ Yy 4Ty,

Of course, T is a linear transformation on By.;. Tt immediately
follows from (15) -that, for every polynomial P of degree < ¢,

(16) P(D)z = TP(D)y+P(D)y.
In order to show that
(1m) DTx = TDz+2 for ek,

it suffices to prove equality (17) for elements (13) only. Multiplying 1.711(3
i-th equation (15) by D and substracting it from the (i —i—l);ﬁh (-aquatmn
(1), we infer that (17) is true for elements y, Dy, ..., D¥ Ry, e
DTDY = TD"y+D'y (i =0,1,...,q9—2).
Replacing P(D) by D*—@Q(D) in equality (16), we obtain
(D*—Q(D)) = T(D*—Q(D))y+(¢D*—Q' (D).
Consequently, by (14),
(18) D% = TD%+qD"y.

Multiplying the last of the equalities (15) by D and substracting
from (18), we obtain DTD%*' = TD%+D??, which completes the
proof of (17). . -

Now we shall prove that the transformation I' extended bto Il
satisfies also the second inductive hypothesis, 4. e. that

(19) T(En+1_En)CEn+2— ’n+1'
On account of (11) we have

(20) TY B —EB) CEBipy—E; for i=1,...,n.
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It follows from (17) that, for every polynomial P,

n n
P(D)T"xy = (0) T*P(D)ay+ (1) T" P (D) o+ (2) P'(Dyrg+...,
where P’, P", ... are the ordinary derivatives of the polynomial P. Hence,
by (9) and (20),

QD)2 = TQ(D)y +Q(D)y = TQ(D)I"r,+Q'(D)I"x,

¢
<4

n--1 L )
- (” X ) QD)o+ (“T]‘) QD) +

w41 S
%—( 3 )1”'“(,)' (D)ot € By — By,

since Q(D)ay 5 0 (see (ii)), 4. e Q'(D)age B, —B,. Hence we infer on
account of the second part of (v) that

(21) =Ty = T"H‘l'ern-x-z"EnH-

It we B, 11 —B,, then, by (iv), & = P(D)y-+ax,, where P is a non-zero
polynomial of degree < ¢, and 2,eB,. Hence, by (16), -

T = TP(D)y-+Tw, = P(D)s—P"(D)y-+Ta,.

Sinee P(D)ze Iy o—HByy; by (21) and (iii), P(D)yeB,,, by (12)
and (i), and TxeH,,, by (11), we infer that TreBys—B,,;, which
completes the proot of (19).

(vii) The space ¥ is the direct sum. of all subspaces Fo where Q is any
irreducible polynomial sueh that the equation QD)= 0 has a solution
& = (.

Tt wuffices fio prove that every element:ze# can be represented in
the form
(22) o ml'['"..."[“.’l‘r,

where wgelig, (0= 1, ..., 0) and @ are different irreducible polynomials,
and that the decomponition (22) is unique (up to summands equal to
%eT0),

By (JTI) wo have
(23) LP(D)yx == 0

for o non-zero polynomial P. We have then P = QPQR-...- Qe
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where @; (1 <j <¢) are different irreducible polynomials of degree ¢
respectively, and @ 5= 0. Suppose that if 1:j<r, the equation
Q:(D)» = 0 has a non-zero solution, and if » < j <l s, it has only the zero
solution.

I 1<j<<r let 2 be an element such that QF(D)y; == 0 bub
Qi (D)y; # 0.

The elements

(24) Uy Dyy o DPyy ooy DYy (= 1,00, 7)
are solutions of (23). Suppose that a linear combination of (24) iv equal
to zero, 1. e.

(25) P+ Pu(D) 1ty = 0,
where P; is a polynomial of degree < m;q;. Let
(26) H; = Qy .. Q@i Qr.

Multiplying (25) by H;(D) we infer that H;(D)P;(D)y; = 0. Hence,
by (i), P;=0 (j=1,...,7). This proves that if a liner combination
of (24) is equal to zero, then all the coefficients are also equal to zero.
Therefore elements (24) are linearly independent.

It follows from (II) and (iii) that equation (22) has exacily
n = n¢+-...+n.¢ linearly independent solutions. Since the number
of elements (24) is equal to n, they constitute a basis for the space of all
solutions of (23). Therefore, if x satisties (23), we have

@ = Py(D)yy+...+P(D)y,,

for some polynomials Py,...
@ = Py(D)y;.

To prove the uniqueness of (22) it suffices to show that if the de-
composition (22) holds and # = 0, then #; =0 for j =1, ...,

In fact, let n; be the least non-negative integer such that
Q7 (D)z; = 0. Multiplying (22) by H;(D), wheve H; is defined by (26),
we infer that H;(D)a; = 0. By (ii), H; is divisible by @, which. implios
#; = 0. Therefore »; = 0.
. Theorem (M) is an immediate consequence of (vi) and (vii). Tn. fact,
first we define the transformation T on each of the subspaces Fg sopu-
rately. If aeF is of the form (22), we assume Tx = Twlr-}«...-—‘{w,’l‘mr.

, Pry 4.6 the decomposition (22), where
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