About sets with strange isometrical properties (1)
by
Jan Mycielski (Wroctaw)

Tt is the purpose of this paper to give some generalizations of the
results of part (I) [3]. Theorem 1 of this paper was announced in [6].
This paper was intended first to be a continuation of [3] because in the
proof of theorem 2 the continuum hypothesis was used. Since that time
we have elaborated with 8. Balcerzyk [1] a method which enables me
to eliminate the continnnm hypothesis from that proof. Therefore theo-
rem 2 of this paper is & generalization of the main theorem 2 of [5]. Let
us mention also that problem IT of [5] was solved by E. G. Straus, who
proved [T} that a plane set E contains at most one point p such that

E~FE (p) (==denotes congruence of sets).

In our proofs the axiom of choice is used without restrictions.

The theorems of [5] concerning the sphere &, and the group of ro-
tations are transferred here for arbitrary analytic manifolds and groups
of analytic homeomorphisms. '

All manifolds considered are supposed to be analytie, real and con-
nected. For two manifolds M and M’, a mapping f: MM’ is called
analytic it the local coordinates of the point f(p) e M ' are analytic func-
tions of the loeal coordinates of the point p e M. (M, @) is called an
analytic system it M is a manifold and G a connected Lie group of ana-
lytic homeomorphisms of M onto itself and the mapping r: (G X M)—-M
defined by 7(h, p) = h(p) is analytic.

TagoreM 1. Let M be o manifold and U a free group of rank 2 of
analytic homeomorphisms of M onto itself. Then there exists such a denu-
merable set B C M that for every finite set F C E there exists a h ¢ U such that

h(E)=E\F.

TarorEM 2. Let (M, G> be an analytic system and suppose that G
contains o free subgroup of rank 2. Then there ewists such a set H C M of
potency 9% that for every at most denumerable set D C H there exists a h e [
such that

h(Hy=H\D.
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In order to apply these theorems to more concrete spaces. let us
remember that every connected compact non-abelian and every con-
nected locally compaect nen-solvable "topological group contains a free
subgroup of the rank 2% (see [2]). Consequently the groups of isometries
of the sphere (2% +y%--22= 1) and of the elliptic plane contain free sub-
groups of rank 2. It has also been proved by T. Dekker [3], [4] that the
group of isometries of the hyperbolic plane contains a free subgroup of
rank 2 (and 2%). Then our theorems imply, that the sphere, the elliptic
plane, and the hyperbolic plane contain such a denumerable set E and’
such a set H of potency 2% that

E~E-F for every finite set FC E (%),

HoH\D for every at most denumerable set D C H.

To prove theorems 1 and 2 we need some notions and lemmas.

A group of transformations ¢ acting on a space M is said to be free
at a point p e M if for every g, he@

g(p)=h(p) implies g=nh.

For any subgroup U C @, 3 « G and p ¢ M, « is called free at U and p
if for every sequences of elements @y, @yy -y @m; Boy byy oy bu e U (@i, b5~
for 43£1,m, j£1,n) and of integers ki, .., Ku, by ooy In (ki I 55 0) the
equality

(1) a8 a2 0, ... B ran(p) = bt by w3h, ... £ b (D)
implies
(2) m=mn, k=1l and a;=25b for 4i=0,1,..,m.

For any set K CG we pub

_ K(p)={f(p): f<K}.
LemMA 1. If @ is free at p then for every K C G we have

(G\K)(p) = G(p)\K(p).
The proof is obvious.

Lemma 2. Let G be a group of. analytic homeomorphisms of a mant-
fold M onto itself. If G < 2% then there exists such a point p € M that G is
free ot p.

Proof. If g,he @ and g+h there exists such a p e M that

' g(p) £ h(p). o

~ (Y)“This theorem for the hyperboli¢ plane was proved in a more direct way by
T. Viola [8]. AEEEEI R . ) ;
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Then the set A,z = {p: g(p) = h(p)} is an analytic surface in M (see [1]).

By a theorem of [1] the union §= L) Ay, is a border set in M.
u.heGg#h

Then there exists a point p e M\ S, as required.

LEnMmA 3. Suppose that the hypothesis of theorem 2 i8 satisfied. Then

there exists a free subgroup U of G, of rank 2% and a point p e M such
that U is free at p.

Proof. There exist a free gronp ¢ C & of rank 2 and, by lemma 2,
a point p e M on which G is free. Then

(3) There exists a free group U, C G of the rank s, which is free at a point
pel. )

Indeed if a, b are free generators of @& then ab, a?? a®b, ... are free gen-
erators of such a group U,.
Now we shall prove the following assertion:

(4) If U is a free group of infinile rank, 175< 2% and U, is free at p,
then there exists an x e (G which is free at Uz and p.

Consider the equation (1) with a;, b;e Uy and suppose that (2) is
not satisfied. Then (1) is not satisfied for some x ¢ & (it is enough to
take for z one of the free generators of U which does not occur in the
reduced expressions of a; and &;). Then ‘the set {z: 2 ¢ G, « satisfies (1)}
is an analytic surface in @ The number of these surfaces is < 2%, then
their union is a border set in G. Consequently there exists an x ¢ G which
satisfies an equation of the form (1) only if the corresponding relations
(2) hold. This proves: (4). :

The statements (3) and (4) clearly implies the lemma 3. .

LevMA 4. A free group G of the rank 2 contains such a denumerable
set P, that for every finite set F C P there exists such an u <@, that

wP=P.F.

For the proof see [5] or [7] (it does not use the axiom of choice).
LEmMa 5. A free group U of the rank 2% contains such a set R of
the power 2% that for every at most denwmerable set D C R there exists such
an 4@, that -
wuR=R"D.

For the proof gee [5] or [7] (it uses the axiom of choice).

Proof of Theorem 1. Applying the lemmas 2 and 4, we put
E = P(p). By Lemama 1 F satisfies Theorem 1.

Proot of Theorem 2. Applying the lemmas 3 and 5, we put
H = R(p). By Lemma 1 H satisfies Theorem 2. )
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