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Exact Wiener—Ikehara theorems
by

WEN-BIN ZHANG* (Urbana, IL, and Guangzhou)

1. Introduction. The Wiener-Ikehara (henceforth, W-I) theorem is
one of a few most famous theorems in tauberian theory [Bor]. It is the
ultimate result of seeking a proof of the prime number theorem with as
little assumed about the Riemann zeta function as possible [Ike31) [Korl]. In
its long history the theorem has many different generalizations [Korl]. Its
most well-known form is as follows.

THEOREM (W-I). Let F(x) be a real-valued function with support in
[0, o0) which is nondecreasing and continuous from the right. Suppose that
the Laplace—Stieltjes transform
oo
F(s) = S e ** dF(x)
0

is convergent for Rs = o > 1. If, for some constant c, the analytic function

F 1
G(s) ::M_E, o >0,
s+1 s
has an extension G(it) such that G(o + it) converges to G(it) as o — 0+

uniformly or in L' on every finite interval [T, T then
lim e *F(x) = c.
T—00

Generalizations of the W-I theorem are usually devoted either to relaxing
the “tauberian conditions” or to estimating the “error term” F'(z)—ce”; see,

e.g. [GrVa, ReRol.
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In [Zhal4], it is shown that the tauberian condition that G(o + it) con-
verges to G(it) as ¢ — 0+ uniformly or in L! on every finite interval [T, T
can be replaced by an “if and only if” condition that there exists Ag > 0
such that, for every A > Ag,

2 1t . .

S 3 <1 - 2)\> e (G(o +it) — G(o’ +it)) dt
—2A
approaches zero as g, 0/ — 0+ uniformly for y > yo()\).

We notice that, in applications, when F'(x) is a summatory function of
a number-theoretic function, such as ) . A(n), the theorem is a kind of
mean-value theorem like those, say, in probabilistic number theory. If the
remaining tauberian condition that F'(x) is nondecreasing can be removed
then the method of W-I theorem may also be used in the mean-value prob-
lem. This is the main motivation of this new paper.

Here we show further that the remaining tauberian condition can be re-
placed by an “if and only if” condition that F'(log u) is a linearly slowly de-
creasing function of u (see Deﬁnition. A slowly decreasing function (hence,
also a nondecreasing function) is linearly slowly decreasing. Also, summatory
functions of many number-theoretic functions, such as the Mdbius function
p(n), are linearly slowly decreasing but not nondecreasing. The new form
of the W-I theorem makes it possible to apply the W-I theorem to, but
not only, the mean-value problem for those functions. In fact, we prove an
exact Wiener—Ikehara theorem which works for a much larger class of lin-
early slowly decreasing functions. Also, our theorem holds for poles of higher
orders.

Let a real-valued function f(z) be defined on [a, ), a > 0, and let « be
a nonnegative real number.

DEFINITION 1. f(z) is said to be linearly slowly decreasing (henceforth,
l.s.d.) with index « if
liminf  (zlog®z) *(f(y) — f(x)) > 0.

x—00,y/x—1+

In other words, for a l.s.d. function f(z) with index «a, given € > 0, there
exist a sufficiently large number z(e) > a and a sufficiently small number
n(e) > 0 such that

(f(y) = f(2))/(xlog" x) > —e
for all (z,y) satisfying x > z(€) and z < y < z(1 + n(e)).
We note that if f(x) is 1.s.d. with index « then it is also l.s.d. with any
index 8 > a.
For brevity, in the following discussion, if the index « is zero or the index
is not emphasized, f(z) is sometimes simply called a 1.s.d. function.
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Consider the W-I theorem in Laplace transform form. Let F'(x) be a
real-valued Lebesgue measurable function with support in [0, 00). Assume
that

[e.e]

S e 7*|F(x)|dr < oo forall o> 1.
0

Set

(1.1) osoe_”F(x) dx = L + G(s)
5 (s —1)att

with real constants L and «« > 0 for o > 1.

Let
1 "
At)==(1—-—= R
)\( ) 92 ( 2)\> ) teR,
with A > 0. It has support [-2A, 2)]. Also, let AY"(¢) denote the m-fold
convolution of Ay(t) with itself for m € N. Note that AY"(¢) has a compact
support too.

THEOREM 1 (Exact Wiener-Ikehara Theorem). (1) If F(log u) is a l.s.d.
function of u with index o and there exist a constant Ag > 0 and a positive
integer m > 1+ [a]/2 such that the function G(s) defined by satisfies
(i) the limit

. *m ity .
(1.2) Jim _goo A ()™ G (o + it) dt

exists for every A > Ao and every y > yo(\) and (ii) we have

1 T :
(1.3) — lim S A1) e™G (o +it)dt = 0x(1)  asy — o0
Y* o—=1+ e
then
Le*z®
(1.4) F(x) = (I+0(1)) asz— oo,

I'la+1)
where I' is the Fuler gamma function.

(2) Conwversely, if (L.4) holds as © — oo then (i) F(log u) is a l.s.d.
function of w with index o and (ii) for every A > 0 and each integer m >

1+ [@]/2 the limit (1.2]) exists for every y > 0 and (L.3)) is satisfied as
Yy — 00.

REMARK 1. For lim, o e 2 “F(z) = L/I'(a+ 1) to be true we must
assume that (1.3]) is satisfied for all A > \¢ as shown by an example with
a =0 in [Zhal4].
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REMARK 2. If, for every A > ), there exists a sequence op(\) — 1+
such that (1.2) exists and ({1.3)) holds with o = o,,(\) then the conclusion of
the theorem is still true. This can be seen in the following proof.

The function f(r) = 2z + Az’ “cosz where 4 > 0, 0 < € < 1 is
not nondecreasing. It satisfies (" e 5 f(e”)dz = (s — 1)~ 4 G(s) with
G(s) = Af u™“cosudu and limy o € * f(e*) = 1. By Theorem |1} f(x)
is linearly slowly decreasing (with index o = 0), as shown in a direct way in
Section [2l Also, by the Riemann-Lebesgue lemma, G(s) satisfies and
(1.3) with m = 1.

Combined with the Riemann—Lebesgue lemma, Theorem [1| yields an
equivalent form.

THEOREM 2 (Exact Wiener-lkehara Theorem). (1.4) holds if F'(logu)
s a l.s.d. function of u with index o and there exist a constant A\g > 0 and
a positive integer m > 1+ [a]/2 such that, for each X > X,

(1.5) yla OSO A™(4)e™ (G (o +it) — G(o +it)) dt

approaches zero as o, o — 1+ uniformly for y > yo(\) (> 0).

Conversely, if holds then (i) F(log w) is l.s.d. with index o and
(i) for all X > 0 and integers m > 1+ [a]/2, approaches zero as
0,0 — 1+ uniformly for y > 0.

REMARK 3. In particular, lim, . e *F(x) dx= L if and only if F'(log u)

is linearly slowly decreasing with index 0 and

OSO A\(H)e™(G(o +it) — G(o’ +it)) dt

—00
approaches zero as o, 0’ — 1+ uniformly for y > yo(A) (> 0).

COROLLARY 1. If F(log u) is l.s.d. with index « and there exists Ag > 0
such that for all A > Ag,

2\
lim | |G(o+it) - G(o/ +it)|dt =0
o,/ =1+ o

then (|1.4) holds.

The classical W-I theorem is a special case of Corollary [If with index 0.

COROLLARY 2. If F(logu) is linearly slowly decreasing with index v +
n—1, where 0 <y <1, neN, and
o
S e F(z)dx = 7525(5)
5 (s —1)rtn

+¢(s)  for Rs=0>1,
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where ¢(s) and P(s) are analytic on {o > 1} and ¢(1) # 0, then
¢(1)ewx'y+n—1
I'(y+n)
This is an extension of Theorem 7.7 of [BaDi] dealing with nondecreasing
functions.

We also prove Wiener—lkehara upper and lower bound theorems with
looser conditions.

F(z)= (I+0(1)) asz— .

DEFINITION 2. f(z) is said to be linearly bounded below decreasing with
index « if

(1.6) liminf (zlog®x) ' (f(y) — f(x)) > —oc0.

z—00,y/x—1+

In other words, for a linearly bounded below decreasing function f(z)
with index «, there exist positive constants A, x¢ and 7 such that

(zlog®2) " (f(y) — f(x)) > —A
for all (x,y) satisfying x > xop and = < y < z(1 + n).
Recall that A{™(t) is the m-fold convolution of Ay(t) with itself. The

Fourier transform of AY™(t) is the mth power of the Fourier transform ky(x)
of Ax(t), i.e.,

(1.7) ogo A ()it dt — I () = <)\<sin)\x)2>m.

e AT
Moreover,
OSO kP (2) de = A™TCy,
with constant
= T (1)
in particular, C; = . Also,
(1.8) S kY (2) de < 2 for 6 > 0.

(2m — 1) Am§2m—1

z[>6

THEOREM 3 (W-I Upper Bound). If F(logu) is linearly bounded below

decreasing with index o and if there exist a positive integer m > 1 + [« /2
and positive constants A, yo, K, Cp, such that

(1.9) lim sup | A ()™ Glo +it) dt < KA Croy)®
o—1+ o0

for each y > yo then F(z)(e®z®)~! < C for some constant C' > 0.
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Conversely, if F(z)(e®z®)~t < C for some constant C > 0 then, for
every A > 0 and every m > 1+ [a]/2, (1.9) holds with some constants K
and Cy, uniformly for y > yo(A\) (> 0).

REMARK 4. Since F(z) is real-valued, from (1.1) we see that G(o) is
real-valued for real ¢ > 1. By the reflection principle, G(5) = G(s) for

complex s. Moreover, A{™(t) is an even function of real t. Hence the left-
hand side of ([1.9) (and also (|1.11])) is real-valued.

We now investigate the existence of a positive lower bound for F(z)/
(e®z®). Let F(x) be nonnegative and satisfy the convention

(1.10) lim (o — 1) | 77" F(a)dz = L
o—14 o

with the constant L in ([L.1).

THEOREM 4 (W-I Lower Bound). If F(z)(e®z®)~! > ¢ for all z > g
(> 0) and some constant ¢ > 0 then, for every A > 0 and every integer
m > 1+ [a]/2, there exists a constant v > 0 such that

o0

. —L
s *m it : m—1 o
(1.11) léniirif S A" (t)e"™G(o +it) dt > <F(a+1) +’y>)\ Cny

fory > yo(X).

Conversely, assume that there exist positive constants A, v, yo and an
integer m > 1+ [a]/2 such that holds for all y > yo. If F(logu) is
nondecreasing or linearly bounded below decreasing with index f < a and if
F(z)(e®z%)~! < C for some constant C > 0 then F(z)(e*z*)~ > ¢ for all
x > xo (> 0) with some constant ¢ > 0.

REMARK 5. The condition ([1.10)) alone implies neither an upper bound
nor a positive lower bound for F(z)(ez®)~!. In case a = 0, this is shown
by the example given in [DiZh].

REMARK 6. Note that, for a positive lower bound, we assume that
F(logu) is nondecreasing or linearly bounded below decreasing with index
B < «. This is much stronger than being linearly bounded below decreasing
with index a.

As a preliminary application of the exact Wiener—lkehara theorem, in
Section 5 we sketch a direct proof of the proposition M (z) := >, ., pu(n) =
o(z), where p is the Mdbius function, without appealing to N (z) + M (z)
as usual. Also, we show the nonequivalence of M (z) = o(x) and ¥ (z) < =z,
where 1(z) is the Chebyshev function.

2. Linearly slowly decreasing functions. In this section, we compare
the definition of l.s.d. functions with the well-known definition of slowly
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decreasing functions and set up some basic properties of l.s.d. functions.
Readers who want to look quickly at the proofs of the theorems may go
directly to Lemma [I] and leave the rest of the section for a second read.
Note that the sum of two l.s.d. functions with the same index on the
same interval [a,00) is 1.s.d. with that index. Also, the product of a l.s.d.
function with a nonnegative constant is l.s.d. with the same index again.

DEFINITION (Schmidt [Sch25al). A function f(z) is said to be slowly

decreasing if
liminf  (f(y) — f(x)) = 0,
z—00,y/x—1+

Since Schmidt’s significant works [Sch25a, [Sch25bh], slowly decreasing
functions have been used extensively in tauberian theory; see, e.g., Wiener
[Wie32] and Hardy [Har49], and also [Korl].

Nondecreasing functions are slowly decreasing and slowly decreasing
functions are linearly slowly decreasing with index 0. The function f(z) =
x4+ Az "€ cosx for x > 0, where A > 0, 0 < € < 1, is L.s.d. with index 0 but
neither nondecreasing nor slowly decreasing. Actually,

fly) = flz) = —ANT + D'~
for x < y < Az with A > 1 and hence
liminf 2 Y(f(y) — f(z)) > 0.

z—00,y/x—1+
Therefore f(x) is L.s.d. On the other hand, for z,, = 2nm, y, = x,, + 7,
Flyn) = flan) =m0 — Az + 7)1 = Az~

and hence

liminf  (f(y) — f(z)) = —oc.

r—00,y/x—1+

Therefore, f(x) is not slowly decreasing.

As a less elementary example of l.s.d. functions, consider a real-valued
function f(n;) defined on Beurling numbers N = {n;} [BaDi, Beu| (see also
Section 5). If |f(n;)] < 1 for all n; € N and N has a density A > 0, i.e.,
N(z) =), <, 1 ~ Az, then the summatory function F(z) =3, _ f(n:)
is 1.s.d. with index 0. In this case, since |f(n;)] < 1 and N(z) ~ Az, we see
that

F(y) = F(z)= Y f(n) = ~(N(y) = N(z)) = —Aly — ) + oly)

and hence liminf, , o y/z 14 v Y(F(y) — F(z)) > 0. In particular, the
summatory function M(x) := > u(n;) of the M&bius function p(n;)
on N [Zha87] is l.s.d. On the other hand, in the particular case of ratio-
nal integers N, if p is a rational prime then M (p) — M(p—) = —1 and
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liminf, ;o y/zs14(M(y) — M(z)) < —1, i.e., M(x) is not slowly decreas-
ing.
We note that a function f(z) is l.s.d. with index « if and only if

(2.1) liminf e *z7%(f(e’) — f(e)) > 0.

z—00, y—x—0+
In applications of the Wiener—Ikehara theorem in the form of Laplace
transforms, given f(x), we investigate F'(x) := f(e”), i.e. F(logz) = f(x).
For instance, in the well-known Wiener—Ikehara proof of the prime number
theorem, we investigate 1(e”).

PrROPOSITION 1. (1) f(u) := F(logu) is a l.s.d. function of w with in-
dex o if and only if

liminf e 2" *(F(y) — F(z)) > 0.

r—00,y—x—0+

Hence if F(x) is l.s.d. then f(u):= F(logu) is l.s.d. with the same index.
(2) f(u) := F(logu) is a slowly decreasing function of u if and only if

lim inf . (F(y) — F(x)) > 0.

r—00,y—xr—0+

Hence if F(x) is slowly decreasing then f(u) := F(logu) is slowly decreasing
(hence, l.s.d.).

The proof is straightforward.

The converses of the “hence” parts of Proposition [I| are usually not
true. The function F(z) := x(1 + cosz) is not l.s.d. with index 0 while
f(u) = F(logu) is. Actually, for z,, = 2nr, y, = z, + ,

2 (F(yn) — Fan)) = 2
and hence liminf = (F(y) — F(x)) < —2. On the other hand,
f(u) — f(v) = (logu)(1 + cos(logu)) — (logv)(1 4 cos(logv))

1 1
= <log u> (1 + cos(logu)) — 2(log v) sin 98 YT Gin 0g2u/’u
v

and so v L(f(u) — f(v)) = 0 as v — oo, u/v — 1+.

We then set up some basic properties of linearly bounded below decreas-
ing functions. A function f(z) is linearly bounded below decreasing with
index « if and only if
(2.2) liminf  (e%z%) 7 (f(e¥) — f(e%)) > —oc.

r—00, y—r—0+

If F(z) is linearly bounded below decreasing with index « then f(u) :=
F(logu) is linearly bounded below decreasing with the same index.

Also, a l.s.d. function with index « is linearly bounded below decreasing
with the same index.
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LeEmMMA 1. If F(logu) is linearly bounded below decreasing with index o
then

(2.3) lixrgioréfF(x)(exxa)_l > —c
for some positive constant c.
Proof. We have
(") (F(y) - Flx)) > -4

for x > xg and 0 < y — x < 2§ with some § > 0. In particular, fixing § > 0,
we get

e~ (wo+nd) (xog+mnd)~ @ (F(xo +(n+1)d)— F(xo +n5)) >-A, n=01,....
Hence

e~ @t HD) (20 4+ (0 + 1)8) " F(x0 + (n + 1)0)

6 (0%
> (e (wotnd) 5)OF 5) — A)ed( —Totmo
> (B ) ) (2

_ —(zo+nd) —a -4 zo +no “
e (g +nd)"“F(xo+ nd)e <x0+ 1)

Then, by induction,

e~ (@0+10) (10 4 n8) " F (9 + nd)

> e*(xo+n6)(x0 + n(g)iaF(xo) _ Azefké <x0+(n_k)5> .

- — o + nd
Therefore
lirginf e~ (@019 (20 4+ )T F (20 + nd) > —Ae 0 /(1 — e70).

In general, if zg +nd <z < z¢ + (n+ 1)d then
e (@019 (2 4+ nd) = (F(x) — F(xo +nd)) > —A

and hence
e ‘T F(x)
> (6_(I0+n5) (o +nd) “F(xo+nd) — A)e—(x—(xo+n6)) (Z’ol—ﬂé) .

It follows that
liminfe “2 F(z) > —Ae /(1 —e %) —A=—-A(1-¢’) " u

T—r0o0
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3. Proof of Theorem [1. For a > 0 and o > 1, we first have

o0

1 1
_ —(s—1)z ,.a-1
(s—1> I'(a) (S) c ot dr.

(3.1)

This equality can be seen by contour integration.

LEMMA 2. For a > 0,m € N with m > 1+ [a]/2,
(3.2) y~ | 2k (y — 2) de = A" Cr(1 4 0x(1)),
0

where 0)(1) = 0 as y — oo.

Proof. Since 2m — « > 1 the integral on the left-hand side is convergent.

Let « =v+n—1with 0 <~y <1andn € N. To prove (3.2), we apply
induction on n. Let f(y;m,y + n — 1) denote the integral on the left-hand
side. By changing variable,

)
fymy+n—1)= | (y— )™k (u) du.

—0o0
Then, by I’'Hopital’s rule,

. -1 . -9
i f@mytn—1) . flymy+n—2)
y—00 yrtn—l Y—00 yrtn=2

Hence it suffices to show that, for 0 <y < 1,
f(y7 m’fy) — )\m—lcm,

(3.3) ylggo "
ie.,
lim y7 S 2k (y — x) de = A" Oy

—00
v 0

The equality is plain for v = 0. For 0 < v < 1, we first have

_ SV (YO emy,
lim inf 7f(y;m,’y) > lim inf (v —9) Syfé kY (y — z)dx
y—00 Yy y—00 Yy
1)
= S V' (u) du
-0

for all 6 > 0 and hence
i ing L8 7)

Y—00 y

> o
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Then, with § = y?/m=1)

y+6
| @k (y — @) d < (y + 6 A1 Ol
0
2y Y 27
| 27k (y — @) do < (29)7 [ K3 (u) du < @m 1’
y+6 J
and
[k — 2 do < | 2 ) d =
2k (y — x) de < wEY (u) du < 1 _ A\ 2m—1—"
) ) (2m —1—7)Amy
Hence

lim sup
y—}OO

f(y,m,fy) S )\m—lcm
y7

for2m—-—1>1. u

Applying (3.1), we now write ((1.1)) in the form
T L

—sz p dr = — —

(S) e F@)de = s

o

S e (DT g 4+ G(s).

0

Multiplying both sides by A{™(t)e®, integrating with respect to ¢ on
(—00,00), then exchanging the integration order on the left-hand side and
in the first term on the right-hand side and applying , we obtain the
equality

o0 L o0
—ox m(, _ —(oc—Dz, .arpm(,
(3.4) (S) e PF(x)k\'(y — x) dx T+l (S) e kN (y — x) dx
e .
+ | AT G(o +it) dt.

3.1. Proof of necessity. Assume (1.4), i.e., F(z) ~ Le®z%*/I"(a + 1).
First, for v = e¥ > u = €7,

(ulog®u) ™ (F(logv) — F(logu)) = (¢"2%) "' (F(y) — F(z))

as u — oo and u/v — 14, i.e.,  — 0o and y — & — 0+. Therefore,
lim inf (ulog® u) "} (F(logv) — F(logu)) > 0,
i.e., F(logu) is l.s.d. with index a.

Then, with m > 1+ []/2, by the dominated convergence theorem, the
left-hand side and the first term on the right-hand side of (3.4]) have finite
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limits as ¢ — 14 and the limitation and integration are exchangeable there.
Hence, the second term on the right-hand side also has a limit. Therefore
the limit (1.2)) exists for every A > 0 and y > 0 and it equals

T La® -
§)<e F(x)—r(a_’_l))k/\(y—x)d:c—go(x VY (y — x) d.

Then (1.3) follows from Lemma

3.2. Proof of sufficiency. Assume that F'(logu) is l.s.d. with index «
and that and are satisfied.

By Lemma we may further assume that liminf, . (e*z®) "1 F(z) > 0.
Otherwise, we replace F(z) by Fi(z) = ae®z® + F(x) with any con-
stant a greater than the constant ¢ given in Lemma [I| The latter satis-
fies the conditions of Theorem |l| with L replaced by Ly = L + al'(a + 1).
Then lim (e*2%)"'F(z) = L/T'(a + 1) follows from lim (e*z®) "1 Fy(z) =
Li/I'(a+ 1). Hence we may further assume F'(x) > 0 for x > x.

We begin with the equality . Letting ¢ — 14, by the dominated
convergence theorem, the partial integral of the left-hand side on the interval
0 < x < g has a finite limit and, by the monotone convergence theorem, the
partial integral on the interval o < x < oo has a limit. Thus the left-hand
side has a limit too and the limitation and integration are interchangeable.
Also, by the monotone convergence theorem, the first term on the right-hand
side has a finite limit
[e.9]

S kN (y — x) dx
0
for 2m > 1 4+ «. Therefore, by and , and Lemma [2| we arrive at

L
I'lae+1)

(3.5) S e "F(x)kY'(y — z)dx = F(aL—i—l) S kN (y — x) dz + ox(1)y®
0 0
m—1 a
- a1+ o)

for A > Ao and y > yo(A), where 0)(1) — 0 as y — oo. It follows, since
Zo
S e PF(x)kY' (y — z) dx = ox(1),
0

y+do

m—1 e
(3.6) | e PRy —a)de < M/a T ox(1))

y—do
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with dg > 0 for y > max{yo(A), zo + do}. The left-hand side of (3.6) equals

y+do
37 WPy =) | Ky —2)dr+ 11(60) + I2(0),
y—0do
where
y+do
L(%):= | (7" —e W) F(2)k}(y — x) da,
y—do
y+do
L) = | e W™N(F(x) - F(y - 60)ki(y — z) da.
y—bo

We have, for sufficiently small g > 0,

y+do
(3.8) L(%) > =36 | e "F(2)k(y —z)da
y—do
LA 1Cy®
> 30— (1 1
> —3dp Tlat1) (14 0x(1))

by (3.6). To estimate I2(dy), we note that
f(u) = Fllogu)
is 1.s.d. with index «a. Hence

liminf  (e“u®)"Y(F(v) — F(u)) > 0.

u—00, v—u—0+

Then, given € > 0,

(3.9) (e"u®)"H(F(v) — F(u)) > —e
for u > up, 0 < v—wu < 201 (€). Thus, for &y satisfying 0 < dp < min{dy,€/3},
y+do
(3.10) L(0o) > —e(y —60)* | K¥'(y — ) da.
y—do
From (3.6)—(3.8]) and (3.10)), we obtain
y+3d0
(ef(yf‘so)F(y — ) — ey — 50)0‘) S EN'(y — x) dx
y—do

LA™ LChy® (1 + 0x(1))
I'lae+1)

for A > A\g and y > max{xy + up + do, yo(\)}. Therefore

<(1+¢)
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(1+ ) LA™ 1 Cry®(1 4 0x(1))

50 1m
Plat ) by — o) do

(1+e)?Ly*(1+0x(1))
I'la+1)

(3.11) e WO F(y — ) < e(y — 60)* +

< €e(y—0d0)* +

for
y+do
S KT (y — x)de > X"LC,, —
y—do
with A > A1(€) (= Ag) (g is independent of \). Dividing both sides of
by (y — d0)® and letting y — oo, we conclude that

2 )\m—lCm
>
(2m — DAmGE™ T 1€

L
3.12 limsup (e“2%) " 'F(z) < ———
( ) a:—>oop< ) ()_F(a—i-l)
since € may be arbitrarily small.
It remains to show that
L
S T, o\—1
. > —
(3.13) hxn_lélgf(e x?) F(:E)_F(a—l—l)

By (3.12), F(x)e ™ < Kz for x > x1. Then, for y > max{yo(\), xo,x1 +d}
with § > 0, the left-hand side of (3.5)) is at most

y+4 1
(3.14) S e "F(x)k\'(y — z)dx + S e "F(x)k\'(y — z)dx
y—0 0
y—o 0o
+ K( S kN (y — x) dx + S kY (y — ) dm).

1 y+0

We have
y—o y—a1
S kN (y —x)dx = S (y — w) kY (u) du
1 é
yOé
— Ame2m=l(2m — 1)’
and
o0 o
S 2k (y — x)dx = S (y 4+ u) kY (u) du
y+0 1)
ot du T e du
< (221) S A 2m + S(2u) A 2m
4 Y
2y)“ 2¢
(2y) n



FExact Wiener—Ikehara theorems 371

since 2m > 1 + a. Therefore, by (3.14)),

y+6
(3.15) e WIP(y+6) | Ky — 2) dx + I3(8) + Lu(5)
y—34
LA™ 1Oy (14 2%)y~ O(1)
Tagrn CHoaW) ==yt +
where
y+0
I3(0) == | (e — e W F(y + Ok (y — x) da,
y—09
y+0
L(6):= | e (F(x) - Fy+ 0)k(y — z) da.
y—09
We have
y+0
(3.16) L) = | (V" = 1)e WPy + kT (y — x) da
y—0

< (¥ —1)K(y+8)AN""1C,, < 30Ky“ X" LCpp

for sufficiently small §. Also, for y > up+ 61 and y — 9§ < x < y + § with
0< 0 <dr, by (B9),

e “(F(x)— F(y+9)) < ex®.
Hence, by (3.2),

y+0
(3.17) I,(0) < e S Tk (y — ) dr < e X" LOmy® (1 + 0a(1)).

y—0

Fixing sufficiently small ¢ satisfying 0 < § < min{dy,€/(3K)}, by (3.15)—
(3.17)) we have
A1 e W) By 4 8) 4 2eX™ 1 Cy®(1 + 0x(1))
LA™ Ly (14 29)y> o(1)
ZA Emd g 1) —
I(a+1) (1+0x(1)) (@m — mezn—T T ym

for y > max{yo(\), o, uo + x1 + 01} and A > \g. Dividing both sides by y*
and taking limits as y — oo, we see that

Alo, lirginf e TR () + 2eAN™Cy,
Lx"1c,, (14 2%)

~ I(a+1)  (2m—1)ame2m-1-
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Finally, dividing both sides by A~ 1C,, and taking limits as A\ — oo, we see
that .
iminfe %z~ P
hxrggéfe x”“F(z) 4 2¢ > Tatl)
for every e > 0. Thus (3.13)) follows.
This completes the proof of the sufficiency of the conditions of Theo-
rem |1} and also the proof of the theorem.

4. Proofs of Theorems [2]-4]

Proof of Theorem @ Assume that (1.5) approaches zero as o, o/ — 1+
uniformly for y > yo(\). By Cauchy’s criterion, limit ([1.2]) exists for every
A > Ao and every y > yo(A). Let £(),y) denote the limit function of ((1.2).
Then

o0
y S A (e G (o + it) dt

—0o0

converges to y~*¢(\,y) as o0 — 1+ uniformly for y > yo(A). Given € > 0, by

@3,
o]

(4.1) ‘y—a | A5 () G(o + ity dt —y~t(\y)| < ¢

—0o0
for 1 <o <1+ 0(M). Fixing 0 = 09 < 14 6(\) and noting that G(o¢ + it)
is a continuous function of ¢, by the Riemann—Lebesgue lemma we have

o0

lim | A()e™ G0 + it) dt = 0.
y—)oo S

It follows from (4.1) that

[e.e]
limsupy *4(\,y) < lim y= ¢ S A1) G (oo +it) dt + € = €.

Similarly, liminf, o y~*¢(X\,y) > —e, whence lim,_,oo y~“¢(\,y) = 0, i.e.,
holds for every A > X\g. Since F'(logu) is l.s.d. with index a, by Theo-
rem (1} lim, ,oo e "2 *F(z) = L/T'(a+ 1).

Conversely, by ,

o0

| A ()™ (G(o +it) — G(o’ +it)) dt
T —(o—1)z —(o'-1)z —x La*® m
:S(e (o= _ o=( 1))<e F(w)—w>kA(y—x)dx.

0
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If lim, yoo e a2~ *F(x) = L/I'(a+ 1) then

(e_(”_l)x - e_(”/_l)x) e “F(x) — L < ex®
I'a+1)) —
uniformly for 0 < z < oo when 1 < ¢ < ¢’ < 1+ 7. Hence, with m >
1+ [@]/2, by Lemma2]

o0

1

" | asm ()¢ (Glo + it) — G(o' + it)) dt‘
<ey © S kN (y — ) dr = eN"T1O (1 + 0x(1)) < 2eN™1C,
0

for y > y;. This shows that (1.5)) approaches zero as ¢,0’ — 1+ uniformly
for y > 0.
Moreover, by Theorem 1 F'(logu) is 1.s.d. with index «a.

Proof of Theorem [3 As in the proof of Theorem [I, we may further
assume that F'(z) > 0 for = > xg.

We begin with . As 0 — 1+, the left-hand side has a limit
Sgo e "F(x)kY'(y — ) dx by the dominated convergence theorem and the
monotone convergence theorem. Moreover, the first term on the right-hand
side has a limit < y® by Lemma 2] Hence the second term on the right-hand
side has a limit, by , which is at most KA™ 1C,,y®. Therefore

y+5 [e's)
(42) (0<) | e F@)kP(y—=z)de < | e "F(2)k(y — z) dz < By®
o
for y > max{yg,x0} and every § > 0 with some constant B > 0. The
left-hand side equals

0
(4.3) e VF(y) | kY (u)du+ I5 + I,
where -
0
I5 .= S (e — e F(y — u)kY (u) du,
—05
Io= | e V(F(y —u) — Fy){(u) du.
-8

Since F'(logwu) is linearly bounded below decreasing,
e Y(F(z) - F(y)) > —Ay®
for y > y1, y < © < y + 201 with some constants A > 0 and (1 >) 4; > 0.
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Hence,
0
(4.4) Is > —Ay® S V' (u) du > —Ey“.
_5
Also, by (@),
0
(4.5) Iy > -2 | e WP (y — w)k} (u) du > —2By".
—&
From (4.2)—(4.5), we see that

01
e VF(y) | k' (u)du < (3B + E)y”
0
and so e YVF(y) < Cy®.
Conversely, if F(x) < Ce®z® is true then by (3.4),

T *m 7 . ‘L| T —(oc—1Dz, a1m
§>OA>\ (t)etyG(U+Zt)dt§ (C—FM (S)e (c—-1) x k)\ (y—]:)d.fC

and hence the left-hand side of (|1.9)) is at most
L] T -1
I et QLM d K™ - @
<C+F(a+1) (S):c YV(y —x)dr < Cny
for y > yo(\) by Lemma

Proof of Theorem Suppose first that F(z)(e®z%)~1 > ¢ for all x > xg
with some constant ¢ > 0. By .

o0

| A e Gio +it)d Se""’”F m(y — 2) de
—00 0
I e
= —(o—-1)z,.ap.my,
F(a+1)§)e kN (y — x) dz.

By the monotone convergence theorem, the first term on the right-hand side
has a limit as ¢ — 14 and the limitation and integration are interchangeable.
Thus

o0

. *m ity .
léniﬂl_f _io A () e G (o + it) dt
e "F(x)kY (y — x)dx — TaiD (S] 2KV (y — ) da

c— F(a+1)> NLCL (1 4 0x(1))
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by Lemma [2| where 0)(1) — 0 as y — co. Thus holds with v = ¢/2
for > yo(N).

Conversely, assume that @ holds with positive constants A, vy, yg and
an integer m > 1+ [a]/2. By (]3__4'[) and , fory > yo, 1 <o <1+1n(y),

N —0oX m L T —(o—1)x «x1.m
(S)e F(:U)k:/\(y:c)d:vp(a_'_l)(g)e( Dzgelm(y — z) da

L i m—1 «
> (_F(a—|—1) + 2))\ Cny“.

Taking limits on the left-hand side as ¢ — 1+ and then applying Lemma [2]
we arrive at

o0 /
(4.6) S e *F(x)kY' (y — z) dx > %yo‘
0

for y > max{yo, y1}, where v/ = YA\~ 1C,,. If we assume that F(x)/(e%z®)
< (), then the left-hand side is at most

y+6
C S kY (y — x) dx + S e *F(x)kY' (y — ) dx.
lz—y|>4 y—0
The first term is bounded above by
(1+ 2%y~ 2%
C<(2m — 1)Am§2m—1 + (2m — 1 — a)\my?m—1l-a
as shown in the proof of the sufficiency part of Theorem [I} For sufficiently

large 6 > 0 (independent of y), this is not larger than v’y /6. Fixing § = dy,
we see that

y+60 /
(4.7) | e " F@)k(y—2)ds >
y—do

(67

Y

o=

for y > max{yo, y1 + do}. If F(x) is nondecreasing, then
/
e VIO (y + 60)A™ ' Cr > %y“

and F(x)(e®z®)~! > ¢ for x > 2o with some small constant ¢ > 0 follows.
If, instead, F'(logw) is linearly bounded below decreasing with index
B < « then there exist positive constants A, d; and x; such that

(") (F(y) — F(z)) > -A
forx >z, 0 <y—x <20y, ie.,
(4.8) ("% (F(2) - F(y)) < A,
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We claim that there exists a constant B > 0 such that
(4.9) (e*x?) Y (F(z) — F(y +dp)) < AB

for y > max{yo,y1,x1} + do, ¥y — do < x < y + Jp. Then, in this case, the
left-hand side of (4.7)) equals

y+do y+3do
| e Fly+ 00y —a)de+ | e (F(x) = Fly+00)k5(y — ) do
y—o y—bo
y+do
< e VO R(y + 5)A™LC,, + AB S PR (y — x) dx
y+do

= e VFOF(y 4+ 50) AN TLC + ATLCL0(7)
by Lemma 2. Therefore,

/
eV F(y + 50)A™ 1y + A0, 0(yP) > %ya

and so F(z)(e®z%)~! > ¢ for z > xo with some constant ¢ > 0.
It remains to show (4.9)). Let k& = [2d9/d1] and let Y denote y + dp. By
(4.8), we have

(4.10) (V7Y —nd)P)THF(Y —ndy) — F(Y — (n—1)61)) < A
forn =1,..., k. We first show, by induction, that

(4.11) (¥ (Y —n6))?) " HF(Y —ndy) — F(Y))

n—1 B8
Y — (n — 5)51
§A+AZeZ5l<>
— Y — n51

forn =1,... k. Hence (4.9) holds forz =Y —nd; (> y—dp) forn=1,...,k
with

k—1
B=2+2) "
=1
since
Y—(n—€)51 S 9

Y — n(51
To show (4.11)), for n = 1, it is merely (4.10)). Then, we have
(=Y — (n 4+ 1)6)P) T HF(Y — (n+ 1)81) — F(Y))

e - ) Y —né A
= (" UY = n6)")THF(Y —né1) - F(Y))e’ <Y—(n+1y§1>

+ (DY — (n+1)8)7) T (F(Y = (n+1)81) — F(Y —nédy))
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n—1 B B
Y—(?’L—E)dl Y—ndl

<A+ A (22 1 o~ L A

_< + z::e < Y—’I’Ldl > >6 Y—(n—|—1)51 *
+1-08\"

—A+AY M (n .

rayen (U
Hence ) holds forn=1,...,k.
Finally, for Y -0 <z <Y, {49) follows directly from (4.8). For

Y —né <z <Y —(n—1)4 with 2 <n < k+ 1, by a similar argument,
we have

n—2
(e"2?) N (F(z) — F(Y)) < A+ Ae"2° (1 +2°% efél).
/=1

This completes the proof of (4.9) as well as the proof of Theorem 4.

5. Beurling generalized primes. As a preliminary application of the
exact Wiener-Tkehara theorem we study the Beurling generalized primes.

A Beurling generalized prime number system (henceforth, a g-prime sys-
tem) P = {p;} is a sequence of real numbers satisfying

1<pr<p2<---, pi— 0.

Associated with P we have the multiplicative semigroup of g-integers it
generates,

N=Np:l=n1<ny<ng<
The g-prime counting functions are defined as
mp(x) :=#{i >1:p; <z},
IIp(x) := mp(z) + irp(/?) + Lap(x/3) + - -,

= > logpi = Slogxdnp<:c),

Dc
<z

and the g-integer counting function and associated g-zeta function as

=31, ((s) = = n; S 27 dNp(x).

n; <z n; <x

For convenience, the subscript P is dropped if there is no need to emphasize
a particular P.

The central scheme of the theory of Beurling generalized primes is whether
one of P or Np being “reasonably near” its classical counterpart implies the
same for the other one.
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THEOREM 5. Assume that N is a Beurling generalized number system
with density A > 0 and zeta function ((s). If 1/{(o + it) converges in L,
on every fized interval =T <t <T as o — 1+ then M(z) =}, ., pu(n) =
o(x).

Proof. On every fixed interval =T <t < T, S dt/|¢(o+it)| is bounded

for o > 1 and
T

1
— — —|dt — 0
ST C(Ug—i-zt) C(U1+Zt>'
as 1 < o1 < 09, 09 — 14. Then
T
1 1
| ‘dt

Do +it)(o2+it) (o1 +it)((o1 +it)

T

<1

1 < 1 B 1 >‘dt
o1 +it \((og +it)  ((o1 + it)

at

o1 — 09 1
0’2 +it)(o1 + it) C(og + it)
—0
as o9 — 14; that is, 1/((o + it)((o + it)) converges in L;. The function
T 1
G(s):= \ 75 ' M(z)dzx = ,
(= §am " MEwyde = oy

satisfies the conditions of Corollary (1l Thus M (e*) = o(e*). n

o>1,

In the case of the rational integers N, the exact Wiener—Ikehara theorem
and Theorem [5 show that M(z) = o(x) if and only if the Riemann zeta
function ((s) has no zeros on the line o = 1.

Also, in the case of the Beurling-Diamond primes P [Beu, BaDi], the
associated zeta function (p has a representation [Dial

(s —1—i)Y2(s
s—1

—LED e { § o (UL (@) — Ip(a) ).
1

where II.(z) — IIp(z) = O(z'/?). The system Np satisfies the condition
of Theorem |5 We conclude that Mp(z) = o(x). Note that the Beurling—
Diamond primes P do not satisfy the PNT [Zha87]. This indicates that
the “equivalence” of M(z) = o(z) and the PNT in N does not hold in the
Beurling generalized numbers. This leaves the conjecture that M (z) = o(x)
and the Chebyshev bound ¢ (z) < x are equivalent there.

Cp(s) =
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To attack the conjecture, it is shown in [DeDiVi| and [Zhal§| that, in a
g-prime system N with N(z) satisfying N(z) ~ Az and
oo
| 2777 N(z) — Az|dz = O((c - 1)P), o >1,
1
with some constant 5 € [0,1/2), if () < x then M(z) = o(x), i.e., the
Chebyshev bound implies M (x) = o(z). This proves the conjecture in one
direction in this case.
However, we now know that the conjecture is false in the opposite direc-
tion. Take the case of the generalized number system Np given in [DiZh].
The system has a density A > 0 since Np(z) — Az = zE(x) with

E(z) = O(loglogloglog z/log x).
Also Np(z) satisfies

o0

S 7 ?|Np(z) — Az| dx < co.

1
Since

1 s—1
¢s(s) (s —1)¢B(s)

has a continuous extension to {o > 1}, Np satisfies the conditions of The-
orem [5| We conclude that Mp(z) = o(x). However, in this system, the
Chebyshev bounds do not hold for

lim sup () =o0 and liminf 5 (x) =
=00 2/logx z—oo x/logx

Therefore, for this system Mp(z) = o(z) does not imply the Chebyshev up-
per bound though Np(x) satisfies the conditions of Theorem 3.1 of [DeDiVi]
or Corollary 1 in [Zhal§], as just shown. This shows that the conjecture is
false.

6. Concluding remarks. New significant applications of the exact
Wiener-Ikehara theorems are possible. Also the condition that F'(logu) is
l.s.d. may replace the nondecreasing condition on F'(z) in many tauberian
theorems. These will be the subjects of our next paper.
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