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Local-global principles for recurrence sequences
by

A. SCHINZEL and M. SKAŁBA

Summary. A proof is given that if a non-degenerate recurrence sequence of the second
order over the rationals with separable companion equation contains multiples of infinitely
many terms of the Lucas sequence governed by the same recurrence, then it contains zero
for an index of a suitable sign.

Our goal is to prove some new local-global principles for non-degenerate
binary linear sequences with distinct eigenvalues. The main result is

Theorem 1. Let P = a/c, Q = b/c2 with a, b ∈ Z, c, d ∈ N, (a, b, c) = 1,
suppose that

dx0, dx1 ∈ Z, xn = Pxn−1 −Qxn−2,
u0 = 0, u1 = 1, un = Pun−1 −Qun−2,

and assume that P 2 6= 4Q. If the sequence un is not degenerate and if the
congruence

(1) xn ≡ 0 (mod ck−1uk)

is soluble in n for infinitely many positive integers k, then the equation xn = 0
is soluble in integers n.

Proof. Let us put

L =
a2

(a2, b)
, M =

b

(a2, b)
, K = L− 4M ;

α0 =
a+
√
a2 − 4b

2c
, α1 = α0c, α =

√
L+
√
K

2
;
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β0 =
a−
√
a2 − 4b

2c
, β1 = β0c, β =

√
L−
√
K

2
.

The numbers

Pn(α, β) =
αn − βn

αδn − βδn
, δn ∈ {1, 2}, δn ≡ n (mod 2),

are called Lehmer numbers. We have

(2) ck−1uk =
αk1 − βk1
α1 − β1

= (a2, b)(k−δk)/2aδk−1Pk(α, β).

The laws of appearance and repetition of primes p among Lehmer numbers
[2, pp. 421–424] imply

(3) νp(Pk(α, β)) ≤ ap log k + bp,

where ap and bp are independent of k.
If n = kq + r with q, r ∈ Z, |r| ≤ k/2, we have

αk ≡ βk (mod Pk(α, β)),

hence

αkq ≡ βkq (mod Pk(α, β)), αkq1 ≡ β
kq
1 (mod Pk(α, β)).

On the other hand,

xn = ψαn0 + ωβn0 , where ψ, ω ∈ C are independent of n,

hence by (1) and (2),

(4) βkq1 xr ≡ 0 (mod Pk(α, β)), (a2, b)dkq/2exr ≡ 0 (mod Pk(α, β)).

Let εr ∈ {0, 1}, εr ≡ r (mod 2), and

m =
|Pk(α, β)|

(Pk(α, β), (a2, b)dkq/2e)
.

We have m ∈ Z and by (4), xr ≡ 0 (mod m).
If r ≥ 0, then

dcr(a2, b)(εr−r)/2xr ∈ Z,

dcr(a2, b)(εr−r)/2xr ≡ 0

(
mod

m

(m, (a2, b)(r−εr)/2)

)
and

dcr(a2, b)(εr−r)/2xr = O(|α|r).

On the other hand, by (3) and Baker’s estimate (see [1, Theorem 2.4]), for
k large enough we have

m > |α|k−O(log k) > O(|α|r).
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If r < 0, then

dα
|r|
1 β
|r|
1

c|r|
xr ∈ Z,

dα
|r|
1 β
|r|
1

c|r|
xr ≡ 0

(
mod

(a2, b)|r|m

(m, c|r|)

)
(here we use the condition (a, b, c) = 1) and

dα
|r|
1 β
|r|
1

c|r|
xr = O(|α1||r|).

On the other hand, by (3) and Baker’s estimate, for k large enough,

(a2, b)|r|m

(m, c|r|)
> (a2, b)|r||α|k−O(log k) > O(|α1||r|).

In both cases xr = 0.

Theorem 2. Let P ∈ Z, Q = ±1, d ∈ N, c ∈ Q,

dx0, dx1, dc ∈ Z, xn = Pxn−1 −Qxn−2,
u0 = 0, u1 = 1, un = Pun−1 −Qun−2.

If P 2 6= 4Q and if the congruence

(5) xn ≡ c (mod uk)

is soluble in n for infinitely many positive integers k, then the equation xn = c
is soluble in integers n.

Proof. We retain the notation of the proof of Theorem 1 with the differ-
ence that now n = 2kq+ r, |r| ≤ k. For every positive integer n, dxn and dc
are integers, therefore the congruence (5) implies that (dxn − dc)/uk ∈ Z.
Since by (2), uk = αk−βk

α−β , where |α| ≥ |β| and the sequence uk is non-
degenerate, we have either xn = c or∣∣∣∣ψαr−k + ωβrα−k − cα−k

1− (β/α)k

∣∣∣∣ ≥ 1

d
√
P 2 − 4Q

.

For a properly chosen sequence k1 < k2 < · · · at least one of the sequences
(|ψαrj−kj |)j or (|ωβrjα−kj |)j is bounded from below by some positive num-
ber. Since β = Qα−1 and |α| > 1 it follows that either (kj−rj)j or (kj+rj)j
is bounded. In the first case kj − rj = s for infinitely many j. The discrete
sequence

yj :=
ψα−s + ωQrjα−rj−kj − cα−kj

1−Qkjα−2kj
=
ψα−s + ωQrjαs−2kj − cα−kj

1−Qkjα−2kj

converges to ψα−s and therefore

ψα−s + ωQrjαs−2kj − cα−kj
1−Qkjα−2kj

= ψα−s for j ≥ j0.
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This means
ψQkjα−s + ωQrjαs = cαkj for j ≥ j0,

which contradicts |α| > 1 (by Theorem 1 the case c = 0 is settled). In the
second case, kj+rj = s for infinitely many j and the argument is analogous.

If (xn) is a sequence considered in Theorem 1 then the following local-
global principle follows immediately from the results of the first named au-
thor [3], [4].

If for almost all prime numbers p (in the sense of Dirichlet density) the
congruence

xn ≡ 0 (mod p)

is soluble in n ∈ N then there exists n ∈ Z satisfying xn = 0. If Q = ±1 and
c ∈ Q, the same applies to the congruence xn ≡ c (mod p) and the equation
xn = c.

The sequence (pk) of primes is thus a universal testing sequence in oppo-
sition to our sequence (uk) of Lucas numbers which is selected to satisfy the
same recurrence as the sequence (xn) under consideration. Besides, we can
choose P non-integral. On the other hand, the advantage of our principle is
that it requires only an infinite number of k’s (without any requirements on
density).
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