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Sequences generated by elliptic curves

by

Betül Gezer and Osman Bi̇zi̇m (Bursa)

1. Introduction. Let E be an elliptic curve defined over a field K given
by a Weierstrass equation

(1.1) E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6,

let E(K) denote the group of K-rational points on the elliptic curve E and
let O denote the point at infinity, the identity element of the group E(K).
For a deeper discussion of elliptic curves, see [8, 11]. Let K(E) denote the
function field of E over K. Then z = −x/y ∈ K(E) is a uniformizer at O
and the differential ω = dx/(2y + a1x + a3) has an expansion as a formal
Laurent series in a formal neighborhood of O such that

ω(z) =
(
1 + a1z + (a21 + a2)z

2 + · · ·
)
dz.

Note that the series ω(z) has coefficients in Z[a1, a2, a3, a4, a6]. Furthermore
the uniformizer z and the differential ω at O satisfy (ω/dz)(O) = 1.

Let n ≥ 1 be an integer and let [n](z) ∈K[[z]] be the power series defining
the multiplication-by-n map on the formal group of E. The n-division poly-
nomial Fn (normalized relative to the uniformizer z) is the unique function
Fn ∈ K(E) with divisor [n]−1(O)− n2(O) such that(

zn
2
Fn

[n](z)

)
(O) = 1,

as defined in [9, Definition 1] (see also [4] for more details).
Recall that an elliptic curve over C has a complex uniformization Φ :

C/L→ E(C) with a lattice L ⊂ C. Then the classical n-division polynomial
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is given by

ψn(z, L) =
σ(nz, L)
σ(z, L)n2 for all n ≥ 1,

where σ(z, L) is the Weierstrass σ-function associated to the lattice L. Silver-
man [9] showed that there is a relationship between the normalized n-division
polynomial Fn and the classical n-division polynomial ψn: there is a constant
γ ∈ C∗ such that

Fn(Φ(z)) = γ1−n
2
ψn(z, L)

for all z ∈ C and all n ≥ 1.
Division polynomials also arise in expressing the coordinates of [n]P in

terms of a point P = (x, y) ∈ E(K) (with char(K) 6= 2): for some γ ∈ K∗,
we can write the multiples of P as

(1.2) [n]P =

(
φn(P )

ψ2
n(P )

,
ωn(P )

ψ3
n(P )

)
=

(
γ2Gn(P )

F 2
n(P )

,
γ3Hn(P )

F 3
n(P )

)
where φn, ψn, ωn ∈ K[x, y], gcd(φn, ψ2

n) = 1, and

Fn(P ) = γ1−n
2
ψn(P ), Gn(P ) = γ−2n

2
φn(P ), Hn(P ) = γ−3n

2
ωn(P )

are suitably normalized division polynomials of E. Furthermore the polyno-
mials φn and ωn are given by the recursion formulas

φ0 = 1, φ1 = x,

ω0 = 1, ω1 = y,

and for n ≥ 2,

φn = xψ2
n − ψn+1ψn−1,

ωn = (ψ2
n−1ψn+2 − ψn−2ψ2

n+1 − ψ2ψn(a1φn + a3ψ
2
n))(2ψ2)

−1.

Then the normalized division polynomials Gn and Hn satisfy the following
relations for some γ ∈ K∗:

G0 = 1, G1 = γ−2x,

H0 = 1, H1 = γ−3y,

and for n ≥ 2,

(1.3)
Gn= xγ−2F 2

n − Fn+1Fn−1,

Hn= (F 2
n−1Fn+2−Fn−2F 2

n+1−γ−1F2Fn(a1Gn+γ
−2a3F

2
n))(2F2)

−1.

Division polynomials play important roles in the theory of elliptic curves,
e.g. in counting points on an elliptic curve defined over a finite field [5], and
in the theory of elliptic divisibility sequences [13]. Silverman [9] considered
the sequence (Fn(P ))n≥0 of values of the division polynomials of E at a point
P ∈ E(K) and studied the periodicity properties and the p-adic behavior of
this sequence. See also [2], [7] for more work on the division polynomials.
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The purpose of this paper is to study the sequences (Gn(P ))n≥0 and
(Hn(P ))n≥0 that are generated by the numerators of the x- and y-coordinates
of the multiples of a point P on an elliptic curve E defined over a fieldK, i.e.,
the sequences of values (Gn(P ))n≥0 and (Hn(P ))n≥0 of suitably normalized
division polynomials of E evaluated at a point P ∈ E(K). We study the
periodicity properties of (Gn(P ))n≥0 and (Hn(P ))n≥0 when K is a finite
field. Then we consider the p-adic behavior of these sequences when K is a
local field. We will obtain many results for these sequences similar to those
for (Fn(P ))n≥0.

Our first main theorem shows that (Gn(P ))n≥0 and (Hn(P ))n≥0 are
purely periodic.

Theorem 1.1. Let p be an odd prime, let E be an elliptic curve defined
over the finite field Fp and let P ∈ E(Fp) be a point of order (1) r > 3. Let
(Gn(P ))n≥0 and (Hn(P ))n≥0 be the sequences generated by the numerators
of the x- and y-coordinates of the multiples of P as in (1.2), respectively.
Then the sequences (Gn(P ))n≥0 and (Hn(P ))n≥0 are purely periodic with
periods rt and rt′ for some integers t and t′, respectively. In particular, the
integers t and t′ divide p− 1.

The proof of Theorem 1.1 uses [9, Theorem 8] which is similar to a result
of Ward for elliptic divisibility sequences [13, Theorems 8.1, 8.2 and 9.2]. We
can generalize Theorem 1.1 to the case of modulo prime powers.

Theorem 1.2. Let E be an elliptic curve defined over Q and let P ∈E(Q)
be a point of infinite order. Let p be an odd prime such that P modulo p is
nonsingular and let r > 3 be the order of P modulo p. Write v = ordp(Fr(P ))
and rl = pl−vr for l ≥ v. Let (Gn(P ))n≥0 and (Hn(P ))n≥0 be the sequences
generated by the numerators of the x- and y-coordinates of the multiples of
P as in (1.2), respectively. Then the sequences

(Gn(P ) mod pl)n≥0 and (Hn(P ) mod pl)n≥0

are purely periodic with periods rltl and rlt
′
l for some integers tl and t′l,

respectively. In particular, the integers tl and t′l divide p
l−1(p − 1) for all

positive integers l.

We will prove that (Gn(P ))n≥0 and (Hn(P ))n≥0 possess certain period-
icity properties and we will use similar techniques to [9] to show that some
of their subsequences have p-adic limits. Furthermore, if E is an elliptic
curve defined over Q and ordinary at p, then the limits of these convergent
sequences are algebraic numbers.

Theorem 1.3. Let E be an elliptic curve defined over the field Qp, let
P ∈ E(Qp) be a point whose reduction modulo p has order r ≥ 3 and let

(1) That is, the smallest positive integer such that [r]P = O.
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(Gn(P ))n≥0 and (Hn(P ))n≥0 be the sequences generated by the numerators
of the x- and y-coordinates of the multiples of P as in (1.2), respectively.
Suppose further that p is an odd prime and p - r. Then there exists a power
q = pN such that for all m ≥ 1, the limits

lim
i→∞

Gmqi(P ) and lim
i→∞

Hmqi(P ) exist in Zp.

If in addition E is defined over Q, ordinary at p and P ∈ E(Q), then the
limits of these sequences are algebraic numbers.

2. Elliptic divisibility sequences. An elliptic divisibility sequence
(EDS) is a sequence (hn)n≥0 of integers satisfying a nonlinear recursion
of the form

(2.1) hm+nhm−n = hm+1hm−1h
2
n − hn+1hn−1h

2
m

and the divisibility property

hn |hm whenever n |m

for all m ≥ n ≥ 1. See [13], [14], and [3] for more details on EDSs. An elliptic
divisibility sequence is called proper if h0 = 0, h1 = 1, and h2h3 6= 0. The
discriminant of an EDS (hn)n≥0 is the quantity

∆(hn) = h4h
15
2 − h33h122 + 3h24h

10
2 − 20h4h

3
3h

7
2 + 3h34h

5
2

+ 16h63h
4
2 + 8h24h

3
3h

2
2 + h44

(see [9], [10] or [13]). A proper elliptic divisibility sequence is called nonsin-
gular if ∆(hn) 6= 0.

Ward was the first to study the arithmetic properties of elliptic divisibility
sequences in a series of papers in 1948 [13, 14]. He showed that nonsingular
elliptic divisibility sequences arise as values of the division polynomials of an
elliptic curve. More precisely, in [13, Theorem 12.1] he proved that if (hn)n≥0
is a nonsingular elliptic divisibility sequence, then there exist a lattice L ⊂ C
and a complex number z ∈ C such that

hn = ψn(z, L) =
σ(nz, L)

σ(z, L)n2 for all n ≥ 1,

where ψn(z, L) and σ(z, L) are the n-division polynomial and the Weier-
strass σ-function associated to the lattice L, respectively. Assume now that
the lattice L determines an elliptic curve E and the point z determines a
point P on E. Then the elliptic divisibility sequence (hn)n≥0 is said to be
associated to the elliptic curve E and the point P . Silverman [9, Proposi-
tion 18] reformulated Ward’s result and proved that if (hn)n≥0 is a nonsin-
gular EDS associated to an elliptic curve E given by a minimal Weierstrass
equation over Q and a point P ∈ E(Q), then there is a constant γ ∈ Q∗ such
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that
hn = γn

2−1Fn(P ) for all n ≥ 1,

where Fn is the normalized n-division polynomial on E.

3. Periodicity of division polynomials. Let (hn)n≥0 be a sequence
and let m be a positive integer. Then m is called a divisor of the sequence
(hn)n≥0 if it divides some term hk with k > 0. If m divides hr but does not
divide hl when l is a proper divisor of r, then r is called a rank of appari-
tion of m in (hn)n≥0. Ward [13] showed that an elliptic divisibility sequence
(hn)n≥0 admits every prime p as a divisor and p has at least one rank of
apparition r in (hn)n≥0 with r ≤ 2p+1. Ward also proved that elliptic divis-
ibility sequences modulo a prime are periodic and the period is a multiple of
a rank of apparition r [13, Theorem 11.1]. Ward used the properties of the
Weierstrass σ-function to show that elliptic divisibility sequences possess cer-
tain periodicity properties. These properties are called symmetry properties
after Ward.

Let E be an elliptic curve defined over a finite field F and let P ∈ E(F).
Silverman [9] used a lift to characteristic zero and the Lefschetz principle to
prove that the sequence (Fn(P ))n≥0 of values of the normalized n-division
polynomials of E at P is purely periodic, which is inspired by a similar
result of Ward for elliptic divisibility sequences. Silverman showed that the
symmetry properties hold for the sequence (Fn(P ))n≥0.

Theorem 3.1 ([9, Theorem 8]). Let F be a finite field, let E be an el-
liptic curve defined over F and let P ∈ E(F) be a point of order r ≥ 3. Let
(Fn(P ))n≥0 be the sequence of values of the normalized n-division polynomi-
als of E at P as in (1.2). Then there exist units a, b ∈ F∗, depending on P ,
such that for all nonnegative integers k, n,

Fr+n(P ) = anbFn(P ),(3.1)

Fkr+n(P ) = aknbk
2
Fn(P ).(3.2)

Furthermore, the units a and b satisfy

(3.3) a =
Fr+2(P )

F2(P )Fr+1(P )
, b =

F2(P )Fr+1(P )
2

Fr+2(P )
and ar = b2.

From Theorem 3.1, Silverman [9, Corollary 9] immediately deduced the
periodicity of (Fn(P ))n≥0. Here we restate a theorem of Ward for explicit
computation of the period of (Fn(P ))n≥0.

Theorem 3.2 ([13, Theorem 11.1]). Let p be an odd prime and let E be
an elliptic curve over the finite field Fp having a point P ∈ E(Fp) of order
r ≥ 3. Let (Fn(P ))n≥0 be the sequence of values of the normalized n-division
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polynomials of E at P . Suppose

(3.4) e =
F2(P )

Fr+2(P )
, k = Fr+1(P ),

and let ε, κ be the orders of e and k in F∗p, respectively. Then the sequence
(Fn(P ))n≥0 is purely periodic with period rt where t = 2µ lcm[ε, κ] and the
exponent µ is determined as follows:

µ =


−1 if ε and κ are both even and both divisible

by 2x with exactly the same power x ≥ 2,

0 otherwise.

Proof. The proof uses Theorem 3.1 and [13, Theorem 11.1].

4. Periodicity of (Gn(P ))n≥0 and (Hn(P ))n≥0. In this section, we will
prove that the sequences (Gn(P ))n≥0 and (Hn(P ))n≥0 of values of suitably
normalized division polynomials evaluated at a fixed point P ∈ E(Fp) on an
elliptic curve E are purely periodic. We will give some formulas for explicit
computation of the periods of (Gn(P ) (mod p))n≥0 and (Hn(P ) (mod p))n≥0.
First, in the following theorem we show that symmetry properties hold for
these sequences similar to Ward’s symmetry properties.

Theorem 4.1. Let p be an odd prime, let E be an elliptic curve defined
over the finite field Fp and let P ∈ E(Fp) be a point of order r ≥ 3. Let
(Gn(P ))n≥0 and (Hn(P ))n≥0 be the sequences generated by the numerators
of the x- and y-coordinates of the multiples of P as in (1.2), respectively.
Then there exist units a, b ∈ F∗p, depending on P , such that for all nonnegative
integers k, n,

Gr+n(P ) = a2nb2Gn(P ), Hr+n(P ) = a3nb3Hn(P ),(4.1)

Gkr+n(P ) = a2knb2k
2
Gn(P ), Hkr+n(P ) = a3knb3k

2
Hn(P ).(4.2)

Furthermore, the units a and b satisfy

a2 =
G2(P )Gr+3(P )

G3(P )Gr+2(P )
, b2 =

G3(P )
2Gr+2(P )

3

G2(P )3Gr+3(P )2
,(4.3)

a3 =
Hr+1(P )

H1(P )Hr(P )
, b3 = Hr(P ),(4.4)

for nonzero Gi(P ) and Hi(P ).

Proof. Replacing n by r+n in (1.3) and then using the equation in (3.1)
we derive the formulas in (4.1). Similarly replacing n by kr+ n in (1.3) and
then using the equation in (3.2) we obtain the formulas in (4.2).
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Finally, setting n = 2 and then n = 3 in the first equation of (4.1) we
obtain

(4.5) Gr+2(P ) = a4b2G2(P ) and Gr+3(P ) = a6b2G3(P ).

Thus, the values a2 and b2 can be obtained from these equations for non-
zero Gi(P ).

Similarly putting n = 0 and then n = 1 in the second equation of (4.1)
we have

(4.6) Hr(P ) = b3 and Hr+1(P ) = a3b3H1(P ),

since H0(P ) = 1. Hence we derive the second equation in (4.4), and so
the value a3 can be obtained from the second equation of (4.6) for non-
zero Hi(P ).

Remark 4.2. (i) It is clear that the equations in (4.5) (or the second
equation in (4.6)) cannot be used to find the values a2, b2 (or a3) when both
sides of the equations in (4.5) (or the second equation in (4.6)) are zero. In
any case, these values can be obtained directly from the first and second
equations in (3.3). It follows that

a2 =
Fr+2(P )

2

F2(P )2Fr+1(P )2
, b2 =

F2(P )
2Fr+1(P )

4

Fr+2(P )2
,(4.7)

a3 =
Fr+2(P )

3

F2(P )3Fr+1(P )3
, b3 =

F2(P )
3Fr+1(P )

6

Fr+2(P )3
.(4.8)

(ii) It can easily be seen that F−n(P ) = −Fn(P ) for all n ≥ 0. From this
fact and by (1.3) one can obtain

G−n(P ) = Gn(P ),

H−n(P ) = Hn(P ) + γ−1Fn(P )F2(P )(a1Gn(P ) + a3γ
−2Fn(P )

2),

for all n ≥ 0.
(iii) Replacing n by −n in (3.1), (3.2), (4.1), (4.2) and then using the

relations in (ii) we obtain

Fr−n(P ) = −a−nbFn(P ), Fkr−n(P ) = −a−knbk
2
Fn(P ),

Gr−n(P ) = a−2nb2Gn(P ), Gkr−n(P ) = a−2knb2k
2
Gn(P ),

Hr−n(P ) = a−3nb3H−n(P ), Hkr−n(P ) = a−3knb3k
2
H−n(P ),

for n = 0, 1, . . . , r.

Now we will prove our first main theorem.

Proof of Theorem 1.1. Let a and b as in Theorem 3.1 and let t be the
smallest integer such that

(4.9) a2t = 1, b2t
2
= 1.
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It is clear that t divides the least common multiple of the orders of a and b
in F∗p, therefore t | p− 1. The first equation of (4.2) implies that

Grt+n(P ) = a2tnb2t
2
Gn(P ) = Gn(P ) for all n ≥ 0.

Thus the sequence (Gn(P ))n≥0 is periodic and rt is a period.
Let (Fn(P ))n≥0 be the sequence of values of the normalized n-division

polynomials of E at P . Then

Fn(P ) = 0 if and only if r |n
since P ∈ E(Fp) has order r. Now write n = mr for some integer m ≥ 1.
Then by (1.3) we have

Gmr(P ) = Gn(P ) = −Fmr+1(P )Fmr−1(P )

since Fmr(P ) = 0. Therefore by (3.2) and Remark 4.2(iii), we obtain

(4.10) Gn(P ) = b2m
2

since F1(P ) = 1. It follows that Gn(P ) = b2m
2 for somem ≥ 1 when n = mr,

i.e., r |n. Let π ≥ 1 be the least period of (Gn(P ))n≥0. Then by (4.10),

Gπ+r(P ) = Gr(P ) = b2.

It follows that r |π. Now write π = rs for some integer s ≥ 1. Then s | t,
since rt is a period. On the other hand, by the first equation in (4.2) we have

Gn(P ) = Grs+n(P ) = a2snb2s
2
Gn(P )

and so a2snb2s2 = 1 for all n ≥ 0. Now setting n = 1 and then n = 2 in the
last equation we obtain a2s = 1 and so b2s2 = 1. Therefore s ≥ t and hence
s = t, which completes the proof for (Gn(P ))n≥0.

Now let t′ be the smallest integer such that

(4.11) a3t
′
= 1, b3t

′2
= 1.

Thus t′ divides the least common multiple of the orders of a and b in F∗p,
and so t′ | p− 1. The second equation of (4.2) implies that

Hrt′+n(P ) = a3t
′nb3t

′2
Hn(P ) = Hn(P ) for all n ≥ 0,

thus (Hn(P ))n≥0 is periodic and rt′ is a period. The rest of the proof is
similar to the proof of the periodicity of (Gn(P ))n≥0.

Theorem 1.1 tells us that (Gn(P ))n≥0 and (Hn(P ))n≥0 are purely peri-
odic with periods rt and rt′, respectively. Now we will give explicit formulas
for t and t′. To do this we first state a useful lemma.

Lemma 4.3 ([13, Lemma 11.1]). Let p be an odd prime and d be an
integer such that gcd(p, d) = 1. Let δ be the least positive integer such that
dδ ≡ 1 (mod p). If δ is odd, then there exists no integer x such that the
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congruence dx ≡ −1 (mod p) is satisfied. But if δ is even, the congruence is
satisfied if and only if x is an odd multiple of δ/2.

Theorem 4.4. Let E be an elliptic curve defined overQ and let P ∈ E(Q)
be a point of infinite order. Let p be an odd prime such that P modulo p is
nonsingular, and suppose r > 3 is the order of P modulo p. Let (Fn(P ))n≥0
be the sequence of values of the normalized n-division polynomials of E at
P and let (Gn(P ))n≥0 be the sequence generated by the numerators of the
x-coordinates of the multiples of P as in (1.2). Suppose

(4.12) e ≡ F2(P )
2

Fr+2(P )2
, k ≡ Fr+1(P )

2 (mod p),

and let ε and κ be the least positive integers such that eε ≡ 1, kκ ≡ 1
(mod p). Then the sequence (Gn(P ) mod p)n≥0 is purely periodic with period
rt where t = 2µ lcm[ε, κ] and

µ =


−1 if ε and κ are both even and both divisible

by 2x with exactly the same power x ≥ 2,

0 otherwise.

Proof. One can observe that the equations in (4.7) imply that

(4.13) k ≡ a2b2, e ≡ 1/a4b2 (mod p)

and hence

(4.14) kt ≡ b2t, et ≡ 1/b2t (mod p),

since t is the smallest integer such that a2t ≡ 1 (mod p), by (4.9). On the
other hand, since a2t ≡ 1 (mod p) we have a2rt ≡ 1 (mod p). Therefore

a2rt ≡ b4t ≡ 1 (mod p),

as ar ≡ b2 (mod p) by (3.3). It follows that b2t ≡ 1 (mod p) or b2t ≡ −1
(mod p).

Assume now that b2t ≡ 1 (mod p). Then by (4.14) we obtain

(4.15) kt ≡ et ≡ 1 (mod p).

Now let ε and κ be the least positive integers such that eε ≡ 1, kκ ≡ 1
(mod p), and let s = lcm[ε, κ]. Then (4.15) implies that ε | t and κ | t, and
hence s | t. Furthermore, ks ≡ 1 and es ≡ 1 (mod p). Then by (4.13) we
obtain a2s ≡ 1 (mod p), and so b2s ≡ 1 (mod p). The last congruence
implies that b2s2 ≡ 1 (mod p). Hence t | s, since t is the smallest integer such
that a2t ≡ 1, b2t2 ≡ 1 (mod p), by (4.9). Thus s = t.

Suppose that b2t ≡ −1 (mod p). Then by (4.9), b2t2 ≡ (b2t)t ≡ (−1)t ≡ 1
(mod p). Hence t must be even. On the other hand, (4.14) implies that
kt ≡ et ≡ −1 (mod p). By Lemma 4.3, ε and κ are both even and t is an
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odd multiple of both ε/2 and κ/2. Let s = 1
2 lcm[ε, κ]. Then

(4.16) s | t.

By Lemma 4.3, s is an odd multiple of both ε/2 and κ/2, that is, s =
(ε/2)m and s = (κ/2)n for odd integers m, n. Let x be an integer such that
ord2(s) = x with x ≥ 2. It follows that ord2(ε/2) = x and ord2(κ/2) = x,
since m and n are odd. Thus if b2t ≡ −1 (mod p), then ε and κ are both even
and both divisible by 2x with exactly the same power x ≥ 2. Conversely, if
ε and κ are both even and both divisible by 2x with exactly the same power
x ≥ 2, then we have ε = 2yu and κ = 2yv where y > 1 and u, v are odd
integers. Thus

s = 1
2 lcm[ε, κ] = 2y−1 lcm[u, v].

As lcm[u, v] = uw and lcm[u, v] = vz for certain odd integers w and z, we
can write s = 2y−1uw = (ε/2)w and s = 2y−1vz = (κ/2)z. Therefore s is
an odd multiple of both ε/2 and κ/2, and s is even, since ε and κ are both
even and both divisible by 2x with exactly the same power x ≥ 2. Thus

ks ≡ es ≡ 1 (mod p).

Then a2s ≡ 1 (mod p) by (4.13), and so b2s ≡ 1 (mod p). Hence b2s2 ≡
(b2s)s ≡ 1 (mod p). But by (4.9), t is the smallest integer such that a2t ≡ 1,
b2t

2 ≡ 1 (mod p), hence t | s. Thus s = t by (4.16), which completes the
proof.

Theorem 4.5. Let E be an elliptic curve defined overQ and let P ∈ E(Q)
be a point of infinite order. Let p be an odd prime such that P modulo p is
nonsingular, and suppose r > 3 is the order of P modulo p. Let (Fn(P ))n≥0
be the sequence of values of the normalized n-division polynomials of E at
P and let (Hn(P ))n≥0 be the sequence generated by the numerators of the
y-coordinates of the multiples of P as in (1.2). Let

(4.17) e′ ≡ F2(P )
3

Fr+2(P )3
, k′ ≡ Fr+1(P )

3 (mod p),

and let ε′ and κ′ be the least positive integers such that eε′ ≡ 1, kκ′ ≡ 1
(mod p). Then the sequence (Hn(P ) (mod p))n≥0 is purely periodic with
period rt′ where t′ = 2µ lcm[ε′, κ′] and

µ =


−1 if ε′ and κ′ are both even and both divisible

by 2x with exactly the same power x ≥ 2,

0 otherwise.

Proof. One can observe that the equations in (4.8) imply that

(4.18) k′ ≡ a3b3, e′ ≡ 1/a6b3 (mod p)



Sequences generated by elliptic curves 263

and so

(4.19) b3t
′ ≡ k′t′ , 1/b3t

′ ≡ e′t′ (mod p)

since t′ is the smallest integer such that a3t′ ≡ 1 (mod p) by (4.11). Since
ar ≡ b2 (mod p) by (3.3), we infer that a3r ≡ b6 (mod p) and so

a3rt
′ ≡ b6t′ ≡ 1 (mod p),

as a3t′ ≡ 1 (mod p) by (4.11). Therefore b3t′ ≡ 1 (mod p) or b3t′ ≡ −1
(mod p). The rest of the proof is similar to the proof of Theorem 4.4.

Remark 4.6. Notice that the congruences (4.12) and (4.17) are obtained
by taking the squares and cubes of both sides of (3.4), respectively. It follows
that the periods πG and πH of (Gn(P ) (mod p))n≥0 and (Hn(P ) (mod p))n≥0
cannot be greater than the period πF of (Fn(P ) (mod p))n≥0, since the order
of the square (or cube) of an element equals either the order of the element
or half (or one third) of that order. More precisely,

πG = πF or πG = πF /2

and
πH = πF or πH = πF /3.

If in addition the period πF of (Fn(P ) (mod p))n≥0 is equal to the order of
P modulo p, then πF = πG = πH .

5. Periodicity modulo pl. In [14], Ward studied elliptic divisibility
sequences modulo pl for primes p > 3 with ranks of apparition greater than
three and with positive integers l. Ward proved that if r > 3 is a rank of
apparition of a prime in an elliptic divisibility sequence (hn) and pk is the
highest power of p dividing hr, or equivalently ordp(hr) = k, then the rank
of apparition of pl in (hn) is r or pl−kr according as l ≤ k or l > k by
using elliptic function theory. Shipsey [6] studied periodicity properties of
an elliptic divisibility sequence (hn) modulo p2 for some prime p > 3 and
gave a symmetry formula for hmr modulo p2 for m ≥ 1, where r is the rank
of apparition of p in (hn) [6, Theorem 3.5.4]. Then Shipsey obtained the
periodicity of (hmr)m≥1 modulo p2 by using the symmetry formula. Ayad
[1] and Swart [12] generalized Shipsey’s symmetry properties to the case of
modulo prime powers. Ayad [1] used explicit addition formulas to prove that
the sequence (Fn(P ))n≥0 of values of the division polynomials modulo pl is
purely periodic with period πl = min{1, pl−v}π1, where π1 is the period of
(Fn(P ))n≥0 modulo p, v = ordp(Fr(P )) and r is the rank of apparition of
p in (Fn(P ))n≥0, or equivalently the order of P modulo p. Moreover, Ayad
proved the following result.

Theorem 5.1 ([1, Théorème C]). Let E be an elliptic curve defined over
Q and let P ∈ E(Q) be a point of infinite order. Suppose p is an odd prime
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such that P modulo p is nonsingular. Let (Fn(P ))n≥0 be the sequence of
values of the normalized n-division polynomials of E at P as in (1.2). Let
r ≥ 3 be the order of P modulo p and write v = ordp(Fr(P )). Then there
exist integers Al and Bl, relatively prime to p, such that for all nonnegative
integers k, n and all l ≥ v,

(5.1) Fkpl−vr+n(P ) ≡ Aknl Bk2

l Fn(P ) (mod pl).

Furthermore the integers Al and Bl satisfy

(5.2) Al ≡
Frl+2(P )

F2(P )Frl+1(P )
, Bl ≡

Frl+1(P )
2F2(P )

Frl+2(P )
, Arl≡B2

l (mod pl)

where l ≥ v and rl = pl−vr.

The next theorem shows that similarly to Theorem 5.1, symmetry prop-
erties hold for (Gn(P ))n≥0 and (Hn(P ))n≥0.

Theorem 5.2. Let E be an elliptic curve defined over Q and let P ∈E(Q)
be a point of infinite order. Suppose p is an odd prime such that P modulo p
is nonsingular. Let (Fn(P ))n≥0 be the sequence of values of the normalized
n-division polynomials of E at P , and let (Gn(P ))n≥0 and (Hn(P ))n≥0 be
the sequences generated by the numerators of the x- and y-coordinates of the
multiples of P as in (1.2). Let r ≥ 3 be the order of P modulo p and write
v = ordp(Fr(P )). Then there exist integers Al and Bl, relatively prime to p,
such that for all nonnegative integers k, n and all l ≥ v,

Gkpl−vr+n(P ) ≡ A2kn
l B2k2

l Gn(P ) (mod pl),(5.3)

Hkpl−vr+n(P ) ≡ A3kn
l B3k2

l Hn(P ) (mod pl).(5.4)

Furthermore, for nonzero Gi(P ) and Hi(P ) values the integers Al and Bl
satisfy

A2
l ≡

G2(P )Grl+3(P )

G3(P )Grl+2(P )
, B2

l ≡
G3(P )

2Grl+2(P )
3

G2(P )3Grl+3(P )2
(mod pl),(5.5)

A3
l ≡

Hrl+1(P )

H1(P )Hrl+1(P )
, B3

l ≡ Hrl (mod pl),(5.6)

where l ≥ v and rl = pl−vr.

Proof. Replacing n by kpl−vr+n in (1.3) and then using the expressions
in (5.1) we derive the formulas in (5.3) and (5.4), respectively. Putting n = 2
and then n = 3 in (5.3) we obtain the relations in (5.5) for nonzero Gi(P ).
Similarly, putting n = 0 and then n = 1 in (5.4) we have the congruences in
(5.6) for nonzero Hi(P ) since H0(P ) = 1.

Now we can give the proof of Theorem 1.2.
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Proof of Theorem 1.2. One can show that the sequences (Gn(P ))n≥0 and
(Hn(P ))n≥0 of values of the division polynomials modulo pl are purely peri-
odic with periods rltl and rlt′l, respectively, and tl and t

′
l divide p

l−1(p− 1),
by using the congruences (5.2)–(5.4) similarly to the proof of Theorem 1.1.

Theorem 1.2 says that the sequences (Gn(P ) mod pl)n≥0 and (Hn(P )
mod pl)n≥0 are purely periodic with periods rltl and rlt

′
l. In the following

theorems we give explicit formulas for tl and t′l. The proofs can easily be
obtained similarly to the proofs of Theorems 4.4 and 4.5.

Theorem 5.3. Let E be an elliptic curve defined over Q and let
P ∈E(Q) be a point of infinite order. Suppose p is an odd prime such that
P modulo p is nonsingular. Let (Fn(P ))n≥0 be the sequence of values of the
normalized n-division polynomials of E at P and let (Gn(P ))n≥0 be the
sequence generated by the numerators of the x-coordinates of the multiples
of P as in (1.2). Let r > 3 be the order of P modulo p and write v =
ordp(Fr(P )) and rl = pl−vr for l ≥ v. Let El and Kl be integral solutions
of the congruences

(5.7) El ≡
F2(P )

2

Frl+2(P )2
, Kl ≡ Frl+1(P )

2 (mod pl),

and let εl and κl be the orders of El and Kl in Z∗
pl
, respectively. Then the

sequence (Gn(P ) mod pl)n≥0 is purely periodic with period πl = rltl where
tl = 2µ lcm[εl, κl] and

µ =


−1 if εl and κl are both even and both divisible

by 2x with exactly the same power x ≥ 2,

0 otherwise.

In particular, tl | pl−1(p− 1).

Theorem 5.4. Let E be an elliptic curve defined over Q and let P ∈E(Q)
be a point of infinite order. Suppose p is an odd prime such that P modulo
p is nonsingular. Let (Fn(P ))n≥0 be the sequence of values of the normal-
ized n-division polynomials of E at P and let (Hn(P ))n≥0 be the sequences
generated by the numerators of the y-coordinates of the multiples of P as in
(1.2). Let r > 3 be the order of P modulo p and write v = ordp(Fr(P )) and
rl = pl−vr for l ≥ v. Let E′l and K ′l be integral solutions of the congruences

E′l ≡
F2(P )

3

Frl+2(P )3
, K ′l ≡ Frl+1(P )

3 (mod pl)

and let ε′l and κ
′
l be the orders of E

′
l and K

′
l modulo pl, respectively. Then the

sequence (Hn(P ) mod pl)n≥0 is purely periodic with period π′l = rlt
′
l where
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t′l = 2µ lcm[ε′l, κ
′
l] and

µ =


−1 if ε′l and κ

′
l are both even and both divisible

by 2x with exactly the same power x ≥ 2,

0 otherwise.

In particular, tl | pl−1(p− 1).

6. p-adic convergence. Silverman [9] used the Mazur–Tate p-adic σ-
function to prove the existence and algebraicity of the p-adic limit of certain
subsequences of the sequence (Fn(P ))n≥1 of values of the division polyno-
mials of an elliptic curve E evaluated at a point P on E. More precisely, in
[9, Theorem 2] he showed that if E is an elliptic curve defined over Qp with
good ordinary reduction and P ∈ E(Qp), then there is a power q = pN such
that (Fmqi(P ))i≥1 converges in Zp as i→∞ for all m ≥ 1. In addition, if E
is defined over Q and P ∈ E(Q), then the limit of this convergent sequence
is an algebraic number. Furthermore, in an addendum to [9], Silverman used
Ayad’s formula (5.1) to show that (Fmqi(P )) is Zp-Cauchy without the or-
dinary reduction hypothesis.

We use similar techniques to [9] to prove Theorem 1.3.

Proof of Theorem 1.3. By Theorem 5.2 we know that there exist integers
Al, Bl, relatively prime to p, such that for all nonnegative integers k, n and
all l ≥ v,

Gkpl−vr+n(P ) ≡ A2kn
l B2k2

l Gn(P ) (mod pl)

where v = ordp(Fr(P )) is an integer specified in Theorem 5.1. Let q = pN

be a power such that q ≡ 1 (mod (p− 1)r). Now as qi−j ≡ 1 (mod (p− 1)r),
we have

Gmqi(P ) = Gmqj(1+(p−1)rt)(P )

for all i > j ≥ 2l/N , all l > v, and some t ∈ Z. Thus we can write

Gmqi(P ) = Gmt(p−1)pNj−l+vpl−vr+mqj (P ) = Gspl−vr+mqj (P )

where s = mt(p− 1)pNj−l+v. Then by (5.3) we have

Gmqi(P ) ≡ A
2smqj

l B2s2

l Gmqj (P ) (mod pl)

and so
Gmqi(P ) ≡ Gmqj (P ) (mod pl)

since s ∈ Z∗
pl

and p is an odd prime. Therefore

‖Gmqi(P )−Gmqj (P )‖p ≤ q−j/2+1 for all i > j > 2(v/N + 1)
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where j = d2l/Ne and hence the sequence (Gmqi(P )) is Zp-Cauchy. It follows
that it converges in Zp. Similarly we can use the formula (5.4) to show that
(Hmqi(P )) converges in Zp. If in addition E is defined over Q, ordinary at
p and P ∈ E(Q), then [9, Theorem 2] implies that the limit of (Fmqi(P )) is
an algebraic number. Then by (1.3) the limit

lim
i→∞

Gmqi(P ) = lim
i→∞

xγ−2F 2
mqi(P )− lim

i→∞
Fmqi+1(P )Fmqi−1(P )

is an algebraic number since the limit of (Fmqi(P )) is an algebraic num-
ber and the sum and product of algebraic numbers are algebraic. Similarly
one can show that the limit of (Hmqi(P ))n≥0 is an algebraic number
by (1.3).
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