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1. Introduction. Fix a positive integer M. For any ¢ € (1, M + 1] and
x € Iy n = 1[0, M/(q — 1)] there exists a sequence (z;) = x1x2 ... with each
x; in {0,1,..., M} such that

(1.1) =3 = ((@i).

The sequence (z;) is called a g-ezpansion of z. If no confusion arises the
alphabet is always assumed to be {0,1,..., M}.

Non-integer base expansions have received a lot of attention since the
pioneering papers of Rényi [35] and Parry [34]. It is well known that for
any ¢ € (1, M + 1) Lebesgue almost every x € I, y; has a continuum of ¢-
expansions [36] [12]. Moreover, for any k € NU{Rg} there exist ¢ € (1, M +1]
and x € I, such that x has precisely k different g-expansions (see e.g.
[20, 138]). For more information on non-integer base expansions we refer the
reader to the survey paper [23] and the references therein.

In this paper we focus on unique g-expansions. For ¢ € (1, M + 1] let
Uy == {z € I p : = has a unique g-expansion},

and let Uy = 7~ 1(I/Iq) be the set of the corresponding g-expansions. These
sets have been the object of study in many articles and have a very rich
topological structure (see for example [26, [16]). Komornik et al. [24] studied
the Hausdorff dimension of U,, and showed that the dimension function

D : q — dimpy U, has a devil’s staircase behavior (see also [3]). Moreover,
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they showed that the entropy function
H:(1,M+1] = [0,log(M +1)], ¢ hip(Uy),

is a devil’s staircase (see Lemma below). Recently, Alcaraz Barrera et
al. [1] investigated the dynamical properties of U, and determined the max-
imal intervals on which the entropy function H is constant.

Let Z be the bifurcation set of the function H defined by

#={qe(1,M+1]: H(p) # H(q) for any p # q}.

Then % is the set of bases where the entropy function H is not locally
constant. Alcaraz Barrera et al. [I] gave a characterization of % and showed
that £ has full Hausdorff dimension. In particular, we have

(1.2) # = (g, M + 1\ | [pL prl,

where gk1, is the Komornik—Loreti constant [25] and the union on the right
hand side is countable and pairwise disjoint (see Section [2| below for more
explanation).

From [16] we know that the univoque set U, has a fractal structure
and might have isolated points. Our first result states that for ¢ € # the
univoque set U, is dimensionally homogeneous, i.e., the local Hausdorff di-
mension of U, equals the full dimension of Uj,.

THEOREM 1. Let q € (qkr, M + 1]\ U(pr,pr]. Then for any open set
V CR withUy NV # 0 we have

dimH(Z/{q N V) =dimg Uq.

REMARK 1.1. (1) By (1.2), Z C (qxr.M + 1] \ U(pr,pr]- So Theo-
rem [1| implies that the univoque set U, is dimensionally homogeneous for

any q € A.
(2) In Theorem |3.6| we give a complete characterization of the set

{q € (1, M + 1] : U, is dimensionally homogeneous}.
It turns out that its Lebesgue measure is positive and strictly smaller than M.

Throughout the paper we use A to denote the topological closure of a set
A C R. Our second result gives a close relationship between the bifurcation
set % and the univoque sets U.

THEOREM 2. For any q € B we have
%iII(l) dimy (Z N0 (q—6,q+0)) = dimy U,.
_>

_ REMARK 1.2. (1) Since by (L.2)) and (2.5)) the difference between % and
2 is countable, Theorem [2| also holds if we replace % by Z.
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(2) Note that dimg U, > 0 for any g > gk, (see Lemma below). As
a consequence of Theorem

g€ B\{wL} <= %inédimg(@ﬁ (q—0,q+9)) =dimy U, > 0.
—)

Recently, Allaart et al. [2, Corollary 3] gave another characterization of %:
g€ B\{wr} <= %in%dimH(% N(g—9,q+9)) =dimyg U, >0,
—

where % = {q e (1, M +1]: 1 € Uy,}.

It is well-known that U, has a close connection with the set % = % (M)
of univoque bases q € (1, M + 1] for which 1 has a unique g-expansion with
alphabet {0,1,..., M}. For example, de Vries and Komornik [16] showed
that U, is closed if and only if ¢ ¢ %. The set % has many interesting
properties itself. Erdds et al. [19] showed that % is an uncountable set of
zero Lebesgue measure. Daréczy and Katai [15] proved that the Hausdorff
dimension of % is 1 (see also [24]). Komornik and Loreti [25] showed that
the smallest element of % is ¢kr. In [26] the same authors studied the
topological properties of %, and showed that % is a Cantor set. Recently,
Kong et al. [29] proved that for any ¢ € % we have

(1.3) dimy (% N (q—35,q+6)) >0 for any § > 0.
On a different note, Bonanno et al. [10] introduced a set
(1.4) A={ze€0,1]: 8% <z for all k >0},

where S is the tent map defined by S : z — min{2z,2 — 2z}, and showed
that there is a one-to-one correspondence between % (1) and A\ Q1, where
Q1 is the set of all rationals with odd denominator. This link is based on
work of Allouche and Cosnard [5}[7, [§], who related the set %/ (1) to kneading
sequences of unimodal maps. Bonanno et al. [10] also explored a relationship
between these sets and the real slice of the boundary of the Mandelbrot set.
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Fig. 1. The asymptotic graph of the function ¢(t) = dimy (% N(1,t]) for t € [4,11.5] with
M =9 and gkL = gxL(9) ~ 5.97592.
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By using Theorem [2| we investigate the dimensional spectrum of % . Our
next result strengthens the relationship between U, and % .

THEOREM 3. For anyt > 1 we have
dimy (7 N (1,t]) = mgicdimHZ/Iq.
q<

Moreover, the function ¢(t) := dimg (% N (1,t]) is a devil’s staircase on
(1, 00).

REMARK 1.3. (1) In [26] it was shown that % \ % is a countable set.
Hence, Theorem [3| still holds if we replace % by % .

(2) Results from [24] (see Lemma below) imply that dimy U, =1 if
and only if ¢ = M + 1. In view of Theorem [ dimp (% N (1,t]) < 1 for any
t < M + 1. This implies that the Hausdorff dimension of % is concentrated
in the neighborhood of M + 1.

As an application of Theoremwe investigate the variations of Z =% (M)
when M changes. For K € {1,..., M}, let % (K) be the set of bases ¢ €
(1, K 4 1] such that 1 has a unique g-expansion with respect to the alphabet
{0,1,..., K}. Theorem [4] characterizes the Hausdorff dimensions of % (M )N
% (K) and % (M) \ % (K). Indeed, we prove the following stronger result.

THEOREM 4.
(i) Let K € {1,...,M}. Then
M
dimy ( )= i .
impg ﬂ w(J) qIﬁnfE(lil dimg U,
J=K
(ii) For any positive integer L we have
dimpy (@/(L)\ U %(J)) ~1
J£L
REMARK 1.4. By the proof of Theorem [ for K < M, the intersection

M
(%) =%()n(1,K +1]
J=K

is a proper subset of % (K). This, together with (l.3), implies that for
K < M neither ﬂ]}/[:K?/(J) nor % (M) \ ﬂﬁ/[:K?/(J) contains isolated
points.

We emphasize that for each ¢ € (1, M + 1] the univoque set U, is related
to the dynamical system

M M .
Tq,j: |:O7 q—1:| — |:0, q—]_:|7 x'—>q[£—j,
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for j € {0,1,..., M}. On the other hand, the set % contains all parameters
q € (1, M +1] such that 1 has a unique g-expansion, and thus % is related to
infinitely many dynamical systems. A similar set up involving a bifurcation
set for infinitely many dynamical systems is considered by Bonanno et al. [10]
(see also [11]). They consider the bifurcation set of an entropy map for a
family {7, : [ — 1,a] = [a — 1,a]}ae(o,) of maps, called the a-continued
fraction transformations [33], where for each a € [0, 1] the map Ty, is defined
by

(1.5)

Ty = 4 1ol = [/l2l + 1 —a] iz 0,
" 0 if x =0.

Fach map T, has a unique invariant measure u,, that is absolutely continu-
ous with respect to the Lebesgue measure. Bonanno et al. showed that the
map

P a hy, (Ta),

assigning to each o the measure-theoretic entropy h,,(7%), has countably
many intervals on which it is monotonic. The complement of the union of
these intervals in [0, 1], i.e., the bifurcation set of 1, denoted by F, has
Lebesgue measure 0 (see [30] and [11]) and Hausdorff dimension 1 (see [10]).
Moreover, in [I0] a homeomorphism is found between F and A\ {0} from
(1.4)), giving also a relation to %/ (1). In [10], however, no information is
given on the local structure of F. Recently, Dajani and the first author [I3]
identified another set E linked to % (1), A and F. They investigated the
family of symmetric doubling maps S, : [-1,1] = [—1, 1] given by

S, (x) = 20 — 7|22,

where |z| denotes the integer part of z, and showed that the set E of
parameters y € [1, 2] for which S, does not have a piecewise smooth invariant
density is homeomorphic to A\ {0}. Therefore, the results obtained in this
paper about % (1) can be used to investigate the bifurcation sets E, F' and
the set A.

The rest of the paper is arranged in the following way. In Section [2| we fix
the notation and recall some properties of unique g-expansions. Moreover,
we recall from [I] some important properties of the bifurcation set Z. In
Section [3] we give the proof of Theorem [I] on the dimensional homogeneity
of Uy. In Section {4 we prove an auxiliary proposition that will be used to
prove Theorem [2] in Section 5] The proof of Theorems [3| and [4 will be given
in Sections [6] and [7], respectively. We end the paper with some remarks.

2. Unique expansions and bifurcation set. In this section we recall
some properties of unique g-expansions and of the bifurcation set 4 as well.
First we need some terminology from symbolic dynamics [31].
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2.1. Symbolic dynamics. Given a positive integer M, let {0,1,..., M }*
denote the set of all finite strings of symbols from {0,1,..., M}, called
words, together with the empty word denoted by e. Let {0,1,..., M}N
be the set of sequences (d;) = dyds ... with each d; in {0,1,..., M}. Let
o be the left shift on {0,1,..., M}N defined by o((d;)) = (di+1). Then
({0,1,..., M}N, o) is the full shift. Forawordc =c;...c, € {0,1,..., M}*
we denote by c* = (c1...c,)" the k-fold concatenation of ¢ with itself and
by ¢* = (¢1...c,)™ the periodic sequence with period block ¢. Moreover,
for a word ¢ = ¢; ... ¢, with ¢, < M we denote by ¢* the word

ct=c1...cho1(cn +1).

Similarly, foraword c = ¢1...¢, with ¢, > 0wesetc™ =c¢y1...cp—1(cn—1).
For a sequence (d;) € {0,1,..., M} we denote its reflection by

(di) = (M —d1)(M —dg) - .

Accordingly, the reflection of awordc = ¢y ...cpis€ = (M—cy1) -+ (M—cy).

On words and sequences we consider the lexicographical ordering <,
defined as follows. For two sequences (c;), (d;) € {0,1,..., M} we write
(ci) < (d;) if there exists n € N such that ¢;...¢p—1 = di...dp—1 and
¢n < dyn. Moreover, (¢;) = (d;) if (¢;) < (d;) or (¢;) = (d;). Similarly,
(ci) = (d;) if (d;) < (¢i), and (¢;) = (d;) if (d;) < (¢i). We extend this defini-
tion to words in the following way. For two words w,v € {0,1,..., M}* we
write w < v if w0 < 0. Accordingly, for a sequence (d;) € {0,1,..., M}N
and a word ¢ = ¢; ... ¢, we write (d;) < ¢ if (d;) < c0*°.

Let F C {0,1,...,M}* and let X = Xz C {0,1,..., M} be the set
of those sequences that do not contain any word from F. We call the pair
(X, 0) a subshift. If F is finite, then (X, o) is called a subshift of finite type.
For n € NU{0} we denote by L,,(X) the set of words of length n occurring in
sequences of X. In particular, for n = 0 we set Lo(X) = {€}. The language
of (X, 0) is then defined by

LX) =] Lu(X).
n=0

So, L(X) is the set of all finite words occurring in sequences from X.
For a subshift (X,0) and a word w € L£(X) let Fx(w) be the follower
set of w in X defined by

(2.1) Fx(w) = {(dz) EX:dl...d‘w‘ :w},
where |c| denotes the length of a word ¢ € {0,1,..., M }*.

A subshift (X, o) is called topologically transitive (or simply transitive) if
for any two words w,v € L£(X) there exists a word y such that wyv € L(X).

In other words, in a transitive subshift (X, o) any two words can be “con-
nected” in £(X).
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The topological entropy hiop(X) of a subshift (X, o) is a quantity that
indicates its complexity. It is defined by
(2.2) hiop(X) = lim 08HEX) _ ¢ log #L(X)

n— o0 n n>1 n ’

where #A denotes the cardinality of a set A. Accordingly, we define the
topological entropy of a follower set F'x(w) by changing X to Fx(w) in
if the corresponding limit exists. Clearly, if X is a transitive subshift, then
hiop (Fx (w)) = hiop(X) for any w € L(X).

2.2. Unique expansions. In this subsection we recall some results
about unique expansions. For more information on this topic we refer the
reader to the survey papers [37, 23] or the book chapter [I7]. For ¢ €
(1, M + 1], let

a(q) = ai(q)az(q) - ..
be the quasi-greedy g-expansion of 1 (see [14]), i.e., the lexicographically
largest g-expansion of 1 not ending with a string of zeros. The following
characterization of quasi-greedy expansions was given in [9, Theorem 2.2].

LEMMA 2.1. The map q — «(q) is a strictly increasing bijection from

(1, M 4-1] onto the set of all sequences (a;) € {0,1,..., M} not ending with
0°° and satisfying
Gp410n42 ... S a1as...  whenever ap, < M.
Recall from (|1.1)) the definition of the projection map m, for ¢ € (1, M +1]
mapping {0, 1,..., M} onto the interval I, ,s = [0, M/(q — 1)]. In general,
7g is not bijective. However, g is a bijection between U, = 7, (Uy) and Uy

The following lexicographical characterization of U, or equivalently 4, is
essentially due to Parry [34] (see also [9]).

LEMMA 2.2. Let g € (1, M +1]. Then (z;) € Uy if and only if
Tn41Tnt2 ... < alq)  whenever x, < M,
Tnt1ZTntz--- <= a(q)  whenever x, > 0.

Observe that % = {q¢ € (1, M + 1] : a(q) € Ug}. As a corollary of
Lemma we have the following characterizations of % and % .

LEMMA 2.3.

(i) g € % \{M + 1} if and only if the quasi-greedy expansion a(q) satisfies

a(q) < o"(alg)) < alq)  for anyn > 1.
(ii) q € Z if and only if the quasi-greedy expansion a(q) satisfies

a(g) < o"(a(q)) < alq)  for anyn > 1.
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Proof. Part (i) was shown in [I8, Theorem 2.5], and (ii) in [I8, Theo-
rem 3.9]. =

In [I6] it was shown that (U, o) is not necessarily a subshift. Inspired by
[24] we consider the set V, of all sequences (z;) € {0,1,..., M} satisfying
a(q) < o™((z;)) < a(g)  for all n > 0.

Then (Vg,0) is a subshift [24, Lemma 2.6]. Furthermore, Lemma[2.1]implies
that the set-valued map ¢ — V, is increasing, i.e., V,, € V, whenever p < q.

Recall that the Komornik—Loreti constant gkp, is the smallest element
of %, which is defined in terms of the classical Thue-Morse sequence (7;):2,,
= 01101001 ... The latter is defined as follows [6]: 70 = 0, and if 79...Ton_1
has already been defined for some n > 0, then 7on ... Tont1_1 =70 ... Ton_1.
Then the Komornik-Loreti constant gki, = gkr(M) € (1,M + 1] is the
unique base satisfying

(2.3) a(grL) = MAz ...,
where
\ = k+1—11 if M =2k,
O k+ if M =2k + 1,
for each i > 1. We emphasize that the sequence ()\;) depends on M. By the
definition of the Thue-Morse sequence (7;)7°, it follows that [I]
(2.4) Aongt .. Agnd1 = A1...don T for any n > 0.

Recall that a function f : [a,b] — R is called a dewvil’s staircase (or
a Cantor function) if f is a continuous and non-decreasing function with
f(a) < f(b), and f is locally constant almost everywhere. The next lemma
summarizes some results from [24] on the Hausdorff dimension of U,,.

LEMMA 2.4.
(i) For any q € (1, M + 1] we have

(ii) The entropy function H : q — hiop(Vy) is a devil’s staircase in (1, M +1]:

e H is increasing and continuous in (1, M + 1];

o H is locally constant almost everywhere in (1, M + 1];

e H(q) =0 if and only if 1 < q < gkr,. Moreover, H(q) = log(M + 1)

if and only if q = M + 1.

REMARK 2.5. (1) Lemma implies that the dimensional function
D : q — dimg U, has a devil’s staircase behavior: (i) D is continuous in
(1, M +1]; (ii) D’ < 0 almost everywhere in (1, M + 1]; (iii) D(q) = 0 for
any q € (1,qxr] and D(q) =1 for g = M + 1.
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(2) In [24, Lemma 2.11] it is shown that H is locally constant on the
complement of %, i.e., H'(¢) =0 for any ¢ € (1, M + 1]\ % .

2.3. Bifurcation set. In this subsection we recall some recent results
of [1] on the maximal intervals on which H is locally constant, called entropy
plateaus (or simply plateaus). For the convenience of the reader we adopt
much of the notation from [I]. Let # be the complement of these plateaus.
From Lemma [2.4](ii) we have

#={qe (1,M+1]: H(p) # H(q) for any p # ¢}.
Note by that £ is not closed. We have
PB={qe(1,M+1]:¥5>0,3p € (q—3,q+6) such that H(p) # H(q)}.
In [1], # was denoted by &. The following lemma, the first part of which
follows from Remark [2.5(2), was established in [I, Theorem 3].
LEMMA 2.6. B C %, and & is a Cantor set of full Hausdorff dimension.

By Lemma it follows that min % = g1, and max % = M + 1. Since
% is a Cantor set, we can write

(2.5) (qxr, M + 1)\ Z = | J(pz, pR),

where the union is pairwise disjoint and countable. By the definition of
2% the intervals [pr,pg] are the plateaus of H. In particular, since H is
increasing, these intervals have the property that H(q) = H(py) if and only
if ¢ € [pr,pr]. This implies that the bifurcation set % can be rewritten as

in (1.2), i.e.,
B = (qkr, M + 1)\ | [pL, pr).

By (2.5) and (1.2), %\ Z is countable. The fact that Z does not have
isolated points gives the following lemma (see also [1]).

LEMMA 2.7.

(i) For any q€ (qxr, M +1]\U(pL, pr] there is a sequence {[pr(n), pr(n)]}
of plateaus such that pr(n) /7 q asn — co.

(i) For any g€ lgiw M + )\ Upz. pr) there is a sequence {fgz (n), gr(n)]}
of plateaus such that qr,(n) \, q as n — oo.

So, by (2.5)), (1.2) and Lemma P\ P is a countable and dense subset
of #. In particular, the set of left endpoints of all plateaus of H is dense

in A.

In [1] more detailed information on the structure of the plateaus of H is
given. Before stating the necessary details, we have to recall some notation
from [T]. Let V be the set of sequences (a;) € {0,1,..., M} satisfying

(ai) < 0™((a;)) < (a;) for alln > 0.
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In [I, Lemma 3.3] it is proved that the subshift (V, o) is not transitive for
any q € (gkL, qr), where gp € (1, M + 1) N A is the unique base such that

of T)_{(k+1)k°° if M = 2k,
(k+ 1) ((kE+1Dk)>* if M =2k +1.
The plateaus of H are characterized separately for the cases
(A) g€ lgr,M+1] and (B) g € (kL q7)-
(A) First we recall from [I] the following definition.

(2.6)

DEFINITION 2.8. A sequence (a;) € V is called irreducible if
ai...aj(@-.a; 7)® < (a;) whenever (aj .. .a; )* €V,
LEMMA 2.9. Let [pr,pr] C [qgr, M + 1] be a plateau of H.
(i) There exists a word ay .. .ay € L(Vy,) such that
a(pr) = (a1 ...am)™ is irreducible,  a(pr) = a1 ...a.} (@1 am)™.

(ii) (Vp,,0) is a transitive subshift of finite type.
(iii) There exists a periodic sequence v™° € V), such that for any word
n e L(V,,) we can find a large integer N and a word w satisfying

ar(pr) .- an(pr) < aj(nwyoo) < ai(pr)...an(pr) for any j > 0.

Proof. (i) follows from [Il Proposition 5.2], and (ii) from [I, Lemma
5.1(1)].
For (iii) we take
)k if M =2k,
(k4 1Dk if M =2k +1.
Since pr, > qr, by Lemma we have a(pr) = a(qr). Then (2.6) gives
(2.7) ar(pr)aa(pr) < a1(gr)oe(gr) < o/ (v™°) < aa(gr)as(qr)
< a1(pr)az(pr)

for all j > 0. By (i), a(pr) is irreducible. By [1, proof of Proposition 3.17] for
any 1 € L(V,,,) there exist a large integer NV > 2 and a word w satisfying

a1(pr) - .. an(pr) <o? (qwr™) <ai1(pr) . ..an(pr) for any 0<j<|n| + |w|.
This together with (2.7]) proves (iii). =
(B) Now we consider plateaus of H in (gkr,qr). Let ()\;) be the quasi-

greedy gki-expansion of 1 as given in ([2.3]). Note that (\;) depends on M.
Forn > 1 let

(2.8)  £(n) = {Al o Agnat(Ar L Agnr T)® i M= 2k,

Ao Ao dan 1) if M =2k + 1.
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Then £(1) = alqr), and £(n) is strictly decreasing to (\;) = «(gkL) as
n — 0o. Moreover, [I, Lemma 4.2] implies that £(n) € V for all n > 1. We
recall from [I] the following definition.

DEFINITION 2.10. A sequence (a;) € V is said to be *-irreducible if there
exists n € N such that {(n + 1) < (a;) < &(n), and

ai .. .aj(al N +)oo < (al)
whenever
2m if M =2k,

.a ) evVv d 7>
(a1...a5) and j {2n+1 M = 2%k 4 1.

LEMMA 2.11. Let [pr,pr] C (¢kL,qr) be a plateau of H.

(i) There exists a word ay .. .am € L(V,,) such that

o] +(

ay (@1 am)™

a(pr) = (a1 ...an) is x-irreducible and «o(pr) =ai...

(i) (Vp,,0) is a subshift of finite type, and it contains a unique transitive
subshift (X, ,0) of finite type satisfying hiop(Xp, ) = htop(Vp,)-

(i) There exists a periodic sequence v™° € X, such that for any word
n e L(V,,) we can find a large integer N and a word w satisfying

a1(pr) . ..an(pr) < o/ (qur™) < ai(pr)...an(pr) for any j > 0.
Proof. (i) follows from [IJ, Proposition 5.11], and (ii) from [I, Lemma 5.9].
Thus it remains to prove (iii).
By (i) we know that a(pr) is a - irreducible sequence Hence there exists

n € N such that £(n+1) < a(pr) < €(n) ) and ([2.8), a(pr) is purely
periodic, while £(n + 1) is eventually perlodlc Thus a(pr) = &(n+1). Let

Mg M =2k,
M A GEM =2k 41
Then by the proof of [I, Lemma 5.9] we have v*° € X,,, . Observe by ({2.4)

and (2.8) that £(n+1) = v (¥)* € V. By using a(pr) > {(n+1) it follows
that there exists a large integer N such that

a1(pr) .. an(pr) < aj(uoo) < ai(pr)...an(py) for any j > 0.

The remaining part of (iii) follows from [I, proof of Lemma 5.8]. =

Finally, the following characterization of % was established in [T, Theo-
rem 3.

LEMMA 2.12.

% =1{q <€ (qxL, M + 1] : a(q) is irreducible or x-irreducible}.
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3. Dimensional homogeneity of U/,. In this section we will prove
Theorem [I} In fact, we prove the following equivalent statement.

THEOREM 3.1. Let q € (1,qxr] U ((¢gxn, M + 1)\ U(pL,pr]). Then for
any x € U, we have

dimg (U, N (x — 0,2+ 96)) =dimyg U, for any 6 > 0.

We first explain why Theorem is equivalent to Theorem [I Clearly,
Theorem [I] implies Theorem Conversely, take g € B. Let V C R be an
open set with U, NV # (. Then there exist x € U, NV and ¢ > 0 such that

U NV DU N (= 6,2+ ).

From Theorem it follows that dimpg (U, N V) > dimpy U,, which gives
Theorem [

Note that for ¢ € (1, gkr] the statement of Theorem follows immedi-
ately from the fact that dimpy U, = 0. For ¢ € (gkr, M + 1] recall that V,
is the set of sequences (;) € {0,1,..., M} satisfying

a(q) < o™ ((z;)) < a(q) for all n > 0.
Accordingly, let
Vq = {mq((@i)) : (i) € Vgl

where 7, is the projection map defined in (I.1)). For A C R and r € R we
denote rA:={r-a:a€ A} andr+A:={r+a:a€ A}

The following relationship between U, and V, follows from Lemma
and the definition of V.

LEMMA 3.2. Let q € (gkr, M +1]. Then Uy is a countable union of affine
copies of Vq up to a countable set, i.e.,

M—-1 00 M
M C1 V Cm V
uu/\/:{o,}u <+q>u <+q>
! g1 U1 @ 4 Wgzc}i "

c1=
oo M-1 ,m-1
M  cn VY
U U (X2,
m=2 cy=0 =1

where the set N is at most countable.

Proof. For q € (gkr,, M +1] let W, be the set of sequences (x;) satisfying

a@) < o"((2:)) < alg) for any n > 0,

and let W, = m,(W,). Then V, \ W, is at most countable [16]. From [24]
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Lemma 2.5] it follows that

M—-1 co M
M (&1 w Cm W,
uq:{o,}u U <+q>u J U (+q
q- 1 c1=1 q q m=2cm=1 qm qm
oo M—1 ,m—1
M cn W,
U U (SF+m)
m=2 ¢y, =0 i=1
This establishes the lemma since W, C V, and V,; \ W, is at most count-
able. n
It immediately follows from Lemma [3.2] that
dimyg Uy = dimy V, for any ¢ € (gx1,, M + 1].
Hence, it suffices to prove Theorem with V), in place of U,. We first prove
it for ¢ being the left endpoint of an entropy plateau.

LEMMA 3.3. Let [pr,pr] C (gxr, M +1) be a plateau of H. Then for any
x € Vp, we have
dimg(Vp, N(x — 0,z +6)) =dimy V,,  for any 6 > 0.

Proof. Obviously, dimg(V,, N (z —d,z+9)) < dimy V,, . So, it suffices
to the prove the reverse inequality.

Fix § > 0 and x € V,, . Suppose that (z;) € V,, is a pp-expansion of x.
Then there exists a large integer N such that
(3.1) Tp, (Fv,, (21...2N)) € Vp, N (z — 6,2 +0),
where the follower set Fv, (21...28)={(y) €Vp, 1 y1...yn=21... 2N}
is as defined in (2.1]). We split the proof into two cases.

CasE I: [pr,pr] C [gr,M + 1]. Then by Lemma [2.9(ii), (V,,,0) is a
transitive subshift of finite type. This implies that
htop(FVpL (acl ce xN)) = htop(VpL>-
Then, by (3.1), Lemma [2.4]i) and Lemma
dimH(VpL N (x -,z + (5)) > dimpy Tp; (vaL (.1‘1 .. :EN))
B htop(FVpL (xl N CEN))
logpr,
_ htOP(VpL)
logpr,

Cask II: [pr,pr] € (gkr,qr). Then by Lemma ii), (Vp,,0) is a
subshift of finite type that contains a unique transitive subshift of finite

type X,,, such that
(3'2) htOp(XpL) = htOP(VpL)'

= dimH LlpL = dimH VPL'



380 C. Kalle et al.

Furthermore, by Lemma [2.11{iii) there exist a sequence v* € X,, and a
word w such that
(3.3) T1... sV € by, (x1...xN).

From [31, Proposition 2.1.7] there exists m > 0 such that (V,,,0) is an
m-step subshift of finite type. By we have z1...xywv™ € L(V,,).
Then by [31, Theorem 2.1.8] for any sequence (d;) € Fx, (v™) C Fy, (V™)
we have z1...zywdids ... € Fv,, (z1...2n). In other words,

{.%'1 .. .xNCL)dldQ el (dz) € FXPL (I/m)} - FVPL (.%'1 .. ..’EN).
Therefore, by ,
(3.4)  dimpg(Vy, N (x — 4,2 +0)) > dimpy mp, (Fyv,, (21...2N))
> dimpy mp, (FXpL (™)) = dimpy Tpr, (XPL)7

where the last equality holds by the transitivity of (X,,,c). Observe that
mp,, (Xp, ) is a graph-directed set satisfying the open set condition [32]. Hence

. hto (X )
3.5 d X,,) = —2oPrs
( ) 1M g 7TLDL( PL) log pr,
By (3.2), (3.4), (3.5) and Lemma (1) we conclude that
dimpy (Vp, N (x —d,x +9)) > dimp 7, (Xp,)
_ htOP(XpL) _ htOP(VpL)

logpr, logpr,
=dimyU,, =dimpyV,,. =

Now we consider g € #. We need the following lemma.

LEMMA 3.4. Let g € (qxr, M + 1] and x1...xn € L(Vy). Let {p,} C
(1, M + 1] be a sequence such that a(p,) € V for each n > 1, and p, /" q
as n — 0o. Then

z1...xy € L(V),)  for all sufficiently large n.

Proof. Since z1...xnx € L(V,), we have

a1(q)...an—i(¢) L xix1...xny L a1(q) ...an—i(q) for any 0 <i < N.

Let s € {0,1,..., N — 1} be the smallest integer such that
(3.6)

Tsq1.--xny =a1(q) ...an—s(q) or Tsp1...xny =a1(q)...an—s(q).
If there is no s € {0,1,..., N — 1} for which (3.6]) holds, then we set s = N.
By our choice of s,
(3.7)

a1(q) .. .an—i(q) < mit1...xny < ai(q)...an—i(qg) forall 0 <i<s.
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In terms of (3.6) we may assume by symmetry that

(3.8) Tsy1...ZN = a1(q) ... an—s(q).
Since py, /¢ as n — oo, by Lemma [2.1] there exists K € N such that

a1(pn)...an(pp) = a1(q)...an(q) for any n > K.
As a(py,) € V for any n > 1, it follows from (3.7)) and (3.8)) that

21 ... ENON—st1(Pn)aN—st2(Pn) ... = 21 ... zsa1(pp)oa(pn) ... € Vp,

for any n > K. So, z1...2n € L(V),) foralln > K. u
LEMMA 3.5. Let g € #. Then for any x € V, we have
dimg(VyN(x — 6,2 +96)) =dimyg V, for any d > 0.

Proof. Take q € #. Since B C (qkr., M +1]\U(pL, pr], by Lemma [2.7{1)
there exists a sequence {[pr(n),pr(n)]}>2, of plateaus such that pr(n) g
as n — 0.

Now we fix § > 0 and x € V,. Suppose (z;) € V, is a g-expansion of x.
Then there exists a large integer N such that

(39) Wq(qu(x1...3?N)) quﬂ($—5,$+5).

By Lemmas [2.9(i) and 2.11)i) we have a(pr(n)) € V for all n > 1. Then
applying Lemma (3.4 to {pr(n)} gives a large integer K such that

r1...aNn € L(Vy, () foralln > K.
Since V,, (ny C V for any n > 1, it follows from that
(310)  m(Fv, , (@1...2n)) CVyN(z—b,x+0) foralln>K.
By and the proof of Lemma we see that for any n > K,

htop (VpL (n) )
logg
Letting n — oo we have pr(n) /g, and then we conclude by the continuity
of ¢ — hiop(Vy) (see Lemma[2.4|ii)) that
htOP(Vq)
log g

Proof of Theorem . Take g € (1,9kr] U ((gxL, M + 1]\ U(pL, pr)). If
q € (1,qxkw), then the result follows from dimpy U, = 0 (see Lemma [2.4)).

Assume ¢q € (gkr, M + 1] \ U(pr,pr] where the union is taken over
all plateaus [pr,pr] of H. Take z € U,. If = ¢ {0,M/(¢ — 1)}, then by

dimpg (Vg N (z = 6,2 +0)) > dimpg 7y (Fv, (, (z1...2N)) 2

dimg(V, N (x — 0,2+ 6)) > =dimy U, = dimy V,. =
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Lemma[3.2]  belongs to an affine copy of V,. Since the Hausdorff dimension
is invariant under affine transformations [2I], the statement follows from
Lemmas [3.3] and B.5
So, it remains to consider x = 0 and z = M /(¢ — 1). By symmetry we
may assume z = 0. Take § > 0. Then by Lemma[3.2]there exists a sufficiently
large integer m such that
AT
where N is at most countable. This proves the statement for x = 0. m

C (U, UN)N(=46,0),

m

Q

To end this section we strengthen Theorem and give a complete
characterization of the set

{q € (1,M + 1] : U, is dimensionally homogeneous}.

Let [pr,pr] C (gL, M + 1] be a plateau of H. Note that p;, € B\ % C
U \ % . Then by [16, Theorem 1.7] there exists a largest p;, € (pr,pr)
such that the set-valued map ¢ — V,, is constant in [pr, pr,). Furthermore,
for ¢ = pr no sequence in Vj, \ V,, is contained in Up,. Then by the
same argument as in the proof of Lemma [3.3] it follows that Theorem [3.]
also holds for any ¢ € [pr,pr]. Clearly, U, is dimensionally homogeneous
for ¢ < gk1.- So, the univoque set U, is dimensionally homogeneous for any
q € (1,g9x0] U ((gkr, M + 1]\ U(PL, pr]). This, combined with some recent
progress obtained by Allaart et al. [2], implies the following.

THEOREM 3.6.

(i) If M =1 or M is even, then Uy, is dimensionally homogeneous if, and
only if, ¢ € (1, qkr] U ((gxr, M + 1]\ U(PL, PR])-

(ii) If M = 2k+1 > 3, then Uy is dimensionally homogeneous if, and only if,
q € (1, qx]U((gxr, M +1\U(BL, pr]) orq = (k + 3+ Vk* + 6k +1)/2.

Proof. By Theorem and the above arguments, U/, is dimensionally
homogeneous for any ¢q € (1, ¢gkr.] U ((¢xr, M +1]\U(PL, pr]). Thus to prove
the sufficiency it remains to prove the dimensional homogeneity of U/, for
q=(k+3+Vk*+6k+1)/2 =: ¢ with M = 2k + 1 > 3. Note that g, is
the right endpoint of the entropy plateau generated by k + 1, i.e., [px, q4] is
an entropy plateau with a(p,) = (k+ 1) and a(q,) = (k + 2)k*°. Then by
[2, Corollary 3.10],

(3.11) htop(Va. \ Vp.) = hop(Vp,) =log2,

where the second equality follows from V,,, = {k, k+ 1}, Furthermore, any
sequence in Vi, \ V,,_ eventually ends in a transitive subshift (X, o) of finite
type with states {k — 1,k,k+ 1,k + 2} and adjacency matrix
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1
(3.12) A= (1)

= O = O
= o = O
O =R O

0

Observe that htop(X) = log2. Using and a similar argument to the
proof of Lemma we find that U, is dimensionally homogeneous.

Now we prove the necessity. Without loss of generality we assume that
M =1 or M is even. Let [pr,pr| C (gkL, M + 1] be an entropy plateau
generated by aj...an, and let pr € (pr,pr) be the largest point such
that the map ¢ — V, is constant in [pr,pr). In fact, we have a(py) =
(a1...a}a1...a5)® (see [16]). Take ¢ € (pr,pr). Then W, \ V,, # 0,
where W, is the set of sequences (z;) satisfying

a(q) < o"((zi)) < a(q) for any n > 0.
Furthermore, any sequence in W, \ V,,, must end in the subshift (Y, o) of fi-

nite type with states {a; ... A, G G, Q1 -+ . G, A1 - - .a;t} and adjacency
matrix A defined in (3.12)). In particular,

(3.13) hiop(Y) = o htop(Vpr \ Vi) < htop(Vp,),

where the inequality follows from [2, Corollary 3.10]. Observe that W, C U,.

Therefore, by (3.13) and the same argument as in the proof of Lemma

for any x € m,(W, \ V,, ) C U, there exists § > 0 such that

htOP(Y) < hiop (VPL)
log ¢ log g

dimpg (U, N (x — 0,2+ 6)) < =dimy U,. =

4. Auxiliary proposition. In this section we prove an auxiliary propo-
sition that will be used to prove Theorem [2] in the next section.

PROPOSITION 4.1. Let g € B\ {M +1}. Then for any € > 0 there exists
0 > 0 such that

(1—¢)dimp m4(Bs(q)) < dimpy (20 (q—0,q+6)) < (1+¢) dimp mg15(Bs(q)),
where
B;s(q) :=={alp) :pe BN (q—6,q+0)}.

The proof is based on the following lemma on the behavior of the Haus-
dorff dimension under Hélder continuous maps [21].

LEMMA 4.2, Let f: (X, p1) — (Y, p2) be a Hélder map between metric
spaces, i.e., there exist constants C, A > 0 such that

p2(f(2), f(y)) < Cpr(z,y)*
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for any x,y € X with pi(x,y) < ¢ (here ¢ is a small constant). Then
dimH f(X) < %dimH X.

First we prove the second inequality in Proposition [1.1]

LEMMA 4.3. Let g € B\ {M +1}. Then for any & > 0 there exists § > 0
such that
dimp (B0 (q—6,q+06)) < (1 +¢)dimpg my45(Bs(q)).

Proof. Fix ¢ > 0 and ¢ € £\ {M + 1}. Then there exists § > 0 such
that

log(q + 9)
log(q — §)
Since # C % , Lemmasand ii) imply that for each p € 2N (q—6, ¢+9)
we have

alg+0) < a(p) < o'(alp) < alp) < a(g+48) forall i > 0.

So, by Lemma a(p) € Uyys for any p € B0 (¢ — §,q + 6). Hence the
map

(4.1) g—90>1, q+d<M+1 and <l+e.

9:BN0(q—0,q+0) = m445(Bs(a),  p> mers(ap)),
is bijective. By Lemma [4.2] it suffices to prove that there exists a constant
C > 0 such that
|Tgrs(a(p2)) — Tgrs(a(pr))| > Clp2 — p1

for any p1,pa € B0 (¢ — 0,4+ 9).
Take p1,p2 € BN (q— 0,9+ ) with p; < pe. Then by Lemma we
have a(p1) < a(p2). So, there exists n > 1 such that

|1+5

a1(p1) ... an—1(p1) = a1(p2) ... an—1(p2) and an(p1) < an(p2).
Then

62 o<mon=3 Sy SR

i 7
i=1 2 i-1 D1
n—1 00
QP2 a;(P1 Q;\P2 _
= ( Zi(—l) - Zz(—l)> + E : 25—1) <p3 "
=1 Dy p i=n D2

where the last inequality follows from the property of the quasi-greedy ex-
pansion a(ps) that > 50, agri(p2)/ph < 1 for any k > 1.

On the other hand, by we have a(p2) < a(q+0) < a(M+1) = M.
Then there exists a large integer N (depending on ¢ + §) such that
(4.3) a1(p2) ... an(pa) < MV (M —1).
Note that ps € 28 C % . Then by Lemma (ii) and ,

Umt1(P2)mia(p2) ... = a(p2) = 0N=110>°  for any m > 1.
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This implies that

Tg+s(a(p2)) — mgrs(a ; ai(p 7 ;5% (p1)
_ @n(p2) — anlpr S > ai(p2)
— (g +0)n q+5 z:: zﬂ;l(ﬁé)i
1 _ 1 Ckn-l—z( ) > az(p2)
> (g+0)™ (¢+)" ; = +i:;rl G 1o

Z i(p2) 1

— i = n+N’

S g+ T (g +9)

where the second inequality follows from the same property of the quasi-
greedy expansion a(p;) that was used before.

Therefore, by ([4.1)) and (4.2)),
Tara(@(p2)) — mgas(a(pr) = (g +6) 5 )1+ > (g — §) ™"~ N) e
> (q . 5)7N(1+€)(p2—n)1+5 > C(pQ _p1)1+5’
where C' = (¢ — 6) "N+ (g 4 6)72(42) | o
Now we prove the first inequality of Proposition

LEMMA 4.4. Let g € B\ {M +1}. Then for any e > 0 there exists § > 0
such that

dimy (# N (q—0,q+9)) = (1 — &) dimp m4(Bs(q))-

Proof. The proof is similar to that of Lemma Fix ¢ > 0 and take
q€ A\ {M+1}. Then there exists § > 0 such that

log(q+6)< 1
logg ~—1-—¢

Take p1,p2 € BN (q — 6,q+ &) with p; < ps. Then by Lemma we
have a(p1) < a(p2), and therefore there exists a smallest integer n > 1 such
that o, (p1) < anp(p2). This implies that

(4.5)
[mq(a(p2)) — mq(cx(p1))| =

(4.4) g—6>1, g+d<M+1 and

M Mq
¢ q-11

7n

i%(m) : ai(p1)

i=1 q

S

i=n
On the other hand, observe that g+0 < M +1. Then a(p2) < a(g+9) <
a(M + 1) = M. So, there exists N > 1 such that

Oél(pg) .. .ozN(pg) < MN_I(M — 1)
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Since py € # C %, Lemma (ii) gives

| — i(p2) = qi(p2) 1
=) — > o

i1 P2 -1 P2 )

which implies that

1 _ (67 p2 OO O[l(pl o (pQ)
(4.6) pg+N <1 ; ; u ; v
@ p2 a;(p2)
: zz; ( pg >
M M M
- ; <pzl - P§> " (= D(pa— 1)(192 — 1)

Here the second inequality holds since

ai(pr)...an-1(p1) = ar(p2) . .. an—1(p2),

an(p1) < an(ps) and Y anyi(p)/py < 1.
=1

Therefore, by (4.4)—(4.6) we conclude that

N4+1 Nt N
Img(a(p2)) — mala(pn))] < ML (g2

(q T—e )1_5

q—1
N+1

<Mq

= o1

M N+1 _ _ B
qq_ilpg (n+N)(1—¢) < C(pg —p1)1 5,

(q + 5)—(n+N)(1—s)

<

where
M2—eqN+1

(¢—1)(g—d—1)20-2)

By Lemma the map p — a(p) is bijective from £ N (¢ — §,q + &) onto
B;(q). Hence, the lemma follows by letting f = 7, o & in Lemma u

Proof of Proposition[{.1. Combine Lemmas [£.3] and [£.4] =

5. Local dimension of . In this section we will prove Theorem
which states that for any ¢ € % we have

lim dimpy (%N (¢ — 6,q +0)) = dimy U,.
6—0

First we prove the upper bound.
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PROPOSITION 5.1. For any q € & we have
lim dimy (B0 (q—8,q+9)) < dimy U,.
—
Proof. Take q € 4. By Lemma and Proposition it follows that
for any € > 0 there exists a § > 0 such that
(5 1) dim g uq+5 < dimpg L{q + ¢,
. dimpy (%2 N (g — 6,9 +9)) < (1 +¢) dimpy m41.5(Bs(q)),
where Bs(q) = {a(p) : p € (q—5 q+0)N A}

Since # C %, Lemmas and [2.3(ii) show that any sequence a(p) €
Bs(q) satisfies

alqg+9) < alp) < o™ (a(p)) < alp) < a(¢g+9d) foralln>0.
By Lemma - 2| this implies Bs(¢q) € Ug4s. Therefore, by (5.1)),
dimg (BN (q—5,q+9)) < (1 +¢)dimpy mg45(Bs(q))
< (1 =+ 8) dimHZ/{q+5 < (1 + 6)(dimHZ/{q + 6).

Since € > 0 was arbitrary, this completes the proof. m

The proof of the lower bound of Theorem [2]is tedious. We will prove it
in several steps. First we need the following lemma.

LEMMA 5.2. Let [pr,pr] C (g, M + 1) be a plateau of H such that

a(pr) = (a1 ... )% with period m. Then

Q] e =< Q1 .. Qg for all 0 <i<m,
Qi1+ QO ... Q4 = O ... Oy forall 0 < i < m.

Proof. Since (aq ...aq,)> is the quasi-greedy pr-expansion of 1 with

period m, the greedy pr-expansion of 1 is i ... 0. So, by [18, Pro-
postion 2.2], we have o™(ay ...a;0%) < a;...a;;0% for any n > 1. This
implies

N

ai+1...am<ai+1...a+ Qi ...opm—; forany 0 <i<m.

Lemma [2.6| states that p;, €  C % . Then by Lemma (ii),
(g1 - oy ... ) = ((a1...0)%°) = (@i am)™
for any 0 < ¢ < m. This implies that
Qg - QpQ] ... = Q1 -.. 0y, forany 0<i<m. m

Let [pr,pr] C (¢gkn,M + 1) be a plateau of H. For any N > 1 let
(W,, n,0) be a subshift of finite type in {0,1,..., M} with the set of
forbidden blocks ¢; ... cn satisfying

c1...cy <a1(pr)...an(pr) or ¢i...cy =a1(pr)...an(pr).
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Then any sequence (z;) € W,,, n satisfies

ar(pr).-.an(pr) < 0" ((x;)) < a1(pr) ...an(pr) for all n > 0.

If an(pr) >0, then W, v isindeed the set of sequences (z;) €{0,1,..., M}N
satisfying

o0

+1 00 n _
(1(pr) ... an(pr) )™ < 0"((z:)) < (aa(pr) - - an(pr)”)
for all n > 0. By the definition of W,,, x this gives
WPLJ - WPL72 c.--C VPL'

We emphasize that W,,, 1 can be an empty set, and the inclusions above
are not necessarily strict.

Observe that (V,,, , o) is a subshift of finite type with positive topological
entropy. The following asymptotic result was proved in [24, Proposition 2.8].

LEMMA 5.3. Let [pr,pr| C [qgr, M + 1] be a plateau of H. Then
]\}i_rfloo htOP(WpL,N) = htOp(VpL)-

Recall from (2.8)) that
EM) =X ... Agn1 (A1 dgn1 1) if M = 2k,
E(n) = A1 dan(Ar .. Agn 1) if M =2k + 1.

Note that the sequence (\;) in the definition of £(n) depends on M. In the
following lemma we show that the entropy of (W,, n,0) is equal to the
entropy of the follower set FWpL, v (v) for all sufficiently large integers N,
where v is the word defined in Lemma [2.9((iii) or Lemma [2.11(iii).

LEMMA 5.4.
(i) Let [pr,pr] C [gr, M + 1] be a plateau of H, and let
L {k: if M = 2k,
(k+ 1Dk if M =2k + 1.
Then for all sufficiently large integers N we have
htop(FWpL’N(VZ)) = hiop(Wp, n)  for any £ > 1.

(i1) Let [pr,pr] C (g1, qr) be a plateau of H with {(n+1) < a(pr) < &(n).
Set

Al A if M =2k,
Moo Agupn i M =2k + 1.

Then for all sufficiently large integers N we have
htop(FWpL,N(VZ)) = hiop(Wp, n)  for any ¢ > 1.
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Proof. Take ¢ > 1. First we prove (i). By Lemma [2.9[iii) there exists
a large integer N > 2 such that v* € £(W,, n). Since (W,, y,0) is a
subshift of finite type, to prove (i) it suffices to show that for any word
p € L(W), n) there exists a word vy of uniformly bounded length for which
viyp € LW, ).

Take p = p1...pm € LWy, n). If M = 2k, then v = k. Since a(pr) =
a(qr) = (k+ 1)k, we have

ar(pr) <k—-1<v<k+1<ai(pr).
So, v'yp € L(W,, n) by taking v = € the empty word. Similarly, if M =
2k +1 then v = (k+1)k. Observe that a(pr) = a(qr) = (k+1)((k+1)k)>.
This implies that v%yp € L(W,, y) by taking v = ¢ if py > k + 1, and
y=k+1if p; <k.

Now we turn to the proof of (ii). We only give the proof for M =
2k, since the proof for M = 2k + 1 is similar. Then v = A;...\.. By
Lemma (iii) there exists a large integer N > 2"*! such that v>® =
(A1...A50)° € W, . Since hiop(Vp,) > 0, by Lemma we can choose
N sufficiently large such that htop(Wp, n) > 0. Since W,y is a subshift of
finite type, there exists a transitive subshift of finite type Xy C W), y for
which Aop(Xn) = htop(Wp,,n) [B1, Theorem 4.4.4]. We claim that either
Al...Agn or Aj...An belongs to L(Xn).

From and it follows that

§(n) = )\1 e )\27171()\1 e )\27171 +)OO = /\1 e )\Qn ()\1 e A2n71 +)OO.
Then the assumption &(n + 1) < a(pr) < &(n) gives

(5.2) a1(pr)...aon(pr) = A1 ... Aon = a1 (gkr) - - - can (gir,)-
Suppose Aj...Agn and Aj...A2n do not belong to £(Xy). Then by (5.2)),
XN C WPLQ” = WqKL,Z” C VQKL'

So, by Lemma [2.4] it follows that X has zero topological entropy, contra-
dicting htop(XN) = htop(WpL,N) > 0.

By the claim, to finish the proof of (ii) it suffices to show that for any
word p € L(X ) with a prefix A1 ... Agn or A1 ... \on there exists a word ~ of
uniformly bounded length such that vyp € L(W,, v). In 27, Lemma 4.2]
(see also [I, Lemma 4.2]) it was shown that for any n > 1 we have

Al Aoy < Ajg1 - dan S A1 Aon for any 0 <i < 2",
This implies that for any 0 < i < 2" we have
(53) )‘i+1 - )\271 <A ... Aon_; and )\i+1 c )\gn)\l ce A= AL Aon,

Observe that
V= )\1)\5n :)\1...)\2n—1)\1...)\2n—1.
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Then from (5.2) and (5.3)) it follows that if A;...Aen is a prefix of p, then
viyp € L(W,, n) by taking v = € the empty word, and if A;... An is a
prefix of p then vfyp € L(W,, n) by taking vy = A1... Agn1. u

In the following lemma we prove the lower bound of Theorem [2] for
q € [qr, M + 1] being the left endpoint of an entropy plateau.

LEMMA 5.5. Let [pr,pr| C [qgr, M + 1] be a plateau of H. Then for any
0 > 0 we have

dimpy (20 (pr — 6,pr +96)) > dimp Uy, .

Proof. Lemma [2.9[i) shows that a(pr) = (i) = (o1...q,)> is an
irreducible sequence, where m is the minimal period of a(pr,). Thus, there
exists a large integer N1 > m such that

(5.4)
al-'-aj(al...aj

Let v be the word defined in Lemmal5.4(i). Then by Lemmal[2.9(iii) there
exist a large integer N > Nj and a word w such that

e <ay...ap, if (a1...a;)*€Vand1<j<m.

(5.5) ar-..ay < o"(a1...apwr™) < aj...ay for any n > 0.

Observe that (W,,, n,0) is an N-step subshift of finite type, and (5.5]) shows
that o ...amwvy € L(W,, y). Then from [31, Theorem 2.1.8] it follows

that for any sequence (d;) € FVVpL,N(VN) we have a1 ...anwdids... €
Fw, n(o1...am). In other words,

{Oél o apwdids .. (dl) S prLﬁN(VN)} - FWpL,N(al e Oém) - WPLJV'
So,

htOp(prL’N(,/N)) < htop(Fw,, x
Therefore, by Lemma [5.4(i) we obtain
(5.6) hiop(Fw,, n (a1 ... am)) = hiop(Wp, n).

Let An be the set of sequences (a;) € {0,1,..., M}> satisfying

(a1 ...am)) < hiop(Wp, N).

ai...amN = (041 R Oém)N and A N+1AmN+2 - - - € FWpL,N (Oq ce am).
Fix 6 > 0. We claim that
Ay € Bs(pr) ={alg) : g € BN (pr — d,pr + )}
for all sufficiently large integers N > Nj.
Clearly, when N increases, the length of the common prefix of sequences
in Ay grows, and it coincides with a prefix of a(pr) = (a1 ... am)>™. So, by

Lemmas and it suffices to show that for all N > N; any sequence
(a;) € A is irreducible.
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Take N > N; and (a;) € Ay. First we claim that
(5.7) ar...ay <0"((a;)) <a1...ay forany n > 1.
Indeed, ag ... amn=(a1...0n)"Y and amyi1amyi2 - - GFWpL,N (a1 ...am).
Since N > Ny > m, (5.7) follows directly from Lemma

Note that a1 ...ay = «ai...an by the definition of Ay. From (5.7) it
follows that (a;) € V. So, by Definition it remains to prove that
(5.8) ai...aj(@--a; 7)® < (a;) whenever (aj ... a;)>* € V.
We split the proof of (5.8)) into the following three cases.

e For 1 <j <m, (5.8)) follows from (5.4)).
e Form < j < N,let j =jim+r with j3 > 1and r € {1,...,m}. Since
(1...a;)® = ((a1...am)"ar...a;)® €V, we have
Qpy 41+ QO oo Oy = Oy gl - Q] . Q2= O Ol
This implies that

al...aj(al...aj+)°°:(oq...ozm)jlal...anal...am...

< (o1 ...am)aq ... Q1 - a0 0 < (ay).

oFOlrj>N,by7

(ara; ) = (e -anani1---a; ) < ajr1a542 .. -,

which implies that ([5.8) also holds in this case.

Therefore, (a;) is an irreducible sequence, and thus (a;) € Bs(pr). So, we
have Ay C Bs(pr) for all N > Nj.

Note that m,, (Ayn) is a scaling copy of mp, (Fw,, y(a1...oy,)) which
is related to a graph-directed set satisfying the open set condition [24]
Lemma 3.2]. By Proposition and , for any € > 0 there exists § > 0
such that

dimg (B N (pr, — 8,pL + 6))

> (1 —¢) dimy mp, (Bs(pr))
> (1

=(1-¢)

— 6) dimH Tpr, (AN)
hiop(Fw,, y(a1 ... am))
logpr,
=(1—¢) htOP(WpL,N)
logpr,
for all sufficiently large integers N > Nj. Letting N — oo we conclude by
Lemmas and 2.4] that

hiop(Vp, )
logpr,
Since £ > 0 was taken arbitrarily, this establishes the lemma. =

dimpy (2N (pr — d,pr +9)) > (1 —¢) = (1—¢)dimy Uy, .
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Now we prove the lower bound of Theorem [2| for ¢ € (gk1., ¢r) being the
left endpoint of an entropy plateau.

LEMMA 5.6. Let [pr,pr| C (qkL,qr) be a plateauw of H. Then for any

0 > 0 we have
dimy B0 (pr, — 6, pr, +0) > dimpy U, .

Proof. The proof is similar to that of Lemmal[5.5] We only give the proof
for M = 2k, since the proof for M = 2k + 1 is snmlar.

By Lemma [2.11fi) it follows that a(pr) = (o) = (1...04,)® is a
s-irreducible sequence, where m is the minimal period of a(pr). Thus there
exists n > 1 such that £(n + 1) < a(pr) < &(n), where £(n) = A\ ... Agn—1
(A1...Agn—1 7). By this implies that m > 2". Since a(pr) = (o) is
periodic while £(n + 1) is eventually periodic, we have £(n + 1) < a(pr)
< &(n). So there exists a large integer Ny such that

(5.9) En+1)<ay...an, <&(n).
Since a(pr) = () is x-irreducible, by Definition there exists an integer
N1 > Ng such that

(5.10)

. .oo@r oy )P < e an, if (@1...0a;)* € Vand 2" < j <m.
Let v = A1...A. be the word defined as in Lemma (ii). Then by

Lemma [2.11f(iii) there exist a large integer N > N; and a word w such that

(5.11) ar.ay <o’ (ag ... apwr™) <oy ...ay for any j > 0.

Observe that (W,,, n,0) is an N-step subshift of finite type, and by
we have ;... anmwv™y € L(W,, y). Then [3I, Theorem 2.1.8] shows that
for any (d;) € FWvaN (vN) we have a7 . .. apwdidy . . . € FWpL (o oam).
This implies

{041 coopwdidy Ll (dz) € prb ( )} C FWPL N( . .am) C WpL,N-
So, by Lemma [5.4{(ii) we obtain
(5.12) hiop(Fw,, (@1 .. am)) = hiop(Wp, n).

Let An be the set of sequences (a;) satisfying
ay...amn = (a1... am)N and  GpN11GmNi2--- € FWpL N oam).
Fix 0 > 0. Then we claim that
An CBs(pr) ={alq) :q€ BN (pL — 8, pr +96)}

for all sufficiently large N > Nj. Observe that the common prefix of se-
quences in Ay has length at least m (N +1) and it coincides with a prefix of

a(pr) = (a1 ... ). So, by Lemmas and [2.12| it suffices to show that
for all N > N1 any sequence in Ay is *—1rredu01ble.
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Take N > Nj sufficiently large and (a;) € An. Then by (5.9) we have
£(n+1) < (a;) < {(n). Furthermore, by Lemmal5.2]and the definition of Ay,
(5.13) aran < 0’((a;)) < ay...ay for any j > 1.

This implies that (a;) € V. Furthermore, by (5.10), (5.13) and arguments

similar to those in the proof of Lemma [5.5| we can prove that
ai...aj(ar--a; ) < (a;)

whenever j > 2™ and (a; ... aj_)oo € V. Therefore, by Definition the se-

quence (a;) is *-irreducible, and then Ay C Bs(pr) for all N > Nj, proving

the claim.

Hence, by Proposition and (5.12)), for any € > 0 there exists 6 > 0
such that

dimy (20 (pr — 6, pr +0)) > (1 — &) dimpy 7, (Bs(pr))
Z (1 - 5) dimH Tor, (AN)

htop(prLyN(ozl cea Q)

logpr,
=(1—¢) htOP(WpL,N)

logpr,

for all sufficiently large N > Nj. Letting N — oo we obtain, by Lemmas [5.3
and

dimy (# N (pr — 6,pr +6)) > (1 —¢)

=(1-¢)

htOP(VpL)
logpr,
Since € > 0 was arbitrary, we complete the proof by letting € — 0. =

Proof of Theorem @ Take ¢ € % and § > 0. By Lemma there exists
a sequence {[pr(n),pr(n)]} of plateaus such that pr(n) converges to ¢ as

n — oo. By Lemmas and
dimg(# N (q—6,q+6)) > dimg Uy, (n)
for all sufficiently large n. Letting n — oo and using Lemma we obtain
(5.14) dimy (2N (q—8,q+6)) > dimpy U,.
Now, the theorem follows from Proposition .

= (1 - 5) dimH UPL'

6. Dimensional spectrum of %. Recall that % is the set of univoque
bases ¢ € (1, M + 1] for which 1 has a unique g-expansion. In this section we
will use Theorem [2] to prove Theorem [3| for the dimensional spectrum of %,
which states that

dimy (7 N (1,t]) = mgg{dimHL{q for all ¢ > 1.
q<
We focus on t € (gkr,, M +1), since by Lemma the other cases are trivial.
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_Since the proof of Lemma above only uses properties of % instead
of %, the proof also gives the following lemma.

LEMMA 6.1. Let ¢ € % \ {M + 1}. Then for any € > 0 there exists a
0 > 0 such that

dimp (% N (q—8,q+0)) < (1 +¢)dimpy 7445(Us(q)),
where Us(q) = {a(p) :p € % N(q—9,q+9)}.
To prove Theorem [3| we first consider the upper bound.
LEMMA 6.2. For any t € (g1, M + 1) we have
dimg (% N (1,1]) < rglgicdimHUq.

Proof. Fix € > 0 and take ¢t € (gkr,, M + 1). Then it suffices to prove
(6.1) dimp (7 N (L,1]) < (1 —l—s)(maxdlmHU +5>

By Lemmas [2.4] and [6.1| for each ¢ € % N (1,t] there exists a sufficiently
small 6 = (g, &) > 0 such that

dimpg Uyqs < dimpy Uy + €,
dimpg (% N (g —0,q+9)) < (1 +¢) dimp 7415(Us(q))-
Observe that {(¢—9,q+6) : ¢ € Z N(1,t]} is an open cover of Z N(1,t], and

th%@ﬁ (1,t] = % N[qkL,t] is a compact set. Hence, there exist qi, ..., qx
in % N (1,t] such that

(6.2)

C}

(6.3) %NS J(Zn (g —6i a4+ 6)),
i=1
where §; = d(g;,¢) for 1 <7 < N.

Note by Lemmas and [2.3] that for each i € {1,..., N} we have
Tqi+6; (U61 (@) = 7rqi+6i({a(p) ‘pe wn (¢ —diyqi +6i)}) C Z/[Qi+5i‘
Then by (6.2) and (6.3)),

dimg (% N (1,t]) < dimgy (U (% N (¢ — 6i,qi + 6 )))
=1

= 1r<nzi)]{vd1mH(% N (g — 6i,qi + ;)

(1+¢) max dimy 7g,+6,(Us, (¢:))

<(1+¢) lrgi}jvdim};u i+,

A

<(1+4¢) 112%}5\7(dimH Uy, +¢)

< (1 +€)(I¥113thimHUq +€). [

The next lemma gives the lower bound of Theorem
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LEMMA 6.3. For any t € (gkr, M + 1) we have
dimH(@ﬂ (1,t]) > m%?(dlmH L{q.
<

Proof. Take t € (gkr, M + 1). By Lemma the dimension function
D : ¢ — dimp U, is continuous, so there exists ¢, € [gkr,t] such that

dimy U, = n(;lgg( dimp U,.

Since the entropy function H is locally constant on the complement of 4,
it follows by Lemma [2.4] that

¢« € (gxL, 1]\ U(PL,Z?R] C (gxL,t] N A.

If ¢ € (qkr,t) N A, then the lemma follows from % C % and Theorem
If . = t, then by Lemma [2.7](i) there exists a sequence {[pz(n),pr(n)]}
of plateaus such that pr(n) € (¢kr,t) N % and pr(n) / ¢ as n — oo.
Therefore, by Lemma and Theorem [2| we also have

dimH(@ﬂ (1,75}) > dimH(Qﬂ (qKL, t]) > dimHUpL(n) — dimg U,,
as n — o0o. This establishes the lemma. =

Proof of Theorem [ For 1 < t < gkr, we have % N (1,t] C {gkr} and
thus by Lemma [2.4(i) it follows that

dimg(Z N(1,t]) =0= m<a§(dimH Uy.
<

For t > M + 1 we have Z = % N (1,t] and the result also follows from
Lemma[2.4] For the remaining ¢ the result follows from Lemmas[6.2] and
since % \ % is countable.

Lemma shows that the dimension function D : ¢ — dimpy U, has a
devil’s staircase behavior (see also Remark[2.5(1)). This implies that ¢(¢) :=
maxg<; dimg U, is a devil’s staircase in (1,00): (i) ¢ is non-decreasing and
continuous in (1, 00); (ii) ¢ is locally constant almost everywhere in (1, 00);
and (iii) ¢(gkr) = 0, and ¢(t) > 0 for any t > gkr,. =

7. Variations of % (M). For any K € {0,1,..., M}, let % (K) denote
the set of bases ¢ > 1 such that 1 has a unique g-expansion over the alphabet
{0,1,...,K}. Then % (K) C (1,K + 1]. In this section we investigate the
Hausdorff dimension of ﬂjj\/fz x % (J), and prove Theorem Note that ¢x1, =
gkr,(M) is the smallest element of % (M), and K + 1 is the largest element
of Z (K). So, if K +1 < gk, then Z (M) N % (K) = (. Therefore, in the
following we assume K € [gk1, — 1, M].

LEMMA 7.1. Let K € [gkr, — 1, M] be an integer. Then for each q €
U (M) N (1, K + 1] the unique expansion o(q) = (wi(q)) satisfies

M—K <ai(q) <K foranyi>1.
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Proof. Clearly, the lemma holds if K = M. So we assume K < M. Take
qge ¥ (M)N(1,K 4+ 1] C [gkr, K 4+ 1]. Then

a(grr) 2 alg) 2 a(K +1) = K.
This, together with a1(gkr,) > M — a1(gk1,), implies that
M- K <ai(gkr) < ai(g) < K.
Since M > K and ¢ € % (M), it follows from Lemma [2.3(i) that
M-K<M-oa(q) <ai(¢g) <ai(q) <K foranyi>1. m

LEMMA 7.2. Let K € [gkr, — 1, M] be an integer. Then
UMNUK)=1,K+1Nn%(M).

Proof. Since % (K) C (1,K + 1], it suffices to prove that % (M) N
(1,K +1] € %(K). Take ¢ € % (M) N (1, K + 1]. By Lemma 2.3 a(q) =
(ci(q)) satisfies
(7.1) (K—ai(q)) 2 (M—ai(q)) < air1(q)aiya(q) - < alq) foralli>1.
Lemma yields 0 < «;(q) < K for all i > 1. Hence, by (7.1) and Lemma
we conclude that ¢ € Z (K). =

Proof of Theorem . First we prove (i). Clearly, if K < ggr, — 1 then

ML % (J) = 0, and therefore (i) holds by Lemma i). If gk, — 1 <
K < M, then by repeatedly using Lemma [7.2] we conclude that

M
%)= (%(M)nu (M ﬂ w(J
J=K
M-2
=(LMn%M)n () %)
J=K
M-3
=L Mn(ZM)nzM-2)n (| %)
M-3 =R
=M -1nuM)N (%)=
J=K

=1, K+1n%(M).
Therefore, by Theorem [3| we have established (i).
As for (ii), we observe that for any L > 1,
(7.2) U (L) = (%(L)\ U @/(J)) u @ @ynu ).
J#L JAL
From (i) and Lemma[2.4i) it follows that dimy (% (L) "% (J)) < 1 for any

J # L. Furthermore, by Lemma [2.6| we have dimpy % (L) = 1 (see also [24]
Theorem 1.6]). Therefore, (i) immediately follows from (7.2). =
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8. Final remarks. It was shown in Theorem [3|that the function ¢(t) =
dimg (% N (1,t]) is a devil’s staircase in (1,00) (see Figure (1| for the sketch
plot of ¢). Then a natural question is to ask about the presence and position
of plateaus for ¢, i.e., maximal intervals on which ¢ is constant. By Lemma
2.4(i) and Theorem (3| it follows that ¢(¢) = 0 if and only if ¢t < gky,, and
¢(t) = 1 if and only if ¢t > M + 1. Hence, the first plateau of ¢ is (1, gkr],
and the last is [M + 1, 00).

Since ¢(t) = max,<; dimpy Uy, an interval [qr,, gr] is a plateau of ¢ if and
only if

dimpg U, < dimg U,, for any p < qr,
dimpg U, < dimgU,, for any qr, < q <qg,
dimg U, > dimyg U,;, for any r > gg.

By Lemma for each plateau [qr,, qr] of ¢ we have dimy U, = dimp Uy, .
QUESTION 1. Can we describe the plateaus of ¢ in (g, M + 1)?

Theorem [3] tells us that the set % gets heavier towards the right, but
does not say anything about the local weight.

QUESTION 2. What is the local dimension dimg (% N [t1,t2]) for to >
t1 > 17

Added in proof (April 2019). Question 2 has recently been solved by Allaart and
the second author [4, Theorem 4].
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