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Summary. A stochastic Gronwall lemma is proved in Scheutzow (2013) in the case when
the exponent p lies in the interval 0 < p < 1. In this paper, we extend the lemma to the
entire interval 0 < p < co. We construct simple examples to illustrate the present result.

1. Introduction. In [§], Scheutzow proved a stochastic version of the
celebrated Gronwall lemma of the following type:

THEOREM 1.1. Let Z and H be non-negative, adapted processes with con-
tinuous paths and assume that ¥ is a non-negative and progressively mea-
surable function. Let M be a continuous local martingale starting at zero. If

t
1) Z(t) < H(t) + | 9()Z(s) ds + M()

0
for all t > 0, then for p € (0,1), and p,v > 1 such that 1/u+1/v =1 and
pv < 1, we have

1/v 0 1w * v\1/v
E sup Z(s)" < (e + D)V (Bexp{pp | p(s) ds }) " (B(H (1)),
0<s<t 0
where H* is the mazimal function of H and cp, is a positive constant given
by
1 TpY
) o = <4 A ) TRV

pv ) sin(mpr)
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It is pointed out in [§] that the exact constant c,, in is not optimal.
We also remark that the above result in Theorem 4 of Scheutzow [§] holds
true only for 0 < p < 1. A key question naturally arises: can this result be
extended to the entire interval (0, 00)? The main aim of the present paper is
to answer this question in the affirmative. For the rest of the paper, we shall
assume that

‘ a/8
(3) 2@ty < H) + ((0(5)2(5)7 ds) ™+ M(2)

0
for all ¢ > 0, where «, 8 are positive real numbers. Throughout the paper,
we impose similar assumptions on the real-valued processes Z = (Z)i>0,
H = (Hi)t>0, ¥ = (P1)1>0 and M = (My)s>0 to those in Theorem A
general account of these processes is given in [6] and [7].

It is essential to note that in the special case when o« = 1 and 8 = 1 in ,
we have the linear stochastic integral inequality . The main point here is
that the results of this paper contain and extend Theorem 4 of Scheutzow [§].

2. Main results. In this paper, we shall prove the following two theo-
rems.

THEOREM 2.1. Let 0 < a < f < oo and 1 <r < oo, and let 8,q > 1 be
such that 1/0+1/q = 1. Suppose that holds. Then there exists a positive
constant Arq, depending only on r and q, such that

o ol 1/a (1= e®)/® \"\"*
@ B 2o <2 ({1 L0 ) )
< ((B(H" (@) + A (B V00)

for allt >0, where

H*(t) = sup H,,
0<s<t

(M) is the quadratic variation of a continuous local martingale M with
M(0) =0, and e(t) is the process given by
t

(5) e(t) = exp(— S ¥(u) du).

0

Proof. We argue similarly to [8], with minor modifications. The change
of variable Y (¢) = Z(¢)* in (3) yields
‘ a/B
(6) v (1) < H(t) + M) + ([ils)y ()7 ds)
0
for all 0 <t < 0.
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For any real-valued continuous local martingale M = (M;):>0, it follows
from @ that

(7) Y (1) < Ht) + (0] + (Jos)y ()7 ds) ™"
0

We now proceed to estimate Y (¢) from above. Let e(t) be defined by ().
Using a nonlinear version of the Gronwall lemma (see [9, Theorem 1]) in (7)),
we get the estimate

(fv(s)(H <s> + | M(s)))%/e(s) ds)°/
— (1 —e(t))/8
(%o w(s>e(s) ds)/?
1-— (1 — e(t))a/ﬁ
(1 — e(t))a/ﬁ
1-(1-e t))a/ﬁ
where H*(t) = supg<,<; Hs and M*(t) = supg<,<; |Ms|. Therefore,

(1 —e(®)*/”
1— (1 —e(t)>/?

®)  Y() <H(®)+ M)+

< H(t) 4 |M(#)| + (H*(t) + M*(t))

= H(t)+ |M(@®)| + (H*(t) + M*(1)),

) 2O < H()+ |M(@)]+

(H™(t) + M*(t)).

Consequently, assuming that 1 (s) is non-deterministic in @D, applying
the Holder inequality we obtain
(1—e(t)*/?
10 E Z(s)*<E|(1 H*(t) + M* (¢
(10) B s 209 < B(1+ O )+ o)

0<s<t

(1—e()? N\ ) ) 1/q
< (E(1+ 1—(1—e(t))a/ﬁ> > (E(H*(t) + M*(t))?)

_ (1—e(®)*? \"\
<27 (E(l T e(t))&/ﬁ> )
x ((E(H*(1)7)9 + (B(M*(£))7)/9)

for,g >1and 1/0+1/q = 1.

Let (M) be the quadratic variation of a continuous local martingale M
with M (0) = 0. Then, by a continuous martingale inequality (see |2, Theo-
rem 1), there exists a positive constant Cy, for 1 < r < oo such that

(11) E(M*(1))? < Crq(E(M);" 2)”*.

The desired result (4)) now follows by combining ((10) and .
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REMARK. In the case when 1(s) is deterministic in (9)), it follows imme-
diately using the continuous martingale inequality [2] that

— e(t))/B i
= o, 200" < (14 T2 e ) (B 0) + BB,

where B, is some constant with 1 < r < co, and 0 < o < f3.

A remarkable feature of Scheutzow’s result [§] is that the upper estimate
is independent of the quadratic variation (M) of the continuous local mar-
tingale M. This is a consequence of the Burkholder martingale inequality [3].
Indeed, our result in Theorem [2.1}is given in terms of (M). In what follows,
assuming that holds, we shall prove a result similar to that in [§] with
the upper bound independent of the quadratic variation (M). The result
extends [8, Theorem 4| to the case when 0 < p < oo. We shall construct
simple examples to illustrate this result.

THEOREM 2.2. Let 0 < p < B < a < 00, and let 6,q > 1 be such that
1/6 +1/q = 1 and pq/B < 1. Assume that holds. Then there exists a
positwve constant By, depending only on p,q and 8, such that

(12) E sup Z(s)?
0<s<t

¢ 1/6
< (1+ Bygp)'/4 <E exp (7’5 f(s) ds>> (E(H*(t))re/*) "
0

for allt >0, where H*(t) = supy<s<; Hs.

Proof. The proof is similar to that in [8] with appropriate modifications.
Taking the gth power on both sides of 1’ we get
¢
(13) Y ()% < H(t)?'* + |M@)[P* + {4 (s)Y ()7 ds.
0
Let N(t) = Y (t)%/®. Then
t
(14) N(t) < H(@)* + M)/ + [ (s)N (s) ds.
0

Now applying the usual Gronwall lemma in and integrating by parts,
we have

(15) N(t) < exp (Slp(s) ds) (S e~ Yov(s)ds d|M ()Pl + H*(t)ﬁ/a).
0 0

It is clear that the stochastic integrator |M|%/® in is not a con-
tinuous local martingale. Let § > 0 and define a process P(r) by P(r) =
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(6 + | M (r)[2)P/22) . Applying Ito’s lemma to P(r), we obtain

~—

AP(r) = (5 + |M(r)[2) 21| M (r) | sen(M (r)) dM (r)

# g (@A + (2= 2) @+ P A2 o),

where sgn(z) is 1 if > 0, and —1 if z < 0.
Letting 0 | 0 and using the fact that 5/a — 2 < —1, it now follows that

O M ()P s (M ()M ().

g

/\Q\Q

(16) d|M ()P <

Hence,

t
(7). Je bV dar() e
0 3 t
< 5§e- o () s g (1) |2 sgn(M () dM (r)
0
with the stochastic integrator on the right-hand side being a continuous local
martingale.

Define a local martingale A = (A¢):>0 by
(18) AW = L e BSOS  sgn(0(r) aM (r),

We shall prove the existence of a continuous version of the local mar-
tingale A(t). Using [5, Lemma 2.20|, it suffices to show that (A); < oo for
all ¢ > 0. Let K > 1 be fixed, A = (A¢)t>0 be defined by and let
M*(t) = supg<,<¢ |M;|. Then

B2

Oé2

ﬁQ

2

(19) e 20V b\ () PO/ d(M),

P(s)ds |M(7’) ’2(6/04—1)—&-&
[ M ()l

e~ d(M),

e
o

B . 2,B/a+nt —o 7 y(s)ds  A{M)r
< M) (S)e L M2+
B% o e n2B/at 0 d{M),
< 7M aATK
- 042 (t) (S) |M(r)’2+n <

provided that M* and S % are both finite.

(
0 |M(r)
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This proves that there exists a continuous version ( local martingale) L(t)
of the local martingale A(t). It now follows from (15)), (17) and (18) that

t

(20) N(t) < exp (g b(s) ds) (L(t) + H*(t)P/)
0

using the continuous version of A(t).

The rest of the proof now follows as in [8] with minor modifications.
Using the change-of-variables N (t) = Y (t)#/® and Y (t) = Z(t)®, we obtain
N(t) = Z(t)?. Then implies that

(21) ) < exp< § > )+ H*(t)8/2) /8.

By the non-negativity of the process Z, we have —L(t) < H*(t)5/ for all
t > 0. On the other hand, by the Hoélder inequality with exponents 6,q > 1
such that 1/0 + 1/g = 1, we have

(22) E sup Z(s)P < Eexp(
0<s<t

I

S dS) (L*( )—i—H*( ),B/a)p/ﬁ
0

P(s
<E exp( ))1/9 ))P/B L B(H*(t ))pq/a)l/q’

where L*(t) = supg<s<; |Ls].

The proof will be complete once we have an estimate for E(L*(t))P4/5.
This follows by using the Burkholder martingale inequality (see [3, p. 432]).
For 0 < pq/B < 1 and L(t) being a local martingale with continuous sample

paths and L(0) = 0, there exists a positive constant B, /g such that
(23) E(L* (1)) < By s B(L™ (1)P1/7,
where L™ (t) :== —info<s<¢ Ls V 0.

Now from —L(t) < H*(t)?/®, we have L~(t) < H*(t)?/®. Hence,
(24) E(L™(1)P/7 < B(H* ()",
Then
(25) E(L*(t))"/° < Byg g B(H" ()P,

which follows immediately from and .
Now combining and , we obtain , which completes the proof

of the theorem. =
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REMARK. It should be noted that if @« = 8 = 1, then Theorem [2.2] is
proved in Scheutzow [8] with an exact constant By, and for 0 < p < 1. In
this particular case, the optimal constant B, follows from Theorem 1.4 in
Banuelos and Osekowski [1].

REMARK. For a class of continuous local martingales M such that

O d(M),
§ M () =%

see for instance [4, Theorem II.4 and remark on p. 171].

We conclude with two simple examples of independent interest. These
fall under our Theorem , but not under [8, Theorem 4| where the upper
estimates for Esupy<,<; Z(s)? are given in the case 0 < p < 1.

ExamMpPLE 2.3. Fix 1 < 8 < a. Let 6 and ¢ satisfy the conditions in
Theorem Hence, assuming (3) holds, Esupy<,<; Z(s) is majorized by
the upper estimate in with p = 1.

EXAMPLE 2.4. Let 2 < 8 < a, and let 6,q > 1 be such that 1/0 + 1/q
=1 and 2¢g/8 < 1. Suppose that holds. Then an upper bound for
E supg<,<; Z(s)? follows from Theorem [2.2| for p = 2.
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careful reading of our earlier submission.

References

[1] R. Batiuelos and A. Osekowski, Sharp mazimal L?-estimates for martingales, Illinois
J. Math. 58 (2014), 149-165.

[2] J. M. Bismut and M. Yor, An inequality for processes which satisfy Kolmogorov’s
continuity criterion. Application to continuous martingales, J. Funct. Anal. 51 (1983),
166-173.

[3] D. L. Burkholder, One-sided mazimal functions and HP, J. Funct. Anal. 18 (1975),
429-454.

[4] J.Y. Calais and M. Génin, Sur les martingales locales continues indexées par |0, co[, in:
Séminaire de probabilités (Strasbourg) XVII, Lecture Notes in Math. 986, Springer,
1983, 162-178.

[5] H. J. Engelbert and W. Schmidt, Strong Markov continuous local martingales and
solutions of one-dimensional stochastic differential equations (Part II), Math. Nachr.
144 (1989), 241-281.

[6] I. Karatzas and S. Shreve, Brownian Motion and Stochastic Calculus, 2nd ed., Springer,
1991.

[7]| P. Protter, Stochastic Integration and Differential Equations, Springer, 1990.

[8] M. Scheutzow, A stochastic Gronwall lemma, Infin. Dimens. Anal. Quantum Probab.
Related Topics 16 (2013), art. 1350019, 4 pp.


http://dx.doi.org/10.1215/ijm/1427897172
http://dx.doi.org/10.1016/0022-1236(83)90024-1
http://dx.doi.org/10.1016/0022-1236(75)90013-0
http://dx.doi.org/10.1007/BFb0068311
http://dx.doi.org/10.1002/mana.19891440117
http://dx.doi.org/10.1007/978-3-662-02619-9
http://dx.doi.org/10.1142/S0219025713500197

104 C. Makasu

[9]] D. Willet and J. S. W. Wong, On the discrete analogues of some generalizations of
Gronwall’s inequality, Monatsh. Math. 69 (1965), 362-367.

Cloud Makasu

Dept of Maths and Applied Maths
University of the Western Cape

Private Bag X17

Bellville 7535, Cape Town, South Africa
ORCID: 0000-0002-7478-5192


http://dx.doi.org/10.1007/BF01297622
https://orcid.org/0000-0002-7478-5192

	1. Introduction
	2. Main results
	References

