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WEIGHTED FRACTIONAL AND HARDY TYPE OPERATORS IN
ORLICZ-MORREY SPACES

BY

EVGENIYA BURTSEVA (Lulea)

Abstract. We prove boundedness of the Riesz fractional integral operator between
distinct Orlicz—Morrey spaces, which is a generalization of the Adams type result. More-
over, we investigate boundedness of some weighted Hardy type operators and weighted
Riesz fractional integral operators between distinct Orlicz—Morrey spaces.

1. Introduction. Morrey spaces were introduced in 1938 by C. Mor-
rey [17] to study local behavior of solutions of second order elliptic partial
differential equations. Since then this space has been systematically investi-
gated by many authors. Morrey spaces are defined as

n n 1
MR = {7 L @) s | ISPl <o),
xeR™, r>0 B(z,r)

where 1 < p < oo and 0 < A < n. They are Banach ideal spaces on R" with
respect to the norm

1 1/p
lri= s (5§ Ifwlran)

z€R™, r>0 B(z,r)

Here and below, B(x,r) denotes the open ball with center at € R™ and
radius r > 0, that is, {y € R": |y — z| < r}. Let |B(z,r)| be the Lebesgue
measure of the ball B(z, ), which is |B(z,r)| = v,r™ with v, = |B(0,1)|.

Morrey spaces are generalizations of LP-spaces since MPO(R") = LP(R").
Moreover, the space MP*(R") is trivial when A > n, that is, MP*(R") = {0}
(the set of all functions equivalent to 0 on R™—see [4, Lemma 1]) and
MP™(R™) = L*°(R™) by the Lebesgue differentiation theorem (for the proof
we refer to [12, Theorem 4.3.6]).
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Let ¢: [0,00) — [0,00) be a measurable function satisfying the following
assumptions:

(1.1) lim ¢(r) =¢(0)=0, ¢(r)=0<r=0,
r—0t
(1.2) o(r) > Cr™  for some constant C' >0 and all 0 < r < 1.

Replacing r* by such a function ¢(r) in the definition of Morrey spaces
MPA(R™) we obtain generalized Morrey spaces
1

MW(R“)z{feLiAR"): wp | If(y)lpdy<00},
z€R™, >0 ‘P(T) B(z,r)

with the norm defined by

1fllpp = sup (

z€R™ r>0

S 1/p
P )
P(r) pam
For properties of Morrey-type spaces we refer, for instance, to [2], [3], [12],
[23] and the references therein.

We will use Orlicz—Morrey spaces, therefore we need the definition of
Orlicz spaces on R™. These spaces were introduced by Orlicz [21], [22] as a
generalization of LP-spaces.

A function @: [0, +00) — [0, 400) is called an Orlicz function if it is an
increasing, continuous and convex function with ¢(0) = 0.

For any Orlicz function @ the Orlicz space L?(R™) is defined in the fol-
lowing way:

L2(R") = {f e LOR™): | ®(k|f(y)])dy < oo for some k > o}.
RTL
These spaces are Banach ideal spaces with the norm
1fllze = nf{A >0 § @ f@)/N) dy <1},
Rn
For further properties of Orlicz spaces we refer, for instance, to [11], [13]
and [24].

The study of boundedness of the Riesz fractional integral operator I, 0 <

«a < n, defined for x € R™ by

Iof(z) = |

R”

f)

|z —y[n—a

between LP-spaces was initiated by Sobolev [27] in 1938. He proved that
I, is bounded from LP(R™) to LI(R") for 1 < p < n/a if and only if
1/¢ = 1/p — a/n (cf. |28, Theorem 1, pp. 119-121]). The boundedness of
the Riesz fractional integral operator between Orlicz spaces was proved by
Simonenko [26] and later on by Cianchi [7]. The results on boundedness of
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the Riesz fractional integral operator from MPA(R™) to M%H(R™) were first
obtained by S. Spanne with the Sobolev exponent 1/¢ = 1/p— «/n, and this
result was published by Peetre [23]. A stronger result with a better exponent
1/¢=1/p — a/(n — \) was obtained by Adams [I] (see also [0]). Nakai [I§]
extended Spanne’s result and proved the boundedness of I, in generalized
Morrey spaces. Eridani and Gunawan [8] obtained an Adams-type result for
generalized Morrey spaces.

Then it was natural to consider the boundedness of I, in Orlicz—Morrey
spaces. The Orlicz-Morrey spaces M®#(R™), introduced in [19], unify Or-
licz and Morrey spaces. In [20] Nakai studied the M®#(R™) — MY¥(R")
boundedness of the generalized fractional integral operator and obtained
an Adams-type result. Mizuta and Shimomura [I6] extended Nakai’s re-
sult to generalized Morrey spaces of integral form. We also refer to [15],
where the boundedness of generalized Riesz potentials was considered on an
open bounded set G on R” from a generalized Morrey space M % (G) to an
Orlicz-Morrey space M?¥(G) and also between distinct Orlicz spaces.

The operator I, plays an important role in real and harmonic analysis
with applications (see, e.g., |2, Chapter 15]). In particular, in [9] it was shown
that various operators can be estimated from above by Riesz potentials and
the boundedness of those operators in generalized Morrey spaces was proved.

In this paper we first prove M®#(R") — M¥%¥(R") boundedness of the
operator I, using Hedberg’s method [10] and we obtain an Adams-type re-
sult. In [20] Nakai described conditions for the boundedness of fractional in-
tegral operators between distinct Orlicz—Morrey spaces in integral terms. We
provide conditions on the M®#(R") — M¥*¥(R") boundedness of the opera-
tor I, in a more suitable way for our further needs. We also prove the bound-
edness of some weighted Hardy operators between distinct Orlicz—Morrey
spaces and finally using pointwise estimates we investigate the boundedness
of a weighted Riesz fractional integral operator from the Orlicz—Morrey space
M®#(R™) to the Orlicz—Morrey space M %% (R™) for some classes of weights.

Throughout this paper, we will let C' denote a positive constant whose
value may change from line to line, but which is independent of essential
parameters.

2. Preliminaries

2.1. Orlicz—Morrey spaces. Let @ be an Orlicz function and let ¢ sat-
isfy conditions (1.1)—(1.2). We define the generalized Orlicz-Morrey spaces
M®#(R™) in the following way:

MPPR") = { [ € LLo®): [fllyse = sup ||flloen < oo},

B=B(x,r



256 E. BURTSEVA

where r > 0, x € R™ and

Hwa,Bzinf{A>0:@(1r) 5 ¢(|f(y)l/A)dy§1}.
B(z,r)

In the case ®(u) = uP, 1 < p < oo, the Orlicz-Morrey space M®%(R")
turns into the generalized Morrey space MP#(R™).
To each Orlicz function @ one can associate a complementary function ¢*,
defined for v > 0 by
&*(v) = sup [uv — D(u)].
u>0

We say that an Orlicz function @ satisfies the Ag-condition, and we write
& € Ay, if there exists a constant C' > 1 such that @(2u) < C®(u) for all
u > 0.

For any ball B = B(x,r) the generalized Holder inequality holds:

V 1F @9 dy < 20(r)] /]

B(z,r)

@,gp’B ‘|9H¢*,SD,B‘

In particular,

(2.1) V 1f@)ldy < 20"~ (o(r) /7)1 f | age-
B(z,r)

For further properties of the Orlicz—Morrey spaces we refer, for instance,
to [14] and [20)].

2.2. Almost increasing and almost decreasing functions. A non-
negative function g on (0,00) is said to be almost increasing (resp. almost
decreasing) on (0, 00) if there exists a constant C' > 1 such that g(z) < Cg(y)
for all 0 < 2 < y (resp. all x > y > 0). We will also need the following
technical lemma:

LEMMA 1.

(i) Letg: (0,00) — (0,00) be a measurable almost decreasing function. Then
there exists a constant C' > 0 such that

oo o t
Zg(QkHr) <C S g(t) dt  for allr > 0.
k=0 r

(ii) Letg: (0,00) — (0,00) be a measurable almost increasing function. Then
there exists a constant C' > 0 such that

[e.e] T t
Z g(27% 1) < CS g(t) dt  for allr > 0.
k=0 0
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Proof. (i) Since g is almost decreasing,

00 g oo 2k+1p g(t) 00 2k+1p dt
k+1
ST =D | A= Cy gt | <
r k=0 2kp k=0 2k
o0
=Cln2 Z g(2F ).
k=0
(ii) Since g is almost increasing,
r oo 27k o) 2~k
g(t) ., g(t) k1 dt
JSdt=)_ | Todt=C) g | —
0 k=02—k-1p k=0 2—k—1p
(o9}
=Cln2 Zg(Q_k_lr). n
k=0

3. Boundedness of the Riesz fractional integral operator be-
tween distinct Orlicz—Morrey spaces. Throughout this paper we as-
sume that @ is an Orlicz function, and that ¢ and ¢ satisfy assumptions
f and the following conditions:

(3.1) ¢ is increasing on (0,00) and ¢(r)/r™ is decreasing on (0, c0),
(3.2) 1 is almost increasing on (0, 00),
(3.3) o(r) < AY(r) for some constant A > 0 and any r > 0.

We will use the following notation:

34) U =2 g = e U)), V) = @)U )

7«7’1

Also we always assume that the function V' defined in (3.4)) satisfies the
following conditions:

V' is continuous, increasing, unbounded, concave on [0, 00) with V(0) = 0.

Then the function ¥ = V~! is an Orlicz function which defines our target
space MY¥(R™).

Note that
(3.5) V(U (r) =" (U )T~ (Ur))* = g(r).
The Hardy-Littlewood maximal operator M is defined by
1
Mf(x) =sup ——— dy.
f@) =sup s | 1F)ldy

B(z,r)
This operator is bounded in M®%(R") provided ¢* € Ay, and
(3.6) M fllaree < Coll Fllage.e
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with some constant Cy > 0 independent of f (the proof is given for example
in [I4] and [20]).

In our first theorem we prove boundedness of the Riesz fractional integral
operator I, from M®¥(R") to M?¥(R"). In the proof we use a pointwise
estimate of I, f by the maximal operator M f and boundedness of the max-
imal operator M f in M®%®(R™). This method of proof was introduced by
Hedberg [10].

THEOREM 1. Let0 < a < n and let @ be an Orlicz function with ®* € A,.
If the function g defined in (3.4]) is almost decreasing and there exists a
constant C' > 0 such that

o0

(3.7) S g(t) - < Cg(r) forallr >0,

r

then the Riesz fractional integral operator I, is bounded from M®%(R™) to
MPY(R™).

Proof. We follow Hedberg’s approach and split I, into two integrals,

fly fly
Lof(z) = | %dw | %
|z -yl |z -yl
lz—y|<r lz—y[>r
with 7 € (0,00) to be chosen later. As shown in [10],
[T (x,r)| < er®M f(z).
The integral Iy(x,r) is estimated in a similar way. Applying (2.1) we
obtain

dy = Il(CIT,T) + IZ(x?T)a

Len<S | MWl

=0 ok k41 |z =yl
k=02 7‘<|z—y‘§2 +1p

< 2| fllasee i M¢_1 <§0(2k+17,)>

prt (2k7a)n—o¢ (2k+1r)n

© 9k+1
_ 2n—a+1 HfHM‘P#’ Z(2k+1r)a@—1 <30( T‘))

prt (2k+17~)n

oo
= C||fllaee D 92" 1r),
k=0
where ¢ is defined in (3.4)) and the constant C' > 0 depends only on n and «.
Since the function g(t) = t*®~1(¢(t)/t") is almost decreasing on (0,00) it
follows from the first inequality in Lemma [I] that
T dt
\b@%NISCWﬂuwng@%;,

r
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and by we obtain
[I2(x,7)| < Cll fllase.cg(r) = Cllfllagecr®@ (U (r))  for any r > 0.
Combining the estimates of I1(z,r) and Iz2(x,r) we get
[af(2)] < Cro[M f(z) + || fllare.e @™ (U(r))]  for any 7 > 0.

Since the function @~ 1(U(r)) is surjective, we can choose r > 0 such

that Mf(z) = Col|fllasee® H(U(r)), which implies @(%) =U(r),

where the constant Cj is defined in ({3.6)). Since the function % =U(r) is
decreasing it follows that

r:U*(@(cm))'

Finally,
\Afwnsmﬂv*(éﬁﬁmﬁgw)ﬂaMﬂm
=t [ (*(gifim)] 0o 0 (G )

B M () >)
=C &, A .
”ﬂ“f’v<@(aﬂﬂupw

Since ¥ = V! and o(r) < Ay(r) it follows that for any ball B(x,r),

1 1o f(y)] > 1 < Mf(y) )
W d 7 d
megm LMUM@w ygwwn$ﬂ Coll Flares )
A Mf(y) )
Pl ——— | d A
Swo»Béﬂ (wamp# =4

where the last inequality follows from the boundedness of the maximal op-
erator M from MP%(R") into itself provided @* € Ag. Hence for A > 1, by
the convexity of ¥, we obtain

1 L)l
¢W)m;mw<ACﬂmew

which proves boundedness of I, from M??(R") to MY¥(R") and || I f|| pe.v
< AC1||f||ppee for any f € MP#(R™). u

>dy§1,

We now show by examples that Theorem [I] generalizes Adams’s result.
EXAMPLE 1. Let 0 < o <n,1 <p < g < oo and
D(u) =uP, V() =ul, @(r)=1(r)=r’
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Then from Theorem [1] we get the result of Adams [I], that is, the operator
I, is bounded from MP*(R™) to M%*(R™) under the conditions
1 1 o

3.8 0< A — d —-—-= .
(3.8) <A<n—ap an A

Indeed, since the function g(r) = re+tA=7)/p ig almost decreasing it fol-
lows that A < n — ap, and together with requirement (3.7)) we arrive at the
first condition in (3.8). The second condition in (3.8) follows from the fact

@

that ¥ = V~!, where V is defined in and in this case V (r) = et

EXAMPLE 2. Letp > 1,0 < @ < n,0 < A < n—ap and ¢(r) = ¢(r) = r.
For Bl?ﬁ?)’ylvf}Q >0 let

( %) (lnln ) P2 for small u > 0,

P(u) =
uP(Inw)" (Inlnw)7? for large u > 0,
uPe(In 1) ’810(1 Ini) P2 for small u > 0,
uP?(In w)"¢(In In u)72¢ for large u > 0,
where ¢ = = ap Then the operator I, is bounded from M%#(R") to
MW,w(Rn)

Note that in Example [2| we can consider a more general function ®(u),
defined for p > 1, 5;,v > 0,i=1,...,n, as
1\—6 1\—B 1\—Bn
B(u) = up(ln E) 1(lnlna) 2o (ln. .. In 5) for small u > 0,
uP(Inw) (Inlnw)”2 -+ (In...Inwu)"™ for large u > 0.

EXAMPLE 3. Let 0 < A < n, @ > 0 and ¢(r) = ¢(r) = r*. For a > 1
and b > 0 such that a +b < %)‘ let

a+b for small u > 0,

B(u) = u®(In(1 + )’ ~ {“

u®(Inu)®  for large u > 0,

B(w) ~ ylatb)0(a+b) for small u > 0,
a9(@)(Inu)*(@  for large u > 0,

where 0(r) = Then I,, is bounded from M%%(R") to M¥#(R").

nAar

4. Boundedness of weighted Hardy operators between distinct
Orlicz—Morrey spaces. Let w: (0,00) — (0,00) be a continuous mea-
surable function such that w(2r) < Cw(r) for some constant C' > 0, and
w(r)/r* is almost increasing on (0,00) for some a € R. We consider the
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following weighted Hardy operators:

Hif(z) = |2*"w(|z]) |

ly|<|z|

Hof (2) = |2|*w(|z]) |

ly[>]z|

f(v)
ol

f(y)
Tl

THEOREM 2. Let 0 < o < n. Suppose % is almost decreasing on (0, 00)
and
dt
S o(t) 7
0
for some constant C > 0 and all v > 0.

(i) The Hardy operator HE is bounded from M®%(R"™) to MY¥(R™) pro-
vided

< Cop(r)

,rn—a

re < almost i . 0 p
w(®) g(r) is almost increasing on (0,00) an

§ o @ it < Cl PR

qw(t) ¢ - w(r)
for some constant C; > 0 and all r > 0, where g is defined in (3.4)).
(ii) The Hardy operator HS is bounded from M®#(R™) to MY (R™) pro-
vided

(4.1)

g(r)

9(r) is almost decreasing on (0,00) and

rew(r)
4.2 0o

42 [ @ o)
tew(t) t 27““11)(7“)

r

for some constant Cy > 0 and all r > 0, where g is defined in (3.4)).

In order to prove Theorem [2] we need the following lemma.

LEMMA 2. LetW¥ be an Orlicz function. Suppose the function ¢ defined by
[LI)(L.2) is almost increasing and such that 1(r)/r" is almost decreasing
n (0,00). Assume that f: R™ — R and g: Ry — Ry are given measurable
functions. If there exists a constant C' > 0 such that | f(z)| < Cg(|z|) for all
x € R" and

(i) ¥ o g is almost decreasing on (0,00),
(ii) §ot" (@ og)(t)dt < Cy(r) for allr >0,
(iii) (¥ o g)(r) < C(r) for allr > 0,

then f € MYY(R™).
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Proof. Let y € B(x,r). We consider two cases separately: |z| < 2r and
|z| > 2r.

Let first |z| < 2r. Then |y| < |y — | + |z| < 3r and therefore B(z,r) C
B(0,3r). Since ¥(u) is increasing and |f(y)] < Cg(|y|) for all y € R™, it
follows that

g W<|f(0y)|)dy§ | vy dy< | @ (gllyl) dy

B(z,r) B(z,r) B(0,3r)
3r
= v | P (g(p)) dp < 0, C(3r),
0

where in the last inequality we have applied condition of this lemma.

Since 1 (r)/r™ is almost decreasing on (0, 00), we have be((‘g’rg) < 3"C and
1

o) B(;T)W(’f(y)’/c) dy < Ch.

Therefore, for C), > 1, by the convexity of ¥,

1 1f ()l
w(r) B(QSC,T) W( CCn > Wt

which gives f € MY¥(R").
Let now || > 2r. Then |y| > ||z|—|z—y|| > r and applying conditions|(i)
and of the lemma, we get

| W(“f(cy)')dys | % (gly) dy < Conr™ (0 9) () < Coath(r).
B(z,r) B(z,r)

Thus, for C), > 1, again by the convexity of ¥, we have

1 £
e B(Em)gp( c&) st

which shows that f € MY¥(R™). The proof is complete. =

COROLLARY 1. If1(r)/r™ is almost decreasing on (0,00) and there exists
a constant C' > 0 such that

(. dt
(4.3) S(p(t) " < Cep(r) forallr >0,
0
then the function g(r) defined in (3.4) satisfies conditions|(1)| of Lemmal2]
Proof. Note that from (3.5) and ¥ = V=1 we get
(Wog)(r) =¥ (V(U(r))) =U(r) = p(r)/r",
which implies condition [(i)]of Lemmal2] since ¢(r)/r™ is decreasing on (0, 0o).
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By (3.3) we have

r(Wog)(r) =

which gives condition of Lemma .
Applying (4.3)), we obtain

r

o g ae = {5 = |40 0 < 0ot) < aCu0)
0 0 0

which shows that |(i1)|is also satisfied. m
Proof of Theorem @ We have

@) < el w(la)) | T gy
ly|<|z|

= el S 5 Wl g,

k=0 2=k=1|z|<|y|<27|z|

Since w(t)/t® is almost increasing on (0, 0o) for some a €R, for |y|>27F"1|z|
we have

w(|y|) > C(%) w(2_k—1|x|)

—k—1 a
> o(z_‘i'> w(@ L)) = Cw@ ).

92—k 1‘ |
Thus, applying (2.1)), we get
(o9}
_ 1
[Hy f ()] < Clae|* " w(]]) w1 | rwldy
o @) S
ly|<27F]x]
(27" p(2 " z))
< a—n,, —1
< 200l bl ") 3 SN o (o)

k=0

—k—1, —k—1|,
< 210 ol o)y & g (P,

2 (@ a] 2R 1]z}

where in the last inequality we have used the fact that % is decreasing on
(0,00) and @ !(u) is increasing on (0,00). Since the function %g(r) =

%@fl(“ﬁ)) is almost increasing on (0,00) we can apply the second in-

equality from Lemma
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By , we obtain
|H f ()] < Cg(|z]),
where ¢ is defined in . Consequently, by Lemma [2| and Corollary (1| we
get HOf € MY (R™).
(ii) We have

/()]
Mo f(@)] < JxPw(lz)) | dy
wisia YYD

S CRCCD DR T

k=0 2k|z|<|y| <2+ ||

Since w(t)/t* is almost increasing on (0,00) for some a € R, and since
w(2t) < Cw(t), for |y| > 2F|z| we have

a k 2\ @
wll) 2 (58 ) weh = 0350 ) w@tlel)  Culzia),

|z
Thus, applying (2.1]), we get

[Hef ()] < Clz[*w(|z])
k=0

1
(28| 2] )P w(28+1 |z]) S 1f(y)| dy

ly|<2F+1 x|

@) (@)
7 < )

(2¥]z])w (28| 2z

o
< 2C||f g 2| w(2) Y
k=0

o0

1 12 a))
__on+l1 @ !
= 2"C|| fll pra e |2 *w(|2]) w(21<:+1|$‘)SZS ((2k+1]a:|)" ‘
k=0

; g(r)  _ 1 g-1(¢e)
The function row(r) = w(r)é ( o

therefore we can apply the first inequality of Lemma

2 ()] < 270 f g2l (la]) | 1451(‘0“)) dt

) is almost decreasing on (0,00) and

| w(t) e t
00 d
= 271\ fllppoe 2w to‘g’lf)t()t) Tt

||

Applying (4.2)), we obtain
(Mo f(z)] < Cg(|zl),

where ¢ is defined in . Thus, by Lemma [2| and Corollary [1| we conclude
that HOf € MW(R”)

When w(t) = 1 we do not need to require the condition (4.1) for the
M®#(R") — MY¥(R") boundedness of H* = HZ|,=1.
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REMARK 1. Let 0 < a < n. Suppose ¢r(:) is almost decreasing on

(0,00) and ¢ satisfies (4.3]). Then the Hardy operator H* is bounded from
M®%(R"™) to MY (R™).

Proof. From (2.1) we get
_ [ e(lx
HE < ] 17 < 2l le ! (202D
[y|<|z|
= 2| fllare.eg(l]),
where g is defined in (3.4). Thus, H*f € M"¥(R") by Lemma and Corol-
lary [I} =

Boundedness of the Hardy operator H® in Morrey-type spaces was also
proved in [5]. In particular, in the case of classical Morrey spaces we have
(see also [5, Theorem 7]):

EXAMPLE 4. Let 1 <p < g < 00,0 < a,A<nand
p(r) =v(r) =1, &u)=u’, P(u)=ul

% = —2. then H* is bounded from MP*(R") to M9*(R™).

If

D=

5. Boundedness of weighted Riesz fractional integral operators
between distinct Orlicz—Morrey spaces. We deal with the following
classes of weights:

DEFINITION 1. Let 0 < p < 1. We denote by VI the class of weight
functions w: (0, 00) — (0, 00) which are continuous and satisfy the following
conditions:

wiz) —w(y)| _ wlmax{z,y})

Vi < ,
Py (max{e, y})*

 w(@) - wy)| . wiminfe, y})
VR T = Clmade, g

where z,y > 0 and = # y.

Observe that if w(t) € VI, then 1/w(t) € V¥. Typical examples of such
weights are

(i) w(t) =t € VI and w(t) =t=F € V¥, where 3 > 0.
(i) w(t) = t¥ (In(e +1))” € V' and w(t) = t P (In(e +¢))™7 € V¥, where
B >1and vy >0.

The weighted Riesz fractional integral operator w(|z|)(Io 2 f)(x) can be
estimated by the non-weighted Riesz fractional integral operator and weighted
Hardy type operators. We will use the following pointwise estimate, obtained
in [25]:
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LEMMA 3. Let 0 < o« < n, w € VX UV} with p = min{l,n — a}
be a weight and f: R™ — [0,00) be a given measurable function. Then the
following pointwise estimate holds:

1 HOf(x) +HO f(2) if we VL,
w(‘_ﬂ) <Iawf> (l’) < Iaf(l') +c {Haf(x) + ’Hf‘vaf(g(;) wa S Vf,

where HE , = Hi | y—|z|-o and wa(|z]) = [2]~%w(|2]).

In the next theorem we will additionally require that w satisfies w(2r) <
Cw(r) for some constant C' > 0 and all » > 0, and w(r)/r® is almost
increasing for some a € R. Note, that if w € V_ff , then w is almost increasing

n (0,00). Therefore we do not need to require that w(r)/r* be almost
increasing since it is obviously satisfied with a = 0.

THEOREM 3. Let0 < a < n and let @ be an Orlicz function with ®* € A,.
Assume that = min{1,n—a} and w € VFUVE. Assume also that ¢ (r)/r"
is almost decreasing on (0,00), ¢ satisfies condition , and the function
g defined in is almost decreasing on (0,00) and satisfies .

(i) If we VYL, then the operator w(|z|) (Ia= f)(z) is bounded from M®#(R")
to MY (R™) provided conditions ( . ) hold.

(ii) If we V¥, then the operator w(|z|)(Ia f)(z) is bounded from M (R™)
to M‘p‘b(R") provided

T g(t) dt
9(r) is almost decreasing on (0,00) and S L —
w(r) t

(t)
for some constant C > 0 and all r > 0.

Proof. First of all note that I,, is bounded from M®%(R") to MY (R")
since all conditions of Theorem [ are satisfied.

(i) Let w € V{'. It was shown in Theorem [2] that the Hardy operator Hg
is bounded from M®#(R") to MY¥(R") provided that conditions hold.
By the Hardy operator H®, is bounded from M®¥(R") to M¥¥(R")
if

o9(r)
w(r

(5.1)

<C

S

~—

r

g(r) =ro@~! (gp(:)> is almost decreasing on (0, 00) and (3.7) holds,
T

which is satisfied by assumption.

(ii) Let w € V*. As shown in Remark[l, H® is bounded from M®%¥(R")
to M7¥(R™) under the present assumptions. Applying the condition (4.2)
for the weight wq(|z|) = |z|”%w(|z]), we see that Hg is bounded from
M®*#(R™) to MY¥(R™) provided holds. This completes the proof. m
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