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Limitation of solutions of parabolic equations

by W. MLAK (Krakéw)

We discuss some estimations concerning the solutions of parabolic
equations. The epidermic theorems are used. In the second paragraph
are given certain limitations for the increase of solutions with respect
to the independent variables. As a rule we investigate non-linear equa-
tions.

§ 1. Suppose that @ is an open and bounded set of points z = (z;,
.++; @) of the n-dimensional space E". Denote by Z the Cartesian product
of @ and of the interval 4 = (a,b): Z = G X (a, b); the boundary of &
iy denoted by F@&. Suppose that we are given the functions F,(z,, ..., ,,
by Uyyoony Umy D1y --vs Guy) Shortly written as Fy(z,t,u, pi, qm) (s =1,
2,...,m) and the functions o,(¢, %, ..., %) (s=1,2,...,m). F is
defined for ze@, ted and arbitrary w,, ..., Um, D, ¢i; 0s is defined for
te{a, b+ &) and arbitrary u,, ..., ty.

‘We say that the sequence of functions u,(z, 1), ..., 4n(z, ) defined

in Z is a regular solution of the system of equations

Oz 0z 0%z,
ey By oy

ot T By’ Qw,0m,

if u, are continuous in Z, possess continuous derivatives du,/dx; , 02 u,|dx; 0,

in the interior of Z and for (z,b), <@, and satisfy the system (1) for

(m, 1) eint Z.

Let us introduce the following conditions:

(1) :Fg(w,t,zl,. ) (s=1,...,m)

n
(2) if 3 gyl <O for arbitrary ;,...,4,, then

i,5=1

Fo(@, by %y, ooy tmy 0y @) < 05(fy Ugy ooy Um) (S =1,...,m);

(3) the functions o, are continuous and satisfy the following condition:

(W) if &; < U (1 #s8), % = us then G5ty Uy ooy Um) < 05t "711 cory Um);
we assume that the right maximal integral wg(¢;hy, ..., hy) of the
system of ordinary differential equations

o3 Ym)

y;=crs(t,y1,.. (8=1,...,m)
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such that wg(a; by, --. defined for
0<ze<e). “ .
Remark that if (1) is a parabolic system (see [2]) and if

s hy) = by 8 6 <Lt <bs

Fo(@y by Ugy ooy Um,y 0, 0) ST 0(l, Uy, vy Um)

then (2) is satisfied.
TeEOREM 1. Suppose that (2) and (3) are satisfied. Let wu,(x,1), ...
wivy Um (2, 1) be a regular solution of the system (1). Assume thet

(%) g (@, @) K g (@3 hyyovvy i) = kg,  @el@, s=1,...,m,
(o) ug(@, 8) < 0 (F5 Byy oy hun)y,  2eFG, @ <t<b, =71, m.
Then N

Uy (2, 1) < 0g{t5 hyy ovoybm)  fOr  (w,8)ed, s=1,...,m.

Proof. Let us put
U, (1) = maxu,(2, 1).
zelF
Suppose that for some ¢ we have wg(f; by, ...y hn) < Us(t). There is such
an FeG that U,(f) = (%, ). According to the inequality (#*) we find
that Te@ The function g,(x) = us(w,t) (¢ being fixed) reaches in %
a maximum. Therefore

) -2

0%},, F Bmk (@,1)

for arbitrary A,,..., 4.
By (2) we get

: n
[ 0P
=1, and (S Ak <0
(k ooy M) and (0%0%)@” e <

$h=1

s (2 w5t 0@, ..., @ 1), 0 -"2“")
( . ) at (E,t) - 8 Y 1 ) LR ] m b) ? 1 ﬂm,iﬁmk (ﬁlt)

< oty W (1), oy U (@, 1).

But .
(3.2) D_Us(t) < (9us[0t)g -

On the other hand w;(%F,?) < U;(t) (4 =1,...,8—1,8-1,..., m) and
Ugl{Z, t) = U,(t). This implies, by condition (W) for ¢,, the inequality
(3.3) 05ty W (@, 1), .y Un(E 1) < 0ulty, T1(1), .y Un(t)).
From (3.1), (3.2) and (3.3) we obtain

D_U:(0) < alt, Us(t)y .y Un(t)
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for such ¢ that wy(t; hy, ..., hy) < Us(f). By (%) we have Ula) <M
(¢ =1,...,m). Hence U,(t),..., Un(t) satisfy the assumptions of the
epidermic theorem for right maximal integrals. Therefore (see [1] and [4])
s (2, 1) < Uslt) < 0,(t5 Iy, oy ). N

We formulate an analogous theorem concerning the limitation from
below. We introduce the following conditions:

n
(4) if 2 QA = 0 for arbitrary 4,...,4,, then
=1
Fo(wy 8y tny ey Yy 0y Qi) 2= 05(F, Ugy oevy Um);
(b) the functions o, are continuous and satisfy condition (W); the right
minimal integral w,(f; hyy ..., k) (s =1, ..., m) of the gystem
Yo = 05(t, Y15 -evy Ym)

(s=1,...,m)

such that wg(a; by, ..., ) = hy exists in the interval <a, b+7) (0 < & < &).
THEOREM 2. Suppose that (4) and (B) are satisfied. Let w,(w,1), ...
vouy Un(®, 1) be a regular solution of the system (1). Assume that

by = 0g(@; hyy oovy bn) S ug(, @), 2@, s=1,...,m,
Wg(ts hyy oovy bw) < ug(w,t) for 2eFQ, a<t<b.
Then
ws(t;hl,....,M)gus(m,t) for  (x,t)eZ.

Theorem 2 may have a similar proof to that of theorem 1; the lower
epidermic effeet is to be used.
Tet us suppose now that ¥, have the form

Fo(@, 8,0, 9,8, = ) aial@s 1, %, p,) Qe+ fal@, £, 4, D).
ik=1

n
The quadratic forms 3 af;X;4; are assumed to be non-negative. If F,
1,k=1

are of that form, the s’yste.m (1) is a system of quasi-linear equations of
parabolic type. It is a system as follows:

”

() 2 2 . i 02, 0z, \ 8%z, +
= a ey By ey e
3t P kT Ty 21y y m:amly ’ o, | 9,00,
0z 0z,
+fs(w,t,z,, cery Bmy 3-’7011 63”1)


GUEST


240 W. Mlak

To receive the limitation theorem for solutions of (6) we formulate the

following conditions: .

(7) the non-negative functions 7(¢, ¥y, .+ ¥m) (\s = 1,' R r{n) are d(‘f.ined
and continuous for o <t < b-+e& und y; = 0; the right maximal
integral eg(t; hyy ...y b) (8 =1,...,m) of the system

Yo = 0(ty Y1y s Ym) (=1,...,m)
such that wg(@; by, ..., k) == by exists in {a, 01 &) (0 -<F 7 ¢)
(h; are arbitrary non-negative numbers);
(8) the functions f, and #, fultil the inequalities
Hs(@, by Y1y oy Yo 0,...,0) <7 (2, {4105 ooy [¥ml) (¢ == 1, .., m).
THEOREM 3. Suppose that (7) and (8) are satisfied (m(l l{ﬁt '%{,s(.fu,t)
(s =1,...,m) be a reqular solution of the system (6) satisfying the inequa-
lities - B
us(@, 0)] < hg, @eG, s=1,...,m,
lus(®, 1) < hsy (®, e FGxLay by, s=1,...,m.
Under these assumptions we have
lag (@, )] < wall; By oevy bn)y (@, 0)ed, s ==1,...,m.

Proof. Write
Us(t) = I!lit_XWs((l}, pll
o]
and suppose that for some ¢, ws(t;ﬂl,...,hm)< Us(t).' But sz
<L (85 Y1y -+ s Ym), Whence 0 < hy < wy(t; by, ...y bp). There is guch an
that U,(f) = |us(Z,t)]. Of course T¢FG. On the other hand —U,,(t) > 0.
Then Ug(t) = — us(F, ) or U,(t) = 1,e(F, 1). If Uy(t) == — uy(%,t) then,
in view of
D_U,(t) < 0lus (3, 1)1/t = 0(—uy (3, 1)) 01,

we have

5 < I, 1)

ot
i ¢ Y
s O (1) il 0 u " Dty Oug
— iy, ——ememte y . =y ey ]
; (13 awﬁwk gy vy thy ) 7(3.1)1 0mn/
i h=

In a sufficiently small neighbourhood of ERL have

— (@, 1) = |ttg(®,2)] < | (T, 1) = —ug(, ).
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Hence
(0(~u8)/6wi)(z—yt) = (Ous/0m)gy =0 (i=1,...,n).
The form
n
D (0*(—e) 0, 05 A A
k=1

is non-positive. From (9) we obtain D_ Us(t) < —fo(Z, ¢, w (%, 1), ...,
Um (%, %), 0, ..., 0). According to (8) from the last inequality we obtain

b_ Us(?) < ns(ty [y (%, Dly.ny [t (Z, t)l)
But |uy(%, )| < U, (8) (4 # 8) and U,(f) = |u,(Z, 1)|. Therefore
(10) D_ U,(t) < Ws(t7 Ui, veey Um(t))-

In a similar way one can show that if for some ¢ the inequality
0g(5 yy ooy h) < Ug(t) holds and Us(t) = u,(Z, 1), then (10) is
satisfied. By the epidermic theorem we obtain our theorem.

Let us assume now that for every «F@ there is a4 normal Ny, inner
with respect to G. Write ’

dz lim 2 (@) —2(%) .
ng  zez  |@—7F|
Teng

THEOREM 4. Suppose that (2) and (3) are satisfied. Let Ug (2, 1)
(s=1,...,m) be a vegular solution of (1). The functions g,(x,1)
(s=1,...,m) defined for (%,1)eF@ x(a,b> are negative: os(2,1) < 0
for (x,1)eFGx (a,b>. We assume thot Us(Ty @) < gy ey s =1,...,m
and -

Qs | AN+ ps (3, Dug (2, 1) = @4, 1) g(t; by .oy ), (2, %) eFG x (a, b).
These assumptions imply that
Ug (0, 0) < w5(t5 hyy ey b)), (@, 1), §=1,...,m.

Proof. With the use of the same notation and arguments as in the
proof of theorem 1 it ig sufficient to show that if for some t and F@ we
have w,(t; by, ..., hn) < Us(t) = 4, (%, ¢) then Fe¢F@. It it wers nob 80,
then for wen; and # sufficiently near # we ghould have ug (2, 1) < u,(Z, t).
Hence dus/dn; << 0. However W5 (85 Ty ovey Bn) < (%, 8) and @s(Z, 1) < 0
thus

dus/dni‘{“ﬁs("z’ Dus(Z, 1) < ®s (%, ) g (25 hl; cory b)),

But this is impossible. Therefore #¢ TG
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In the same manner the following theorems may be proved:
THEOREM 5. Assume that (4) and (B) are sabisfied. Let uy(w,1)
= m) form a rvegular solution of (1). Suppose that @g(w, 1) < 0
;frr-(m’ t)e’FGx (@, > (s=1,...,m). We assume that  hy << ug(2, a),
H
2e@, s =1,...,m and
Qg | A+ o (5 1)1t (25 1) < s (@0, 1) 0 (T Bayeees bm)y (@, 8)eFG % (a,b).

Under these asswmptions the following inequalities hold:

@g(t5 Byy eny Bn) K U2, 8), (@, 8)eZ, s=1,...,m.
TemoREM 6. Suppose that (1) and (8) are satisfied. Let wuy(w,1)
(s =1 ,m) be a regular solution of the system (6). We assume that
=1,...
[ug(@, )] < by, @@, 8 =1,...,m and

| Tty Aty — s (5 Bt (2, B)| < E5hs, (@, H)eFPGx(a,by, s=1,...,m

where @, (w,1) = & = const > 0. Then

g (@, 1) < @3(t; hyy unr b)) 00 Zy s =1,...,m.

It may easily be observed that theorems 4,5 and 6 r(?m:-x‘i.n trl;ienlf
instead of the normal derivative dus/dn. one takes any derivative along
an arbitrary direction, inner with regard to @. .

Exawpre. Under the assumptions of theorem‘ 3 the fol-lowmg laJBtB’%
tion may be proved in a simple way: if ws(t) = 0 is a (L) sia,i)_le S(; u ;01(1)
(see [3]) of the system g, = #s(t, 1, .-+, Ym) then the sgolution u, =
of (6) is (L) stable in the wider sense.

§ 2. Congider a system of parabolic equations (see [4] and [3])

2
% Oz 0% \ oy m).
(11) _# =F3(m7t,z1,...,zm,67v;—, (337.;0-’39]; (9‘ 1, a’m)

Suppose that for 0 < h < & the systems of ordinary differential equations

(12) Yo = 0s(b, Y1y o rny Yms B)

where a,(t, %y, ..., Ui h) satisfy condition (W) with resp.ect‘ to the va-
riables u, ..., %n and admit right maximal integrals valid in <@, b+ ¢}
for any non-negative initial conditions.

THEOREM 7. Assume that

| Fs (0, tF by 21y - eny Zmy Diy i) —Fa(®, ¢, 21y wres Bmy Doy Gun)]

L oulty Br—2ily ooy Bm—Bml3h)  for O0<h<d, s=1,...,m.
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Suppose that u,(z,1) (s = 1, <oy M) U8 a vegular solution of (11) such that
for s =1,2,...,m the following inequalities hold:

g (2, a‘l“h)"us(wy a)| < &g(h), meé, 0<h <4,
45 (2, th)—ug (2, 1)] < &(h),

Under our assumptions we have

2eF@, a<t<b—6, 0<h<a.

g (2, T h)— (2, 8)] < ws(t; b)), &= L,.,m

Jor 0 <h <6, 2¢@ and a <t < b— 6 where @,(t; h) is the right maximal
integral of (12) such that @g(a; h) = g(h).
Proof. Write

Vs(%, ) = uy(®, t-+h), h is fixed
and
Go(2y 1, 2, Py, gar) = Fo(@,t-+hy 2,y Diy Qu)
We have .
v ov, 0% .
—af = G‘,(w, 1,0, ..., vm’ﬁ_ai’m) (§=1,...,m).

This gystem is parabolic. On the oth;ar hand
G (@5 8y 21 +vey By Dy Q) —Fo(@, 8, 2, -y By D1, )|
< 03ty 1B1—24)y e oy Bn—2oml; B).
According to the boundary and initial inequalities
we@,
(@, 1)e F@ x(a, b—8)

by means of the main theorem on the limitation of solutions of para-
bolic systems (see [4] theorem 2.1) one immediately obtains our theorem.

We will discuss the following example: Suppose we are given an
equation

0z z %z
(13) T Za"‘(w) 7990755;: +F(w, ).

’u,(m, a)"“”a(w: a)] < ss(h):

[ (2, 1) — v (, 8)] < &s(h),

The quadratic form.Z' @ (%)X 4, 18 non-negative. Suppose that

i,k=1

If(@, t+h)—f(2, 1)) < Mh%, M = const.
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Let u(s,t) be a regular solution of (13) in @x(0,b> such that for
0<h<é

w(@,0) =0, |u@,i+h)—ul, ) <EW, (@,1)cFEx(0,b-0)
and |u(z, b)| < EW for weG. From theorem 7, putting o, = Mh°, we
obtain

(@, -+ h)—u(z, 1) < MA“t--EW

for 0 <h <6 and 0 <t <D0 ) . ‘
The second example is the following: Given a system of parabolic

type

a1 2= Mo

<y Pm) (8=1,...,m),
ot

+f8(w7 t’ zl) b

022,
0.%,;6wk

yfo=.

let us assume that

m
o, T+ By Zay ooy B = Fo @, 8y By ooy B)| < M D) Byl +-BRY

A==l

I us(2, 1) (8 =1, ..., m) forms a regular solution of (14) and

[thg (@5 4 ) — 5 (2, 1) < KW,  (2,1)eFGx(0,b—0),

[u,(w,O)—ue(m, R éKhﬂ, well
then
R
4y (@, 1+ ) — g (2, )} < K& ™RP+

Mm_ (GMmt_l)

for ze@, 0 <t L b—8 <b—h. .

Analogous theorems concerning the limitation of the dlffereneqs
105 (@1 y vees Bt hoy ooy By 8)—Ug(Dyy eevy Bpy oy By 1)| MAY be prf)ved, 8i-
milar investigations may be conducted in the case of the remaining boun-
dary problems; this is possible because in that case theorems analogous
to the main theorem are true (see [4] theorem 2.3).
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