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Equations satisfied by the extremal star-like functions

by J. ZAMoORSEY (Wroctaw)

Let @ be a class of star-like functions in relation to the point z = 0
having a development of the form

1
1 P(a) = - +botbiz+bad+...,

where 0 < 2| < 1, by, = @ iyz. Let us define by H, the class of fune=
tions belonging to the class G which map a circle |2| < 1 on the plane from
which at most m segments of a straight line coming from the point
2z = 0 have been eliminated. Each of those functions may be expressed
by the formula

= 1
” (1— o)k = 7 +by+by2+-. o,

Te=1

@) ="

m
where oy = €%, 9, is a real number, B > 0 and 3 B = 2.
=

Now we shall analyse the set of points V having their coordinates
determined by n first coefficients of the function (1) — 4. e. the set of
POINS (-vy Bpy +vvj +rny Yry ---) — i the Euclidean space of 2n dimensions.

This set includes the origin of the system of coordinates, for the
function 1/z is of the elass G- Moreover it is connected (each of the points
(vevy @y eerj vevy Yuy +».) May be joined by the continuous curve
(cory D@ oo ooy Y@, .0), 0 <@ <1, situated inside the set V
with the origin of the system of coordinates, because the function ¢ (p2)
bélongs to the class G if F'(¢) belongs to &), bounded (by the area theorem)
and closed (the clasy G is normal).

Let T be a real function of the class C,, dependent on 2n real va-
riables, defined in an open set comprising the seb V, for which at each

r((0E\*  [8BY
oint of the set V we have {(-—) + (——«-)} # 0. Then we have
pom g Oy, Oyr.

the following
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THEOREM 1. If the functional E gets the extremal value for a function

of the class Hy, this junction is determined by the following system of
equations:

An+lfgﬂ+2+A ot 4. +A1°';1+2+'1‘7;'n+1+*‘11 P+ +An+1"0

(20+2) Apy 62" (20 4+1) Aof 4. . A+ (+L)A0f +ndyof T .+ A, =0,

me n—k
1 0B 51’]]
=2 = ¢ Ay = — b{—-—w——z———‘
;ﬁz , k P i T nn)’
E=1,2,.., 041, j=1,2,...,m.<m.

Proof. The functional E determined for the functions of the class H,,
is a real function of variables ¥, f, determined at the common points

of the cylinder —oo < ¥, <'co, 0 < B <2 and the hyperplane 2 Br = 2.

The relation of 9 is periodical. The extremum of the funetlona,l B will
occur: 1° at the interior point, or 2° on the boundary of the region defined
above.

Suppose the first case: In ord.er to express the derivatives of the
function B(..., ¥%,...5 ..., Bk, ...) We have to find the coefficients b,, ..., b,
of the function (2) as the functmns of ¥ and B, and use the relations

i Tp = ‘%{bp‘H;p}: Yp = ${bp—bp}i.

From the formula (2) we have

logF'(z) = —logz+ Zﬂklog(l—ze“’ﬂ).
=1
Hence
m .
1 — 6%
—log — - :
—logF(e) = — +7§ﬁkl —r
Because :
eiﬂk el
——— = (P+1)i0;
1—z6% 28 *
P=0
introducing the notation
n
ap = 2 Bre®n

k=1
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we geb \
dlogF o
—% = —1— 2 ap??.
=1

Hence again
d o0
— _ ~P
zdzli’(z)~ (l—l—’;a,w)ﬁ’z
and having compared the coefficients on both sides we get the relation
P+ bp+bp_yy+...+byag+ap,, =0, p=0,1,...

Thus we have obtained a system of equations from which we are able
to define the coefficients of the function (2) by the variables &, and B

a a, U oo Oy Gy |
X P oo Uy oo Gp_y G
D4
_(—1) 0 p—1 ap ... ap_y Qp_y

p =

(p+1)!

00 0.1 aq

Hence we see that b, takes the form of an algebraic polynomial of the
variables 8 and a trigonometrical polynomial of the variables @.

Further
oF 1149 ab, b, ab,,
— = e 1— o;2)filog (1— =— - — ...
5 zﬂ( oPIlog(1—042) = 5o+ petatot o2

Developing the first part of the formula in a power series we get

ab, o+t on
(3) 6/3: = {p I +bc. +.. +bp_2 +bp lak}
Similarly we shall find
(@) -371;’”_ BB ook oAby a0t by i)

In order to find the extremum of the function E(...,ﬂk,...;...,ﬁk,:..)
at the interior point we have to calculate the derivatives of the function

m
B* = B+2'( Y py—2), where ' is a Lagrange multiplier connected with
Foml
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m
the condition Zﬂk =

2. We get
OF Om, BE Yy
= = A =0
2 da; 6/3k 6y, 0B ’
0B 0s; | \10E Oy
5 — 7 7 =0
®) 5 Z 5 09, ?/:14 by 0%
Mo=2 k=12,...,m.

For a, = reby,, y,=imb, we get from the formulae (3) and (4) and the
equations (5) the following system of equations

ntl nil =
) { o oB } % O [ OF 2
by —i——t+ E - g b {-——H—}—%’ =0
g 71; Ovpyy  OYpys) & J & P\0wpys WY ’
n+l n—j 41 n—j
oR oF ~ [ OF oE
(6) ﬁk[ d, { —4 }— o > b { +4 }] =0
Z 2 Wpyi  OYpei ; "g;l P\ 00nss Oy ’

E=1,2,..,m, b_=1.

Zﬁf =2,
=

Bz definitione the extremum is ingide the region; therefore we have
B # 0, and thus &, = 1/0;. For brevity let us substitute

n n—f Py
Afzgsz{ B _, 0B }
U ) apr‘ a?/'p+1
then we get the following system:
n+1 in41
'n+12 DjkA,»—~2Z.’ n-(-1+ Z‘ n+1—jA1 — 0
=1
n+1 n41
0 n+12 "467‘41“”2 ‘n+1—17A __0
. j=1 =1
DB=2 k=1,2,...,m.

I=1

Multiplying the first equation of the system (7) by n--1, adding the
result to the second equation and introducing A= —21,

we obtain
instead of the system (7) the equivalent system

icm

Hquations satisfied by the extremal star-like funetions 289

Ap 0P A P A T A A Ay = 0,
(8) (2%+2) n+10'k +1+ A (n+2) 4,0 +1+(n+1)l°'2+

+ndiof e+ Ay =0,

E=1,2,..

. M.

m
2/37' =2,
j=1

Thus — in the case of the extremum being inside — the theorem is proved.

Now suppose that the extremum appears on the boundary of the
region of possible values for 8, and d, 4. e for g, =2 or for f = 0.

In the first case we find from the equality > i = 2 and from the condition
k=1

B >0 that
By = ...

=fpy =Py =... =

thus the extremal function is expressed by the formula

F* = 1(1——0‘2)2 = i —20+4 0?2,
2 2z

We can easily find whether the functional F takes ity extremal value
for this function. But if 8, = 0, then the function for which the extremum
appears belongs to the class H,, , and there we have to look for the ex-
tremum. All this leads to the solution of the system (8) under the condi-
tion that the number of the equations will be diminished by 2 (% varies
from 1 to m—1 instead of m). In the case when some f; equal O the
extremum will be found relatively in the class H, and k varies from 1
to m' < m. Thus the theorem is proved.

THROREM 2. The extremal value of the fumctional E{(..., @y, ...;

vey Uiy -..) 18 obtained in the class G for a function belonging to the class
H,,,.

Proof. Theorem 1 implies that the extremal function of the fune-
tional B — and belonging to the class Hy, (free m) — belongs to the class
H,,; this follows from the fact that, although there msy be many finite
sequences of numbers {oy, .. ., 6} Which golve the equations named in
the theorems, bub necessa.mly m < n+1, otherwise the polynomial of
the (2n--2)-th degree and ifs derlva,tlve would have more than n--1
common roots.

Suppose that there is a function ®(e) belonging to @ and such that

E(D(z) > B(F(2),
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where F(2) is a function of the class Hy,, given by the solution of the
system of extremal equations and for which the functional Z takes the
largest value in the class H,,. Of course we are able to find the funection
@, (z) belonging to the class Hy, with sufficiently large m for which the
first n coefficients would vary arbitrarily little from the first » coeffi-
cients of the function ®(z), and hence also

B(@(2) > BF @),

contrary to the assumption that for F(2) the functional B takes the lar-
gest value in the class Hp (free m). The results obtained so far may be
employed for estimating the coefficients of the star-like functions with
a pole. Then we have to anulyse the functional B = re b,. The equations
which indicate the extremal function for this functional will be of the form

AP g E L AT a1 = 0,

9) 2(n+1) e 4 (2n+1) ay 05 +. ..+ (n+1) Aok +.. .48y = 0,
by &
= 1 E =0 k=1,2,... < n+l.
a; A} ](’"r+ )s “ B 3 » 4y ) M +

We can easily verify that these equations are satisfied by the sequences
of numbers

2 ks
ﬁk=m1 Uk=eXP%+17
10
(10) _ 2 o — ex n(2k-+1)4
B = n—l—l’ s = eXP n+1

and even it will be sufficient to assume that fj == 2/(n-+1) in order to
obtain the sequences of numbers (10) as the only solution of the syster.
Hence we see that the hypothesis |b,| < 2/(n+1) may be held for the
star-like functions.

A general solution of the system (9) seems to be difficult, but it may
be done for n =1 and n = 2.

Let us demonstrate the solution for n = 1. The equations (9) are
of the form for n =1

o4+ 2by0h+ Adk - 2Bg03+1 = 0,
4o}+ Gboa?c'}' 240 +2b = 0,

m

2»81: 2,

I=1

m<2, k<2

icm
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Hence, either the extremum is obtained for the function

1 1

F(z) =~ (1—o02)? =~ —20-+ 022

2 2
and since |o| = 1 we have |b,| <1 or o, and o, are the double roots of the
equation ’

o+ 20y 6+ 16>+ 2B, 0+1 = 0,
that is
2by = —2(01+0s), 1= a‘io‘i

Because by = —(B101+Pa0s) and By = 2—f,, we have f,0,+(2—f1)os

= 0+ 0> and hence, because ¢, 7 05, f; = B = 1. Thus the form of
the extremal function will be

(Vieta’s formulae).

1 1
Fz) = > (1— 012) (1—032) = = —(01F 03)+ 01022

Because oj0; = 1, we have |b| < 1.

Note 1. Theorem 2 may also be obtained by a special modification
of the results comprised by Carathéodory’s paper (see [1]).

Note 2. Analoguos results may be obtained for the functionals
defined for the regular star-like fumnctions.
Reference
[1] C. Carathéodory, Uber den Variabilititsbereich der Fourierschen Kom-
stanten von positiven harmonischen Functionen, Rend. del Circolo ,Ma,tematico di

Palermo 32 (1911), p. 193-217.
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