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The investor problem based on the HJM model

SZYMON PESZAT and DARIUSZ ZAwIszA (Krakow)

Abstract. We consider a consumption-investment problem (both on a finite and an
infinite time horizon) in which the investor has access to a bond market. In our approach
prices of bonds with different maturities are described by the general HJM factor model.
We assume that the bond market consists of the whole family of rolling bonds and the in-
vestment strategy is a general signed measure distributed on all real numbers representing
time to maturity specifications for different rolling bonds. In particular, we can consider
a portfolio of coupon bonds. The investor’s objective is to maximize the time-additive
HARA utility of the consumption process. We solve the problem by means of the HIB
equation for which we prove the required regularity of solution and all required estimates
to ensure applicability of the verification theorem. Explicit calculations for affine models
are presented.

1. Introduction. The famous Merton problem of maximizing the ex-
pected utility of a consumption stream has a long tradition and has been
solved in many different settings. In the original formulation (see e.g. [28§]),
we have a market with two possible investments: a safe investment (bank
account) with price dynamics

dB(t)
—2 =rdt, B(s)=b
S =rde B =
and a risky investment (stocks) with price dynamics
dP(t)

—= =pudt+odW(t P(s) =
Py =Mt HodW (D), P(s) =p,
where 7, u and o are constants, and W is a real-valued Wiener process. The
investor at any time t chooses a consumption rate C(t) and can transfer
money from one investment to the other without transaction costs. Then
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the dynamics of the corresponding capital z¥:C is given by
dz¥C(t)
2C(t)
where 1, is the fraction of the capital invested in stocks at time ¢. Given a
horizon T of investments, a discount factor v > 0, a € (—00,0) U (0,1) and

= [r(1 — ) + ptby — C(O)] dt + o AW (t),  2%C(s) = 2,

a,b > 0, the goal is to find a strategy (QZ , 6) which maximizes the satisfaction
(or reward) functional

(1.1)  Jp(z,s,9,C)

T
= éE[a e 0=)(C(t)29C (1) dt + be T (2¥C(T)) .
S
In the present paper, the investor has access to a market of so-called
rolling bonds U(t)(z), t € [s,T] and = € [0,7%]. Here T™ is the maximal
time to maturity. Given z, the rolling bond U(-)(z) is a self-financing invest-
ment in a bond with fixed time to maturity z and therefore is a tradable
instrument (for the precise definition see Rutkowski [32] and the Appendix).
The dynamics of the rolling bonds is given by the SDE
dU (#)(x)
U(t)(x)
where 7 is a (random) short rate, & is a random field, A is a random process
taking values in R” and W is an m-dimensional Wiener process (see (3.1)
and (3.4)).
The investment strategy 1, is a normalized signed measure on [0, 77*].
The dynamics of the capital 2¥"¢ has the form
@)

13) S = ) G wlda) — C() dt

The goal is to maximize the satisfaction (or reward) functional
Jr(u(s)(), 2 (s), 5)

given by the right hand side of . We will restrict our attention to the
Heath—Jarrow—Merton factor model with rolling bonds as the basic instru-
ment. Recall that, in the HJM factor model, the short rate can be repre-
sented as 7(t) = ¢(t,Y (t)), where Y is a diffusion on R™. This enables us to
solve the problem by means of the general HJB theory. In addition to the
general theory we provide calculations for the Vasicek, Cox—Ingersoll-Ross
and G2++ models. The last mentioned model has never been considered in
the context of the optimal portfolio selection problem. In our main result

we show that the corresponding HJB equation has a solution, this solution
admits a Feynman—Kac representation, and we can check the hypotheses of

(1.2) =7(t)dt — (&(t)(x), A(t) dt + dW(¢)),
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the general verification theorem. Finally, we provide formulae for the optimal
consumption rate C and the investment strategy @ZJ

Now let us briefly recall the state of the literature and mark a few
distinctive features of our approach. There are many papers in which the
consumption-investment problem is solved under short rate dynamics and
without taking care of other HIM models (see Wachter [35], Guasoni and
Wang [19], [20], Korn and Kraft [24], Chang and Chang [9], Detemple and
Rindisbacher [12], Deelstra et al. [I1], Hata et al. [2I], Synowiec [33], Try-
buta [34]). Moreover, many of them focus on particular interest rate models
such as the Vasicek model or the Cox—Ingersoll-Ross model. We consider the
general factor model with rather weak assumptions on coefficients regularity,
which covers many other short term interest rate models. We consider finite
and infinite time horizon problems. It should be noticed that Guasoni and
Wang [20] provided the solution for the infinite horizon incomplete market
model and on domains for the stochastic factor being a subset of R™. Fur-
ther, Hata et al. [2I] considered the finite horizon problem with a general
factor model with factor dynamics operating on the entire R™. Both papers
use different arguments than we do and do not take into account the delicate
nature of the bond market.

Ringer and Tehranchi [31] and Palczewski [29] considered the problem of
maximizing the utility of the terminal wealth in great generality but without
assuming any consumption stream and without introducing the concept of
rolling bond.

Many authors have considered rolling bonds with various objectives, but
in the framework limited either to a finite number of rolling bonds and very
specific affine factor dynamics (see the risk sensitive criterion of Bielecki et
al. [0], Bielecki and Pliska [6]) or to one rolling bond with one or two specific
factors. Let us mention only a few articles dedicated to the pension man-
agement problem: Battochio and Menoncin [3], Guan and Liang [17], [18],
Zhang et al. [38]. Apart from the general factor model we consider a general
normalized signed measure as the investor’s strategy, which can be useful
when dealing with a changing number of bonds available on the market.

Munk and Sgrensen [26] solved the consumption investment problem
under the interest rate risk by duality methods (see Cox and Huang [10],
Karatzas et al. [23]). Their solution brings some knowledge about the in-
vestment position in general HIM models. However, they did not use rolling
bonds, did not consider the infinite horizon case and did not present any
detailed solution in the affine framework.

It is worth mentioning that our analysis is conducted in the stochastic
environment with unbounded coefficients, which allows us to develop many
technical contributions. For example, we present a novel method to prove the
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verification theorem on the infinite horizon. This should be compared with
the methods proposed for example by Nagai [27] and Guasoni and Wang [20].

The paper is organized as follows. In the next two sections we introduce
the concept of a controlled investment process and an HJM factor model.
The main result for the finite horizon case (Theorem is formulated and
proved in Sections [4 and [f] respectively. Sections [6] and [7] are devoted to the
solution for some particular models. In Section [§|we study the infinite horizon
case (see Theorem . In the Appendix we recall the basic definitions and
properties of a bond market.

2. Controlled processes. Let (£2,F,P) be a probability space, and let
T* € (0,400) be the maximal time to maturity available on the market.
Given a finite time investment horizon 7" € (0, +00), we denote by My the
space of all (weakly) predictable processes 1 taking values in the space of
all signed measures with finite total variation norm satisfying

T
| e(dz) =1, Vvte[0,T],
0
TT*
[ | 1)@, A [l lvar () dt < 400,
00
T T* )
F(§ 1@ @) e(da)liver ) dt < +oo,
00
where || - ||var stands for the total variation norm.

Let Cr be the space of all non-negative predictable processes. We call
Ar = Myp x Cp the set of admissible strategies. Let (,C) € Ap. Let
2¥C(t) denote the capital of an investor whose consumption rate at time
tis C(t)z¥Y(t) and who can invest in (rolling) bonds with an investment

strategy 1. Then z¥C satisfies (I.3)). Combining (T.2)) and (I.3)) we obtain

0 o
(2.1) o [F(t) — O] dt — § (5(t)(2)er(de), A(t) dt + dW (2)).
0

Note that the measure v, admits negative values. In the particular case

of

n
(2'2) Q/Jt = Z[n17ti(szl + 772,151'512 + A+ nli,tidﬂﬂti]x(tmtiﬂ}(t)a

i=1
where (914;,724;,--.,7,.) are random vectors such that 2221 Mo, = 1,
each point mass measure J,, corresponds to a rolling bond with fixed time
to maturity x. Note that this setting reflects the fact that in practice on
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each time segment (¢;,t;11] we have different numbers and types of maturities
(bonds) available on the market. On the other hand, this is a convenient way
to place different coupon bonds in the portfolio. Namely, we can take
n
Yy = Z[nl,tﬂ/}t,l + n2,tiwt,2 + -+ nli,tiwt,li]X(ti,ti+1] (t)?
i=1
where ¥y 1,¢2,...,%;, represent different coupon bonds and are of the

form (12.2)).

3. HIJIM factor model. In this paper we restrict our attention to the
so-called HJM factor model. Namely, we assume that the short rate has the
form 7(t) = ¢(t, Y (t)), where

(3.1) dY(t) = [B(t, Y (1)) + S(t, Y (L)AL, Y (1) dt + S(t, Y () dW (2),

B:[0,T] xR® - R™" A: [0,T] x R" = R™, : [0,T] x R" = R, X: [0,T] x
R" — R"@R™, and W = (W7y,...,Wy,) is an m-dimensional Wiener process
defined on a filtered probability space (£2,F, (§:),P).

We assume that the hypotheses given below are satisfied. The first one
concerns the regularity of B, A\, and ¢. For the existence and uniqueness
of a solution to SDE (3.1)) we need at least local Lipschitz continuity in y;
unfortunately, we also need at least Holder continuity in ¢ and y for the
existence of a classical solution to certain PDEs with coefficients B, X', and ¢,
and their Feynman-Kac representations (see e.g. Friedman [15]).

HyPOTHESIS 1. Either

(i) the mappings B, A\ are bounded and locally Lipschitz continuous with
respect to t and y, while ¢ is locally Lipschitz continuous in ¢ and y and
satisfies the linear growth condition in y uniformly in ¢, or

(ii) the mappings B, ¢, A are Lipschitz continuous in ¢ and y.

The second hypothesis is on boundedness, Lipschitz continuity and uni-
form ellipticity of 2. This is our most restrictive assumption. In particular, it
does not allow us to cover directly the important Cox—Ingersoll-Ross model.
In this case we treat the problem separately and present some explicit cal-
culations together with other particular examples focused mainly on affine
models.

HyproTHESIS 2. The mapping Y is bounded, Lipschitz continuous in ¢
and y, and there exists a constant ¢ > 0 such that

n

Y (Ey2ty)T), L& = dlél, &y eRY t€0,T).
i,j=1

The last hypothesis is a no-arbitrage assumption.
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HypoTHESIS 3. A: [0,7] x R" — R" is a bounded, locally Lipschitz
continuous mapping and

dP* = elo @Y (0).dW (1) =3 [ INLY (0) 12 dt gp
is a martingale measure (see e.g. Appendix).

REMARK 3.1. Hypothesis [3] gives the form of the volatility coefficient &
appearing in ([1.2)). Indeed, the price P(t,S) at time ¢ of the zero coupon
bond with maturity S is

P(t, S) _ E*{e— Sts ap(u,Y(u))du|St} _ E*{e_ Sts w(u,Y (u)) du|Y(t)}

Hence P(t,S) = F(t,S,Y(t)), where F = F(t,S,y) is a continuous function
of t € [0,T],t < S <T* and y € R™. Moreover, for fixed S, F(-,S,-) €
C2([0, S] x R™) is the unique solution to the equation

0
(32) 5 F(t,5,y) + LoF(t,5,y) —(t,y)F(t,5,y) =0, F(5 Sy) =1,
where

= 1 Tr(2(t,y)2(t,y) DL, F(t,S,y)) + (B(t,y), DyF(t, S,y)).
Therefore (see Appendix), the no-arbitrage condition yields

(3.4) G(t)(x) = =X, Y(t)) Dylog F(t,t +z,Y(t)).
Given a signed measure ) on [0, 7] set
T
(3.5) AW)(t,y) = Z(t,y)" | Dylog F(t,t + z,y)(dx).
0

Let ¢ € M. Taking into account (2.1)), (3.4), and (3.5)), we infer that in the
HJM factor model the wealth dynamics has the form

dz¥C(t)
2¥:C(t)
= [p(t, Y (1) — C(¢)] dt + (A(e) (L, Y (1)), A, Y (2) dt + dW (2)).

In the present paper we consider finite and infinite horizon optimal con-
sumption problems. In the finite horizon case the objective of the investor is
to maximize

(37) JT(Z7y7871/}7C)

T
= lu-z[a [ e =(C ()2 (1) dt + be 1T (20C(T)) |,
(6]

(3.6)

where z and y are the values of z¥°¢ and Y at a given initial time s € [0, 77,
~v > 0 is a discount factor, a € (0,1) and a,b > 0. Therefore, the investor
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can decide how to distribute his preferences between the consumption stream
and the terminal weight by controlling the parameters a and b. In fact, some
of our results hold true also for & < 0 (see Remark . Let
VT(Z,:U,S) = sup JT(Z7y>37¢)C)
(¥,C)eAT

be the value function. Our main result concerning the finite horizon problem
is Theorem [4.1] below.

In the infinite horizon case we assume that the functions B, X, A and ¢
do not depend on the time variable. The reward functional is

+oo
(3.8) J(z,y,w,C):éE [ et(C(n)2C ) dt.
0

Here z and y are the values of 2¥*C and Y at initial time 0. Our main results
concerning the infinite horizon case are formulated and proved in Section [§

4. Main result concerning the finite horizon problem. Recall that
Ly is defined by (3.3]). Let

(4.1) Lf(t,y) = Lof(t,y) + (Xt y)A(Ey), Dy f(t,y))
be the generator of the diffusion . Let
(42 gltw) = g et + 5 SIAEYIE-)
Consider the linear PDE
oG o a1 1
(4.3) S +LG+ (XN, DyG) 4+ gG+at=a =0, G(T,y)=bT=.

ot 11—«
For the existence of an optimal strategy we will need the following hy-
pothesis.

HypPOTHESIS 4. The fraction %(Z’)y) is globally bounded and there is a

weakly measurable mapping t: [0, 7] x R™ — My such that for all ¢ € [0, T]
and y € R™,

At y)

1—a

TDyG(t,y)
G(t,y)

AWy (t,y) =

THEOREM 4.1.

+ 2(t,y)

(i) Assume Hypotheses|l| to . Then there exists a unique classical solution
G € 0120, T) x R*)NC([0,T] x R™) of ([(.3) satisfying the exponential
growth condition |G(t,y)| < AePWI. Moreover, G admits the Feynman—
Kac representation

T
(4.4) G(t,y) = Eat=s { el 90V M)k gy 1 Epia el okY () dk
t
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where g is given by (4.2) and Y solves

dY (k) = B(k,f/(k))Jrﬁﬂ(k,?(k)))\(k,?(k)) dk

(4.5) + X(k, Y (k) dW (k),

Y(t) = .
(ii) Assume that additionally Hypothesis holds. Then
VT(Z7 Y, S) = G(Sa y)lfaef’ysza = JT(Za Y, s, {/;7 6)7

where the optimal investment policy 12 and the optimal consumption C
are given by Py = by y () and C(t) = G(t,Y (t))~! fort € [s,T].

Theorem [4.1] is proved in Section
4.1. Some auxiliary results

REMARK 4.2. Given t and y, consider the following equation for a signed
measure :

T*
46) AW = Y 4 nay T REE ) <.
’ 0

This equation appears in Hypothesis[d The existence of its solution is crucial
for the existence of an optimal investment strategy. Note that the right hand
side of the first equation of is a vector in R™. Let x = (z1,...,27) €
[0, T*]*, where [ is large enough. We are looking for ¢ of the form

l
¢ = Z 77k(@ y)(sﬂﬂka
k=1

where 7(t,y) = (n(t,y),...,m(t,y))" € RL Since A(¢)(t,y) is given by
we have the following system of linear equations for the column vector
n(t, y):

At y)
11—«

T DyG(t> y)
G(ty) ’

f(tayvx)n(t>y) = + E(ta y)

l
Z Uk(t» y) = 17
k=1

where F(t,y,x) is the m x [ matrix with columns
Z(t,y) " Dylog F(t,t +x1,y),..., 2(t,y) " Dylog F(t,t + Tmi1,y).

Here the derivative D, log F(t,t + xj,y) is understood as a column vector.
Let

e=(1,...,1).
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A solution exists provided that for the sequence x the (m + 1) x [ matrix

F(t,y,x) = []:(ty,x)]

e

has rank m + 1. Summing up, if there are [ and a vector x € R/ such that
for all ¢ and y, F(t,y,x) has rank m + 1, then condition (4.6|) is fulfilled.
Moreover, one can choose an optimal investment strategy in the form

l
o= m(t, Y (t))a,-
k=1

REMARK 4.3. Note that has much in common with the standard
duration of the portfolio of bonds used frequently in static bond portfolio
immunization. So we might say that Theorem [£.1] gives a recipe for dynamic
portfolio immunization.

5. Proof of Theorem First of all, note that is a linear equa-
tion and under Hypotheses [1|and |3|it has a unique smooth classical solution
in C12([0,T) x R™ x [0, T))NC([0, T] x R™) (see Zawisza [36, Theorem 3.3])
such that |G(y, )] < AePI¥ll (the latter follows easily from Zawisza [36], Lem-
ma 3.2 and proof of Theorem 3.3|). Moreover, G admits the Feynman-Kac
representation , .

Assume that Hypothesis 4] is fulfilled. To solve the optimization problem
we will use the HJB approach. As usual we will try to find the function V'
in the form

1
Viz,y,s) = aK(s, y)e 1oz,

Recall that a € (0,1); for a < 0 one would need to exchange sup with inf in
the HJB equation. Let us write the HJB equations for the function K:

0K
— + LK + (ap — ) K + sup[—aKc + ac?]
ot >0
AW)|*(a—1
+asup { H (1/’)”2(0‘ VK + (A(), AK + ETDyK>} —0,
with the terminal condition K(7',y) = b.
Note that

K\ a1
:)

sup[—aKc+ ac®] = a(l — a)<
c>0

1

and the supremum is attained at ¢ = (K/a)>-T.
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Next note that

Al (a—1
a sup {H”(O‘)K + (A NK + ETDyK)}
AcR™ 2
« 1
= ——— —|AK + X" D,K|J?

and the supremum equals

_ 1 DK

A= PNyt ity

e < + K )

We will show that K (t,y)'~® = G(t,y), therefore Hypothesis [4| ensures that
given ¢ and y there is a signed measure ¢,(dz)(y) such that

T*
~ 1 D,K(t,y) ~
AW () (y)) = A(t D(t,y) L d = 1.
FOw) = 75 (Ve + 2T )
Hence, we eventually arrive at the HJB equation
OK K\ a1
0:+LK+(och—'y)K+a(l—oe)<>
ot a
- 1 T 2
—— —||A\K+ X D,K
+ 2(1—06) KH)\ + Yy || )
b=K(T,y).

The proof of the theorem will be completed as soon as we show that:
o G(t,y) = K(t,y)' = satisfies (4.4).
e We have DK DG
Y — (1 — Y )
S ANe

e We can conduct the verification reasoning for the function e " K (¢, y)z%.

An elementary verification of the first two items is left to the reader. Hy-
pothesis [4] guarantees boundedness of D,G/G. Therefore, under Hypothe-
ses [IH3] the optimal state process can be rewritten as

O(1) = el hY W) dug )
where h satisfies the linear growth condition, while Z is a square integrable

martingale. Next, we can use the fact that

(51) E sup eA”Y(t)” < 400

s<t<T
(see Zawisza [36, Lemma 3.2]), which guarantees the uniform integrability
condition for a certain family of random variables and ensures that we can
use the verification theorem to prove that (¢, C') is an optimal control. More
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precisely, applying the It6 formula and taking the expectation of both sides,
we get

Ee*V(S/\T”*t)V(zw’C(S A1), Y(SATy), S A Tn)
1 SNty N o
=V(z,y,t)— aEa S e 760 (C(5)29C (5))™ ds,
t

where (7,,n € N) is a localizing sequence of stopping times and S < T is a
positive constant.

Condition justifies passing to the limit under the expectation sign.
Eventually, we arrive at

T
V(z,y,t) = éE {a S =D (C(5)29C ()% ds + be 7T D (20C(T))?| .
t

Next, we need to show that the value function V' dominates the value
for other admissible strategies. Repeating the procedure for any admissible
strategy (¢, C), we get

Ee YN0y (0C(S A T,), Y (S ATa), (SAT))
1 SATn
<V(z,y,t) — aEa S e 760 (C(5)29C (5)) ds.
t
By the positivity of «, we can use the Fatou lemma to obtain

(5.2)  V(z,y,t)
1 T
> &E {a S e D(C(5)29C (8)¥ ds 4+ be YT (2¥C(T))*| . u
t
REMARK 5.1. If a < 0, then Theorem [4.1fi) still holds true. We do not
know how to show that the value function V' dominates the value for other
admissible strategies. The main problem is to show the convergence of the

term
Ee_'Y(S/\T"_t)V(zw’C(S A1), Y(SAT,), S AT).

REMARK 5.2. Assume that we additionally have the possibility to allo-
cate our resources in the stock market S(t) € RV, with dynamics
dS(t) = diag(S(t))[F(t) + Xs(t, Y (¢))A(t, Y (2))] dt + Xs(t, Y (t)) AW ().
Then an investment policy is a pair (¢, 7), where v is a signed measure on
[0,7%] and 7 € RY with
T

* N
| o(de) +> m=1.
j=1

0
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The optimal investment policy (@Zt, 7¢), t € [0,T], should solve the system

The existence of a sequence x = (x1,...,2;) such that the matrix
]:(ta Y, X): ES(ta y)T

e

A (8, Y (1) + Zs(t, Y (1) 7 =

has rank m + 1 ensures the existence of an optimal control (J, 7) with @t
being a point measure. We are aware that the processes S and Y share the
same Wiener process and this restricts generality, but the analysis of the
space with another independent Wiener process in the dynamics of S or Y is
out of the scope of this paper. Partial results for the general problem can be
found for example in Hata et al. [21I] and Zawisza [37]. But our formulation
is sufficient for example to cover the bond-stock mix problem of Brennan

and Xia [§].

6. Examples. Our assumptions allow us to consider the following im-
portant models with practical implementations. Detailed calculations for
specific affine examples of the models presented below are given in the next
section.

EXAMPLE 6.1 (Consistent HJIM models). We assume that the forward
rate in the Musiela parametrization is given by r(t)(z) = ¢(z, Y (t)), where
¢ € CH2([0,T%] x R™), and Y is given by (3.1). Note that for the short rate
we have T7(t) = ¢(0,Y (t)). Then (see Filipovi¢ [13 Proposition 9.1]) in the
case of B and X' independent of ¢, under Hypotheses|I|and [2, the consistency
condition in Hypothesis [3{ holds if and only if &(x,y) = Sg ¢ (u, y) du satisfies

8—@(1’, y) = ¢(0,y) + (B(y), Dy®(z,y))

Ox
1 < >*® oo o
+ = Yy)x Ti-[az, ——(z,y)—(z,y)|.
5 gzl( W)Z0) s | gy @) ~ 5y, @) 5 (@:0)
EXAMPLE 6.2 (Short term interest rate models). Assume that
dr(t) = B(t,7(t)) dt + X(¢t,7(¢t))[A(t) dt + dW ()],

where B and Y are functions satisfying Hypotheses [I| and [2] and A is a
deterministic bounded measurable function. Then, in the framework of the
HJM factor model, we take Y =T.

EXAMPLE 6.3 (Gaussian-separable HJM model, also known as Ritchken—
Sankarasubramanian model). Assume that the volatility has the form o (¢)(z)
= B(t)v(x + t), where § and v are deterministic functions. In this case,
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assuming some mild regularity of the function v and f(0,¢), we have
t

ar (1) = 3fé(i, t) £00,1) ’;’((;) +\ Bluyv(u) du+r(t)yyl((§)) d
0
+ B (L) AW ().

Thus the problem can be easily reduced to short rate models. This can be
further generalized to the so-called Cheyette models

()i
o(t)(z) = ;Bi(t)ui(x—i—t)'
For more details we refer to Beyna [4].
EXAMPLE 6.4 (Quasi-Gaussian HIM model). Let
o(t)(x) = B, &(t))v(z + 1),
where £(t) is a diffusion and v a deterministic function. Then
_ [9£(0.1) vt |y NG
- |20 B T T

+ B(t,&(1))v(t) AW (1).
Clearly, for ¥(r,§) = r and Y = (7, &) we have 7(t) = ¢(¢,Y(¢)). Unfortu-
nately, the strong ellipticity condition cannot be satisfied. In order to have a
non-degenerate diffusion one can replace the term Sf) B(u,&(u))v(u) dudt by
its e-perturbation

dt

dr(t) — f(0,t)

| B, &(u)v(u) dudt + £ dW (t),
0

where W is an independent Wiener process.

An example of such a model is the Cheyette HJM model with § having
the affine structure (¢, &) := (1(t)+(2(t)€, where (; and (o are deterministic
functions. Note that in affine models (for the definition see the next section)
taking ¢ — 0 is an instantaneous operation and does not need separate
justification. For more information about such models we refer to Pirjol and
Zhu [30].

7. Affine factor models. Our aim here is to present examples of mod-
els which admit explicit solutions. As in Section {4} we assume that 7(t) =
©(t,Y (t)), where Y is given by (3.1). We focus on affine models, i.e. models
with
B(t,y) = Bi(t) + (Ba(t),y),  X(t,y) = 2(1),

(7.1) Mby) =MD, o(ty) = o1(8) + (wa(), 1),
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where Bj(t), Ba(t), X(t), A(t), ¢1(t), p2(t) are deterministic matrix-valued
mappings. At the end of the present section we will consider the CIR model,
which is not in fact an affine factor model.

PROPOSITION 7.1. Under the affine specification (7.1) the formula for
the optimal pair (¢, C) reads
T t+x

) At) D,G(t,Y (1))
T 1 _ Ty )
(1) (g) [ § PriraPyl oa(k) dk} vilde) = {0+ 0T
and C(t) = G(t,Y(t))~t, where
1 T 1
G(t,y) = aT= \n(t,u,y)du+bTen(t,T,y),
(7.2) )
77(75’ u, y) = eml,t,u+(m2,t,u,y>+%aiu’
(6 ° ~1
matu = I —a § Pt,qu,UQOZ(k) dk,
(7.3) .
1
mitu + §O-t2,u = S f(k7 'LL) dk},
t
1
f(tu) = §<m2,t,m L) 2(t) "mapu) + (Bi(t), ma,iu)
(7.4)

1

+ [ ZOMO) + 5 S MOIE -

and Py denotes the time-ordered path exponential of the matriz B(t).

Proof. Note that in the affine framework, g given by (4.2) is equal to

11—« « 1
=:g0(t) + {91(t),)-
Moreover, the process Y appearing in the Feynman—Kac representation ((4.4]),
(4.5]) of the function G is Gaussian. Hence, for any ¢ < u, the random variable
§; 9(k,Y (k)) dk has a Gaussian N (m1 ¢ + (may,s, y), 0¢) distribution, and
consequently we have ([7.2]).

On the other hand, substituting the above function G into (4.3)), we infer
that the function 7 satisfies
In

1
— 5 T 5 T(ZXT DY) + (Br + Bay, Dyn)

o(t.) = 1 [a¢1<t>+2(“_1)wt>u2—v =20, )

1
+ m@A,Dyn) + g0+ (g1,9) =0
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with n(¢,t,y) = 1. Consequently,

0 «
a2t = By (t)ma . +

and therefore

t =0
T aP2t), meee =0,

u

| PPy aipa(k) dk,
1—« " )

(07

matu =

where P, j, denotes the time-ordered path exponential of the matrix B(t).
For the function mq ;s + %aﬁs we have

% [mu,u + ;Uiu] = f(t,u), mise+ %O-t%t =0,
where f(t,u) equals
20, D S0 o) + (Br(0), mg)
b [ ZOMO) + 5SROI -]
l-a ” 2(1—a)
Hence

1 u
Mg+ 505, = | f(k,u) dk. -
¢
REMARK 7.2. It is worth stressing that in the investment-consumption
model under the affine factor assumption, the optimal portfolio weights are

not linear combinations of factors. This contrasts with the pure investment
problem (see Bielecki and Pliska [6]).

7.1. Short rate affine models. Now, let us consider more specific
examples. The model is short rate affine if the price P(t,S) at time ¢ of the
zero coupon bond with maturity 7' is

(7.5) P(t,T) = e(T=0-n(T—0)7(1)

where m and n are deterministic functions. Moreover, it is assumed that the
short rate 7 is a diffusion process,

dr(t) = B(F(t)) dt + X (7(¢))[A(F(t)) dt + dW (¢)].

In the notation of Section 4l Y = 7. We assume that B, X and A satisfy
Hypotheses to . Barski and Zabczyk [2] have proved that in affine models,
bond prices are local martingales with respect to martingale measures if and
only if B(r) = a + br and (X(r) = ¢y/r or X(r) = ¢), where a,b,c € R are
constants. Obviously, requires additional assumptions on A. Under the
Musiela parametrization (see Appendix), we have

P(t)(z) = @@ = p(t t 4 2, 7(t)), F(t,t+z,r) = @@

)
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and
r(t)(x) = —m/(x) + n'(2)7(t).
Since

0
- log (t,t+ x,r) n(x)

the formula for the optimal investment strategy reads

T 1 AF(1)  DG(L7()
(7.6) §“@W®Faqzmm RO
The optimal consumption rate is given by
(7.7) C(t) = G(t,7(t)"".
7.1.1. Vasicek model. First we will consider the Vasicek model
(7.8) dr(t) = [ — k7(t)] dt + o[Xdt + dW (t)],

where b, k, A\, and ¢ > 0 are constants. Note that under the Vasicek model
we have

1 — g ke z o2 z
n(m):T, m(x):—ﬁgn ?Sn
0 0
and
dU (t)(x)

U () 7(t) dt — on(z)[Adt + dW (t)].

PROPOSITION 7.3. In the Vasicek model (7.8) the optimal pair (QZ, 5) 18

given by (TO)~(T7) where
(7 9) G(t T’) _ aﬁ S eml,t,u+m2,t,u7'+%0't2’u du + bﬁ eml,t,T“!‘mQ,t,TT"‘%U?’T
M 9 )

and

Moty i=an(u—t), a:=af(l-a).
Proof. Note that equation (4.3) for G now has the form
%f(t r)+ LG(t,r) + g(r)G(t,r) + aTa =0, G(T,y) =brs,
where

~ % 9°G o 0G
LG(t,T) = Ew(t7r)+ /B_HT+ 1_@0’)\ E(t,'f’)
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and
_ 2
g(r) 1_a[ar+2(1_ )/\ fy].
Thus .
G(t,r) = E{aﬁ [ el o)) dk gy bﬁeﬁ“g(ﬂk))dk},

t

where
1
dr(k) = [B — rr(k) + — a)\a} dk + o dW(k), 7(t)=r.

Note that

i aAa} dk + 1§n(k:)a AW (k).

t

7St?(l{:)dk‘ nuftr+7§n [
)

Therefore, the integral S 7(k) dk is normally distributed, and in this case G

is given by . "

Note that the optimal investment is determined by the condition

Fl—er A D,G(t,7(t) | ~
(S) )= T T G §‘Z’t(d$) =

In particular, we can take ¥ (dz) = 7o(t) 5o(dz) + 7x(t) 6z(dz), where T €
(0, 7] is an arbitrary fixed time to maturity. The process (7o(t),7z(t)) is
determined by

T(t) = _IZ_,@ [(a _/\1)0 N Dé((i(i&()?)] Molf) = 1= 5z(6).

It should be noted that the solution for the simpler Merton model
dr(t) = Bdt + o(Adt + dW (1))
can be derived by letting x — 0 in the Vasicek model. Thus, in the Merton

model, n(z) = x and m(z) = —Bx? + (02 /6)x3. In particular, the condition
for the optimal investment is
T* T*
~ A D,G(t,7(t)) ~
dz) = - dz) =1
(S) T9lde) = T, T G § Ye(da)

7.1.2. CIR model. Another important model worth considering is the
Cox—Ingersoll-Ross model. It does not satisfy our Hypotheses|l|and [2 How-
ever, we are able to perform some explicit calculations. In fact, we will derive
an exact formula for the solution G to . In this way we obtain a candidate
for the value function for the corresponding control problem. We perform cal-
culations only for the case @ < 0 (see Remark . For other parameters
it might happen that the value function has infinite value (see for example
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Korn and Kraft [25, Proposition 3.2]). We start by listing elementary facts
about the CIR model:

dr(t) = (B — k7(t)) dt + o/T(t)(Adt + dW (2)),
B sinh px
niw) = pcosh pz + & sinh pz’

kx/
m(:):)—zﬂlog< ° i . >7

o pcosh px + 5 sinh px

p= ;(;-@2-1-202)1/27
WG 4y o Sriinte
TH@ t)dt Y(Adt + dW(t)).

Usually it is assumed that 28 > ¢2. To obtain a closed form solution we
assume here \(r) := A\/r.
Note that

di(k) = [8 — Fr(k)] dk + o/F(k) AW (k), 7(t)=r, R=#r—

and
2
E oVt 1251t Tk) dk _ e (u—t)—Ti(u=t)r

n(z) =

|| A2 sinhyx
14 o

11—« 1—a) ﬁcoshfy/x—l—gsinhﬁx’

2 R /2
m(x) = 2] [1 + A } 2ﬁlog<~ Ne = — ),
(1—a) 20—aw)] o 7y cosh 7z + & sinhyz

~_ L[ lal o 12
= - 22— .
Y 5 (/{ + 1= aa

So the solution to (4.3 corresponding to the CIR model is given by

T
o J S
(7.10) G(t,r) = aTa | emreatmaear qy 4 pra gmeT T
t

where

mi gy = m(u—t) —

. a(u —t), maty :=n(u—t).

Summing up, we get

PROPOSITION 7.4. In the CIR model a candidate for the optimal pair
(¢, ) is given by
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Yo a0 L AEW®) DGWTW) A g it
§n<x>wt<dx>—a_12(r(t))— Carm) . CO=GETe

where G(t,r) is given by (7.10)).

7.1.3. Multidimensional model. It is time to present a multidimensional
model. Here we focus on the G2++ model, important for applications. Let
7(t) = Yi(t) + Ya(t), where

dY; (t) = —K1Y1 (t) dt + o1 [)\1 dt + dW; (t)],
dYa(t) = —kaYa(t) dt + o2 [p[A1 dt + dW4 ()] + /1 — p? [Aa dt + dWa(1)]],

and Wp,Ws are independent Brownian motions. In other words, the short
rate is the sum of two correlated Vasicek (or Ornstein—Uhlenbeck) processes.

PROPOSITION 7.5. In the G2-++ model the optimal pair (@Z, 6) is given

by
-
S (LA)ETL DG Y ()
B é(m(x)jm(x)wt(dx)— Toa *CavD)
C(t) = Gt Y (1) !
where

T
Glt,y) = a™= | n(t,u,y) du+bTan(t, T,y),
t

n(t’ u, y) _ eml,t,u+<m2,zyu,y>+%aiu’
2 U
(6%
ot = L ] [0 + a0 + a1 - )]
t
(6%
Mt = 70 S [ 1(k)B1 + na(k) B2 + MIIAIIQﬂL«p—V} dk,

1-—
(0] [0
M2t -= (1 ni(u —t), - ang(u—t)),

01
) = [ ],
po2 o2y/1 = p?
Lo 1 —eror
ny(x) := na(zr) i= ——
K2

Proof. Here the formula for the function G is

T
Gt y) :E{ [ arm olf oA Ta(R) dk | i ol o(Fa(k+Ta(k) d }
t
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where
02) = 1= |0+ gy 100212 =
and
dYi(u) = [B1 — £1Y1(w)] du + o1 AWy (u)
Yi(t) = y1,
AYa(u) = [Ba — kaYa(u)] dt + o2 (pdWi(u) + /1 — p2 dWa(u
Ya(t) = 1o,
B = 1ia)\1(71, B2 = ! ()\102ﬂ+)\202\/7,02)-
Taking advantage of the Vasicek model we obtain
| (Vi(k) + Ya(k)) dk = ni(u— t)ys +na(u — t)yz + | na (k)81 dk
¢ t

u

[ na(k)B2 dk + | (n1(K)ory + na(k)oap) dWi (k)
)

+

’I’LQ 2V 1-— dW2

This implies the desired identities. m

+

In particular, if we take

Yi(dw) = fio(t) So(dz) + ey (£) O, (A) + Ty (£) 60, (o),
where z1,x2 € (0,7%], then the process (7o(t), Nz, (t)), Nz, (t)) is determined

by
~IM(xq,%2) ! 21, x9) "
(0.t = 2P UL ESEL

Mo(t) =1 =1y (8) = 7 (1),

where
M (z1,22) = [nl(ffl) 711(962)]

ng(l'l) 712(.%'2)

8. Infinite horizon problem. Recall that in the infinite horizon case
the reward functional is given by , and the short rate has the form
7(t) = p(Y (t)) where Y solves (3.1)). We assume that Hypotheses [1] to [3] are
fulfilled. Moreover, in this section, ¢ as well as the coefficients B, X~ and A
appearing in do not depend on the time variable.
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Let

V(z,y) =supJ(z,y,v,C)
,C

be the value function of the investor.

We start by providing a simple example of a model that satisfies our
Hypotheses [I] to [3, but produces an infinite value function V.

ExXAMPLE 8.1. Consider the Merton model
dr(t) = gdt + o(Adt + dW (¢)).

Choose ¥ = dg, which corresponds to the investment in the bank account
only, and fix the consumption at a constant level ¢ > 0. Then C(t) = ¢ and

dz¥C(t) = [F(t) — ]2¥C(t) dt.

Thus
O () = zelolF(w—ddu
and
(674 too tr —
J(Z7T7¢7 C) =—FE S eso[a"‘(u)_aC—’Y] du dt.
@ 0
Note that
¢ ) .
0 0
Since Sf) W (u)du has the normal distribution with variance ¢3/3 we have

J(z,r,1,C) = 400 (see Synowiec [33]).

The HJB approach gives the following candidate for the value function V/,
optimal consumption C and investment strategy : we can expect that

(8.1) Vi(z,y) = G(y) =27,

(8:2) C(t) = G(Y ()",

and ¥ € M is such that

(53 Ay = 2D 4 v )T 2,

where G solves the elliptic equation

(84)  LG(y) + 1= (ZW)AW). D,Gy)) + 9(y)Gy) +1 = 0.

Recall that L given by (4.1]) is the generator of the diffusion defined by (3.1))
and ¢ is given by (4.2)). Finally, we can expect that G has the Feynman—Kac
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representation
+0o0 _

(8.5) Gly) =E | elostNdk gy,
0

where Y solves the stochastic differential equation

dY(t) = |B(Y(t)) + 110[2(}/(75)))\(1/(75))] dt + X(Y(t))dW(¢)
with }7(0) = y. Taking into account Example we see that a special
care has to be taken to ensure the existence of a solution to or to the
convergence of the integral in . Moreover, at the end we will have to
verify the assumption of the verification theorem.

Below we present a general theorem which ensures that convergence. Let
h: R™ — R be a Lipschitz continuous function. Let us consider the elliptic
equation

(8.6) LG(y) + h(y)G+1=0, yeR™

THEOREM 8.2. In addition to Hypotheses[I| to[3], suppose that there exists
a constant La > 0 and a function k: [0,+00) x N — R decreasing in the first
argument such that

(B(z) = B(y),x —y) + 5[12(2) = Z@)|* < ~La|lz — yIl,

and

+oo
(8.7) E elo 2h(Y (w) du < k(t,n), ye B(0,n), S Vik(t,n)dt < +o0.

0
Then
+o00 .
G(y) :=E S elo MY (W) du gy
0
is a classical, C*(R™) solution to (3.6).
Proof. Consider the parabolic problem
oG
We have
t
G(t,y) =E S o MY () dk qg Yy (0) = 4.
0
Note that
oG

8—(1& y) = E ol MY (k) dk [E oo 2h(Y(k))dk] /2.
t =
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Therefore, by , % converges to 0 as t — +o0, uniformly on each ball
B(0,n).

Secondly, we need to estimate the Lipschitz constant of G in y. Let Y (-; y)
be the solution to SDE with initial condition Y (0;y) = y. By standard
SDE estimates there exists a constant M > 0 such that for all £ > 0 and

y1,y2 € R",

E[[Y (t;51) = Y (G y2)|> < Me 22! |lyy — gl >
Because the function h is Lipschitz continuous there exists a constant N > 0
such that

|G(t7 yl) - G(ta y2)|
t s

NE [ emme (A0 (k) di G Y v 9k} {1y (ks 1) — ¥ (s ) | e ds
0 0

[ES Y (k;y1) — Y (k; y2)|!2dl<:} 1/2
0

IN

<N

O ey o+

« [E se2max {{g h(Y (ky1)) dk,§g h(Y (ky2)) dk}] 12 46

Letting y; — 72 and using the dominated convergence theorem we get

1Dy G(E,y)|| < N

O ey o+

[ie 2Lok dk:} [IE soo 2h(Y(k;y))dk] 12 44
0

Finally, for y € B(0,n) we get

D,G(t, Vsk(s,n)ds.
Almost the same estimates can be made for the Lipschitz constant o
In fact,

oG oG
)~ G )| -

ole]

ol 20 (Y (i) ke _ ol 20 (Y (ki) d |

And by repetitive arguments we arrive at the estimate
0G oG ~
‘at(tayl)_at ) SN\/ K(tvn) Hyl_yQH) yluyZEB(Ovn)'

Now we may use the Schauder estimates (see e.g. Gilbarg-Trudinger
[16, Theorem 6.2]) to prove that there exists a sequence (t,,n € N) such
that G(y,t,) converges uniformly on each ball to the function G € C%(R")

satisfying . .
REMARK 8.3. Condition (8.7)) is not in analytic form but it can be easily
verified for example in the affine model framework.

(tv Y2
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In the case of ¢ unbounded the use of the verification theorem needs a
justification. To do this consider an arbitrary sequence (t,,n € N) of finite
time investment horizons and the corresponding sequence of value functions

1
Vin(2,y) :=supE — S e (O ()2 (1) at.
1/)7 0

Let ((wn, ), € N) be the corresponding sequence of optimal pairs of
controls.

THEOREM 8.4 (Verification theorem). Assume Hypotheses [1| to . Ad-
ditionally assume that there exists a sequence (tn,n € N) with t, — o

such that Vi, (z,y) — V(z y), where V is gwen by (8.1) and G is a CZ(R”)
classical solution to . Then any pair (¢, satzsfymg -, and

E sup [(z wC)“Gl & (Yz)] < 400, V¥t >0,
(8.8) 0<k<t
lim E e~V (zC(2), Y (1)) = 0,

t—o0
18 an optimal solution for the infinite horizon optimization problem.
Proof. Suppose Vi (z,y) converges to V(z,y). Choose any admissible
strategy (¢, C) € Aj. Note that

Via(29) =B+ | %(Ca(s)2PCn ()% ds 2 BT [ e77%(C()2°C (5))° ds.
0 0

This ensures that

+oo
(8.9) V(z,y) =supE ! S e 15(C(5)2¥9 (5))* ds.
w’c a 0

Now, we need only prove that the supremum in . is attained at (1/), )

Let us apply the Itd formula to obtain the dynamics of e VtV(z‘/’ C( ), Y ().
We obtain

Ee "y (29 C(t A1), Y (EAT))
1 tATh N R
=V(zy) —E— | e (Cls)2"%(s))* ds,
0
where {7, }nen is a localizing sequence of stopping times. We can now let
n — +oo and use the first condition of to apply dominated convergence
on the left hand side. On the right hand side we can use the monotone
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convergence theorem. Altogether, we have
t
Ee "V (z¥C(t),Y(t) = V(z,y) —E é S e_ys(é(s)zw’c(s))o‘ ds.
0
Consequently, by applying the second condition of , we obtain the de-
sired formula
17 Y
V(zy) =E— | e%(C(5)2¥%(5))"ds. =
0

EXAMPLE 8.5 (Vasicek model). In the Vasicek model (see Section [7.1.1)),

G(t,r) is given by and consequently
+00
(8.10) G(r) = | emostmaosr39 g,
0
where 095, M1, and mi 9, were defined in Proposition To ensure
convergence of the integral in we have to assume
+o0o
S e™05+3%8 s 45 < oo,
0

It is not difficult to find a sufficient condition for the coefficients of the model
to ensure that convergence; we leave this to the reader. However, it should
be noted that the coefficient mg s is uniformly bounded and therefore the

fraction D&G is uniformly bounded as well.

EXAMPLE 8.6 (CIR model). In the CIR model (see Section[7.1.2), G(¢,T)
is given by and consequently G(r) = Saroo e™1,0.51M2,0.5" 45, Obviously,
we should require that SSFOO ™05 ds < +00. Note that under this assump-
tion the quotient % is uniformly bounded.

Appendix. Short introduction to the HJM model. Let us denote
by P(t,S) the price at time ¢ of a bond paying 1 at time S. Assume that
the forward rates f(t,S) = —% log P(t,S), 0 <t < S, are given by the Ito
equation

df(t,S) = u(t, S)dt + (£(t, S),dW (1)),

where W = (W, ..., W,,) is an m-dimensional Wiener process defined on
a filtered probability space (2,3, (§¢),P), p and £ are R- and R™-valued
processes which may depend on the forward rate f, and (-,-) denotes the
Euclidean scalar product. We denote by ||-|| the corresponding norm. Clearly
P(t,S)=e" IF fw) du The so-called short rate process T(t) := f(t,t) defines
the bank rate at time .
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Let T' € (0, 400) be a finite time horizon. It is well-known (see e.g. Barski
and Zabczyk [I] or the original Heath, Jarrow and Morton paper [22]) that
the model P(t,S), where t € [0,T] and ¢t < S < 400, is free of arbitrage if
and only if there is an adapted process A such that

T
P(g M) du < +oo> =1, EEN) =1,
0
where
EN) i=e” 1o A(w), dW (w)—3 {5 M) du

and the following HJM condition is satisfied:

S
u(t, S) = <§(t, S), | &t u) du + )\(t)>, VO<t<T, Vt<S§.
¢
Recall that dP* = £(\) dP is the martingale measure; the discounted prices
P(t,S)e” fo7(s) ds 'S < T, are local martingales with respect to P*. Moreover,
WH(t) =W(t) + Sg A(u) du is a Wiener process with respect to P*.
For our purposes it is convenient to rewrite the prices and forward rates
in the so-called Musiela parametrization
P(t)(x) :=P(t,t +x), rt)(x):=f(t,t+x), x>0.
Then 5
P(t)(w) = e oMW du () (@) = ~ 55 08 P(t)(2),
x

the short rate is given by 7(t) := r(¢)(0) and

r(t)(x) = r(O)(t+2) + | b(s)(x +t — u) du+ | (o(s)(x +t — u),dW (u)),
0 0

where
b(t)(x) :=p(t, t+x), o(t)(z) =&t t+x), x>0.

Note that the HIJM condition has the form
t+x

b(t)(z) = p(t,t+a) = <§(t,t +a), | &(tu)du+ /\(t)>

= (c(0)(@), Jo(t)(y) dy + M)} = (o(B)(), 5(t) () + AD)),
where

5(t)(x) = o(t)(u) du.
0

In general b and ¢ may depend on 7.
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Informally, S(t)y(z) = ¥(x +t) is the semigroup generated by the op-
erator 8— Thus r is the so-called mild solution to the stochastic partial
differential equation

or

We can now compute the stochastic derivative of
P(t)(z) = e Jor®@du 4>
We have
2
dt].

dP(t)(z) = P(t)(z) [—d V() (w) du+ %Hg o(t)(u) du
0 0

Since, by the HJM condition,

. §b(t)(u) du + ;(ﬁa(t)(u) duH2
0 0

<U(t)(u)a1§0(t)(y) dy + )\(t)> du+ + §U(t)(u) dqu
0

i |
<A(t),§o(t)(u) du>,
0

we eventually have

P x x
d = 120 (w) dudt - (o t)(u) du, A1) dt + AW (1))
0 Y 0
:[ r(t)(z) + 7)) dt — (5(¢)(x), A(t) dt + AW (1))
The instrument P(¢)(x), t > 0, is called a sliding bond. After discounting

it by a bank account we get

dP(t)(x) -

————= = —r(t)(z)dt — (6(t)(x), \(t) dt + dW (t)).

P(t)(x)
The discounted sliding bonds are not tradable instruments. To work with a
portfolio process we use rolling bonds (see (1.2)).
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