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Summary. In ZFA (Zermelo—Fraenkel set theory with the Axiom of Extensionality weak-
ened to allow the existence of atoms), we prove that the strength of the proposition
EDM (“If G = (Vg, Ec) is a graph such that Vi is uncountable, then for every coloring
f: [Va]* — {0, 1} either there is an uncountable set monochromatic in color 0, or there is
a countably infinite set monochromatic in color 17) is strictly between DCy, (where DCy,
is Dependent Choices for N;, a weak choice form stronger than Dependent Choices (DC))
and Kurepa’s principle (“Any partially ordered set such that all of its antichains are finite
and all of its chains are countable is countable”). Among other new results, we study
the relations of EDM to BPI (Boolean Prime Ideal Theorem), RT (Ramsey’s theorem),
De Bruijn—Erdés’ theorem for n-colorings, Konig’s lemma and several other weak choice
forms. Moreover, we answer a part of a question raised by Lajos Soukup.

1. Introduction. In 1941, Dushnik and Miller established the proposi-
tion “If x is an uncountable cardinal, then for every coloring f : [x]* — {0, 1},
either there is a set of cardinality x monochromatic in color 0, or there is a
countably infinite set monochromatic in color 1”7 in ZFC, and gave credit to
Erdds for the proof of the result for the case in which & is a singular cardi-
nal—see |7, Theorem 5.22 and footnote 6 on page 606]. The above result is
generally known as the Erdés—Dushnik—Miller theorem. In ZFC, the theorem
applies to prove that “Every partially ordered set such that all of its chains
are finite and all of its antichains are countable is countable” (abbreviated
here as “CACNU”) and Kurepa’s result on partially ordered sets stated in the
abstract (abbreviated here as “CAC}?”). Kurepa [16] explicitly proved CAC}®
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in ZFC in response to Sierpiniski’s question [I8, pp. 190-191]. Banerjee [1] and
Banerjee and Gyenis [3] studied some relations of CACY® and CAszO with
weak forms of the Axiom of Choice (AC). Recently, Tachtsis [19] investigated
the deductive strength of CACKIQO without AC in more detail. Among various
results, Tachtsis [T9] proved that CACY® holds in ZF + DCy, and CACY®
holds in the Mostowski linearly ordered model (labeled as Model N3 in [9])
as well as the basic Fraenkel model (labeled as Model N in [9]). Inspired
by the research work of [19], we study the deductive strength of EDM with-
out AC. Let X be a set. We note that without AC, there are two definitions
of uncountable sets:

(1) X is uncountable if | X| € Vg (i.e., there is no injection from X into Np).
(2) X is uncountable if Xy < |X| (i.e., there is an injection from Yy into X
and there is no injection from X into Wp).

We note that all the results in this paper are obtained with the first definition
of uncountable sets. Lajos Soukup asked the following question.

QUESTION 1.1. What is the relationship between CAC?(’ and CACY in
ZF and ZFA?

Main result. Fix X € {CAC}, CAC™}. The first author proves that
the strength of EDM is strictly between DCy, and X, and CACIf0 does not
imply CACR in ZFA (cf. Theorems 4.1, 4.2, 4.4, Corollary 3.6).

Other results. The first author observes the following in ZF:

(1) CAC™M implies ACSg (“Every countably infinite family of countably in-
finite sets has a choice function”). Thus CACY is not provable in ZF
(Proposition 3.4).

(2) WOAM (“Every set is either well-orderable or has an amorphous subset”)
implies RT for any locally countable connected graph (Proposition 3.7).

(3) EDM is strictly stronger than RT (Theorem 4.1(3, 4)).

(4) WOAM + RT implies EDM (Theorem 4.2(1)).

(5) CACR0 + CACY® + A (Antichain Principle) does not imply EDM in ZFA
(Theorem 4.4).

1.1. The uniqueness of algebraic closures, and Yf.o$’s theorem.
Pincus [9, Note 41| proved that the statement “If a field has an algebraic
closure, then it is unique up to isomorphism” [9, Form 233| does not imply
“There are no amorphous sets” in ZFA. Recently, Tachtsis [2I] constructed
a model of ZFA+-AC to prove that AC'C (“Every linearly ordered family of
non-empty sets has a choice function”) does not imply £T (“If A = (4, RA)

(*) ZF denotes Zermelo—Fraenkel set theory without AC. Complete definitions of the
choice forms will be given in Section 2.
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is a non-trivial relational L-structure over some language £, and U is an
ultrafilter on a non-empty set I, then the ultrapower A’ /U and A are ele-
mentarily equivalent”).

We observe the following:

AC'© + EDM + Form 233 does not imply £T in ZFA (Theorem 5.2).

1.2. Remarks. Blass [4] investigated the strength of RT in the hierar-
chy of choice forms. In Section 6, applying the above-mentioned results and
mainly inspired by the results of [4], we remark that EDM is independent
of each of BPI, KW (Kinna-Wagner Selection Principle), ACwo (Axiom of
Choice for non-empty, well-orderable sets), “There are no amorphous sets”,
the n-coloring theorem (De Bruijn-Erdés’ theorem for n-colorings), and A
(Antichain Principle) in ZFA. Moreover, £t T and EDM are mutually indepen-
dent in ZF. In [19], Tachtsis proved that CAC}® and DT (Dilworth’s theorem)
are mutually independent in ZFA. A natural question which arises is about
the relation of CACY® and EDM to DT. We also remark that DT is indepen-
dent of EDM and CAC™ in ZFA

2. Basics and diagram of results
DEFINITION 2.1. Suppose X and Y are two sets.

We write | X| < |Y| or |Y] > | X] if there is an injection f: X — Y.

We write | X| = |Y| if there is a bijection f: X — Y.

We write | X| < |Y|or |Y] > |X]if | X| < |Y| and |X| # |Y].

If f: X — Y is a function, then we denote the range of f by ran(f) and
the domain of f by dom(f).

DEFINITION 2.2. Let (P, <) be a partially ordered set, or poset for short.
A subset D C P is a chain if (D, <[D) is linearly ordered. A subset A C P
is an antichain if no two elements of A are comparable under <. The size
of the largest antichain of (P, <) is known as its width. A subset C C P is
cofinal in P if for every & € P there is an element ¢ € C such that z < c.
A tree is a connected undirected graph without circuits one of whose vertices
is designated as the origin. We note that a tree may also be defined as a poset
(P, <) with a least element and with the property that for any element = € P
the set of predecessors of z is a finite set that is linearly ordered by <. The
number of vertices on the unique path connecting a vertex v to the origin is
the level of v, denoted by I(v). A vertex v’ is a successor of a vertex v if v
and v’ are connected by an edge and [(v') = I(v) + 1. A tree is locally finite

(?) We note that Theorem 5.2 is a combined effort of both authors under the proper
guidance of the referee (see Acknowledgements). Moreover, all remarks in Section 6 (except
Remark 6.1(7)) are due to both authors.
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if each vertex has only finitely many successors. An w-tree is a locally finite
tree with at least one vertex in level n for each n € w (cf. [9, Note 21]). An
infinite set X is amorphous if X cannot be written as a disjoint union of
two infinite subsets. A set X is Dedekind-finite if g £ |X|. Otherwise, X is
Dedekind-infinite. We say that a graph G = (Vig, Eg) is locally countable if
for every v € Vg, the set of neighbors of v is countable. The graph G is
connected if any two vertices are joined by a path of finite length.

DEFINITION 2.3 (A list of choice forms).

(1)

(10)

(11)

(12)

(13)

The Aziom of Choice, AC [9, Form 1]: Every family of non-empty sets
has a choice function.

The Boolean Prime Ideal Theorem, BPI [9, Form 14]: Every Boolean
algebra has a prime ideal.

The Kinna—Wagner Selection Principle, KW [0, Form 15|: For every
set M there is a function f such that for all A € M, if |A| > 1 then
0#fA)CA

The Aziom of Multiple Choice, MC [9, Form 67|: Every family A of
non-empty sets has a multiple choice function, i.e., there is a function
f with domain A such that for every A € A, () # f(A) € [A]<¥.

MC§8 [9, Form 350]: Every denumerable, i.e. countably infinite, family
of denumerable sets has a multiple choice function.

ACwo [9) Form 60]: Every set of non-empty, well-orderable sets has a
choice function.

ACLO [9, Form 202|: Every linearly ordered set of non-empty sets has
a choice function.

PAC:; (cf. [I]): Every Rj-sized family A of non-empty finite sets has
an Ni-sized subfamily B with a choice function.

ACNO [9, Form 32A]: Every denumerable family of denumerable sets
has a choice function. We recall that ACY x, 1s equivalent to PACNO [9,
Form 32B| (Every denumerable family A of denumerable sets has an
infinite subfamily B with a choice function).

AC:g [9, Form 10]: Every denumerable family of non-empty finite sets
has a choice function.

AC, for each n € w\ {0,1} [9, Form 342(n)|: Every infinite family A
of n-element sets has a partial choice function, i.e., A has an infinite
subfamily B with a choice function.

WOAM [9], Form 133]: Every set is either well-orderable or has an amor-
phous subset.

The Principle of Dependent Choice, DC [9, Form 43|: If S is a relation
on a non-empty set A and (Vx € A)(Jy € A)(xSy) then there is a
sequence (an)ney of elements of A such that (Vn € w)(anSan+1).
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(14) DC,, where k = X, for some ordinal « [9, Form 87(«)|: Let S be a
non-empty set and let R be a binary relation such that for every § < k
and every (-sequence s = (S¢)e<p of elements of S there exists y € S
such that sRy. Then there is a function f : x — S such that for every
B <k, (fIB)Rf(B). We note that DCy, is a reformulation of DC.

(15) DF = F |9, Form 9|: Every Dedekind-finite set is finite.

(16) Wy, (cf. [I3, Chapter 8]): For every X, either | X| < R, or |X| > X,.

(17) |9, Form 233]: If a field has an algebraic closure, then the closure is
unique up to isomorphism.

(18) WUT [9, Form 231|: The union of a well-orderable collection of well-
orderable sets is well-orderable.

(19) ACYY© 9, Form 122]: Every well-ordered set of non-empty finite sets
has a choice function.

(20) The Countable Union Theorem, CUT [0, Form 31]: The union of a
countable family of countable sets is countable.

(21) CS: Every poset without a maximal element has two disjoint cofinal
subsets.

(22) CWF: Every poset has a cofinal well-founded subset.

(23) The Antichain Principle, A: Every poset has a maximal antichain.

(24) The n-coloring theorem, Py,: If all finite subgraphs of a graph G are
n-colorable then G is n-colorable.

(25) Dilworth’s theorem, DT: If (P, <) is a poset of width k for some k € w,
then P can be partitioned into k chains.

(26) Ramsey’s theorem, RT [0, Form 17|: For every infinite set A and for
every partition of the set [A]? into two sets X and Y, there is an infinite
subset B C A such that either [B]> C X or [B]?CY @

(27) The Chain/Antichain Principle, CAC [9, Form 217|: Every infinite poset
has an infinite chain or an infinite antichain.

(28) Eos’s theorem, tT [9, Form 253]: If A = (A, R4) is a non-trivial re-
lational L-structure over some language £, and U is an ultrafilter on
a non-empty set I, then the ultrapower A’ /U and A are elementarily
equivalent.

DEFINITION 2.4 (A list of combinatorial statements).

(1) EDM: If G = (Vg, Eq) is a graph such that Vi is uncountable, then
for every coloring f : [Vg]? — {0,1} either there is an uncountable set
monochromatic in color 0, or there is a countably infinite set monochro-
matic in color 1.

(2) EDM’: EDM restricted to graphs based on a well-ordered set of vertices.

(*) Equivalently, for every infinite graph G = (V, E) and for all ¢ : [V]* — 2, there
exists an infinite set Y C V such that [Y]? is c-monochromatic.
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(3) CAC®: Every poset such that all of its chains are finite and all of its
antichains are countable is countable.

(4) (CACR0): CACM restricted to posets based on a well-ordered set of ele-
ments.

(5) CAC?fO: Every poset such that all of its antichains are finite and all of
its chains are countable is countable.

(6) (CACYe)Y: CACH restricted to posets based on a well-ordered set of ele-
ments.

(7) CACT™: CACM restricted to w-trees.

(8) (CACTM): CACM restricted to w-trees based on a well-ordered set of
elements.

(9) CACTYo: CACY restricted to w-trees.

(10) (CACTY?): CACY® restricted to w-trees based on a well-ordered set of
elements.

(11) For a set A, Sym(A) and FSym(A) denote the set of all permutations
of A and the set of all ¢ € Sym(A) such that {zx € A : ¢(x) # x} is
finite. For a set A of size at least W,, N,Sym(A) denotes the set of all
¢ € Sym(A) such that {z € A: ¢(z) # =z} has cardinality at most R,
(cf. |20, Section 2|).

2.1. Permutation models and Mostowski’s intersection lemma.
We start with a model M of ZFA + AC where A is a set of atoms, G is a
group of permutations of A, and F is a normal filter of subgroups of G. The
Fraenkel-Mostowski model, or the permutation model N with respect to M,
G and F is defined by

N ={zxeM: (Vt € TC({z}))(symg(t) € F)}

where for a set © € M, symg(z) = {g € G : g(x) = x} and TC(z) is the
transitive closure of  in M. If Z C P(A) is a normal ideal, then {fixg(E) :
E € T} generates a normal filter (say Fr) over G, where fixg(E) ={¢ € G :
(Vy € E)(é¢(y) = y)}. Let N be the permutation model determined by M, G,
and Fr. We recall that A/ is a model of ZFA (cf. [I3, Theorem 4.1, p. 46]). We
say E € T is a support of a set o € N if fixg(E) C symg(c). We recall some
terminology from [5) Sections 1, 2|. Let A(E) = {o : fixg(F) C symg(o)} for
E € I. We say that N satisfies Mostowski’s intersection lemma if A(ENF) =
A(E)NA(F) for all E, F € Z. In this paper:

e We follow the labeling of the models from [9]. A is the basic Fraenkel
model, N> is the second Fraenkel model, N3 is the Mostowski linearly
ordered model, and Ny is a variation of N3 (cf. [9]).

e Fix any n € w\ {0,1}. We denote by N},;(n) the permutation model
constructed in |10, Theorem §|.
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LEMMA 2.5. An element x of N is well-orderable in N if and only if
fixg(x) € Fr (cf. [13, equation (4.2), p. 47|). Thus, an element x of N with
support E is well-orderable in N if fixg(E) C fixg(x).

We refer the reader to [9, Note 103, pp. 283-286| for the definitions of

the terms “injective cardinality |x|_ of 27, “injectively boundable statement”
and “boundable statement”.

THEOREM 2.6 (Pincus’ Transfer Theorem; cf. [I7, Theorem 3A3|). If
@ is a conjunction of injectively boundable statements which hold in the
Fraenkel-Mostowski model Vi, then there is a ZF model V' O Vg, with the
same ordinals and cofinalities as Vy, where @ holds.

LEMMA 2.7 (Brunner; cf. [6 Lemma 4.1]). Let A be a set of atoms, G
be a group of permutations of A, and F be the filter of subgroups of G which
is generated by {fixg(E) : E € [A]<¥}. Let N be the Fraenkel-Mostowski
model determined by A, G, and F. If N satisfies Mostowski’s intersection
lemma where A is Dedekind-finite, then for every set x in N, either = is
well-orderable or there exists an infinite subset of A which embeds into x.

2.2. Diagram. We summarize the main results using the first definition
of uncountable sets. We fix any 2 < n € w.

ACpo
AC, “There are no amorphous sets” CACT‘;O C ACTNO
v S - /YA ‘}.{ \"\“
R AK
ACn DC --- :"'0: -p» RT - ----- » CAC --- > AC::

A A ., AN ~ “Konig’s
A\
| | -
| | /’.‘ Y lemma”
I I S \
! ! * an/mm

- N A
20X
CACYo {---» PACM
A A
o I
| RT woaM |- cac:woam

X if X € {BPI,KW, ACwo, P2, DT, WOAM, “Antichain Principle (A)”, CS, MC}

Fig. 1. In the figure, we denote “equivalent to” by ~. We note that (Vn > 3)(P. ~ BPI).
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In Figure 1, known results are depicted with dashed arrows, new implica-
tions or non-implications in ZF are indicated with simple black arrows, and
new non-implications in ZFA are marked with thick dotted black arrows.

3. Known and basic results

3.1. Known results
Fact 3.1 (ZF). The following hold:

(1) RT holds for every infinite well-orderable set, and if RT holds for an
infinite set Y, then RT holds for any set X D Y [25, Theorem 1.7|;
moreover, DF = F implies RT [9].

(2) WOAM implies CUT [15, Proposition 8(i)]. So, WOAM implies “N; is
reqular’.

(3) CACY implies CAC |19, Theorem 4(11)] and CAC implies AC [211
Lemma 4.4].

(4) WOAM + CAC implies CACY® |19, Theorem 8(1)].

(5) CACY® implies PACE! and DC does not imply CAC}® [1, Theorem 4.5,
Corollary 4.6].

We recall the following result communicated to us by Tachtsis.

FACT 3.2 (cf. [T, Lemma 4.1, Corollary 4.2]). (CACY®) holds in any per-
mutation model.

3.2. Basic propositions

PRrROPOSITION 3.3. The following hold:
(1) “Ny is regular” implies EDM’ in ZF.
(2) “Ny is regular” implies (CACY), (CACTY®Y as well as (CACTX) in ZF.
(3) “Ny is regular” + ACﬁg implies CACTY? and CACTN in ZF.
(4) X holds in any permutation model if

X € {EDM/, (CACR0) (CACTY (CACTM)'}.

(5) ACL® implies CACTY® and CACT™ in ZF.

Proof. (1) We modify the arguments due to Tachtsis from [I, Lemma 4.1].
Let G = (Vig, Eg) be a graph based on a well-ordered set of vertices. Fix a
well-ordering < of V. Let f : [Vg]? — {0,1} be a coloring such that all sets
monochromatic in color 0 are countable and all sets monochromatic in color 1
are finite. By way of contradiction, assume that Vi is uncountable. We will
construct an infinite set monochromatic in color 1 in G, reaching a contradic-
tion. Since Vi is well-ordered by =<, we can construct (via transfinite induc-
tion) a maximal set monochromatic in color 0, Cj say, without invoking any
form of choice. Since Cy is countable, it follows that Vi — Cj is uncountable
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and for every vertex v € Vig — Cy, there is ¢ € Cj such that f({v,c}) = 1. We
write Vg —Co = U{W,, : p € Cp}, where W), = {v € Vo—Cp : f({v,p}) = 1}.
Since Vg — Y is uncountable and Cj is countable, it follows by “¥; is regular”
that W, is uncountable for some p in Cy. Let py be the least (with respect
to <) such vertex of Cj. Next, we construct a maximal set monochromatic in
color 0 in (the uncountable set) W), C say, and let (similarly to the above
argument) p; be the least (with respect to <) vertex of C such that the set

Wp, ={ve Wy, —Cr: f({v,m}) =1}

is uncountable. Continuing this process step by step and noting that the
process cannot stop at a finite stage, we obtain a countably infinite set of
vertices {p,, : n € w} monochromatic in color 1, contradicting the assumption
that all sets monochromatic in color 1 are finite. Therefore, Vz is countable.

(2)—(5) These follow from (1) and the fact that the statement “¥; is a
regular cardinal” holds in every permutation model (cf. [§, Corollary 1|) and

ACﬁg is equivalent to “Every w-tree is countable” in ZF. m

PROPOSITION 3.4. (ZF) CAC™ implies ACY".

Proof. Since AC§8 is equivalent to its partial version PACSS (cf. Defini-

tion 2.3), it suffices to show PAng. Let A= {4; : i € w} be a denumerable
family of non-empty, denumerable sets. Without loss of generality, assume
that A is disjoint. For the sake of contradiction, we assume that A has no
partial choice function. Define a binary relation < on A = J A as follows:
for all a,b € A, let a < b if and only if a = b or a € A,, b € A, and
n < m. Clearly, < is a partial order on A. Since any two elements of A
are <-comparable if and only if they belong to distinct A;’s, and A has no
partial choice function, all chains in (A, <) are finite. Next, if C C A is an
antichain in (A, <), then C C A; for some i € w. Thus, all antichains in
(A, <) are countable as A; is denumerable for all i € w. By CACY, A is
countable (and hence well-orderable), contradicting A’s having no partial
choice function. =

PROPOSITION 3.5. Let A be a set of atoms. Let G be the group of permu-
tations of A such that either each n € G mowves only finitely many atoms or
there exists an n € w\ {0, 1} such that n* = 14 for alln € G. Let N be the
permutation model determined by A, G, and a normal filter F of subgroups
of G. Then the following hold:

(1) The Antichain Principle A holds in N .
(2) If WUT holds in N, then both CACY and CAC?O hold in N
(3) If ACYC holds and ACY° fails in N, then CACY® holds and CAC™ fails

m



10 A. Banerjee and A. Gopaulsingh

Proof. Let (P, <) be a poset in N'. Then the subgroup H = symg((P, <))
is an element of F. Following the proof of [19, Theorem 3|, Orbg(p) = {4 (p) :
¢ € H} is an antichain in P for each p € P and O = {Orby(p) : p € P} is
a well-ordered partition of P.

(1) In AV, CS and CWF hold by the methods of [11, Theorem 3.26] and
[24) proof of Theorem 10(ii)|]. In [12], it has been established that CWF is
equivalent to A in ZFA. Thus A holds in N.

Another way to show that A holds in N is to follow the proof of [I3]
Theorem 9.2(2)] and use the fact that Orbg (p) is an antichain in P for each
peEP.

(2) We show CAC® holds in V. Let (P,<) be a poset in A such that
all chains in P are finite and all antichains in P are countable (and hence
well-orderable). Now, P can be written as a well-orderable disjoint union of
antichains. Thus, P is well-orderable in N since WUT holds in N. So, we
are done by Proposition 3.3(4). Similarly, CAszO holds in N by Fact 3.2.

(3) follows from Proposition 3.4 and the arguments of (2). m

COROLLARY 3.6. CS+A+DF = F+ACWO + CACKIQO + DT does not imply

fin
I\/IC§8 in ZFA. Consequently, CACZf0 does not imply CACY in ZFA.

Proof. Consider the permutation model (say M) from [19 proof of The-
orem 5(4)|. In order to describe M, we start with a model M of ZFA + AC
with a countably infinite set A of atoms, which is written as a disjoint union
U{Bn : n € w}, where |B,| = X¢ for all n € w. For each n € w, let G,
be the group of all even permutations of B,, which move only finitely many
elements of B,. Let G be the weak direct product of the G,’s for n € w.
Consequently, every permutation of A in G moves only finitely many atoms.
Let Z be the normal ideal of subsets of A generated by all finite unions of B,,.
Let F be the normal filter on G generated by {fixg(F): E € 7}, and M be
the permutation model determined by M, G, and F. In M, AC}%O, DF =F,
and CAC}® hold whereas MCY° fails, and thus ACY? fails (cf. [I9, proof of
Theorem 5(4)]). Since ACY© holds in NV, and {a € A : g(a) # a} is finite
for any g € G, DT holds in NV following the arguments of |23, Theorem 3.4]
where Tachtsis proved that DT holds in Lévy’s permutation model (labeled
as Model Ng in [9]). The rest follows from Proposition 3.5 and the fact that
if g € G, then {a € A: g(a) # a} is finite. =

PROPOSITION 3.7. (ZF + WOAM) RT holds for any locally countable
connected graph H = (Vig, Egr).

Proof. If Vi is well-orderable, the conclusion follows from Fact 3.1(1).
Otherwise, by WOAM, there exists an amorphous subset Vg C V. Fix some
r € Vg. Let Vo = {r}. For each n € w\ {0}, define V;, = {v € Vi :
dg(r,v) = n} where “dg(r,v) = n” means there are n edges in the shortest
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path joining r and v. By connectedness of G, Vg = |, ¢, Va- Since Vg is
amorphous, there is at most one ¢ € w \ {0} such that V; is infinite. As Vg
is amorphous, the power set P(Vg) of Vi is Dedekind-finite, and thus, for
some ng € w \ {0}, V,, = 0 for all n > ng. As Vi is amorphous (and thus
also infinite) and Vg = (J,,¢,, Vi is a disjoint union, there exists exactly one
t < ng such that V; is infinite. Then V; is countably infinite since |V;_1| < w,
G is locally countable, and the union of a finite family of countable sets
is countable in ZF. As V; is a countably infinite subset of the amorphous
set Vi, which is impossible (since Vi is Dedekind-finite, being amorphous),
we arrive at a contradiction. m

4. Erdés—Dushnik—Miller theorem and its variants
THEOREM 4.1. (ZF) The following hold:

(1) DCy, implies EDM. In particular, Wy, + “Ny is regular” implies EDM.
(2) If X € {CAC}",CAC™ PACE!, ACY’, CAC,ACE°} then EDM implies X.
in 0 in
So, DC does not imply EDM.
(3) EDM implies RT.
(4) DF = F does not imply CACR. Consequently, RT does not imply CACR®
or EDM.

Proof. (1) Following Proposition 3.3 and the arguments of [I9, Theo-
rem 9(1,2)], we can see that DCy, implies EDM in ZF. In particular, let
G = (Vg, Eg) be a graph and f : [Vg]? — {0, 1} be a coloring such that all
sets monochromatic in color 0 are countable and all sets monochromatic in
color 1 are finite. By Wy,, X1 < |Vz| or |Viz| < N;. For the second case, Vg is
well-orderable, and we are done by Proposition 3.3 since DCy, implies Wy,
+ “Ny is regular”. Otherwise, Viz has a subset H with cardinality N;. Since
H is well-orderable, it is countable by the arguments of Proposition 3.3; a
contradiction.

(2) We prove EDM implies CACY. Let (P, <) be a poset satisfying the
hypotheses of CACY. Assume that P is uncountable. Let G = (Vg, Eg)
be a complete graph such that Vg = P and let f : [Vg]?> — {0,1} be a
coloring such that f{z,y} =1if x <yory <z, and f{z,y} = 0 otherwise.
By EDM, either there is an uncountable set monochromatic in color 0 (which
is an antichain in (P, <)) or there is a countably infinite set monochromatic
in color 1 (which is a chain in (P, <)), a contradiction. Similarly, we can prove
EDM implies CAC?O. The rest follows from Proposition 3.4 and Fact 3.1.

(3) Let A be an infinite set such that RT fails for A. Let {X,Y} be a
partition of [A]? such that there are no infinite subsets B of A with either
[B]? C X or [B]2 C Y. Let G = (Vg, Eg) be a complete graph such that
Vg =Aand f:[Vg]? — {0,1} be a coloring with f{z,y} = 1if {z,y} € X
and f{z,y} = 0 if {x,y} € Y. By assumption, all sets monochromatic in
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color 4 are finite for ¢ € {0,1}. By EDM, |Vz| < Rq (since we are using the
first definition of uncountable sets), and thus Vi = A is well-orderable. The
contradiction follows from the fact that RT holds for A in ZF (cf. Fact 3.1).

(4) Consider the model Ny from [9]. We start with a model M of
ZFA + AC where A = |J{B,, : n € w} is a disjoint union, each B, is count-
ably infinite and for each n € w, (B, <,) = (Q,<) (i.e., ordered like the
rationals by <,). Let G be the group of all permutations on A such that for
all n € wand all ¢ € G, ¢ is an order automorphism of (B, <,). Let Z be
the normal ideal of subsets of A which is generated by finite unions of B),’s,
and let F be the normal filter on G generated by {fixg(F) : E € Z}. Let Ny
be the Fraenkel-Mostowski model determined by M, G, and F.

In Ny, DF = F holds and AC§2 fails (cf. [22, Theorem 4], [9, Note 112]).
Pincus [I7] showed that DF = F is equivalent to

(Va) (2] < w — (Df(z) = ¢(2))),

where Df(z) <» =(3y)(y C z A |y| = w) and ¢(x) = “x is finite” (we note
that ¢(x) is a boundable formula). Thus, DF = F is injectively boundable.
Furthermore, —|AC§8 is boundable, and hence injectively boundable. Since ¢

=“DF=F A —|AC§8” is a conjunction of injectively boundable statements,
which has a ZFA model, it follows from Theorem 2.6 that ¢ has a ZF model.
By Proposition 3.4, we can see that DF = F (and thus RT) does not imply
CACY in ZF. u

THEOREM 4.2. The following hold:

(1) WOAM + RT implies EDM and WOAM + CAC implies CACY in ZF. In
particular, EDM does not imply “There are no amorphous sets” in ZFA.

(2) Let A be a set of atoms, G be any group of permutations of A, and F be
the filter of subgroups of G which is generated by {fixg(E) : E € [A]<“}.
Let N be the permutation model determined by A, G, and F. If N satis-
fies Mostowski’s intersection lemma where A is Dedekind-finite, and RT
holds in N, then EDM holds in N .

(3) EDM holds in N3. Consequently, EDM implies none of WOAM, CS, and
A (Antichain Principle) in ZFA.

Proof. (1) Assume that WOAM + RT is true. Let G = (V, Eg) be a
graph and f : [Vg]2 — {0,1} be a coloring such that all sets monochromatic
in color 0 are countable, and all sets monochromatic in color 1 are finite. If
Vi is well-orderable then we are done by Proposition 3.3 and the fact that
WOAM implies “8; is regular” in ZF (cf. Fact 3.1(2)). Assume Vi is not
well-orderable. By WOAM, Vi has an amorphous subset, say A. Define the
following partition of [A]?:

X = {{a,b} € [A]?: f{a,b} =0}, Y ={{a,b} € [A]*: f{a,b} =1}.
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Since (A, EglA) is an infinite graph where all sets monochromatic in color 1
are finite, there is no infinite subset B’ C A such that [B’]?> C Y. By RT,
there is an infinite subset B C A such that [B]> C X. So (4, Eg[A) has an
infinite set monochromatic in color 0, say C'. By assumption, C is a countably
infinite subset of A. This contradicts the fact that A is amorphous.

Similarly, WOAM + CAC implies CACY? in ZF in view of Proposition 3.3.
The rest follows from the fact that WOAM + RT + “There exists an amor-
phous set” is true in the basic Fraenkel model N (cf. |4, [9]).

(2) In N, assume G = (Vg, Eg) and f : [Vg]? — {0,1} as in the proof
of (1). If Viz is well-orderable then we are done by Proposition 3.3. Otherwise,
by Lemma 2.7, there exists a bijection from an infinite subset A’ of A onto
some H C Vg under the given assumptions. Define the following partition
of [H]? as in the proof of (1): X = {{a,b} € [H]? : f{a,b} = 0}, Y =
{{a,b} € [H)? : f{a,b} = 1}. By RT and following the arguments of (1),
there is a countably infinite subset C' of H. Thus A’ is Dedekind-infinite in
N since |H| = |A’|. Consequently, the set A of atoms is Dedekind-infinite
in A/, which contradicts the fact that A is a Dedekind-finite set in N .

(3) We recall the definition of N3 from [9]. We start with a model M of
ZFA + AC with a countably infinite set A of atoms using an ordering < on A
chosen so that (A, <) is order-isomorphic to the set Q of rational numbers
with the usual ordering. Let G be the group of all order automorphisms of
(A, <) and F be the normal filter on G generated by the subgroups {fixg(F) :
E € [A]<%}. Let N3 be the Fraenkel-Mostowski model determined by M, G,
and F. The rest follows from (2), and the following known facts about Nj:

(i) Nj satisfies Mostowski’s intersection lemma (cf. [13]).
(ii) RT is true in N3 (cf. [25] Theorem 2.4]).
(iii) The set of atoms A is a Dedekind-finite set in Nj.
(iv) WOAM fails in N3 (cf. [9]).
(v) CS and LW (“Every linearly ordered set can be well ordered”) fail in N3
[19, Theorem 7] and A implies LW in ZFA [13, Theorem 9.1]. =

PROPOSITION 4.3. (ZF) The statements EDM™ (“If G = (Vg, Eq) is a
graph such that Vg is uncountable, then for every coloring f : [Vg]?> — n
there are some distinct 11,19 € n such that either there is an uncountable
set X1 C Vg monochromatic in color i1 or there is a countably infinite set

Xo C Vg monochromatic in color is”) are equivalent for all integers n > 2.
Moreover, EDM"™ implies RT for alln € w\ {0, 1}.

Proof. Since any f : [Vg]?> — n maps [Vg]? to m if m > n > 2,
EDM™ implies EDM™ under these circumstances. We prove that EDM" im-
plies EDM™ " for n > 2. The rest follows by induction. Let f : [Vg]> — n+1
be a coloring where Vi is uncountable. Let f; : [Vg]> — n be given by
f1(A) = min(f(A),n—1). By EDM" for some distinct i1, i2 € n, either there
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is an uncountable set X; C Vi that is fi-monochromatic in color i1, or there
is a countably infinite set Xo C Vz that is fi-monochromatic in color . Fix
ke {1,2}. If i, <n —2, then f[X3]> =ir € n+ 1.

CaSE (i): i1 = n — 1. Then f(A) € {n,n — 1} for all A € [X;]. De-
fine fo : [X1]> — 2 by fo(A) = n — f(A). By EDM? (which follows from
EDM™), for some j, either there is an uncountable set Y7 C X that is
fo-monochromatic in color j, or there is a countably infinite set Yo C X3
that is fo-monochromatic in color 1 — j where j € {0,1}. Thus either
fiP=n—jen+lor flYo?=n—-1+j€n+1.

CASE (ii): i =n — 1. Then f(A) € {n,n — 1} for all A € [X3]?. Define
the following partition of [X]?:
X = {{ab} € X2 flab} =n), Y = {{a.b} € (Xl : fla,b) =n—1}.
By RT (which follows from EDM?, see the arguments of Theorem 4.1(3)),
there is a countably infinite subset B C X5 such that either [B]2 C X or
[B]? CY. Thus either f[B]?=n€n+1lor f[B?=n—-1€n+1.

This completes the proof of the first assertion. Following Theorem 4.1(3),
EDM? implies RT. Thus, EDM™ implies RT for all n € w \ {0,1}. =

THEOREM 4.4. Fiz any n € w\ {0,1} and X € {CACY CACY, CS}.
There is a model M of ZFA where X holds but AC,, and the statement
“There are no amorphous sets” fail. Moreover, the following hold in M:

(1) =EDM and =EDMF for each k > 2.
(2) Antichain Principle A.

Proof. Let N}y(n) be the permutation model constructed by Halbeisen—
Tachtsis in the proof of [I0, Theorem 8] where AC fails. Let M be a model
of ZFA + AC where A is a countably infinite set of atoms written as a disjoint
union | J{A4; : ¢ € w} where for all i € w, 4; = {a;;,...,q;,} and [4;] = n.
The group G is defined in [I0] in such a way that if n € G, then n only moves
finitely many atoms and for all i € w, n(A4;) = Ay for some k € w. Let F be
the normal filter generated by {fixg(F) : F € [A]<“} where Z = [A]<¥ is the
normal ideal. The model N}, (n) is the permutation model determined by
M, G, and F. The set of atoms A is amorphous in N5 (n) (cf. the proof of
[T0, Theorem 8]). Banerjee [T} 3] observed that CACY?, CS, and CAC}® hold
in N p(n) (cf. Proposition 3.5 as well).

(1) follows from Theorem 4.1(3), Proposition 4.3, and the fact that RT
fails in N1 (n) (cf. [25]).

(2) follows from Proposition 3.5 since if n € G, then 7 only moves finitely
many atoms. m

REMARK 4.5. The referee has informed us that neither CACT™ nor
CACT}IQO is provable in ZF. Consider the second Fraenkel model N2 of [9],
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in which the set A of atoms is a countable disjoint union of pairs so that
A =J{A4n : n € w} where |A,| =2 for all n € w and, for all n,m € w with
n # m, A, N A, = 0; G is the group of all permutations of A which fix A,
for every n € w, and F is the normal filter on G generated by the subgroups
fixg(E), E € [A]<“. Let

P={0}U{f: fisa choice function for {4, :i < n} for some n € w}.

Define a partial order < on P by stipulating, for all p,q € P, p < ¢ if and
only if p C ¢. It is clear that (P, <) € Ny (because Symg((P, <)) =G € F).
Furthermore, (P, <) is an w-tree (with () as its root), whose chains are all
finite since the family A = {A,, : n € w}, which is countable in N>, does not
have a partial choice function in N;. Following the proof of |26, Theorem
2.11], we can see that all antichains in P are finite in N5. For the sake of
contradiction, assume that U is an infinite antichain in P. Let E € [A]<¥
be a support of U. Without loss of generality assume that £ = J,,, Ax for
some k € w. Let

V= {p € P:dom(p) ={Ag,..., A} AN3feU)p < f)}
Since U is infinite and [[,., A; is finite, we see that V' # @) and there is an
element py € V such that Y := {f €U :py C f} is infinite. This yields the
existence of at least two elements f and g of Y such that dom(f) C dom(g).
Let

M={mecw: A, €dom(f)Ndom(g) and f(Am) # g(Am)}

Then for all m € M, we have m > k. Let ¢ be the permutation of A which
swaps f(An,) and g(A,,) for all m € M, and fixes all the other atoms.
Clearly, ¢ € fixg(F). Since E is a support of U, we have ¢(U) = U. Thus
o(f) € U. However, ¢(f) = gldom(f), so ¢(f) € g. This contradicts the
fact that U is an antichain in P. Thus, every antichain in P is finite.
However, P is not countable in N3, and thus CACT® and CACT}? are
both false in Ns. Now, since =CACTN and —CACT?O are boundable and
have a permutation model, it follows from the Jech—Sochor First Embedding
Theorem (see |13 Theorem 6.1]) that they have a symmetric ZF-model.

5. L.o§’s theorem, and the uniqueness of algebraic closures. We
recall a fact that we need in order to prove Theorem 5.2.

Fact 5.1. If K is an algebraically closed field and 7 is a non-trivial
automorphism of K satisfying m* = 1k, and if i = /—1 € K, then 7(i) =
—1 # 1 (cf. |9, Note 41]).

THEOREM 5.2. (ZFA) The following hold:

(1) ACO 4 Form 233 implies neither £T nor Wy, .
(2) ACO 4 Form 233 + EDM implies neither £ T nor Wy, .
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Proof. (1) We consider the permutation model A/ given in the proof of
[21, Theorem 4.7] where ACtC holds and LT fails. We start with a model M
of ZFA + AC with an N;-sized set A of atoms such that A =J{A4; 17 <N}
where |A4;] = Ro for all i« < Ry, and 4; N A; = 0 for all 4,5 < Ny with
i # j. Let G be the group of all permutations ¢ of A such that (Vi < Np)
(37 <Nq)(¢(A;) = Aj), and ¢ moves only Ry atoms. Let F be the normal
filter of subgroups of G generated by fixg(FE), where E = |J{A4; : i € Z} for
some Z € [X;]<M. The model N is the permutation model determined by
M, G and F. We note that if x € N, then there exists F = |J{A4; : i € T}
for some Z € [N;]<™ such that fixg(E) C Symg(z). Any such set E C A is
called a support of x.

CrAIM 5.3. Form 233 holds in N.

Proof. Fix a field K in N. Let K be an algebraic closure of K’ in N/
with support E = |J{A; : i € K} for some K € [R;]<®1. We show that K
is well-orderable in N. Otherwise, there is a € K and a ¢ € fixg(F) with
¢(x) # x. Under such assumptions, Tachtsis constructed a permutation ¢ €
fixg(F) such that 1 (z) # = but ¢? is the identity mapping (cf. the proof
of LW (“Every linearly ordered set can be well-ordered” [9, Form 90]) in N/
from |21, Claim 4.10]). The permutation ¢ induces an automorphism of X
and we can therefore apply Fact 5.1 to conclude that ¢ (i) = —i # i for
i=+v—-1€eKk.

In order to obtain a contradiction, we prove that for every 7 € fixg(F),
7(i) = i for every i = v/—1 € K. Fix an i = v/—1 € K. It is enough to
show that F is a support of i. We note that ¢ is a solution to the equation
22 4+ 1 = 0 all of whose coefficients are fixed by any 7 € fixg(E). So if n €
fixg(E), then n(i) is also a solution to x2+1 = 0. Suppose E is not a support
of i. We follow the subsequent three steps to complete the proof.

STEP 1: We follow the ideas due to Tachtsis from [25, proof of Lemma 1|
to show that if z € N and E1, Eo are supports of z, then E1NEs is a support
of z, i.e., N satisfies Mostowski’s intersection lemma by making the minor,
necessary, modifications.

Let x € N and By = |J{4; : i € K1}, B2 = U{A; : i € K3}, where
K1,Ks € [Ry]<M1) be two supports of x. Let ¢ € fixg(F; N Ey), where
Ei\NEy =J{A; i € KinKsy}. We will show that ¢(z) = z. In particular, we
construct permutations p; € fixg(E1), p2 € fixg(E2), and ¢’ € fixg(F1 U Es)
such that ¢ = p; ' py "¢/ pap1. Then ¢(x) = py ' py ¢/ papi(x) = , and we are
done.

We first let A = {A; : i < Ry} and, for a set * C A, we let tr(z) =
{i eNy: ANz #0} Put W={a€e€A: da) # a} and W* = |J{4; :
i € tr(W)}. Note that, from the definition of G, W is countable, and thus
so is W*. Let U,V be two disjoint subsets of A such that each of the sets
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U=JU and V = JV is disjoint from E; U E; UW*, tr(U) has the same
order type as K2\ K and tr(V') has the same order type as (KU tr(W))\ Ka.
Consider two bijections f : U — Ey \ Eqy and g : V — (Eqy UW*) \ E3 such
that if ¢ € tr(U) and j € tr(V), then f[A;] € {Ar : k € K2\ K1} and
glA;]l € {Ag - k€ (K1 Utr(W)) \ K2}. We define

pr = [J(w ) and ps = [] (@ 9(0)),
uelU veV
i.e., each one of p; and po as a product of disjoint transpositions. Define
¢ = pap1dp; tpyt. We can see that p; € fixg(Fy) and py € fixg(Es). In
order to see that ¢’ € fixg(Ey U E3), let e € Ey U E3. We consider three
cases: e € Fo \ Ej or e € E1 N Ey or e € Fp \ Es. In each of these cases, we
can see that ¢'(e) = e. This completes the proof of Step 1.
Let E’ be a support of ¢ and let F = E'\ E. Then F # () (since FE is not
a support of i) and F N E = (). Without loss of generality, we may assume
that £ C E'.

STEP 2: Using Step 1, we prove that if ¢, ¢’ € fixg(E) and ¢(F)N¢'(F)
= (), then ¢(i) # ¢'(i). For the sake of contradiction assume that ¢, ¢ in
fixg(F) are such that ¢(F)N¢'(F) = () and ¢(i) = ¢’ (7). Then (¢') 1o (i) = 1.
Since E’ supports 1, it follows that (¢')~'¢(E’) supports (¢')~1¢(i) = i. By
Step 1, (¢')"'1¢(E’') N E' supports i. However, (¢')"1¢p(E') N E' = E since
H(F)NG'(F) =0 and ¢, ¢ € fixg(F), which contradicts the assumption that
E is not a support of 7.

STEP 3: Using Step 2 and the features of A/, we can observe that there
is a set S = {¢p(i) : k € w} in N such that for every k € w, ¢y € fixg(F),
and for all k,l € w, if k # 1 then ¢ (i) # ¢(i).

In particular, we consider a denumerable collection {B; : i € w} of subsets
of A\ (EUF) where B; = |J{A; : j € K;} for some K; € [N1]< such that
|K;| = |tr(F)] for every i € w, and B; N Bj = 0 if ¢ # j. For every k € w,
let Hy, : F — By, be a bijection such that, for every i € tr(F'), Hi[A;] = A;
for some j € Ky, and also let ¢p, = [[,cp(a, Hi(a)). Then ¢y (F) = By. Fix
any k,l € w such that k # [. By Step 2, ¢x(i) # ¢;(i) since B N B; = 0.
Since, E’ is a support of 4, ¢p(E") is a support of ¢y (i) for every k € w. Then
Ukew @x(E') is a support of S = {¢y(i) : k € w} since the set of supports
is closed under countable unions. Consequently, the set S is in N and S is
infinite (in fact, countably infinite).

So, the equation 2% 4+ 1 = 0 has infinitely many solutions in C, which is
a contradiction. Thus, F is a support of 4.

Since K is well-orderable in A/, we can use transfinite induction without
using any form of choice to finish the proof. m

CramM 5.4. Wy, fails in N.
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Proof. First, we show that Sym(A) = RXoSym(A) in N. For the sake of
contradiction, assume f € Sym(A)\RoSym(A). Let E = |J{A; : i € Z} with
T € [Ny]<™ be a support of f. Then there exists i € ¥; \ Z such that a € 4;,
be A\ (EU{a}) and b = f(a). Let b € A;. Consider ¢[A; such that ¢[A4;
moves every atom in A; except b and ¢[(A\ A;) = 144, Clearly, ¢ € G.
Also, ¢(b) = b, ¢ € fixg(F), and hence ¢(f) = f. Thus

(a,0) € f = (¢(a), ¢(b) € &(f) = (9(a),b) € &(f) = f.
So f is not injective; a contradiction. If b € A\ (E'U A4;), then consider ¢[A4;
such that ¢[A; moves every atom in A; and ¢[(A\ 4;) = 14\ 4,- Again ¢ € G,
and we easily obtain a contradiction.

We note that |A| £ ¥y in N. In order to show that Wy, fails, we prove
that there is no injection f : X; — A. Assume there exists such an f and
suppose {Yn}nex, 18 an enumeration of the elements of Y = f(X;). We can
use transfinite recursion, without using any form of choice, to construct a
bijection h : Y — Y such that h(xz) # = for any € Y. Define g : A — A
as follows: g(x) = h(x) if x € Y, and g(x) = x if ¢ € A\ Y. Clearly
g € Sym(A)\ RoSym(A), and hence Sym(A) # NoSym(A); a contradic-

tion. m

(2) Consider the permutation model of (1) (say N') by replacing Ry and Ry
with Ny and Ry respectively. Following the arguments of [2I, Theorem 4.7],
we can see that AC'O holds in N, but T fails. By the arguments of the
previous proof, Wy, fails and Form 233 holds in A. Moreover, DCy, holds
since 7 is closed under < Yy unions (cf. [I3 the arguments in the proof of
Theorem 8.3(i)]). Consequently, EDM holds by Theorem 4.1(1). =

6. Concluding remarks and questions

6.1. Remarks. (1) Recently, Banerjee [2] and Karagila [14] proved that
if V' is a model of ZFC, then DCy, can be preserved in the symmetric ex-
tension A of V' (symmetric submodel of a forcing extension where AC can
consistently fail) if the forcing notion PP is either No-distributive or Na-c.c.,
G is any group of automorphisms of P, and the normal filter F of subgroups
over G is No-complete. By Theorem 4.1, EDM holds in N.

(2) By Theorems 4.1(1,3), and the facts that DCy, does not imply £ T
and LT does not imply RT in ZF (cf. |21, Theorems 4.3, 4.13]), £T and EDM
are mutually independent in ZF.

(3) Fix X € {BPI,KW,ACwo, 2-coloring theorem, “There are no amor-
phous sets”}. Blass [4] proved that RT is false in the basic Cohen model
(Model M; in [9]) where X holds. Following Theorem 4.1(3), X does not
imply EDM in ZF. On the other hand, X fails in Nj. Thus EDM and X are
mutually independent in ZFA by Theorem 4.2(1).
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(4) Fix X € {A,WOAM, CS}. We can see that X and EDM are mutually
independent in ZFA. Following Theorem 4.4 and the fact that X holds in
N (2) X does not imply EDM in ZFA. The other direction follows from
Theorem 4.2(3).

(5) Consider the permutation model M from Corollary 3.6 where CAC™
fails (and thus EDM fails by Theorem 4.1) and DT holds. Secondly, we con-
sider the permutation model V from [I9, Theorem 9(4)] where DT fails
and DCy, holds, and hence EDM and CAC™ hold as well. Consequently,
if X € {EDM, CAC™}, then X and DT are mutually independent in ZFA.

(6) Following the arguments of [19, Theorem 4(11)| due to Tachtsis
(where he proved that CACY implies CAC in ZF) we can see that CACRN
implies CAC in ZF. By Theorem 4.1(4), CAC does not imply CACY in ZF
since DF = F implies CAC in ZF.

(7) The referce remarked that CACTY® + CACT® — CAC in ZFA. In
particular, by [I9, Theorem 6] due to Tachtsis, ACwo (i.e., the axiom of
choice for families of non-empty, well-orderable sets) does not imply CAC
in ZFA, and thus neither does ACﬁg imply CAC in ZFA. This, together with
Proposition 3.3(5) yields CACT}? + CACT™ does not imply CAC in ZFA.

(8) In the second Fraenkel model N3, AC?ﬁ fails but MC holds. By The-
orem 4.1, if X € {EDM, CAC}®, CACY} then MC does not imply X in ZFA.
Since MC fails in N7, EDM and MC are mutually independent in ZFA by
Theorem 4.2.

6.2. Questions

QUESTION 6.1. Does CAC® imply CAszO in ZF or in ZFA?

QUESTION 6.2. Does BPl + DC imply EDM in ZF or in ZFA?
QUESTION 6.3. Does WOAM imply CAC® in ZF or in ZFA?

QUESTION 6.4. Does AC'C imply EDM in ZFA?

QUESTION 6.5. Does EDM hold in Brunner/Pincus’s Model (Nag in [9])?

QUESTION 6.6. Does either of CACT™ and CACT}® imply ACE° in ZF
or in ZFA?

QUESTION 6.7. Does AC? hold in Pincus’s Model X (N4 in [9])?
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