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Abstract. We consider the initial boundary value problem for a Boussi-
nesq-type equation with a logarithmic damping term and variable-exponent
nonlinearities, which was introduced to describe some physical phenomena
such as propagation of small amplitude and long waves on the surface of
shallow water. The blow-up of solutions is proved for positive as well as
negative initial energy.

1. Introduction. In this paper, we study the variable-exponent fourth-
order wave equation with a logarithmic damping term,

(1.1)  uy — Au— alugy + A%u+ div(Vu - In |[VuP®) — bAu; = [u|?1® 2y
for (x,t) € £2 x [0,T), with the initial conditions

(1.2) u(z,0) = up(z), w(z,0)=ui(z), =€,

and the boundary conditions

(1.3)

u(z,t) = g:;(a:,t) =0 or u(x,t)=Au(z,t)=0, (z,t)€ 0 x]0,T),
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where 2 C R™ (n > 1) is an open bounded domain with smooth boundary
012, T > 0 is the maximum existence time of v and n is the unit outward
normal on 9f2. Here a,b > 0 and the exponents p(-), ¢(-) are given measurable
functions on 2 such that

00 n<3
0<p1§p(90)§p2<{27; ’

g, N =3,
2< 1 < qlz) < <{oo, n <3,
Sq1>4(T) = Q2

2n_ n > 3,

n—2’
with

i cssintpla),  pa = esssupp(a),
zEef? zeN

q1 = essinfq(x), g2 := esssupq(z).
zel? z€N

In recent years, there has been an increasing activity on models involving
nonlinear fourth-order partial differential equations. For example, Di et al. [9]
considered the equation

uy + A*u = |ulPu,

and obtained the global existence and uniqueness of regular solution and
weak solution by using Galerkin approximation and potential well methods.
In another study, Yang et al. [29] investigated a fourth-order wave equation
with a strong damping term of the form

g + A%u — Au — Auy = f(u).

They proved the finite time blow-up of solutions at three different initial en-
ergy levels. Di and Shang [8] studied the following double dispersive-dissipa-
tive fourth-order wave equation with nonlinear damping and source terms:

uy — Au+ A%u — Auy — Ay + alue| ™ >up = blufP "y,

and proved the global existence and asymptotic behavior of solutions by
using the Galerkin and monotonicity compactness methods. Later, Chen and
Xu |7] considered the following fourth-order dispersive wave equation with a
nonlinear weak damping term, linear strong damping and logarithmic source
terms:

ugr — Au 4+ A% — w(Augy + Aug) + Jug| tug = wlin|ul.

Under several conditions for initial data, they established the global existence
of solutions and infinite time blow-up, by using the potential well method.
Also, they compared and discussed the blow-up of solutions from two differ-
ent strategies. In the first one, the authors assumed that the blow-up result
is bound to the original logarithmic source by weakening the dispersive-
dissipative structure, while the second one is based on the nonlinear wave
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equation with complete dispersive-dissipative structure, but the logarithmic
source is replaced by an enhanced version. Recently, Zhang and Zhou [30]
considered the sixth-order Boussinesq equation with logarithmic nonlinearity:

u — alAuyy — 20Auy — aA3u + A% — Au + A(ulogu) =0,

in a bounded domain of R™. They proved the well-posedness and dynamical
behavior of solutions. The main ingredient of their work is the introduction
of several conditions on initial data leading to global existence of solutions
with finite time blow-up. In another study, Pang et al. [18] studied the global
existence and blow-up in infinite time for the following fourth-order wave
equation with damping and logarithmic strain terms:

(Jta, | 10 Jua, |P) — Aug + |ue ™" = [ul ",

"9
g + oA’y — BAu + Z D,
i=1 "

where o, f > 0 and in a bounded open subset of R (n < 3).

On the other hand, wave equations with variable-exponent nonlineari-
ties and nonstandard growth conditions attracted the attention of many re-
searchers in recent years. Ferreira and Messaoudi [12] considered a nonlinear
viscoelastic plate equation with a lower-order perturbation of the form

A N i A
2 [e— — —
(1.4)  Opu+ Azu ;_1 oz, ( oz, 8%) + S pu(t — s)Agzu(s)ds

0
— €A O+ f(u) = 0.

They proved a general decay result under suitable conditions on g, f and the
variable exponent of the p'(z,t)-Laplacian operator

n pi(z,t)—2
Ap (@t = Z 88 < Ou Ou )

im1 €T; a:Ej 6:@
Later, Antontsev and Ferreira [1| proved a blow-up result for with
negative initial energy under suitable conditions on g, f and the variable-
exponent of the p'(x,t)-Laplacian operator. Recently, Shahrouzi |25 stud-
ied the following variable-exponent fourth-order viscoelastic initial boundary
value problem:

t
el gy + Al(a + b Au|™72) Au] — | g(t — 5) A%u(s) ds
0
= [uP® 2y, 2zen, t>0,
u(z,t) =0, xe€ly, t>0,
aAu(x,t) = Sf) g(t — s)Au(s) ds — b| Au|™®) =2 Ay, xely, t>0,
’LL(l’,O) ZUO(m)v ut($70) :Ul(x)a T € {2,



84 M. Shahrouzi et al.

where 2 C R" (n > 1) is a bounded domain with smooth boundary 02 =
I U I7. Under suitable conditions on variable exponents and initial data,
he proved that the solutions will grow up as an exponential function with
positive initial energy level. See also |25, |13} |16, (17} 19, [20} 24, |26(28].

In addition to the introduction, this paper consists of two sections. Firstly,
in Section 2, we present the definitions and some properties of the variable-
exponent Lebesgue spaces LP()(£2) and the Sobolev spaces W'P()(£2) and
we introduce the energy functional. In Section 3, we prove the blow-up of
solutions for positive initial energy F(0) < 0 and negative initial energy
E(0) < 0.

2. Preliminaries. In this work, we use the standard Lebesgue space
LP(£2) and Sobolev space H¥(2) with their usual scalar products and norms.
We denote by || - ||, the L9-norm over §2. In particular, the L%norm in (2 is
denoted || - ||.

To investigate problem 7, some information about the Lebesgue
and Sobolev function spaces with variable exponents is required (for more
details, see |6}, 10]).

Suppose that p : 2 — [1,00] is a measurable function, where 2 is a
subset of R™. The variable-exponent Lebesque space is defined by

Lp(')(Q)

= {u ‘ u is measurable in {2 and S |Au(z)[P@®) do < oo for some A > O}.
Q

The Lebesgue space Lp(')(Q) is equipped with the Luxemburg-type norm

u(z) p(z) }
S — der <15;.
ol A
LEMMA 2.1 (|10]). Let £2 be a bounded domain in R™. The space
(LPO(92), || - lp()) s @ Banach space, and its conjugate space is L10)(2),
7+ L= 1. For any f € LPV)(2) and g € LIV (), we have the

1
q(@) ' p(@)
generalized Holder inequality

1 1
dz| < +> . <2 . -
‘(Sz fgde| <p1 N7l gl < 2o gl

||qu() = inf {)\ >0

where

The following formula is used to determine the relationship between the
modular {,, |f[P®) dz and the norm:

min([| £2, 1 £122,) < § P de < max(|FIEL . 122, )
2
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The variable-exponent Sobolev space WP () is defined by
WhPO(2) = {u € LPO(2) : Vyu exists and |Vau| € LPO(02)}.
It is a Banach space with respect to the norm
ullyrror @) = lullpe) + 1Vaullpe)-

Furthermore, let Wol’p(‘)(Q) be the closure of C§°(£2) in W'P()(0) with

respect to the norm |[[ul|; ). For u € Wol’p(')(Q), an equivalent norm is
defined as

[ullipe) = [Vaullpe-

Let the log-Hélder continuity condition be satisfied by the variable compo-
nent p(-): there are constants A > 0 and 0 < ¢ < 1 such that

Ip(x) — p(y)| for all z,y € 2 with |z — y| < 0.

< .
log |z — y|

LEMMA 2.2 (Poincaré inequality [6l [10]). Suppose that §2 is a bounded
domain of R™ and the log-Hdélder condition is satisfied by p(-). Then

(2.1) ullpey < epllVaullpy  for allu e Wy (1),
where ¢, = ¢(p1, p2,|£2]) > 0.
LEMMA 2.3 ([6[10]). Let p(-) € C(£2) and q: 2 — [1,00) be a measurable

function that satisfy

essinf(p*(z) — g(z)) > 0.

Then the Sobolev embedding Wol’p(')(ﬂ) — LI0)(2) is continuous and com-
pact, where

np .
P = aepr WL <m,
o0 if p1 > n.

Moreover, if the log-Holder condition is satisfied by p(-), we have

np(z)
s\ _ ) np(x) if p(z) <n,
P(@) {oop if p(x) > n.

LEMMA 2.4 (Young inequality [10]). Let q,q¢',s: 2 — [1,00) be measur-
able functions such that

1 1 1
@) g + 7@ for a.e. x € (2.

Then, for all X,Y >0,
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By taking s = 1, it follows that for any 60 > 0,
(2:2) XY < 0X90) +C(0,q(-) Y70,
a'(

where C(0,q(+)) = q%(.)(é?q(-))_ at)

In order to prove the blow-up result with positive initial energy, we use
the following lemma that was introduced in [15] and called the modified
concavity method.

LEMMA 2.5. Let u > 0, ¢1,c2 > 0 and ¢1 + ca > 0. Assume that L(t) is
a twice differentiable positive function such that

L(t)L"(t) = (1 + p)[L' ()] = —2e1 L(t) L' (t) — eo L(2))?
forallt > 0. If
L(0) >0 and L'(0)+~vu "L(0) >0,
then there exists a finite time t* such that

L(t) - 400 as t—t".

Y1 =—c1+/A+uce and 2= —c1 — /3 + pca.

For the sake of completeness, the local existence result for problem ((1.1))—
(1.3) is stated as follows. This theorem could be proved by the Faedo—
Galerkin approximation method. For details we refer the reader to |11} |14}
18| 21-23).

Here

THEOREM 2.6 (Local existence). Let (ug,u1) € HZ(£2)x HE(§2) be given.
Assume that variable exponents are bounded. Then problem (1.1)—(1.3) has

a weak solution such that
we L®0,T; HX(2) N LIV(Q2)),  u; € L=(0,T; HE (1)),
ug € L*(0,T; HY(£2)).
The energy of the system is defined by

1 a 1 1 1
(23) E(t) = llull® + IVl + 1Al + 5[ 9ul® + 5 | (@) [Vl do
9]

1 1
S — u|q(x) dx — 2 S Vu)? In |[VulP@)
0 ( 0

LEMMA 2.7 (Monotonicity of energy). Assume that u(z,t) is a local so-
lution of (1.1)—(1.3). Then, along the solution, we have

(2.4) E'(t) = —b|| V| < 0.
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Proof. Multiplying equation (|1.1)) by u; and integrating over {2, inequal-
ity (2.4) can be obtained for any regular solution. By a simple density argu-
ment, the inequality is fulfilled for weak solutions. m

3. Blow-up results. This section has two parts. First, we assume that
problem f has positive initial energy and prove that under suitable
conditions on the data, there exists a finite time such that the solutions
blow-up at this time. Next, the blow-up of solutions with negative initial
energy under appropriate conditions on the variable exponents is proved.

3.1. Blow-up result for positive initial energy. In order to prove
the blow-up result for positive initial energy, we define, for any € > 0,

(3.1) P(t) = S u(uy — alAug) de + g||VuH2 - gE(t)
2

Regarding the functional 9 (-), we have

LEMMA 3.1. Assume that u(x,t) is a local solution of (1.1)-(1.3) and
a > max {cz,4b%/p1} where co satisfies inequality (2.1) for p(x) = 2. Then,
along the solution, the functional () satisfies

2b
b(t) > (0)e".
Proof. Differentiating (3.1]), we obtain

(3.2) (1) = ||wel* + al| Vue||* + S u(uge — alAug) dx + b S VuVu dx
%) 2
2

- ZFE'(t
RAQ
2 20 2
= [lwel® + (@ + = JIVuel® + | u(un — aduy) do
c )
+b S VuVu dz,
o

where (2.4]) has been used.
Multiplying (|1.1)) by u to estimate the integral terms on the right hand

side of (3.2), we get
2b
(33) W) = lul+ <a+ ) IVul® = [Val? - || Aul?

+ | 1Vul? In [VulP® dz + § [u]?®) dz.
2 17,

At this point, since € is an arbitrary positive constant, we infer from ([3.3)
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that
(3.4)

W(t) — () = el + (a+ )HWP Il — [} AP

S (Vul? In |VuP® de + S u|1®) dx

Q

—€ S u(ur — aluy) do — —||VuH2 +2E(t)

Q
ESU x—sagVuVutdx——\|Vu||2+2HutH2

2 0

1
+2(a ) [V al|* + | [ul9™) da + 5 | p(2)|Vul da
Q Q
2§ \ulq

Thanks to the additional conditions on the variable exponents, we deduce

P (t) —ep(t) > Suutdzc—saSVuVutdx—i— <2—>||Vu||2
9] (9}
-2
(3.5) —|—2Hut||2+2(a+ >y|v 12+ T | Jul?®) dz.
1

n

By using the Young and Poincaré inequalities, we have

b
(3.6) sjguutdx( < e 2l + Zjue)?
402 b
Q
eb X&)
< L IVul? + ==,
b
(3.7) 5a’ S VuVuy da:‘ < £a<4a||VuH? + bHVutHz)

N

eb ca?
< S Ivul*+ fIIVUtIIQ-
Combining (3.6)) and (| with (| ., we obtain
ECy

38) W) - cv() > (1’2 —eb ) 9ulP + (2 - b) o

b -2
#2(a 2o )il + L2 o do

2
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Now, if we set € := 2b/a then by using the assumption of Lemma we get

2b
Y~ () 2 0;
integrating from 0 to ¢, we get the desired result. m

THEOREM 3.2. Suppose that the conditions of Lemma[3.1] hold. Suppose
the initial data ug,uq satisfy

b
(3.9) 0< E(0) < Z(S up(uy — aAuy) dr + 2IIVu<)H2>-
2

Then, along the solutions of problem (1.1)-(1.3), there exists a finite time t*
such that

lim (||u||? + a||Vu|?) = +oc.
t—t*
Proof. Define
(3.10) L(t) = ||ull* + a]| Vul]?,

and therefore

(3.11) L'(t)y=2 S uug dz + 2a S VuVu dz,
2 (9}

(3.12) L'(t)=2 S uug dr + 2||we||? + 2a S VuVug de + 2al| Vg,
2

(9}
It is easy to see that

(3.13)  L"(t) = 2lluel* + 20| Vue||* — 2/|Vu]|* - 2|| Aul|?

+ 2 S |Vu]2 In |Vu\p(m) dx —2b S VuVugdr + 2 S |u|q(m) dx
9] 9] 9]

4b b

= <¢(t) - S u(uy — aluy) doe — QHVuHQ)

2

+4AB(t) + 2||ue|® + 20| Ve | = 2[[Vul|* — 2] Aw?

+2 S IVul? In |[Vu[P®) dz — 2b S VuVuy dx + 2 S u|9®) dz,
9] 9] 9]

where the definition (3.1]) of ¥)(¢) has been used.
Next, by using the additional conditions on the variable exponents and

(2.3)), we see from ([3.13)) that
(3.14)

4 2b*
L'(t) > j(w(t) - S uur der — a S VuVuy dx) + <p1 - > |V
a 0 0 a

2(q1 — 2
+ 4)ug]|* + 4a|| Vg ||* + Hn=2) S |u|?®) da — 2b S VuVu dz.
a1

2 2
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Thanks to Lemma since ¢; > 2 and v (t) > 1(0), we obtain
(3.15)
4b 2b°
L'(t) > ¢( ) — (S uurdr + a S VuVu, dl‘) + (pl - ) | Vu|®

a a

Q Q

+ 4|ug]|* + 4a|| Vug||* — 2b S VuVu dz.
Q

Multiplying both sides of ( - by L(t) we get

2
310) LOL'(0) > LwOL0) - ZLOU@) + (- 2L ) IVuPLE)

a
+4(|ugl|* + al| Vue|*)L(t) — 2bL(t) | VuVu, da.
9]

To estimate the last term on the right-hand side of (3.16[), by using the
Young inequality, we obtain

b2
(3.17) ‘Qb | vuvu, da:’ < 3a[ V|2 + 2|Vl
a
2
By inserting (3.17)) and ( into , we deduce
(3.18)

2
LWL (1) > —%bL(wL'm n (nutu? FallVaul? + (- 3 ) IVal? )20,

On the other hand, by using (3.11), and the Holder, Young and Poincaré
inequalities, we have

2
(3.19) (L'(t)?* = 4<S uug dr + a S VuVuy d:c)
0 0
< Aflul®[luel® + 4a® | Vu|? [ Ve |
1 2 a 2
+8a(2a{§2uutdx} +2{§2VuVutdw} )
< Aflul®[luel® + 8a® | Va2 Vue | + 4 ||Vl e

Now, there exists a positive constant v < 1 such that for sufficiently large
p1 and a (see the hypothesis of Lemma [3.1)), (3.19) gives

(3.20)
2

b
(@) < v (hul? + ol Tl + (o1~ 5 )19 )l + ol 9l

7H°
= (thul? + ol Tl + (1 - 3 )Ivul? ) 2o
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Applying (3.20) in (3.18)), we obtain

2b
(3.21) L)L (t) =y (L (1)* = —LOL(),
Hence, we see that the hypotheses of Lemma [2.5] are fulfilled with

b
pzy_lfl, co=-, c2=0.
a

Therefore, the modified concavity argument shows that there exists a finite
time t* such that the solutions blow up at this time, i.e.
lim ([[u]® + af| Vu|?) = +oo,
t—t*
and the proof of Theorem [3.2]is complete. =
3.2. Blow-up result for negative initial energy. Our blow-up result
for certain solutions with negative initial energy reads as follows:

THEOREM 3.3. Let the conditions of Theorem [2.6] hold and assume that
E(0) < 0. Then there exist positive constants Ay, A1 and sufficiently small
e > 0 such that solutions of problem (1.1)—(1.3|) blow up at a finite time

t* S /11(1 —U 0') :
edoop1-7(0)
where 0 < o < 1 and ¢(t) is given in (3.23).

Proof. Define H(t) = —FE(t). By using monotonicity of energy, i.e. (2.4]),
we arrive at

(3.22) H'(t) = b]|Va||? > 0.
Then negative initial energy and (3.22) give H(t) > H(0) > 0. Also, by the
definition of H(t), it is easy to see that

Ht) < | iyu\q@) dx + % | IVl In [VufP™ da.

5 a(x) s
Define, for 0 < ¢ < 1, and with € > 0 to be specified later,
(3.23) ¢(t) = H'77(t) + e | u(uy — aduy) da.
2

By taking the derivative of (3.23]) and using (1.1, we get
(3.24)
¢ (t) = (1 —o)H' () H 7 (t) + e|lug]|® + eal| Vug||* + ¢ S u(ug — aAuyy) dx
Q
= (1= o) H'(OH 7 (t) + elluel|” + al| Vue||* — ¢ Vul|* — e]| Au]?
+e€ S IVul In |[VulP@® da — eb S VuVudr + ¢ S |1 da.
Q Q 2
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By using the definition of H(t) and for any § > 0, from (3.24)) we get

&' (t) = 6H(t) + (g + E) l|ug]|? + a(g + E) Vg ||* + (g — 5) |V

5 , 3§ , 1 e
+(2—€>HAUH +4Sp( )| Vul®de —§ é}q( [ul

o, R

+e S |u|9®) da + (6 - 2> S IVul? In |[Vu[P®) dz
0] 9]

+(1—o)H' ()H™(t) — eb | VuVu, dz.
(0}

Thanks to the boundedness of p(-) and ¢(+), we deduce
/ 0 2 0 2 g 2
o) 2 81(t) + (5 + )l +a § 2 ) IVl + (5 <) 1Vl
o op1 )
7 Aull? + 224 2 _Z q(z)
+ (2 €>H ul|* + 1 |Vul|* + (8 q1> S |u| 1" dx

0
+ <5 B g) V IVul?In [Vul"®) do + (1 — o) H' () H (1)
(0]
—¢b g YuVuy dz.

n

Since g1 > 2, we obtain

(3.25) ¢'(t) > SH(t) + (g + s) g ||* + a(i + €> (| Vg ||

+(5-2)Ivull+ (5 - <) 1w + 2wl
(8 - ) (S |u|9®) da + S IVul? In [Vu[P@) dm)
2 2

+(1—o)H' ()H°(t) — eb | VuVu, dz.
(9}

Now, if we set § := 2¢, then inequality (3.25)) takes the form

6]01 |

(3.26) ¢ (t) > 2eH (t) + 2¢||ug||® + 2ae|| Ve ||* + |Vul?

+(1—o)H'(t)H () —eb | VuVut d.
0}

Using the Cauchy—Schwarz and Young inequalities, it is easy to estimate the
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last term on the right-hand side of (3.26) as follows:

b2 b
ob| | VuVue de| < SVl + 29w = SRVl + 28 ),
1
9]

T P1

where (3.22) has been used.

Since H(t) > H(0) > 0, there exists a sufficiently large constant K such
that

b
(3.27) eb‘ | vuva, d:v’ < E%HVuHQ n ;—KH“’(t)H’(t).
1
(9]
Applying (3.27) in (3.26)) we deduce
(3:28)  ¢/(t) = 2eH(t) + 2¢lfur]* + 2+ Vull? + 202 Vu

+ (1 —0— 5;?) H'(t)H™(t).

Now, suppose that ¢ is sufficiently small and K large enough such that
1 —0—¢ebK/p; > 0 and (3.27)) holds. Then

(3.29) ¢ (t) > edo(H (t) + [lurl|* + | Vul]* + [[Vue|?),
where Ag = min {2, p1/4,2a}. Therefore we deduce that ¢(t) > ¢(0) > 0 for

all t > 0.
On the other hand, we have

(3.30)

¢ﬁ(t) = (Hl_”(t) +€ S wu dx + €a S VuVuy dm) e

0 N
1

)

2(1—0)

1
< 2% (H(t) teTe

1
T 1
S g dw’ 7 4 (ea) T
2
1 1

-0 o
+ }{S}VuVut dx ),

S VuVu dz
2

§A1<H(t)—|— ‘Suutdx
0

where we have used the following fact:
m A _ m
(Sa) <28 Y
i=1 i=1

By using the Hélder, Young and Poincaré inequalities, for some positive
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constants C, Cy we get

331 |Juwde| 7 < 0l T 7 < IVl +  + H),

0

(3.32) HVuVutdx ™
9]

< ||Vl 77 | Ve | =7
< Co([|Vull® + [|Vue||* + H(t)).-
Thus, using ) and - we deduce from - that
ﬁ < Ay(H 2 4 |Vl + | Vue?) < 22
o177 () < A(HE) + ell” + [Vll™ + [IVeull) < -0 (®),
where ([3.29) has been used. Therefore

e
(3.33) #(0) > T (1)
Integrating (3.33) from 0 to ¢, we deduce
o 1
¢ro(t) > ——= :
¢ T-o (0) Aal/z(l)atg)

A1 (1—0)

This shows that solutions blow-up in finite time t* = ——
eApop1-2(0)

, and the
proof of Theorem [3.3]is complete. m
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