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COMPACT MINIMALIZATION OF INVERSE SYSTEMS

BY

W. KULPA (KATOWICE)

The aim of this note is to prove two theorems on inverse systems of sets.

THEOREM 1. Let {p3: X,— X,; a, be A} be a continuous inverse system of
sets over a set A. If the set A is totally directed, then the system has a compact
minimalization.

- THEOREM 2. Let A be a directed set such that each continuous inverse system
{pi: X,— X,; a, be A} of sets, over the set A, has a compact minimalization.
Then the set A must be totally directed.

Let us explain the terminology used in the theorems.

An inverse system {p§: X,— X,; a, be A} has a compact minimalization iff
there exist a directed subset B = A4 cofinal in 4 and a family {,: be B} of
compact Hausdorff topologies such that the maps

py: X,—»X,;, az=b,a beB,

between the topological spaces (X,, Z,) and (X,, J,) are continuous. If B = 4,
then we say that the system has a full compact minimalization.

An ordered set (4, =) is totally directed iff it contains a subset B c A4
cofinal in A and such that the order > restricted to B well orders B. Define
a directness number d(A) of an ordered set A as

d(4) = sup{t: VBc A, |B| <t1=3acA4,a> B},

where a > B<>Vbe B, a > b. Observe that if a set A is totally directed, then it
contains a well-ordered cofinal subset of cardinality equal to d(A).

An inverse system {pj: X,— X,; a, be A} is continuous iff for each directed
subset B < A, |B| < d(A), and for an ae A such that a > B the map

Pa: X,—lim{pl: X, > X b, ce B}
«—
induced by the bonding maps p;: X, — X,, be B, is onto. Notice that continuity

of an inverse system (B = {b}) implies that the bonding maps must be onto.
We can infer Theorem 1 straight out from the following
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THEOREM A. Let y be an ordinal number and let
{Ph: X, > Xy 0, B <7}
be an inverse system of Hausdorff spaces X having for each o < y a closed subset
Y.+1 < X,+1 and satisfying the following conditions:
(1) the subspace X,,,\Y,+, is locally compact,
(2) p2*Y(Y,+1) = X,, and p2*'|Y,4+, is one-to-one,
(3) if a <7y is a limit ordinal, then

X,=lim{p5: X, > X;; B, 6 < a};
«—

(4) there exists a continuous one-to-one map f: X,— Y, onto a compact
Hausdorff space Y,.

Then the inverse system has a full compact minimalization.

More precisely, on each space X,, a <y, it is possible to define a coarser
topology such that the obtained new spaces X¥ become compact Hausdorff and
the bonding maps pj: X% — X} are still continuous.

Proof. Let X§ be a topological space with topology given on the set X;
W is open in X iff W= f~!(U), where U is open in Y,.

Assume that for each f < «, a <y, the topological spaces X} are defined.
If « is a limit ordinal, then let us put

X¥=lim{p}: X5->X¥ B,6 <a}.
—

If « = f+1 is a successor ordinal, then let us define a new topology on the set
X, generated by neighbourhood systems:

(@) If xeY, = Y;.,, then open basic neighbourhoods of the point x are
sets of the form (pj)~'(V,)\A4, where V, is an open subset of X} such that
pp(x)eV, and A < X,\Y, is a compact subset of X.

(b) If xe X,\Y,, then open basic neighbourhoods of x are open subsets
U,cX,\Y, xeU,.

One can verify that the new topology described on the set X, is compact
Hausdorff whenever the space X} is compact Hausdorff. It is clear that the
map pj: X¥ - X[ is continuous.

COROLLARY. A continuous inverse system

{Ph: X5 X5 0, B <y}
of sets over a set of ordinals v, y being regular, has a full compact minimalization.

Since the limit of an inverse system of compact Hausdorff spaces is
non-empty (see [1], Theorem 3.2.13, P 188) Theorem 2 can be concluded from
the following

THEOREM B. If a directed set A is not totally directed, then there exists
a continuous inverse system :

{ph: X,— X,;'a, be A}.
of sets, over the set A, with the empty limit.
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Proof. Let y be an ordinal number. We shall use the following notation:

y={ora<y}=[0,7), y+1={x a<y}=7[0,7]

Each ordinal o can be uniquely represented as o = f+n, where f is a limit
ordinal and ne w is a natural number. If n=2k + 1, ke w, then o is said to be an
odd ordinal, the other ordinals will be called even ordinals.

For each acA let X, be the set of all maps f: [0, y] » A4, a = f(y), where
y < d(A) is an odd ordinal, and such that each map feX, satisfies the
following conditions:

(1) If aedom f is an even ordinal, then
(i) f(B) < f(a) for each even ordinal f < a;
(G) f(B)= f(«) does not hold for any f < o;

(k) fla+1) < f(@.

(2) If aedom f is an odd ordinal, then
(i) f(B)= f(a) does not hold for any f <a—1;
(G) f(e—1)>= f(a) (this follows from (1k)).

Now, let us define a bonding map

i X,—»X,, a=b; a beA.
" For each feX,, f: [0, y]— A, let us put
ps(f) =g, g: 10, )4,

where

3) 4 = 1+ min{x <y o is an even ordinal and f(o) > b},
b ifa=4

4 = ’

@) 9(@) {f(a) if o< 1.

It is clear that

) 910, 2) = f1[0, A).
The map ¢ is well defined, ie., ge X,. To see this it sufiices to check that
A satisfies the condition (2i). Indeed, suppose that, for some f < i-—1,
7(B) = f(A) = b. But if f is an even cardinal, then this contradicts the definition
of A; if B is an odd ordinal, then, by (2j), f (8—1) = f(B) > b, and again we get
a contradiction with the definition of A. One can verify that if a > b > c, then
peops = pe.
We shall prove that the limit of the inverse system
{ph: X,—X,; a, be A}

is empty and that the system is continuous.
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Let B< A4 be a directed subset of A4 (we do not exclude that B = A).
Assume that x = {f,: be B} belongs to

lim{p}: X,—> X;; a, be B}.
«—

Define a map F_: [0,y,]—> A by’
(6) F() = f,(0), <y, beB,
where dom f, = [0, y,], f,€x, and
(7) 7. = sup{dom f,: be B, f,ex}.

To see that the map F, is well defined let us verify that for each pair a, be B
and xey, Ny, we have f,(x) = f,(x). Indeed, choose a ce B such that ¢ > a and
¢ = b. Since py(f) = f, and p§(f) = f,, from (5) we get

f@)=f® and f(0)=f@) ifaey,ny,

Thus the map F_ does not depend on the choice of a point be B. From the
condition (2j) it follows that for each beB

(8) F.0,—D=/fG,—1)2b

and we conclude that F_ has the following property:

The set {f(x): a is an even ordinal, a <7y} is a well ordered subset of
A cofinal with B.

Thus, when B = A4, we infer that the limit of the inverse system must be
empty.

Now, we must show that the system is continuous. Assume that |B| < d(A)
and let ae A be such that a > B. We shall define a map fe X, satisfying

©) psofa = J,

for each beB, f,ex.

Consider two cases:

(@) y, is a limit ordinal,

(b) y, is a successor ordinal.

If y, is a limit ordinal, choose a ce A such that ¢ > a and ¢ > F_(a) for
each a <y,, and put

F (o) ifa<y,,
(10) Jalw = {c if o=y,

a if o=7y,+1,

where dom f7 = [0, y,+1].
If y, is a successor ordinal, then by (7) there is a byeB such that
Yx = Voo (V5 = dOm fy;, fo, € x). Choose a ce 4 such that ¢ > a and ¢ > f;,(y5,— 1).
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In this case let us put

F (o) if o<y,,
F (y,—1) ifa=ry,
1 X — X X
a if a=yp.+2.

It is easy to see that the condition (9) is fulfilled but before that we ought to
check that f*e X,. We shall verify that the map f; is well defined when y, is
a limit ordinal. It suffices to check that o = y_ satisfies the condition (1) and
a =y, + 1 satisfies the condition (2). The choice of ¢ implies that the conditions
(1i), (1j), (1k) and (2j) are fulfilled. Suppose that (2i) does not hold for « =y, +1,
i.e., suppose that there is a f <y, such that

faB) = fal+ 1) =a.
Since y, is a limit ordinal, we may assume that, for some be B, f3(B) = f,(B)
and f <y,—1. We get

L(B) = a = b= f(y),

a contradiction with (2i). When 7y, is a successor ordinal, the proof that f7e X,
is similar. This completes the proof of the theorem.

Let R be the set of real numbers. Let us define
R* = (R*, 2),
where
R*={acR |a<w} and a=bwa>h.

Notice that d(R*) = w,. It is easy to observe that |R| = w, iff the set R* is
totally directed.
Thus Theorems 1 and 2 imply

COROLLARY. The Continuum Hypothesis is equivalent to the following
statement:

Each continuous inverse system {ps: X,— X,; a, be R*} of sets, over the set
R*, has a compact minimalization.

Remarks. The assumption in Theorem 1 that the inverse system is
continuous is necessary. For example, the existence of the Suslin line implies
that there exists an inverse system

{Pp: X, M X 0, f < @}

of sets X,, | X, = w, a < w,, which has the empty limit (see [5], p. 73). Hence
the system has no compact minimalization. Another reason for the assumption
of continuity is the observation that if we know that an inverse system the
bonding maps of which are onto has a full compact minimalization, then the
system must be continuous (this follows from Theorem 3.2.12 in [1], p. 189).

The condition (4) of Theorem A is fulfilled when X, is a locally compact
Hausdorff space. Indeed, let Y, be a space obtained by introducing a new
topology on the set X, in the following way: Choose a point x,€ X . Define
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aset U « X, to be open in the space Y, iff U is open in the space X, and X,\U
is compact whenever x,€ U. The space Y, obtained in such a way is compact
Hausdorff and the identity map f: X,-Y,, f(x) = x, is continuous. In
general, the question what kind of spaces have continuous one-to-one maps
onto compact Hausdorff spaces is difficult. The question was raised indepen-
dently by Banach (see Problem 1 in [6]) and Russian mathematicians (see [3]).

Observe that each inverse sequence

{Pm: X,2™>X s n, mew}

of discrete spaces satisfies the assumptions of Theorem A. On the other hand,
each 0-dimensional complete metric space is an inverse sequence of discrete
spaces with the bonding maps being into. Thus from the above remark and
from Theorem A we get immediately

COROLLARY. For each 0-dimensional complete metric space X there exists
a continuous one-to-one map f: X - Y onto a compact Hausdorff space Y.

The result was proved by the author in [4] and in a very complicated way
in [7]. Theorem A gives a simple proof of the fact.

Theorem B is a generalization of a construction of Henkin [2], who has
proved

THEOREM. If a directed set A does not contain a countable cofinal subset,
then there exists an inverse system

{ph: X,2™>X,; a, be A}

of sets, over the set A, with the empty limit.
Of course, the inverse system constructed by Henkin is not, in general,
continuous.
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