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BERNARD NOWAKOWSKI and WOJCIECH M. ZAJACZKOWSKI (Warszawa)

ON WEIGHTED ESTIMATES FOR THE STREAM
FUNCTION OF AXTALLY SYMMETRIC SOLUTIONS
TO THE NAVIER-STOKES EQUATIONS
IN A BOUNDED CYLINDER

Abstract. Higher-order estimates in weighted Sobolev spaces for solutions
to a singular elliptic equation for the stream function in an axially sym-
metric cylinder are provided. These estimates are essential for the proof of
the global existence of regular axially symmetric solutions to incompressible
Navier—Stokes equations in axially symmetric cylinders. In order to derive
the estimates, the technique of weighted Sobolev spaces developed by Kon-
drat’ev is applied. The weight is a power function of the distance to the axis
of symmetry.

1. Introduction. In this note we derive estimates for solutions to the
following problem:

—Aw—i—%:w in 2,
r

=0 on S := 912,

(1.1)

where 2 C R? is a bounded cylinder with boundary S. Before we go into any
geometrical details (see (|1.6])), we briefly justify why this problem is highly
important in mathematical fluid mechanics.

Our ultimate goal is to study the regularity of weak solutions to an initial-
boundary value problem for the three-dimensional axi-symmetric
Navier—Stokes equations with non-vanishing swirl. In order to define this
quantity we need to introduce cylindrical coordinates. If z = (1, z2,z3)
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in Cartesian coordinates, then the cylindrical coordinates (r, ¢, z) are intro-
duced by the relation z = ®(r, ¢, z), where

X1 = T COS P,
To = rsin g,
T3 = 2.
Thus, the standard basis vectors are
ér = 0, ® = (cos p, sin ¢, 0),
€, = 0, ® = (—siny, cos p,0),
e, =0, =1(0,0,1).
Let w = w(x, t) be any vector-valued function of z and t. Then in cylin-
drical coordinates, w is expressed in the standard basis as follows:

(12) W = ’LUT(T, 907 Za t)éT + Uhp(’l”, Qpa Z? t)éip + wz(r, Spv Za t)éz
We call w azially-symmetric if
Wrp = Wp,p = Wzp = 0.

Let v and p denote the velocity field of an incompressible fluid and the
pressure, respectively. Let rot v be the vorticity vector. Then the Navier—
Stokes equations read

(vi+ (v-V)v—vAv+Vp=Ff in N7 =02 x(0,7),
divv =20 in 27,

(1.3) V-T:LZO onSi:Sx(O,T),
v-e,=0 on S*,
rotv-e, =0 on ST,
V]i=0 = Vo in £,

where f is the external force field and 7 is the unit outward vector normal
to S, and S and {2 are the same as in ((1.1)).

In the mathematical theory of fluid mechanics we call the function rv,
the swirl.

The problem of regularity of axially-symmetric solutions to is in
general open. Since 1968 (see [3] and [10]) it has been known that the Navier—
Stokes equations have regular axially-symmetric solutions in R?® provided
that v, = 0 and f, = 0 (hence the swirl is zero). In the case of non-vanishing
swirl there are some partial results, e.g. [1,|4H7,|11,/13] though this list is far
from complete.

However, a long list of papers concerning regularity criterions for the
axially-symmetric Navier—Stokes equations can be found in [8].

One way to investigate the existence of solutions to is to start with
the following observation: if v is an axially symmetric solution to , then
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in light of (|1.2)) we have

v =0,(r, 2, )€ + vy (1, 2, 1), + v.(r, 2, 1),

and )

rot v = —v,.(r, 2,t)e, + w(r, z,t)é, + ;(rup)ﬂn(r, z,t)e,,
where
(1.4) W=Upy — Vsp.

Expressing (1.3])2 in cylindrical coordinates yields
(TUT),T + (Tvz),z =0

and combining this equation with (|1.4) suggests introducing a stream func-
tion v such that

1
(1.5) Ur = _¢,Z7 Uy = ;(Tw)ﬂ"'
Since .
A=0%+ 0+ 92

we see that this stream function satisfies . Note that 2 follows from
3. This explains why is of primary interest. Solutions to this prob-
lem are essential for establishing global, regular and axially-symmetric so-
lutions to the Navier—Stokes equations with non-vanishing swirl (see [12]).
We demonstrate this idea for the case of small swirl in [8]. Having proper
estimates for solutions to (L.1)), the proof in [12] works.

There is a challenge in investigating , which we shall now discuss.
Let @ > 0 and R > 0. In cylindrical coordinates, the bounded cylinder 2 is
given by

(1.6) Q2 ={zr R r<R,|z| <a},
where S = 02 = 51 U Sy and
S ={zeR3 r=R, |z| <a},
Sy={reR3 r<R,z¢c{-a,a}}.
It follows that the terms T%w and %wr might be undefined for r = 0. There
are a few possibilities of overcoming this issue: one could

e remove the e-neighborhood of r = 0, derive necessary estimates and let
e — 0T (see e.g. |3]),

e consider Tl%cw, derive necessary estimates and let € — 07 (see e.g. |4]),

e use weighted Sobolev spaces.

We take the third approach. The classical results for the Poisson equation
tell us that if w € H', then v € H3. We would expect a similar outcome
here but we need to handle % and similar terms carefully.
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If we were interested in basic energy estimates we could proceed the
standard way: multiply by ), integrate by parts, use the Holder and
Cauchy inequalities. This would be justified because in light of |5] and |7}
Remark 2.4] we have

(1.7) Yp=0(r) asr—0"

provided that v is introduced through (1.5) and v is an axially symmetric
vector field of class C1(0, R). Moreover, if v € C3(0, R), then

(1.8) Y =ai(z,t)r +az(z,t)r> +o(r®) asr— 0T,

where a; and ag are smooth functions. Since basic energy estimates are not
enough in our case, more sophisticated tools and techniques are needed.
Weighted Sobolev spaces seem to be the right choice.

To conduct our analysis we introduce the quantity ¥ = ¢ /r. We see
that it satisfies

2
—A% - ;7[)1,1“ —
Y1 =0 on S.

w .
(1.9) y=wn i

Since ¢ = %r = 17 and r is bounded by R, we see that any estimates for
1 are immediately applicable to 1. In fact, in [12] we need estimates for 1
because this function appears naturally in some auxiliary problems.

To examine problem in weighted Sobolev spaces we have to derive
estimates with respect to r and z separately. To derive an estimate with
respect to r we have to examine solutions to independently both in a
neighborhood of the axis of symmetry and in a neighborhood at a positive
distance from it. To perform such analysis we treat z as a parameter and we

introduce a partition of unity {¢(M(r),¢®(r)} such that

2
> My =1
1=1

1 for r <o, 0 forr <rg,
<<1><r>={ . <<2><r>={ ¥

and

0 for r > 2rg, 1 for r > 2ry,

where rg > 0 is fixed in such a way that 2ry < R.
Let ‘ '
P =9ic®, @) =0, =12,

and ¢ = 4, (= %C . Then from ([1.9) we obtain two problems:
- 2 - . : : 2 :
~AG0 = 290 = oY = 201,{0 — 91f® — 2D in 00,

(1.10) {
QAI) =0 on 9,
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where
QW ={(r,2):r>0,z€ (—a,a)}, 02V ={(rz2):z€e{—a,a}, r >0},

and

5 9 - 3 : sy 2 iy
—AGP = 298] = 0 — 21, — il@ — Zyi(@ in 0O,

(1.11)
@ =0 on 923,

where
(112) @) ={(r,2):ro<r <R, z€ (—a,a)}, 0N? = 8(29) U 8(2&2)
and

3952) ={(r,2): z € {—a,a}, ro <r < R},

(9!252) ={(r,z): z € (—a,a), r = R}.

We temporarily simplify the notation using
w= i), w=if?,

(1.13) F= o) — 291,00 — r ) - 2y ¢,

~ . . 2 .
g =1 = 201,(?) —n®) = Sy (.

Then ((1.10) and (|1.11)) become
—Au — gu’T =f in W,
r

(1.14)

u =0 on 920,
and

—Aw — gw =g inN®
(1.15) ro" ’

w=20 on 902,

As we can see, the above two problems are similar; they only differ in
the domain. In the case of 2(2) we can safely use the classical theory for the
Poisson equation.

Since ryp > 0 we instantly deduce that problem can be solved
classically.

To study the existence and properties of solutions to we need
weighted Sobolev spaces. They are defined at the beginning of Section
In addition we will be using Kondrat’ev’s technique (see [2]). It offers a
way to deal with expressions of the form -% when o > 0. We saw in (1.7)
that 1 is well defined at r :wO but in the case of the weighted Sobolev

1

space Hj we need to handle £} in Ly. The function v does not vanish

sufficiently fast when r — 07, thus it has to be modified in a certain way. The
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modifications appear in the formulations of Theorems They depend
on the weighted Sobolev spaces applied. These kinds of modifications form
the essence of this note.

The very first theorem we prove is the following:

THEOREM 1.1. Suppose that 11 is a solution to (1.9)). Assume that wy €
Ly, (92), p€(0,1). Then

[¢1 = ¢1(0)|!%2(,G,G;HB(O,R)) el T, ) F 10117, 0
+20(2 =20 [¥n:l17, (o) < clwrlli,, o),

where 11(0) = ¢1|r=0.

In light of (1.8]) we cannot expect 1)1 € Hg((), R) for almost all z. However,
this should be the case for the difference ¥ — 11 |,—o.
In a similar manner we obtain higher order regularity.

THEOREM 1.2. Let 11 be a solution to (1.9)). Let wy € Hﬁ(()), we (0,1).
Then

1 = 1 (O)IZ, —aamro,my) + 191222011, () + 18122012, (0
+20(2 = 20) [1,2207, (o) < CleH?q;(Q)-

The above theorems are useful but we need estimates when p = 0. We
cannot simply let © — 0 because 1 — 11(0) is neither in Hg nor in HS’.
Instead we construct two auxiliary functions y and 7 that we subtract from
Y1 (this construction is presented in Lemmas and . This allows us
to derive necessary estimates in Hg’. We emphasize that HS denotes the
weighted Sobolev space with weight © = 0 (see Section . To show that
satisfying the assertions of either Theorem or Theorem belongs to
either Hg or HJ, respectively, we need additional modifications of v; near
the axis of symmetry. The modifications are described in Theorems [I.3] and
respectively.

In the theorems below we assume that 1 is a weak solution to .
Basic energy estimates and the existence of weak solutions are discussed in
Section 21

THEOREM 1.3. Suppose that 11 is a weak solution to (1.9). Let w; €
Ly(2) and introduce

r

X(r,z) =\ 1.1+ K(r)) dr,

0
where K(7) is a smooth function with compact support such that
K
lim (r) = ¢y < 0.

ro0+ 12
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Then
o1 = 1(0) = X1 sty + 022y + 61221200 < el e
In the case of HS we have

THEOREM 1.4. Let 11 be a weak solution to (1.9). Let wy € H'(§2). Then

a

S 91 —11(0) — 77”%;3(0,3) dz

+ S (|¢1,zzz‘2 + ‘wl,zzT‘Q + ‘wl,zzP)Tdr dz < CHWIH?'—Il(Q)a
0

where

r

) == § =) (2o e b )04 K ar
0

and K is as in Theorem [L.3l.

At this point the estimates from Theorems and may look surpris-
ing. In |8] we show how to eliminate 11 (0), x and 7 by using the data.

Using some properties of 1y presented in this paper we prove in [12]
the following global estimate for axially symmetric solutions to the Navier—
Stokes equations:

(1.16) llwr/Tllv (@) + llw/rllviey < ¢(data(t)),

where w, and w are the radial and angular coordinates of the vorticity, and
the energy norm of V (£2!) is defined by

lullv (e = sup lu(t) | z22) + IVl Loger)-

However, to prove we need that 11 = 0 on the axis of symmetry.

To end this introduction it is worth mentioning that we could continue
the process of deriving higher-order estimates for ;. In light of it
would require more subtractions from t; when r = 0. However, we do not
see any potential gain or immediate applications for such estimates.

2. Notation and auxiliary results

Notation. By ¢ we denote a generic constant which may vary from line
to line.

We use N={1,2,...} and Ny ={0,1,2,...}.

The set {(r,z): r > 0, 2 € R} is denoted by R? .

By ¢ we always denote an increasing positive function.
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Function spaces

DEFINITION 2.1. Let 2 be either a cylindrical domain (0, R) x (—a,a)
or {2 = Ra_. We introduce the following norms:

HUH%Q’H(Q) = S lu(r, 2)|?r**rdrdz, peER,
2

lllgs oy = 32 § DG ulr, 2) 220D dr
|a| <k £2

where Dy, = 071032, |a| = a1 + ag, |a| <k, a; € No, i = 1,2, k € Ny and
weR.

Then we have the compatibility condition

L2, (2) = HY(92).

Fourier transform. Let f € S(R), where S(R) is the Schwartz space of
all complex-valued rapidly decreasing infinitely differentiable functions on R.
Then the Fourier transform and its inverse are defined by

(2.1) . =l an fi) = ;TSe "\

R R
andf:f:f.

REMARK 2.2. For smooth functions with respect to z we introduce the
weighted norms

k
(22) lull sy = D § 107l @ 5 r dr
i=0 Ry
where ¢ € R and k € Ng.
With the transformation 7 = —Inr, r = e™ 7, dr = —e~ 7 d7 we will prove
the equivalence
k . . k .
(2.3) Z S \8ﬁu|2r2(“_k+2)r dr ~ Z S ]8&/!262}” dr
i=0 Ry i=0 R

for v/(7) =/ (—=lnr) =u(r), h=k—=1— p.
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To show (2.3)), we first take k = 2. Then h = 1 — y and 92 = —r0,.(—r0,)
= 1202 + r0,. We have

S (|02)? + |0,u)* + |u’|2)€2(1—u)7 dr
) 1
= § (000, + 10l + uf2)r20 D dr
T
R4

o 2
<2 S <|8fu|2 | u| + ’u|>7'2“r dr,
Ry r?

and conversely

15) 2
(it + 2
Ry 2 T
= S(7”4|67?u|2+7a2|8ru|2+|u‘2)’r2u_4rdr

R
= | (1r0, (o) = royul® + rdul® + [ul?)r>~r dr
Ry
<2 | (P0G + [rdrul? + ) dr
R
2 S (1020 + 0.4/ 2 + [u'|2)e2 =7 dr.
R

The above considerations imply for kK = 2. Similarly we can prove it for
k> 3.

Using the Fourier transform we introduce norms equivalent to and
convenient for examining solutions of differential equations. Hence, by the
Parseval identity we have

+oo+ih k
(2.4) Vo> Ia |2d>\—SZ|6J 12e2M™ dr,
—oo+ih j=0 R j=0

where the r.h.s. norm is equivalent to (2.2)) under the equivalence ({2.3)). This
ends Remark 2.2

Energy estimates and weak solutions

LEMMA 2.3. Assume that wy € La(§2). Then there exists a weak solution
to problem (1.9) such that 1y € H'(§2) and we have

(2.5) 11l (o) + | 93(0)dz < cllan 7,0

—a

where ¥1(0) = Y1 |r=o.
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Proof. Multiplying (1.9) by 11, integrating over {2 and using the bound-
ary condition and the Poincaré inequality we derive (2.5)). Then the existence
follows from the Fredholm alternative. m

REMARK 2.4. We deduce from (|1.8]) that
(2.6) Y1 = a1(z,t) + as(z, t)r? + o(r?)  when r — 0T.
In particular, 1(0) = ¥|,—¢o = 0 but ¥1(0) = ¢1|r=0 # 0.

LEMMA 2.5. Assume that w € Lo(£2). Then there exists a solution 1) €
HY(0) to problem (1.1)) which satisfies

wQ
(2.7) [0l o) + | 5 do < cllwllf o)
Q
and
wQ
(2.8) 1r2llT () + 192201702 + S 2 da < c|lw|F, (0

2

The proof of (2.7)) is similar to the proof of (2.5). Moreover, in view of
(2.6 the integral on the L.h.s. of (2.7) is finite.

Proof of Lemma[2.5 Multiplying (L.1)); by ¢, integrating over {2, using
boundary conditions and the Poincaré inequality we obtain (2.7]). Multiply-
ing (1.1) by —% ., and integrating over {2 yields

1 2 vE
(29) | ¥rthzzdo+ | Ut dr + Vo2, do+ | T de =~ | wy .. da.
(9} 9] 9} 2 9]

Integrating by parts in the first term and using the boundary conditions, we
get

S w,rr¢,zz dx

2

= S(¢,rrw,z),z dx — S(w,rzw,zr),r dr dx + S @/},rzw,z drdz + S ,Zrz dx,
9} 2 2 9

where the first two terms on the r.h.s. vanish because v ,.|s, = 0 and
¥.|"= = 0. Using the equality in (2.9) yields
2

(210) S( ,2'rz + ¢,2zz) dx + S 1,,/?22 dx + S d},r@b,zz drdz + S Qf),rzd},z drdz
(0] (P (0] (0]

= S wi .. dx.
o}

Integrating by parts with respect to z in the last but one term on the Lh.s.
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of (2.10) and using
R
S (w,rﬂ),zzﬂSg dt =0
0

we find that the sum of last two terms on the Lh.s. of (2.10]) vanishes. Then
(2.10)) implies (2.8)) and concludes the proof. m

From ((1.9) we derive the following problem:
2 .
_Awl,z - ;wl,rz = Wi, 1 12,

(2.11) 1. =0 on {r =R, z € (~a,a)},
wl,zz =0 on {Z € {_ava}v r< R}7

where the last boundary condition follows from (1.9) and wil.c{—q,a},r<r
=0.

LEMMA 2.6. Suppose that wi , € La(§2). Then there exists a weak solution
to ([2.11)) such that ¢ , € HY(2) and

a

(2.12) lorl ey + | 03.00)dz < clwnl2 ),

where ¢1,z (O) = ¢1,z|r=0-
Proof. Multiplying (2.11); by ;. and integrating over (2 yields

(213) - S d}l,rrzwl,z dx — S wl,zzz¢1,z dxr —3 S z;Zjl,zrwl,z drdz

9] 9] 9]
= S wl,z¢1,z dzx.
9]
Integrating by parts with respect to r in the first term yields
(214) - S(¢1,rz¢1,zr),r drdz + S djirz dx + S 1/}1,rz¢1,z dr dz,

0 N N

where
a

S ¢1,rz1/}17zT’;zoR dz=0

—a

because 91 |r=0 = 0 and ¢y ;|,=p = 0.

Integrating by parts in the second term in ([2.13) and using (2.14) we
obtain

(215) S(zp%,rz + w%,zz) dr —2 S wl,zrwl,z drdz = S oJl,:awl,z dz.
2 % (%
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The last term on the Lh.s. of (2.15) equals
a
- S 87"w%,z drdz = S w%,z(o) dz
9] —a
because 91 ;|,=r = 0.
Integrating by parts with respect to z in the r.h.s. of (2.15)), using wi|sg,
= 0 and applying the Holder and Young inequalities we derive (2.12)). m

From |9, Appendix A| we have

LEMMA 2.7 (Hardy’s inequalities).
<7 P p  p/T . 1/p
(X (Sg(y) dy) x 1dm) < ;(Slyg(y)lpy 1dy)
00 0
forg>0,p>1andr >0.

REMARK 2.8. If we set r = 1 — v and f(z) = {; g(y) dy in Lemma

we obtain
oo o

(g) 72| f(z) > dz < a=ap (g) 2| (2))? de,  a<1.

3. Lo-weighted estimates with respect to r for solutions to ((1.14)).
In this section we derive various estimates with respect to r for solutions to
in weighted Sobolev spaces using the technique of Kondrat’ev (see [2]).
These estimates lay foundations for the proofs of Theorems [[.IHI.4] The key
idea is to treat the variable z as a parameter.

First, we rewrite in the form

3
—Uypr — Uy = f + U,z in .Q(l),
r
u=70 on 9NW.
For a fixed z € (—a,a) we treat (3.1)) as an ordinary differential equation

(3.1)

3 .
(3.2) “Ugpr — Uy = f+u., inRy.

)

Multiplying 1 by r2 we obtain

12Uy — 3ruy = 12 (f +u ) = g(r, 2)
or equivalently
(3.3) —r0p(royu) — 2royu = g(r, 2).
Introduce the new variable

T=—Inr, r=e".
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Since r0, = —0, we see that . takes the form

(3.4) —0%u+ 20,u = gle™", )—g( z).
Applying the Fourier transform (see (2 ) we get
N0+ 2iAG =

For A ¢ {0, —2i} we have
1

(3.5) i = mg’ = R(\)§.

LEMMA 3.1. Assume that f 4+ u ., € Hl’j(RQ, k € No, p € R. Assume
that R(\) does not have poles on the line S\ =1+ k — p. Then there exists
a unique solution to (3.2)) in Hﬁ+2(]R+) such that

(3.6) ull o e,y < ellf + sl ey

Proof. Since R(\) does not have poles on the line SA =1+ k — p = h,
we can integrate (3.5 along the line S\ = h. Then

+oo+ih k42 +oo+ih k+2
1) | SPPER IS |3 PRI RO ax
—oo+ih j=0 —oo+ih j=0
+oo+ih  k
<c | D PEDG P
—ootih j=0
By the Parseval identity (see ) inequality ﬂ ) becomes
k+2
| lodupe™ dr < ¢ Zyaﬂg 2e?"™ dr.
R j=0 R j=0

Passing to the variable r yields

k42
SZW@J ’22(uk1 T<CSZW@J ’22(uk1 dr.
Ry j=0 Ry j=0

Continuing, we get

k+2 k
S Z |rj_(k+2)6ﬁu|2r2“r dr <c S Z |rj_k8ﬂ(f + u,zz)]2r2“r dr,
R j=0 R+ j=0

where the relation g = r?(f + u .,) was used. m

REMARK 3.2. Consider a solution u to (3.2). In light of Lemma |3.1|such
a solution has certain regularity. Moreover, when we fix 4 € R we expect

from w a certain behavior near r = 0. We are interested in two cases: £k = 0
and k= 1.
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When k = 0 we have h = 1 — y. Hence

hi=1-—p; <0 for some p; € (1,2),
ho=1—ps >0 for some puy € (0,1).

Similarly, for £ = 1 we have h = 2 — y and
h1=2—fi; <0 for some fi; € (2,3),
ho =2 —jfia >0 for some fiy € (0,2).
The function R(A) has a pole for h = S\ = 0, and thus
- <0<1—po, 2—f1<0<2— fis.
By Lemma we have four solutions:
k=0: u € H. (Ry), up€ H,(Ry),
k=1: w € Hy (Ry), € H},(Ry).
Our aim is to investigate the relations between these solutions.
We will be using the notation from Remark [3.2]
LEMMA 3.3. Let k = 0. Then there exists a constant cy such that
(3.8) Uy — ug = Cyp.
If k=1, then also
(3.9) ay — g = Cy.

Proof. Consider the case k = 0. The function ¢’ is analytic for any h €
(hl, hg) and

+ooih
| 1917 dx < o0
—oo+ih
S
—N + ths ho N + iho
0
RA
—N +ihy ha N +ihy
—2i

Fig. 1. Integration contour
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for any h € [h1, ha]. We also have (see Fig.

N+ihy N+ihy
up = lim | e?ma(n)dr = Jim | RGN dx
% _Nitim % Nl
‘ N+iho ‘
= Reso €R(V)F(A) — lim ( [ RO () dx
N fihy
—N-+iho ’ N+iho '
- | RV - | eMROIN d)\>.

—N-+ihy —N-+ihso

Letting with N — oo yields
uy = ug + Resg e R(N)§'(N) = ug + co,

where
+oo+ih;
ui= | eV RMNG () dx
—oo+th;
Hence holds.

For k = 1 the operator R()\) has the same pole in the interval (hy,hs).
Hence (3.9) holds. This ends the proof. =

REMARK 3.4. Let us compute ¢g. Recall that u; € Hil (Ry) with g €(1,2).
This means that uy|,—o # 0. But ug = u; —¢g € Hiz (Ry) with pe € (0,1),
0 ug|r—o = 0. Hence

Co = Ul(()) == U1|T:0.

Similarly, 4y =41 — ¢ € HE’L2 (R4) with fio € (0,2), so

co = ’l_Ll(O) = ﬂﬂ?«:o.
Investigating a9 € HSQ (R4) with fig € (0,1) we also need
Oprtig = 01 =0 forr=0.
The restriction follows from Remark 2.4]

The functions u; and %1 are good candidates for weak solutions to (3.2
because they do not vanish on r = 0.

Recall that v = (M and f = wi ¢ — 2¢1,ré(1) — lﬁlé(l) - %w1é(1).
Therefore Lemma can be applied to solutions to (|1.14f). Hence we have

a

(3.10) lullf oy + | w?(0)dz < ellf 17,0

—a

and Lemmas and imply
(3.11) [ullfro) < el 1170
Weak solutions to problem ([1.14]) do not vanish on the axis of symmetry.
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Hence, looking for increasing regularity of weak solutions to (1.14) in
weighted Sobolev spaces we apply (3.6) for u = uy and p = py € (1,2) (see
notation in Remark .

Using (3.11)), estimate (3.6 in this case has the form
2 2
luillzy (—aamz, @) < M ia-a6La,, @)

where p1 € (1,2). The above inequality reflects the increasing regularity of
weak solutions to (1.14) in weighted Sobolev spaces because u; does not
vanish on the axis of symmetry.

Recalling the properties of u1,u2 and assuming f € La(—a, a; Lo ,(R4)),
p € (0,1), we can conclude that

lu = w(O)l Ly (—aaimz@y)) < lfllLa(-a L, @)

where u(0) = ul,=o.

Recalling the properties of %; and %2 and assuming that

fHuz € La(—a,a; H,i(R-&-))

we conclude that

(312) HU - U(O) ||L2(7a,a;Hﬁ(R+)) < C”f + U,ZZ”LQ(fa,a;H}L(R_F))?
where p € (0,1).
Estimate (3.6)) for £ = 1 and u = 0 suggests for weak solutions to (|1.14))
the following inequality:
= w(0)|| y(—ammz @)y < llf + tezlliy(—a)xHL @)

The above estimate does not hold for the weak solutions to problem
(1.14). The Lh.s. norm contains the term

I= S Swrdrdz.

In view of expansion (2.6) we have I = oo for u —u(0) = agr? +azr® +--- .
In view of Lemma (see (3.26))) we need the estimate

2zl Ly (—agas i re)) < Clltzerlly (o)

but the Hardy inequality does not hold in this case.
Therefore, we introduce a new function 7(r, z) such that that

(u—u(0) = n(r,2))rrlr=0 = 0.
Moreover, we also need:

LEMMA 3.5 (cf. [2, Lemma 4.12]). Let @ € H*(Ry), k€ N, Zou| _,
fori<k—1and 0¥ 'u € HY(Ry). Then u € HE(Ry) and

(3.13) Il g,y < C|‘avlf_1a||Hé(R+)'

=0
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Proof. Using the inequality from Remark 2.8 we infer that

o o0 o
S r72|8,’f71ﬂ(r)|2r dr > c S 7“74]8f72ﬂ(r)\27" dr > c S r72k\ﬂ|2r dr,
0 0 0

which holds for 9%ii|,—op = 0, i < k — 1. This implies (3.13) and concludes
the proof. =

Recall that u is a solution to
3
(314) u7rr’ - — <’I"U7T + U,zz + f> = g(r7 Z).

LEMMA 3.6. Let u solve (3.14) and let u|,—o = u(0). Assume that u €
Lo(—a,a; H3(Ry)) and f € Ly(—a,a; HY(Ry)). Then there exists a function
T
(3.15) n(r,z) = (r = 7)g(r,2)(1 + K(r)) dr,
0
where K(r) is a smooth function with compact support near r = 0 such that

lim K (r)r—2 = cg < 00
r—0
and the function
(3.16) u—n—u(0) € La(—a,a; H3(RL))

satisfies
(317)  lu =1 —u0)ll Ly (—a0m3®))

< C(HUHLQ(—G,Q;H2(R+)) + Hf + u,zzHLg(—a@;Hl(RJr)))'

Proof. Since u € Lao(—a,a; H3(Ry)), we can work with C(—a, a; C5°(R4.))
and then use a density argument.
We construct a function 7 as a solution to the equation

Nar = g(r,2)(1+ K(r)).
Integrating this equation we obtain (3.15)).

To prove (3.16) and (3.17) we use Lemma for k = 3. To ensure its
assumptions are met, we check that

(u—=n—u(0))|r=0 = —nlr=0 =0,
Or(u—n —u(0))]r=0 = Or(u — n)|r=0 = Orulr=0 — Fnlr=0 = 0,
where Remark implies that u ,|,—¢o = 0 and

O = g(r,2) (1 + K (7)) dr
0

gives Opn|r=o = 0.
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Finally, we examine

(318)  [9rr(u— 1 — wO) s,y = 19K e

ST

Hg(R+)
< cllull g2y + I + vzl me, ))-
Applying Lemma and integrating (3.18]) with respect to z we derive
(3.16) and (3.17]). This ends the proof. =

LEMMA 3.7. Let u satisfy (3.14), ul,—o = u(0), u € La(—a, a; H*(Ry))
and f € La(—a,a; Lo(Ry)). Then there exists a function

T

(3.19) x(r,z) = Su77(1 + K(71))dr,
0
where K is defined in Lemma [3:0] and the function
(3.20) u—x —u(0) € Ly(—a,a; HE(R))
satisfies
(3.21) lu = x = wO) Ly (—aasm2(my)) < CllullLy(—anm2®y))-

Proof. Since u € Ly(—a,a; H?(Ry)) we prove this lemma for functions
from C(—a, a;C°(Ry)) and use a density argument.
We construct x as a solution to

(3.22) X = ur(1+ K(r)).

Integrating (3.22) with respect to r yields (3.19)).
To prove (3.20) and (3.21)) we use Lemmal[3.5|for & = 2. We need to check

its assumptions. We have

(u—=x = u(0))lr=0 = (v = u(0))lr=0 = X|r=0 =0

and

(3:23)  ll(w = x ~ w0l sy esy = [0 Jrur(r, 2)K () |
0

Hg(Ry)

= lus K +ulo g,y + [vE e lmie,y < clullme,)-

Integrating (3.23]) with respect to z and applying Lemma for k = 2 we
conclude the proof. =

Recall that 1 is a solution to

3 .
_wl,rr - wl,zz - ;1/}1,7" =wi; 1 ‘Qa
1 =0 on S; U Ss.

(3.24)
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LEMMA 3.8. For solutions to (3.24)) the following estimates hold:

1
(325) S (wir‘r + w%,rz + w%,zz) dr + S ﬁw%,r dr < CH"‘“H%g(Q)’
(0]

(w%,rrz + ¢%,zzr + ¢%,zzz) dr + S ¢%,zz‘7“:0 dz + S w%,rz‘T:R dz

—a —a

(3.26)

LD

< CHWI,z ZLQ(Q)

Proof. First we show ([3.25). Multiplying (3.24) by 1 ., and integrating
over {2 yields

(327) [ rtredr— [0 do— 3§ dupthyee dr = Jwrtp e da
2 2 2 (9}

The first term in (3.27)) equals

- S (d}l,r‘rwl,z),z dz + S ¢1,rrz¢l,z dx

2 (9}
= - S (wl,rrwl,z),z dz + S (¢1,rzw1,zT),r drdz — S ¢%,rz dx — S ¢1,7"Z¢1,Z dr dZ,
2 9] 2 (9}
where the first term is equal to

R
— U1t zlsyr dr =0,
0
because 1 ,r|s, = 0, and the second

a

S wl,rzwl,zbl dz = 0,

—a

which follows from 1 .|s, = 0.
Consider the last term on the Lh.s. of (3.27)). We have

-3 S wl,r¢1,zz drdz = -3 S(@/)l,rwl,z),z drdz + 3 S ¢1,rz¢1,z dx
(0] (0] 0]

3 a
= _5 S ¢%,z|;i(l):idzv

—a

where we have used

R
V10t ,2]5, dr =0
0

0.

because 1, |S2 =
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Using the above considerations in (3.27)) implies

a

(328) - S (w%,'r‘z + w%,zz) dx + S d}%,zni(l)% dz = S wlwl,zz dzx.
2 —a ko)
Since 91 ;|,=r = 0, equality (3.28) can be written in the form

a

(3'29> S(w%,rz + w%,zz) dx + S w%,z’TZO dz = — S wlq/}l,zz dx.
2 —a (9]

Applying the Holder and Young inequalities to the r.h.s. of (3.29)) we obtain

a

(3.30) S(wirz + ¢%,zz) dx + S ¢%,Z‘T:0 dz<c S w% dx.
2 —a (9}
Multiplying ((3.24) by %1#177« and integrating over {2 yields
1 1 1 1
(3.31) 3\ |Zvr| do=— 1=t do—\ Y1, do— | wi=¢y, do.
r r r r

(9}
The first term on the r.h.s. of (3.31]) equals

2 2 (0}

a

1 1
— \ 1t g dr dz = -3 | or(wt,) drdz = -3 | vi,lr—rdz
(0] 2 —a

because 91 |r—0 = 0 (see Remark .
Applying the Holder and Young inequalities to the last two terms on the

r.h.s. of (3.31)) we finally obtain

(3.32) 3|
2

From ([3.24)) we infer that

1
sl < Wl + ]

2 a
1
do + 5 | 0f, (R 2) dz < (12211, 0 + w1llE, ).

—a

1
71#1,7”
T

2

+ w120
La(02)

Combining the above inequality with (3.30)) and (3.32) yields (3.25)).

Next we show ([3.26)). Differentiating (3.24)) with respect to z, multiplying
by —1 ... and integrating over {2 we obtain

1
(333) S wl,rrzwl,zzz dr + S 1/1%,%2 dr +3 S 7w1,7"z¢1,zzz dz
P 2 2 "
= - S Wl,zwl,zzz dx.
9]
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Integrating by parts in the first term yields
S (¢1,rrzw1,zz),z dx — S @Zjl,rrzzwl,zz dx

2 )

R

= S wl,rrzwl,zz‘zzgar dr — S <wl,rzz¢1,zzr),r drdz + S w%,rzz dx
0 (9] (9]

+

S wl,'rzzwl,zz drdz
2

a

R

= Swl,rrzwl,zz‘zzgardr_ S wl,rzzd)l,zzrwzoR dz
0
4

—a

S w%,rzz dx + S wl,rzzwl,zz drdz=1.
2 0

Since ¥1,2z|r=r = 0 and 91 y.2|r=0 = 0, the second term in I vanishes. To
examine the first term in I we project (3.24) onto Sz. Then we have

3
¢1,zz|52 = _¢1,T‘T‘SQ - ;1/11,r|52 - UJ1|SQ‘

Since wil|g, = 0 and ¢1|s, = 0 it follows that 7 ,.|s, = 0. Therefore I
becomes

I — S wirzz d.’I] + S ¢1,7‘ZZ¢1,22 d?“ dz
2 9]
The second term in [ is equal to
1 a
_5 S w%,zz’TZO dz,

—a
where it is used that ¢y ,.|,=r = 0.
The last term on the Lh.s. of (3.33)) equals

30 _ 30
-3 S Y1221,z dr dz = D) S d}%zzﬁ;g dz = 9 S Qp%,zz’T:U dz,
2 —a —a
where we have used 91 ..|s, = 0 and ¥1 ..|p=g = 0.
In view of the above calculations equality (3.33]) takes the form

a

(334> S (w%,rzz + qvb%,zzz) dr + S w%,zz|7‘:0 dz = — S wl,ZwLZZZ dz.
2 —a 2
Applying the Holder and Young inequalities to the r.h.s. of (3.34) gives

a

(335) S (Qp%,rzz + 1/1%,,22,3) dx + S qzb%,zz‘T:U dz < S |w17z|2 dx.
107 —a n
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Differentiate (3.24); with respect to z, multiply by 1 ,,, and integrate
over {2. Then we have

(336) - S wirrz dx — S ¢1,zzzw1,'r'rz dr —3 S }@bl,rzwl,rrz dx
n 2 9] r
= S wl,zwl,r'rz dzx.
2

Integrating by parts with respect to z in the second term in ([3.36)) implies

(337) - S wl,zzzd}l,rrz dr = — S(djl,zzwl,w’z),z dz + S ¢1,zz¢1,r7"zz dx
(9} 9} ko)

R
= - S ¢1,zz¢l,rrz|§iiar dr + S (wl,zqul,rzzr),r drdz
0 (0]
- S ¢%,rzz dx — S wl,zzl/}erz dr dZ,
(0] 2

where the first term on the r.h.s. of (3.37) vanishes because 91 ,,|s, = 0 and
the second vanishes also because ¥1 y.;|r=0 = 0 and 91 ,;|,=r = 0.

Applying (3.37) in (3.36) yields

(338> S (w%,rrz + w%,rzz) dx + S lel,zzwl,rzz drdz + 3 S wl,rzwl,rrz drdz
L9} (0] (0]

= - S wl,zd}l,rrz dz.
2

The second term in (3.38]) equals

a a

— 1
S w%,zz‘:;(l]% de = _5 S ¢%,zz|7’:0 dx

—a —a

| =

because 91 ., |r=r = 0, and the last term has the form

3¢ 3¢
5 S ¢irz|:zé% dz = 5 S w%,rzh“:R dz,

a —a
where expansion (2.6)) is used.

Exploiting the above expressions in (3.38|) and applying the Holder and
Young inequalitites to the r.h.s. of (3.38)) we obtain

a a

1 3
(339) S(d}%,rrz + w%,rzz) dr — 5 S ¢%,zz|7"=0 dx + 5 S wir2|7‘:R dz

(9} —a —a

< cllwrzlZ, )

Inequalities (3.35)) and (3.39) imply (3.26), which concludes the proof. m
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REMARK 3.9. Up to now we have considered problem (3.1) treating z as
a parameter. It describes solutions to (1.9) only in a neighborhood of the
axis of symmetry. Solutions to (1.9 in a domain r > r¢ > 0 are described

by problem (|1.15). From (2.6)), (3.25) and ((1.13)3 we obtain for solutions to
(1.15) the estimate

(3.40) ”WHH2+k(Q<2)) < 0Hw1||Hk(Q(2))

for some k € {0,1}. Since suppw C 23 we see that ([3.40) can also be
deduced for weighted spaces:

[wll 24k o)) < cllwtllaree@), =0

4. Estimates with respect to z for solutions to (1.9). Consider
problem (|1.9) in the form

3 .
_wl,rr - *wl,r - wl,zz =w; in £2,
r
(4.1) 1 =0 for z € {—a,a},
1 =0 for r = R.

LEMMA 4.1. Fiz p € [0,1). Assume that wi € L, (§2). Then
42)  J@f .. + 98 do 4+ 2u(1 — o) [ 9 PP d < o | wir® da.
(9} 2 2
Proof. Multiply (4.1); by —wLZZTm‘ and integrate over {2. Then we have

(43) S Qb%,zzrzﬂ dx + S 1/117rr1/11,zz7“2“ dr +3 S %¢1,r¢1,zz7”2” dx
0 19 19
= — S wld)l,ZZTQ“ dzx.
2
Integrating by parts in the second term on the 1.h.s. we obtain

- S wl,rrz¢1,zr2u dr = — S wl,rrzwl,zT'mH_l dr dz
2 (9]

wl,rzwl,zrmﬁ_l),r dr dz

=—(
0
+ S Ufpor? de + (2 + 1) S U101 77 dr dz
§2 Q
=L+ 1+ Is.

We easily see that

a

I =— S ¢1,rz¢1,zr2“|;§oR dz=0

—a

because 91 ;|,=r = 0 and Remark implies that 1 ,;|r—0 = 0.



146 B. Nowakowski and W. M. Zajaczkowski

Using the above results in (4.3) and integrating by parts in the last term
on the Lh.s. of (4.3 we derive

Vi 4ot ) do—(1—p) | 0,(F ) dr dz+2p(1—p) | ¥F r? " dr dz
(9 (9 (9]
= - S W1¢1,zzr2u dzx,

(9}
where the second integral vanishes by the same arguments as for ;.

Using the above results in (4.3) and applying the Holder and Young
inequalities to the r.h.s. yields
S(@/}izz + wizr)rQ“ dx +2p(1 — p) S wizrz"_Q dr < c S wir? dz.
Q [0 [0
This inequality implies (4.2)) and concludes the proof. =

LEMMA 4.2. Fiz p € [0,1). Assume that wi . € Lo ,(§2). Then
(44) S (¢%,zzz + Q’Z)iTZZ)Tzu dx + 2#(1 - :u) S w%,zzr2#_2 dr <c S w%,z?"2“ dx.
9] 0 4

Proof. Differentiate (4.1) with respect to z, multiply by —wLZZZrz“ and
integrate over {2. Then we obtain

(45) S wl,rrzd)l,zzz"g'u dz + S 1/1%72227"2“ dr +3 S
2 2 9]

2
¢l,rz¢l,zzzr Hdx

S| =

2
= - S Wl,z¢1,zzzr Hdx.
9]

From (4.1)); it follows that
(46) @bl,zz‘ze{fa,a} =0

because 91 |.ef{—a,} = 0 and wi|,e{_q,q} = 0.
In view of (4.6) the first integral on the Lh.s. of (4.5]) equals

(4.7) - S ¢1,rrzz¢1,zz7"2“ dx = — S(zpl’rzzwlmr?u-ﬁ-l)m dr dz
2 I}
2 21 2
+ S 7,/11’7”22?“ dil' + (2,U + 1) S wl,rzzwl,zzr drdz
Q Q

In virtue of the boundary condition v1|,—r = 0 and Remark the first
integral on the r.h.s. of (4.7)) vanishes.
Integrating by parts in the last term on the L.h.s. of (4.5 and using (4.7)),

we obtain

(48) V@i, + i, )r™de + (2p — 2) {1 reathy oor™ dr dz
2 (0]

2
= - S Wl,z¢1,zzzr Hdx.
(0]
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The second term on the 1.h.s. equals

(49) (,LL - 1) S aT(w%,zz)TZM drdz

S a'r‘ wl zz d’r dz + 2/1(1 — ) S wizz,r.Qu—l d’]" dZ
2 2
S ¢1 Zz 2M| dZ + 2M(1 - M) S Qb% ZZTZM_Q dl’?

)

9]
where the first term on the r.h.s. equals (1 — ) {* wizzr2“|r:0dz because

1,22|r=r = 0. Using (4.9) in (4.8) implies (4.4). This ends the proof. =

5. Proofs of theorems. Let u € (0,1). Combining Lemma with
k=0 and k = 1 with Lemmas [£1] and [£.2] we obtain

S H?,/Jl )HH2 (0,R) dz + le zzHL2 u + le,rzuigﬂu(ﬂ)
+2u(1 — p) | f 2 de < cllen|l7, (o),
02
and
S le ( )HHS (0,R) dz + ”1/)1 zzZ||L2 + ||/(/}17TZZH%27“(Q)

+ 2/"(1 - /J’) S w%,zzr2u_2 de < CHU‘HH?{}L(Q)
9]
This proves Theorems [I.1] and [I.2}
Lemmas and used with (1.13) and (3.40) for £ = 0 yield

a
1
Fllwr = 620) = X3z 0, @2 + (012 +0.0) do < w0
—a Q
and Lemmas [3.6] and along with (1.13]) and (3.40) for k =1 give

S ”w w(l)( ) 77”?{8(07}2) dz + S(w%,zzz + w%,zzr) dx + Hl/)lH%'Q(_Q)
N

- 2
< CHWlHHl(.Q)a

and thus Theorems [[.3] and [[.4] follow.
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