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1. INTRODUOTION .

The model we are concerned with is called a linear OM-chain (¢f. [3],
. 133). It extends the concept of a simple Markov chain and is specified
by a sequence of real numbers and by a stochastic matrix 4. Our aim*
is to investigate the classification of ity states and its asymptotic behaviour,
-using the information provided by 4. In other words, we examine to
what extent properties of simple Markov chains can be transferred to
a certain type of non-Markovian discrete parameter stochastic processes.

Linear OM-chains were introduced by Onicescu and Mihoc [8] and were
rediscovered by Bush and Mosteller [1] when discussing certain aspects
of learning theory. -

2. STOCOHASTIO MODEL
2.1. Linear OM-chains. Tiet I be a countable set and let M(A) with
A < I be the set of all probability measures on A. Set W = M (I). We say
that a 4-tuple {W, I, u, P} is a linear O M-chain (abbreviated to LOM) if
(i) w is a mapping from W x I into W given by

b

ul{w, i) = oW+ (1 —a)d,,
where the o,’s are real numbers and 4; e W; :
(ii) P is a stochastic kernel from W to I given by

P(w, 4) = Dw; for A<,
1ed

where w,; is the i-th eomponent of w.

* Work supported by the Deutsche Forschungsgemeinschait and by the Natural
Sciences and Engineering .Research Council Canada grant A.-7223.
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Note that an LOM is complefely specified by the sequence of real
numbers {a;: ¢ € I} and by the stochastic matrix A = (4,), where A
is the j-th component of ;. For the sake of simplicity we assume that
0<la; <1 for all iel,

If an LOM is given, then (cf. [4], p. 64) for each we W there
exist a probability space (@2, o, P,) and a sequence of random variables
{&,: m > 1}, defined on £ with values in I, such that

Pw(EI GA) =P(w; A) i—].uIld w(§n+1 C-A-IE;U 1 J"’<47') ‘P(é‘ﬂ’”.A")‘ )
P,-a.8,

for all 4 < I, where {y =w and {, = u(f, i, &). Note that {£,:n > 0}
is a general Markov chain on W with tramnsition probability function

Qw, B) = Plw, {i: u(w, i) ¢ B).

Note alzso that if o, = 0 for all 4 e I, then {&,:» > 1} reduces to a
gsimple Markov chain on I with trangition matrix A.

For I,n>1 and A = I' let us define two stochastic kernels P, and
PP by

Prw, 4) = Pw((gn ey §1) EA.)
and ;
Pp(w, d) = Pw('( Eny ey Enp) € 4),

rvespectivety. Clearly, P, = P and P, = Py, Further, for 4’ < I™ and
A < I' we have

(1) P, 4 X 4) = D) Plw, j™)Pywj™, 4),

JMed’
where j™ = (j,,...,J,) and wj™ is an abbreviated notation for
‘ U (W3 J1y o009 Im) = u(ﬁm-l(w’jlr --.,jm_l),,’im)
(in particular, wj = u,(w, j) = u(w,j_)). From (1) we obtain

(2) Pymw, 4) = D Pplw, j")PHof™, 4).

jms_;m

‘Note that P(wj™, k) can explicitly be caleulated, namely

=1

(3) 'P(wjm’ k) == aj,’n_ '_" ajlwk + 2 ajm e ajy-}.]_'A'jrk FI_ Ajmk,

where 4 = (A;) with Ay = (1 —a;) Ay
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Since I iz cduntable, the n-step transition probability funetion corre-
sponding to @ (w, ), i.e. @"(w, ), is a diserete probability measure. Let us
denote by T™{w) the countable set of its atomic points and take

T(w) = UT” w), T(B)=|JT(w) for B w.

weB -

2.2. Auxiliary properties. We start by giving
ProPOSITION 1. Let we W, jel, and m > 0. We have

@ P, )= 3w AT,
. sl
where A7} is the (i, j)-entry of the m-th power of the matriz A.
Proof. Using the inequality -P(wi, j) > 4, we ge‘a (4} by induetion
on m.

PROPOSITION 2. Let we W, jel, and m=1. If P (w,j) >0,

then at léast one of the following two statements holds true: o
(i) wow; > 0 for some iel; S

(ii) wyAp; > 0 for some kel and 1<n<m :

Proof. We proceed by induction on m. We can easily check that
for m =1 we get (i) or (ii). Suppose that our assertion holds true for some
m = 1. Then, by (2),

P, §) = 3w Pl §) > 0,
tel
so that there exists & ¢ € I such that w,P""(wg, j) > 0. By our assump-
tion we get at least one of the following two statements:

(a) wy(wq); > 0 ((wg); stands for the j-th component of wg);

(b) w, (wq),A%z; > 0 for some kel and n << m.

Since (qu)j = 0gw; +(1 —~a,) Ay, we remark that (a) as well as (b) re-
duees to (i) or to (ii).

3. OLASSIFICATION

3.1. Classes. Set V,; = {w w = w4 for some w’ with w; > 0}. We say
that ¢ leads to j and write ¢ — j if for all w € V, there exists an m = m(w) > 1
such that P™(w, j) > 0 (see [9]). This definition is slightly different from.
that suggested by Mihoe and Ciucu [5]. By setting a; == 0 for all I € I we
gee that it is consistent with that used for Markov chains. We can also
prove that the relation — is transitive.

We say that 4 and j communicate if i —j and j — 4, Thig relation
divides I into dls]omt subsets called classes. Denote by O(i) the class
containing ¢ (C(4) = {i} if ¢ does not lead to 4). Further, set -

Z(i) = {l:d = QU i},
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Clearly, C(i) < Z(3). ,

- We now want to obtain information on the classification of I by
exploring the well-known clagsification of states of the Markov chain
specified by 4. In order to make it explicit in the notation when we deal

. with the Markov chain specified by 4, we shall ingert a 4. We shall write
@~ J, 04(8), Z4(8), A-essential, A-recurrent, and A-closed.
LemyA 1. Let 4,jel with i — . If <1 for all 1eZ,(3), then
i - f.

_ Proot. T4 ~; j, then theve exists an m > 1 for which A7; > 0. By (4]
we conclude that P™{w, j) > 0 for all we V,.

Lemma 2. Let ¢, § € I with ¢ —j. If j # 4, then i — j. i

Proof. For w = a;0;+4;, where ¢, is the probability measure
concentrated ‘at ¢ and A4; = (1 —~a;) 4;, there exists an m > 1 such that
P*(w,§) > 0. If m = 1, we immediately obtain A; > 0. If m.> 1, then,
by Proposition 2, we have w,ow; > 0 for some k & I or w,4j; > ¢ for some

l eI and some » > 1. In both cases we conclude that A7 > 0 for some
r=1. ,
3.2. Essential classes. We say that i is essential if ¢ — j implies § —4
for every jeI; otherwise, we call i inessential. By transitivity, the
property of being essential is a clags. property.
THuOREM 1. Let i eI and let ap <1 for all e Z,(i). Then ¢ is . ines-
sential if and only if ¢ is A-inesseniial. '
Proof. Tf i is inessential, then there is a j 3¢ ¢ such that ¢ —j but
~ not j +4. By Lemma 2 we get @ —r j. Suppose, on the contrary, that
J = 4. By transitivity we have o, < 1 for all 1 € Z,(j) and, therefore, by
-~ Lermama 1, we obtain j —¢. Hence we do not have j ~ .
Let now ¢ be A-inessential. Then there is a § s ¢-such that ¢ —+ §
“bub not j - ¢. By Lemma 1 we get ¢ —j. Suppose, on the contrary,
“hat j —4¢..By Lemma 2 we have j ~ 4. Hence we do not have j — .
It follows from Lemma 2 that C{i) « 0, (4) and Z(4) « Z,(3). < 1
for all I € Z 4(¢), then by Lemma 1 we have O(i) = C4(2) and Z(¢) = Z 4(i).
If we assume, in addition, that ¢ is essential, then C(¢), € 4(¢), Z(3), and
Z 4(¢) coincide.
- 3.3, Period. We begin with

PROPOSITION 3. Assume that ¢,j eI, w* = a;0;+4;, and m = 1. If
P w*, §) > 0, then P™(w, ) >0 for oll we V,. , .

Proof. This follows from (1), (3), and from the fact that wj > 0
implies w, > 0 for all we V;.
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If ¢ -> j, then by Proposition 3 there is an m>> 1 such that P™(w, j) > ¢
for all w € V,, in which case we write ¢ "> j. Moreover, for each iel
and m > 1 there exists some j e I with ¢ > j. It is also easily seen that

m . S . . min
i+ jand j — &k imply ¢ —> k.

For each 4 € I with ¢ — ¢ we define the period d(i) of ¢ as the greatest
common divisor of those # > 1 for which ¢ = 4. From transitivity it follows
that the property of having a period equal to & is a class property and

that the eclass C(i) can be partitioned into d(@) subelasses’ (for Markov
chaing, see {2], p. 13-15).

THROREM 2. (1) If ;> 0 for some je O(i), then d(i) =

(i) If e;<1 for all teZ,(i), then @(i) < dy(i) :

(ili) Let ¢ eI be essential and lot a;< 1 for oll ZeZA(z) If 0, =0
for all j e 0(3), then d(i) = @,(i).

Proof. (1) If ;> 0, then w; > 0. for each fweVi, hence d(¢) == 1.

(i) If 4 *j‘ i, then by (4) we get ¢ " 4, hence d(4) < d4(4).

(iii) If i-’flq:, then P, (4;,1;.. 'm)>0 fOr SOMe 4y ...y, By =4
Wlth i e 0(8), 1<l m. It follows that 4 —> i, hence a(d) = d,(1).

3.4. Recurrence and transiemee. For # > 1, we W, and j el let us
define the first entrance probabﬂ;tles

- P,(& =] for n =1,
v TAPE, £ 1< v<n, &, =) for n>1.
Set

fwj = 'wa,g =P, (& =] for gome n> 1).
n=1

Further, let ¥V < W; we say that i is V-recurrent (V-tramsient) il
foi=1lforallweV (f,,<1lforallweV) I o =0 for all eI, then
the notions of V-transience and M (% (4))-recurrence of i are identical
with the standard notions of transience and recurrence of ¢ occmrmg
in the theory of Markov chains.

Leét us examine now the relation between transience and the property
of being inessential.

TaworeM 3. Let i € I and let o< a<<1 for all Le L. If i is A-imes- -
sential, then 1 s Vt -transient.

Proof. There are j i, m>1, and a path 43, o dme1dmr J1 4
<< my Jm =, such that

A{lejljii sea A-"‘m—ljm >0 and i ¢ ZA (j) .
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Therefore, for we Tﬂ, we get
l'D’Lt),*i = E‘m(w, jl . 'bjmm]jm,) 2 AilejljZ “ae Ajm«lfm > 0.
Further, for ¥ > 2 by (1) we can write '
Py&,#0,1<v<m+N)>D, Pl #4,1<r< N)

w, i P(w, il)P(W*@lv'ia) e Pty .y, ),

o Spse- ,iNEZA()j

where 'w* = Wy +v. Juyd. Since Z,( §) is A closed, by (3) we have

P('w "'1 - oty n) (L—a ... o, )= 1—a™t

nE‘ZA“)
for 2<n< N and P(‘w*"-,ZAj)); 1-—&1. Thus
L —fui 3 Dy (1 ~aj)n(1—a
- =l

In order to exhibif a V Wluch can be nsed when discussing reeurrence

we give:
PROPOSITIOZN 4, If iel ond V = M(Z(i)), then T(V)<= V.

Proof. Let we V and Q(w, {w'}) > 0 for some w' € W. It suffices

to show that w' e V. Indeed, we have w' = aquw+ A4, with % eZ(), so
that w; > 0 implies j € Z (4). . :

THROREM 4, Lel i€l be A-essem@'al.;&uppose thai for all j e C4(i)
there exists am n = n(j) =1 such that A% > 0> 0. Then i is M(Z(i))-

-recurrent.

Proof. Let_weM (Z(i)) and w' eT(w). Proposition 4 yields w’

= am' +A4, with 1 e Z(i). Then by (4) we have

o Jurs = SUpP™( = sup Zw,ﬂ >sup Al = 0> 0,
. ?ﬂ}l =1 kel m=l » .
. since Z(4) = 0 (3).

Take now n, = %e(w’) = 1 such that

- M
Dl =2
_ =i
Then by (1) we ‘gét .
A ~fy =Py(é #i,v21) :
\ SPy(E #b, L<ry < mp)sup {P,. (& #6,v>1): 0"’ e T(w)}
< {1—0/2) sup{l —fue gt W' € T ()},
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Hence f,,; =1 for all w’eT(w) and, therefore, f,, = L.

Tt us apply our previous results when I ig finite. We have

THEOREM B. Let I be finite and op<< 1 for all 1€ 1.

(i) & 48 A-recurrent if and only if i is M (Z(i))-recurrent.

(ii) ¢ i A-transient if and only if i is V-transient.

Proof. (i) If is A-recurrent, then ¢ is A-essential. Hence, by Theo-
tem 4, ¢ is M(Z(i)}-vecurrent. Conversely, if ¢ is M(Z(i))-recurrent,

then i is A-essential by Theorem 3, since a;6; +A e V;nM(Z(#). Thus
4 is A-recurrent. ‘

(ii) If 4 is A-transient, then ¢ is A-inessential. Hence, by Theorem 3,
iis V,-trangient, Conversely, if ¢ is V,-transient, then i is also {w*}-transient
with w* = a,8,+4;. Since w* e M (Z 3)), it follows from Theorem 4 -that
3 i8 A—inessential. Hence ¢ is A-transient.

4. ASY MPTOTICO BEHAVIOUR

4.1. Ergodicity and regularity. We say (cf. [7], p. 37 and 161) that
an LOM is uniformly ergodic if there exist & sequence ¢, | 0 and, for each
1> 1, a probability measure P{°® on I’ such that

(5) ' Ppw, A" )P (AN < e,
for all we W, n,1>1, and A* < I', where

Pp —(1/m) D) Pi.
J=1

If PP is veplaced in (5) by Py, we say that the LOM is wuniformly
 reqular.

Congsistent with the terminology above, we say that a finite stochastic
matrix A is ergodie if it has a unique essential clags. If this essential class

is aperiodie, we say that A is reqular. Note t}nt A may have transient
sﬁates

4.2. Limit theorem. We show that the asymptotic behaviour of
the wm-step transition probabilities P} is determined by that of A,

TeEROREM 6. Let I be finite and suppose that oy < 1 for all 1 € I. Then
the LOM is

(i) wniformly ergodic if A is ergodic;

(i) uniformly regular if A is regular.

Proof., We start by rema:rkmg that a finite LOM iv a dlsta,nee di-
minishing model (cf. [7], p. 31) with compact W,

J
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(i) Let A be ergodic. It can be shown by arguments similar to those .
used by Norman in his Theorem 6.1 ([7], p. 61) that it suffices to check

(6) a(T(w), T'(w')) =0 for all w,w’ e W,
where d is the Buclidean distance.
Let o = max{a:1eI} and take §*eI'. Then by (3) we first get

d{wj ,w_jl) V2d for all w, 1 w’ € W. Secondly, if P”‘“( ,j)>0 for
m, l > 1, then there exists a j™ e I™ with :

-Pm+1(wﬂj .9) :Pm(w!jm)Pl(W*ajl)>0!

where'w* = wj™ and j™' & I"™*?, 50 that w* € T+ (w). Combining these
two faets, we conciude that P{*(w, jY) P (w’, %) > 0 implies

a1+ w), T’”’**’(w')) <Vad.

Thus (6) is fulfﬂled if for all w, w' e W and (> 1 there exist jel'
and m, m’ 2= 1 such that

(7) P (w, §) PP (w', §) > 0.
Since P(w'i, §) = Ay, by (1) we have
PP (w, i) = P™(w, §,) Ajl,2 Ay

Consequently, (7 ) and hence {(6) are fulfllled if for all w, w' ¢ W there
exist k €I and m, m' >> 1 such that

(8) . P, k)P (w', k) > 0.

A being ergodic, there exists a % e I and for each ¢ eI there exists
an m(f) > 1 such that A% > 0. For an arbitrary we W we choose
i el with w,> 0 and, by (4), we obtain P™9*(y, k) > 0. Thus (8) is
- established, and so ig (6). :

- (ii) By Theorem 6.1 of Norman [7], p. 61 (see also Theorem 2.4 of
Norman [6], p. 68) we have to check
(9) limd (T®(w), T*(w')) =0 for all w,w’ e W.
N—»00 3

Since 4 is regular, we can choose, once again using (4), m > 1 and
keI such that P®*(w, k) > 0 for all w e W. Thus (8) is fulfilled with
m == m', and so is (7), where we can take m = m’ mdependently of 1.
Hence (9) bolds true.

We have the following converse of Theorem 6 (i):

TrEOREM 7. Let T be finite, If im P"(w, i) emists for all w e W and.

>0

i €I and does not depend on w, then A is ergodic.
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Proof. It suffices to show that there exists a b el such that for

all 4 eI we have A} > 0 for some m = m(i) = 1. We can choose kel
with '

LmP*(w, k) >0 for all weW.
n—od
For each 4 ¢ I there exists an # = n(¢) = 2 with P”((B,, k) > 0. By

Proposition 2 we conclude that for ¢ == & there exists an m =m(i) =%
with A% > 0.

It is ea,sﬂy seen that the converse of Theorem 6 (ii) is not true. Take,
for instance, I = {1,2}, A, = Ay =1, and o, = a, = %. The matrix 4
ig ergodic but not regular, and, by (2), P*(w,¢) = forall we W, i eI,
Cand > 2. Hence (8) is fulfilled with m= m’' and, therefore, we get uni-
form regularity.

Finally, if I is finite and ;<< 1 for all { € I, then Theorems 1, 6 (i),
and 7 show that a linear OM-chain is uniformly ergodic if and only if it
has a unique essential elass. -
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