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UNIFORM STABILITY OF DYNAMIC SICA HIV
TRANSMISSION MODELS ON TIME SCALES

Abstract. We consider a SICA model for HIV transmission on time scales.
We prove permanence of solutions and we derive sufficient conditions for
the existence and uniform asymptotic stability of a unique positive almost
periodic solution of the system in terms of a Lyapunov function.

1. Introduction. In 2015, the deterministic SICA model was first pre-
sented as a subsystem of a TB-HIV /AIDS co-infection model |22]. One of the
primary objectives of SICA models is to demonstrate how some of the funda-
mental relationships between epidemiological variables and the general pat-
tern of the AIDS epidemic can be clarified using a straightforward mathemat-
ical model [18|. The celebrated SICA mathematical model |5, 6, 16, [25] 27]
divides the total human population into four compartments, namely

S(t): susceptible individuals at time ¢;

I(t): HIV-infected individuals with no clinical symptoms of AIDS but able
to transmit HIV to other individuals at time ¢;

C'(t): HIV-infected individuals under antiretroviral therapy (ART), the so
called chronic stage with a viral load remaining low at time ¢;

A(t): HIV-infected individuals with AIDS clinical symptoms at time t.

Under some realistic assumptions, the dynamics of the disease proliferation
in a community is then translated into a mathematical model given by the
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following system of four ordinary differential equations [22-H24]:

S(t) = A= BA1)S(t) —vS(1),

I(t) = BA(E)S(t) — (p + ¢ + v)I(t) + YA(t) + wC(2),
C(t) = oI(t) — (w+v)C(t),

A(t) = pI(t) — (v + v+ d)A(t),

where A, B, v, p, ¢, v, w and d are real positive rates:

(1)

e A is the rate of new susceptibles;

e (3 is the HIV transmission rate;

e v is the natural death rate;

e p is the default treatment rate for I individuals;
e ¢ is the HIV treatment rate for I individuals;

e v is the AIDS treatment rate;

e w is the default treatment rate for C' individuals;
e d is the AIDS induced death rate;

and where the effective contact rate with people infected with HIV is given
by
A = 517 (0 + 1) + mad (D)
with
e N(t) the total population at time ¢, that is,
N(t)=S(t)+1(t)+ C(t) + A(t);

e 0 < nc <1 the modification parameter;
e 14 > 1 the partial restoration parameter of immune function of individuals
with HIV infection that use correctly the ART treatment.

The study of dynamical systems on time scales is now a very active area
of research. The books of Bohner and Peterson |2} 3| offer a good introduction
with applications to the time scale calculus along with some advanced topics.
Applications of the time scale calculus can be found in many areas, including
economics |1} |7, [26], ecology [19, |20} 30| and epidemics [4, |11} 21]. Here we
generalize the SICA model by considering dynamic equations on time
scales and study it using the time-scale theory. By doing so, we unify the
continuous and discrete-time models 27|, generalizing them also to other
contexts like the quantum |12} |17] or mixed /hybrid settings |8} [28].

Recently, Prasad and Khuddush |20] proved the existence and uniform
asymptotic stability of positive and almost periodic solutions for a 3-species
Lotka—Volterra competitive system on time scales. Moreover, they also stud-
ied the permanence and positive almost periodic solutions of an n-species
Lotka—Volterra system on time scales [19]. Motivated by these works, here we
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investigate the permanence and uniform asymptotic stability of the unique
positive almost periodic solution of the following SICA model on time scales:

r(t) = A = BA(B)2] () — vaf (t),

25 (1) = BAt)a1(t) = (p+ & + v)2g () + ywa(t) + was(t),
w5 (t) = daa(t) — (w + v)a§(8),

() = paa(t) — (v + v+ d)zf (D),

where t € TT, with T a nonempty closed subset of R = ]0, +-o0].

Note that, in our notation, (xi(t),z2(t),x3(t),z4(t)) is interpreted as
(S(8),1(t), C(t), A(t))-

The paper is organized as follows. Section [2] gives a brief introduction to
time-scale theory and we also recall there the definition of an almost peri-
odic function with respect to time, uniformly for the state variables, and the
lemma of Lyapunov that gives a sufficient condition for the existence of a
unique almost periodic solution that is uniformly asymptotically stable. In
Section |3| we derive sufficient conditions for system to be permanent.
Finally, in Section [4] we establish sufficient conditions for the existence and
uniform asymptotic stability of the unique positive almost periodic solution
to the SICA system . Our results seem to be new even for standard time
scales. We end with an example (Example and a brief conclusion (Sec-

tion .

(2)

2. Some preliminaries. For more background on the theory of time
scales we recommend the books |2, 3|. A time scale T is a nonempty closed
subset of the real numbers R. The time scale T has the topology that it in-
herits from the real numbers with the standard topology. Let f be a function
defined on T*. We set

fL:inf{f(t):tE']I‘+}, fU:sup{f(t):t€T+}.

DEFINITION 2.1 (see [2]). The jump operators o,p : T — T and the
graininess function u: T — R are defined, respectively, by

ot)=inf{reT:7>t}, pt)=sup{reT:7<t}, uplt)=o(t)—t

supplemented by inf () := sup T and sup ) := inf T. A point ¢ € T is left-dense,
left-scattered, right-dense, or right-scattered if p(t) =t, p(t) < t, o(t) =t, or
o(t) > t, respectively. If T has a left-scattered maximum M, then we define
T = T\ {M}; otherwise, T® = T. If T has a right-scattered minimum m,
then we define T, = T\ {m}; otherwise, T, = T. If f : T — R, then
f7:T — Ris given by f7(t) = f(o(t)) for all t € T.

DEFINITION 2.2. Let f: T — R and t € T®. We define f2(t) to be the
number, provided it exists, with the property that given any € > 0 there is
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a neighborhood U of ¢ (i.e., U = (t — d,t+ ) N T for some § > 0) such that
1f7(t) = f(s)] — FAW)[o(t) — s]| <elo(t)—s| forallseU.

We call f2(t) the delta derivative of f at t. Moreover, we say that f is delta

(or Hilger) differentiable on T* provided f2(t) exists for all t € T*.

DEFINITION 2.3 (see |2]). A function f: T — R is said to be regressive
provided 1 + u(t)f(t) # 0 for all ¢ € T". The set of all regressive and rd-
continuous functions f : T — R (a function f : T — R is called rd-continuous
provided it is continuous at right-dense points in T and its left-sided limits
exist (finite) at left-dense points in T) will be denoted by R = R(T,R). We
define

RY=RT(T,R)={feR:1+ul)f(t) >0 foralteT}.

Let now p, ¢ € R. We define the circle plus addition ¢ on R by

(P @ q)(t) :==p(t) +q(t) + u(t)p(t)q(t) forallteT
and the circle minus subtraction & on R by
_ p(t) —q(?)
14 p(t)g(t)
The time scales exponential function e,(-, tg) is defined for p € R and t9 € T

as the unique solution of the initial value problem

yA =p(t)y and y(tp)=1 onT.

(poq)(t): for all t € T.

One has
€ '7t0)
ep(-t0)eq(+, to) = epag(: o), ;E. o) = epaq(", to)
q\"
and
(1t0) = ——
ecql(-, = .
o ‘ 6q('vt0)

LEMMA 2.4 (see |10]). Assume that a,b >0 and —a € R™. Then
yA(t) 2 (g) b— aya(t)a y(t) >0, te [th OO)’H‘,
implies that

b ay(t

y(t) 2 (S) a |:1 + (yéﬂ) B 1>6(@a) (t7t0):|7 te [t07 OO)T'

DEFINITION 2.5 (see |14]). A time scale T is said to be almost periodic if
II={reR:t+7eTforallteT}#{0}.

DEFINITION 2.6 (see [14]). Let T be an almost periodic time scale. A func-
tion z € C(T,R™) is said to be almost periodic if the e-translation set of x,

Ele,az}={rell:|z(t+7)—z(t)] <e forall t € T},
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is a relatively dense set in T, that is, for all € > 0 there exists a constant
I(g) > 0 such that each interval of length I(¢) contains an 7(e) € E{e, x} such
that |z(t+7) — z(t)|< e for all ¢t € T. Moreover, 7 is called the e-translation
number of x(t) and [(e) is called the inclusion length of E{e,x}.

DEFINITION 2.7 (see |14]). Let D be an open set in R™ and let T be a
positive almost periodic time scale. A function f € C(T x D, R") is said to
be almost periodic in t € T uniformly for x € D, if the e-translation set of f,

Ele, f,.S}={rell:|f(t+7)— f(t)| <eforall (t,z) € T xS},

is a relatively dense set in T for all € > 0 and for each compact subset S of D
there exists a constant [(e,S) > 0 such that each interval of length [(,S)
contains 7(g,S) € E{¢, f,S} such that

|f(t+7,2) — f(t,z)| <e forall (t,z) € T xS.
Consider the system
(3) 2 (t) = h(t, z)
and the associate product system
() = h(t,x), 2°(t) = h(t, 2),

where h : T x Sp — R", S = {z € R": ||z|| < B} and h(t,z) is almost
periodic in ¢t uniformly for x € Sg and continuous in z.

LEMMA 2.8 (see [29]). Suppose that there exists a Lyapunov function
V(t,z,2) defined on T x Sg x Sp, that is, there exists a function V (t,xz, z)
satisfying the following conditions:

(1) a(||lz —=||) < V(t,z,2z) <b(||z — z||), where a,b € K with
K = {a € C(RT,R") : a(0) =0, and « increasing};
(2) |[V(t,xz,2z) = V(t,x1,21)| < L(||lx — 1] + ||z — 21l|), where L > 0 is a

constant;
(3) DTVA(t,z,2) < —cV(t,x,2), where ¢ > 0 and —c € R*.

Furthermore, if there exists a solution x(t) € S of system fort € TT,
where S U Sp is a compact set, then there exist a unique almost periodic
solution f(t) €S of system , which is uniformly asymptotically stable.

DEFINITION 2.9 (see [19]). System is said to be permanent if there
exist positive constants m and M such that

m < liminfz;(t) < limsupz;(t) < M, i=1,2,3,4,
t—o0

t—o00

for any solution (21(t), z2(t), z3(t), z4(t)) of ().
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3. Permanence of positive solutions. The principal objective of this
section is to establish sufficient conditions for system to be permanent.
Let tg € T be a fixed positive initial time. We introduce the following as-

sumption for :
(H1) A(t) is a bounded and almost periodic function satisfying
0 <Al <A@) <Y,
LEMMA 3.1. Suppose hypothesis (Hy) holds. Then, for any positive so-

lution (z1(t), z2(t), z3(t), za(t)) of system (2), there exist positive constants
M and T such that x;(t) < M, i=1,2,3,4, fort > T.
Proof. Let Z(t) = (x1(t), z2(t), x3(t), z4(t)) be any positive solution of
system . From the ith equation of , we have
e (t) <A — (BN +v)z{ (1),
A
8 () < BAUM; + (v + w)— =
25 (t) < OMy — (w + v)ag (1),
zP(t) < pMa — (v + v + d)ag(t).
Hence, by Lemma [2.4] there exist positive constants M; and T; such that for
any positive solution (z1(t), z2(t), z3(t), z4(t)) of (2)), we have
A (ﬁ)\L + l/)LL‘l (to)
xl(t) < m |:1 -+ < A —1 e@(ﬁ)\L-l—l/)(t?tO) .

If —(BAF +v) <0, then eo(@rb+v)(t to) = 0 as t — oo and

(4) (p—i—(b—l—u)xg(t),

r1(t) < My := A/ (BAF +v) for t > T,
(5) xo(t) < My ::B<>\UM1+(7+w)/VX>/(p+¢+u) for t > Ty,
x3(t) < M3 := ¢Ms/(w + v) for t > T3,
xa(t) < My = pMs/(y + v +d) for t > Ty.

Let M = maxj<;<4 M; and T' = maxi<;<4 T;. Then xi(t) < M,i=1,2,3,4,
forallt>T. m

LEMMA 3.2. Suppose that (Hy) holds. Then system s permanent.
Proof. Let Z(t) = (x1(t), z2(t), x3(t), z4(t)) be any positive solution of
system . From the ith equation of , we have
2 () > A = (BAY +v)ag (1),
25 (t) > BN M — (p + ¢ +v)a5 (1),
(t) > ¢gmg — (w + v)a5 (1),
(t) > pma — (v + v+ d)zq(t).

6 2
() oo
A
4

xT
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From hypothesis (H;) and Lemma there exist positive constants m; > 0
such that for any positive solution (z1(t),za(t), z3(t), z4(t)) of there
exists T; such that

z1(t) > my = AJ(BAV + 1) for t > 1,
7) zo(t) > mag == (BAFma)/(p+ ¢ +v) fort > 7:”2,
x3(t) > ms —gbmg/(w—H/) for t > Ts,
z4(t) > myg := pma/(y + v+ d) for t > Ty.

Let m = minj<;<4m; and T = maxi<i<4 T:. We conclude that xi(t) > m,
i=1,2,3,4,forallt >T. u

4. Uniform asymptotic stability. In this section, we prove sufficient
conditions for the existence and uniform asymptotic stability of the unique
positive almost periodic solution to system . Let us define

Q2= {Z(t) = (21(t), 22(t), 23(t), 2a(t)) € (RT) ¢ (21(8), 22(t), 23(t), 2a(2))
is a solution of (2) with 0 <m <ax; < M,i=1,...,4, and N(t) < A/v}.

It is clear that {2 is an invariant set of system and, by Lemma we
have §2 # (). We introduce some more notation. Let

M
ar =B\ +v, b =AY + b :
2m
ay:=p+o+v, by:=p+o,
2
az :=w+v, bs :=w+ nec,
2m
2
ag:=vy+v+d, by:=~+ NA-
2m
Moreover, let
I1:= min a; and I%:= max b;.
1<i<4 1<i<4

In our next result (Theorem we assume the following additional hypoth-
esis:
(HQ) I < I with I, I eRT.

THEOREM 4.1. Suppose that (Hy) and (Hz) hold. Then the dynamic sys-

tem has a unique almost periodic solution Z(t) = (x1(t),z2(t), x3(t),
x4(t)) € 2 that is uniformly asymptotically stable.

Proof. According to Lemma every solution
Z(t) = (z1(t), z2(t), z3(t), xa(t))

of (2) satisfies zF < z;(t) <2V, i =1,...,4, and |7;| < K;, i = 1,....,4.
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Denote

1211 = M1 (2), 22(2), 23(2), 2a(t)) ]

= tsel%g(lxl(t)l + lz2(t)] + 23 ()] + |za(t)]).

Let Z(t) = (a;l(t),mg(t),x3(a:4(t)) and Z(t) = (.’i‘l(f),fg(t),ifg(t),.’iq(t))

be two positive solutions of (2). Then ||Z|| < K and || Z|| < K, where

4
K = ZK
=1

In view of (2 @ we have

o (t) = A — BB (t) — vag (t),
25 (t) = BAD)z1(t) — (p+ ¢ + )25 (1) + yaa(t) + was(t),
o5 (t) = daa(t) — (w + v)ag (1),
o (t) = pra(t) — (v + v + d)a(t),
and

(20 (t) = A — BA®)Z] (L) — vif (t)
#5(t) = BAWDEL(E) — (p+ & + v)EG (1) + 7da(t) + wits(t),
B9 (t) = ia(t) — (w + v)E5(t),

(22 (t) = pia(t) — (v + v + d)Z{ (L)

Define the Lyapunov function V(t Z,Z)on Tt x 2 x 2 as

4
V(t.2,2) Zm ) — &) =) Vilt)
i=1

where V;(t) = |z;(t) — #;(t)]. The two norms

120 - 2] = sup 3 Jet) — 20

teT+ ;2

and
1/2

4
12(6) = 20l = sup (3 (walr) — #:(1)?)
teT+ N, 5
are equivalent, that is, there exist constants 71,72 > 0 such that
m|Z(t) = ZO)|« < 12(t) = Z@)I| < ml| Z(t) = Z(8)]«-
Hence,
ml|Z(t) = ZW)| <V (¢, 2, 2) < || Z(t) = Z(D)]
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Let a,b € C(RT,R"), a(z) = mz and b(z) = nex. Then assumption (i) of
Lemma [2:8] is satisfied. Moreover,

4 4
V(t.2,2) - V(2" 2") = 12 i(8) = 20)| = 3l 1) -
< Z’ xz _332 (x;k(t) _j;k(t)”
< 37 (o) — 25 (0) + (510 — o)
=1

4
< (@it) -2 \+Z| ) = i(t
=1

<L(12(1) - ()H+HZ() AL
where L = 1, so that condition (ii) of Lemma is also satisfied. Now,
let vi(t) = i(t) — &i(t), ¢ = 1,..., 4. We compute and estimate the Dini
derivative DTVA of V along the associated product system . Using |15}
Lemma 4.1], it follows that DYVA(t) < sign(v{(t))(v1(t))?. For more details
on DYVA(t) see 9 [13]. Now, let us begin computing:

DFVE(t) < sign(vf (£)) (vi (1)) >

= sign(v] (1)) [=BA()27 (1) — vaf (t) + BA@) 2T (¢) + v2] (1))
= sign(vf (t))[=BA) (27 () — 27 (1)) — v (27 (t) — 27 (1))]
— BT (1) (A(H) — A(t))]
= sign(vf (¢))[=(BA(#) + v) (27 (1) — 27 (%))
— BET(£)(A(t) = A(®))]
< —(BA() + )| (1) — 27(8))] + BT (D)A(E) = A(®)]
< —(BAF() + )29 (8) — 27 (0)] + B2 (D)IA() = A(D)]
< —(BAM(8) + v)|2] (8) — &9 (8))] + BMIA(E) — A(D)].

Let va(t) = 22(t) — 2 (t). Similarly, we have
DYVR(t) < sign(v§ (1)) (va(t)) >
= sign(v3 (1)) [BA()z1(t) — (p + ¢ + V)23 (1) + y2a(?)
+was(t) — BAL)EL(E) + (p+ ¢ + 1)EF (1) — vEa(t) — wis(L)]
= sign(v (1)) [(BA()21(t) — BAR)E1(1)) — (p + ¢+ v) (x5 (1) — 25 (¢))
+y(@a(t) — £4(t)) + wlzs(t) — 23(1))]

(
(

t$1
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= sign(vg () [BA() (1 (¢ ) = #1(1) + 21(8)(A() = A(t)))
—(p+ o+ v)(@3(t) — 25(1)) + y(wa(t) — £4(t)) + w(xs(t) — Z3(2))]
= sign(vg () [BA(t) (w1 (¢ )— 21(t) + B2 (1) (A(H) = A(1))
—(p+ o+ v)(@3(t) — 25(1)) + y(za(t) — £4(t)) + w(xs(t) — Z3(2))]
< BAY[@1 () = 21()] + BMIA(E) = A1)
—(p+ ¢+ V)3 (t) = 23()| + ylwa(t) — 2a(2))]
+wlws(t) — 23(1)];
for v3(t) = x3(t) — Z3(t) one has
DV (1) < sign(v§ (1)) (vs ()
= sign(v5 (1)) [pz2(t) — (w + v)a5(t) — dia(t) + (w + v)23(1)]
< plaa(t) — 22(t)] — (w+ )|z (t) — 23(1)];
and for vy(t) = x4(t

) — &4(t) we have
DHVA() < plaa(t) — 2a(t)] — (v + v+ d) () — 250)].

Since

w1(t) + nows(t) +na)za(t),

it follows that
(8)  DTVA() < —(BA(t) + v)|af () — 27 ()] + (BM)|A() — A()]
+ BAY |z (t) — 21(8)] + BMIA(E) — A(2)|
—(p+ o+ v)[25(t) — 25 O)] + v[za(t) — 2a(t)]
+ wlxs(t) — Z3(t)| + P|lza(t) — 22(t)]
— (w+v)[zg(t) — 23(0)|
+ plaa(t) — 22(1)] — (v + v+ d)|27(t) — 27()].

Therefore,

A(H) =A@ < %le(t) — 21(8)| + nelws(t) — 23(t)]
+ nalza(t) — 24(t)]];
where 0 < nc <1, 14 > 1, and B > 0. Inequality becomes
DIVA(L) < —(BN" + )] (£) = #7(8)] — (p+ 6 + V)25 (8) — 25 (1)
— (w+v)[ag(t) — 25@)] — (v + v + )|z (t) — 27 ()]
+ 28MIA(E) = A()| + (BAY)|21(t) — &1.(8)] + lwalt) — 24(2)]
+wlas(t) — 23(t)] + (p + &)|w2(t) — 22(¢)]
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= —(BX" + V)27 (1) — 27 (t)] — (p + & + v)|a3 () — 25 (1)
— (W p)a5(t) —25(0)] - (v + v + d)]27(t) — 27 (1)]

(W + 5o ) ) = (0] + (p-+ laa(0) = 1)
2

+ (w + im 770> |3(t) — 23(1)]
2

+ (v s lea(®) = a0

From the previous inequality we can write
DYVA(E) < —(BN" +v)[2] (8) — 37 (1) — (p + ¢ + v)[a5 () — 35 (1)]
— (w+v)]ag(t) —25@)] — (v + v+ d) |z (t) — 27 (1))
v M :
(BN + 5 )l (6 - a0)

2

# (04 pllea(t) = a(0) + (s e o) = da(o)

2
(7 e ma ) = aate)

and it follows that

DYVA®R) < L=

1+1p
By hypothesis (Hj), one has —¥ € R* and ¥ = {i}fﬁ > 0. Thus, as-
sumption (iii) of Lemma is satisfied. Furthermore, conditions (i) and
(ii) of Lemma also hold. For condition (i) we consider two functions
a,b € C(RT) with a(z) = 0.5z and b(z) = 2z. For condition (ii) we put
L = 1. So there exists a unique uniformly asymptotically stable almost pe-
riodic solution Z(t) = (x1(t), x2(t), z3(t), z4(t)) of the dynamic system
with Z(t) € 2. =

V(t) = 0V (t).

EXAMPLE 4.2. Motivated by [16] and the case of Morocco, we consider
system for T = Z*:
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Fig. 1. Example solution of @D during seven years

Azi(t) = A= pAt)z1(t+ 1) —vai(t+ 1),
(9) Axo(t) = BA)z1(t) — (p+ ¢+ v)zo(t + 1) + yaa(t) + wrs(t),
Ag(t) = dwa(t) — (w + v)as(t + 1),
Azy(t) = pra(t) — (v + v+ d)za(t + 1),
where
r1(0)=1— lelo (0= 5 20 =0, ()= ]30

with Ny = 325235, A = 2190, B = 2.710~7, v = 0.39, p = 0.2, ¢ =

0.1, v = 0.33, w = 0.09, and d = 1. System

@ is permanent. Further-

more, m; = 5615.381462, mo = 5.4787041201077, m3 = 1.14139669210~?,
my4 = 6.37058618610710, M; = 5615.384615, My = 0.002773104793, M3 =
0.0005777301652, and My = 0.0003224540457. The conditions of Theo-
rem [£.1] are verified with 0.37 = I, < I'1 = 0.39 and ¥ = 0.01391941151.
Therefore, system @ has a unique positive almost periodic solution, which
is uniformly asymptotic stable. In Figure [1| we plot the solution for the first

seven years with no = 0.5 and n4 = 1.5.
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5. Conclusion. We have investigated the uniform stability of the unique
positive solution in an HIV/AIDS epidemic model, specifically the SICA
model on an arbitrary time scale. The purpose of incorporating time scales
is to integrate both continuous and discrete time models. We established the
permanence of each solution and, using a suitable Lyapunov function, we
derived a sufficient condition for uniform asymptotic stability of the solu-
tion. Additionally, we presented an illustrative example to substantiate our
analytical results.
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