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t-adic symmetric multiple zeta values for
indices in which 1 and 3 appear alternately

by

MINORU HIROSE (Kagoshima), HIDEKI MURAHARA (Kitakyushu) and
SHINGO SAITO (Fukuoka)

Abstract. This paper deals with the t-adic symmetric multiple zeta values modulo
t™ without modulo 72 reduction for indices in which 1 and 3 appear alternately. We
investigate those values that can be expressed as a polynomial of the Riemann zeta values,
and give a conjecturally complete list of explicit formulas for such values.

1. Introduction

1.1. Multiple zeta values and t-adic symmetric multiple zeta
values. An indez is a finite (possibly empty) sequence of positive integers.
We say that an index is admissible if either it is empty or its last component
is greater than 1.

For each admissible index k = (k1, . . ., ky), the multiple zeta value (MZV')
is defined by

(k) =Clkr,. )= ) %GR,

ki
1<ny<-<ny U1 T

where we set () = 1. Let Z denote the Q-linear subspace of R spanned by
all MZVs (including 1).

For each (not necessarily admissible) index k, we write (*(k) and ™ (k)
for the real numbers in Z obtained by taking the constant terms of the

harmonic and shuffle regularizations, respectively (see [8] for details). Note
that ¢*(1) = ¢™(1) = 0 and that (*(k) = ("™ (k) = ((k) if k is admissible.
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For each index k = (ki,...,k;), each symbol e € {*,m}, and each non-
negative integer m, we define

k)= > g’(k1+ll,...,kr+lr)H(ki+ll.,~—1>_

l1,.07 >0 =1
ll++lr:m

Define the t-adic symmetric multiple zeta value (t-adic SMZV') by

T

(k) =) _(~1)hmrtthege(k ki) Y Gk ki)™ € Z[[H]

=0 m>0

and define the t-adic SMZV modulo t™ by
(3, (k) = mm(C5(K)) € ZI[t]]/ (™)

for each positive integer m, where m,: Z[[t]] — Z[[t]]/(t"™) is the natural
projection. Here we set Cé(@) = 1. The t-adic SMZVs have been studied in
[9, 16], [14] as a generalization of ordinary SMZVs (the t-adic SMZVs for t = 0
or the t-adic SMZVs modulo t; see [10, 11]), in view of the Kaneko—Zagier
conjecture concerning the t-adic SMZVs modulo ¢ and the finite MZVs and of
its generalization concerning the t-adic SMZVs and the p-adic finite MZVs.

In this paper, we concentrate on indices k in which 1 and 3 appear
alternately, such as (3), (1,3,1), and (3,1,3,1). As a consequence, for all
indices that appear in this paper, the values of ¢* and ¢™ coincide, and so
do the values of C % and Cm (see Proposition , we therefore often omit
and m herelnafter

Let k be an index in which 1 and 3 appear alternately. It is known
that ((k) can be written as a polynomial of the Riemann zeta values (see
5, [6, 2, [I]). It turns out, however, that this is not always the case for (5(k).
Our results, to be described in precise terms in the next subsection, explicitly
write the value (s, (k) as a polynomial of the Riemann zeta values for as
large m as practically possible, in the light of the fact that almost no (s, (k)
with m > 4 is expected to be expressible as a polynomial of the Riemann
zeta values.

We remark that our theorems and conjectures given in the next subsec-
tion concerning the t-adic SMZVs modulo 72 are also likely to be valid for
the p-adic finite MZVs since the t-adic SMZVs modulo 7% and the p-adic
finite MZVs are conjecturally isomorphic (for details, see [10, 1T}, [14]; see also
[17, [12] for previous work on p-adic finite MZVs).

1.2. Statements of our main theorems. We now give precise state-
ments of our main theorems and conjectures. The proofs of the theorems will
be given in the next section.
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Let k be an index in which 1 and 3 appear alternately. According to its
first and last components, we divide into the following four cases:

k=({3,1}",3), ({1, 3}"), ({3, 1}"), ({1, 3}", 1),

where n is a nonnegative integer and {a,b}" denotes the n-fold repetition of
a,b, e.g., {a,b}> = a,b,a,b.

1.2.1. Case of k = ({3,1}™,3). Suppose that k both starts and ends
with 3, i.e., k is of the form ({3,1}",3). Then we have (s, (k) = 0 by defini-
tion. Since the coefficient of ¢ in (s,(3,1, 3) is congruent to

—5¢(3)¢(5) —¢(3,5)

modulo 72 (here and throughout, we have used [3] in numerical computa-
tions), it is reasonable to believe that (s,(3,1,3) cannot be written as a
polynomial of the Riemann zeta values even when reduced modulo 72, and
so we do not investigate (s,, ({3,1}",3) for m > 2 in this paper.

1.2.2. Case of k = ({1,3}"). Suppose that k starts with 1 and ends
with 3, i.e., k is of the form ({1,3}"). Then we can compute (s, (k) explicitly
(recall that ¢(1) = 0):

THEOREM 1.1. We have

2(-4)" 4
1,3}") = gt
()™ 2 = (=H)™™) 4,
4 1
+(n;>0 oo " cUm+l)
nodni=n
2n0—n1+2
—(=1)" —__x?¥0((2ny + 1))75
no%:>0 (2n0+2)!
n0+7n1;2n
ng,n1 odd

for every nonnegative integer n.

Recall that Ono, Sakurada, and Seki [13, Theorem 4.1] computed the
values of (s, modulo 72 for a wider class of indices. What makes Theorem
interesting is that it computes the values without modulo 72 reduction.

Since the coefficient of 2 in (s,(1,3,1,3) is

36(2)¢(3)¢(5) +¢(2)¢(3,5) — 5¢(3)%¢(4) — 3¢(3)C(T) + F¢(5)* — FF¢(10),

it is reasonable to believe that (s,(1,3,1,3) cannot be written as a polyno-
mial of the Riemann zeta values. Nevertheless, numerical experiments sug-
gest that (s,({1,3}") modulo 72 can always be written as a polynomial of
the Riemann zeta values, and we make the following conjecture:
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CONJECTURE 1.2. We have
(s ({1,3}") = dno + (2(—4)"" = 4)C(4n + 1)t
(207 Y Cln 4 3)(Ans + 3)

n1,m2>0
ni+ngs=n—1

23 ()T = 2)((~4)7" = 2 + 1) (Anz +1) )

n1,n2>0
ni+na=n (mod 7?%)

for every nonnegative integer n, where 6y, o denotes the Kronecker delta.
Since the coefficient of 3 in (s,(1,3,1,3) is congruent to
—588¢(11) = §¢(3)%¢(5) — ¢(3)¢(3,5) + 2¢(3,3,5)
modulo 72, it is reasonable to believe that (s,(1,3,1,3) cannot be written

as a polynomial of the Riemann zeta values even when reduced modulo 72,
and so we do not investigate (g, ({1,3}") for m > 4 in this paper.

1.2.3. Case of k = ({3,1}"). Suppose that k starts with 3 and ends
with 1, i.e., k is of the form ({3, 1}"). Then we can compute (s, (k) explicitly:

THEOREM 1.3. We have
433({37 1}n)
—4)"
_ 2( ) 7T4n+(_1)n+1 Z

(_1)%0 2n07n1+2

720 (2ny + 1)t

(4n + 2)! 0 (2no + 2)!
no+ni=2n
-1 n02no—n1—n2+2
+(-Dm Y ( )(2n0 ol 720¢(2ny 4 1)¢(2ng + 1)t2

ng,n1,n2>0
no+ni+na=2n

for every nonnegative integer n.

COROLLARY 1.4. We have
Css({3,1}") = 0no — 2(—4) "((4n + 1)t
+2(=4)7" ) (201 4+ 1)¢(2ng + 1) (mod 77)

n1,n2>0
ni+ns=2n

for every nonnegative integer n.
Since the coefficient of 3 in (s,(3,1,3,1) is congruent to
8BC(11) + 22¢(3)%¢(5) + 2¢(3)¢(3,5) — 2¢(3,3,5)
modulo 72, it is reasonable to believe that (s,(3,1,3,1) cannot be written

as a polynomial of the Riemann zeta values even when reduced modulo 72,
and so we do not investigate (s, ({3,1}") for m > 4 in this paper.
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1.2.4. Case of k = ({1,3}",1). Suppose that k both starts and ends
with 1, i.e., k is of the form ({1,3}",1). Then we can compute (s, (k) ex-
plicitly:

THEOREM 1.5. We have

(s;({1,3}7,1) = ﬂﬂ.lln—fﬂt

(4n + 4)!
(_1)n12n07m+2 9 5
+(=D" Y oot " cGmE Lt
ng,n1>0 0 '
no+ni=2n+1

for every nonnegative integer n.
COROLLARY 1.6. We have
(s, ({1,3}7,1) = —(—4)""¢(4n + 3)t? (mod 7?)
for every nonnegative integer n.
Since the coefficient of #3 in (s,(1,3,1) is congruent to
9¢(3)¢(5) + ((3.5)

modulo 72, it is reasonable to believe that (s,(1,3,1) cannot be written as a
polynomial of the Riemann zeta values even when reduced modulo 72, and
so we do not investigate (s,, ({1,3}",1) for m > 4 in this paper.

1.2.5. Summary

CONJECTURE 1.7. The pairs (k,m) of an index k in which 1 and 3
appear alternately and a positive integer m such that (s, (k) can be written
as a polynomial of the Riemann zeta values are exhausted by those deduced

from Theorems and [L.B] and the following equations:
Csl({37 1}71, 3) =0 (n 2 0)?
(1) == ¢m+1)t™,

m>1
C5(3) = =5 Y (m+1)(m+2)¢(m+3)t™,
m 72 6
Css(1,3) = =55 + <66(3) - g (5)>t + (—;280 + ;C(3)2>t2
4
+ (WC(?)) + 72¢(5) — 17g(7)> 3,

90

7T4 7T2 7T4
(sy(3,1) = ~50" (—Gg(3)+;c(5)> t—%§(3)2t2+ <45c(3)—3g(7)> 3.
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2. Proofs of our main theorems

2.1. Algebraic setup. We use Hoffman’s algebraic setup with a slightly
different convention (see [7]). Set H = Q(z,y), H' = Q +yH, and H° = Q +
y$Hx. We define the shuffle product as the Q-bilinear product m: $ x H —
given by

lmw=wml=w,
ww m v'w = u(wmu'w') + o' (vw mw'),
where w,w’ € $ and u,u’ € {x,y}. This product makes $) a commutative
Q-algebra, which we denote by $; (see [15]). The subspaces $' and £°
become subalgebras of )y, which we denote by .651 and 5531, respectively.

For a positive integer k, put z, = yz*~ 1. We define the Q-linear map

Z: 9" = R by
Z(zy - 2k,) = Gk, k),
where (k1, ..., k;) is an admissible index. Note that Z is a m-homomorphism
in the sense that Z(wy mws) = Z(w1)Z(wz) for wy,ws € HP.

We define the algebra homomorphism reg,, : H: — $H° by the properties
that it is the identity on $°, maps x to 0, and maps y to 0; such reg,, exists
and is unique. We also define Z™: $; — R by

Z" = Zoreg, .

PROPOSITION 2.1. For a nonnegative integer m and positive integers
ki,..., k., we have

$my$k‘1—1 L yxkr—l
r
K+ —1
— ki+li—1 kr+l—1
:(_1)m Z Y 1+l ey + H(J l] )
l,e50r 20 j=1 J
l1++l'r:m

modulo x 1m $).
Proof. Note that induction shows

m
M yw = Z(—l)m*ixi gy (2™ mw)
i=0
for all w € $. Indeed, the statement is obvious for m = 0, and if it is true
for up to m, then

m
$m+1yw — merl I yw — § :x]y(xmﬁ’lfj m w)
j=0

mJ
= 2™ myw — Z Z(—l)j*ixi gy (27 m ™ mw)
=0 i=0



t-adic symmetric multiple zeta values 255

. 11—\ . .
_ xm—i—lmyw_ Z (_1)j—2 <m +_Z Z>xzmy($m+l—2mw)
0<i<j<m J

m
= "™ moyw + Z(—l)mﬂ_ixi mr y (2™ )
=0

_ Z (_1)m+17iwi - y(merlfi o w)
=0
Setting w = 21~ tyzk2—1 .. yzk =1 we have
.%'myl'kl_l yl’kT_l

(ki1 -1
_ m 2 : ki1+l1—1 kr+lr—1 7 J

l1,..,0»>0 7j=1
l1++lr:m

modulo xm . =

From the previous proposition and the observation that z m $ lies in the
kernel of Z™, we immediately deduce the following.

PROPOSITION 2.2. For a nonnegative integer m and positive integers
ki,..., k., we have

(k.. k) = (=)™ 2% 2™yt Ly,
PRroOPOSITION 2.3. Let k be an index with no adjacent ones. Then
(k) =¢"(k),  (glk) = (5 (k).
Proof. By [8, Theorem 1], we see that
¢(1,1) =¢" (1)

for an index I whose last component is greater than 1. Then the result follows
immediately from the definitions. m

Let 7 be the anti-automorphism on $ with 7(z) = y and 7(y) = x. Then
the duality formula of MZVs says Z(w) = Z(r(w)) for w € H°, which is
generalized as follows.

PROPOSITION 2.4. For w € $), we have
2" (w) = 2" (7 (w)).
Proof. Since reg, and 7 commute, we have
2" (w) = Z(regy (w)) = Z(7(regy (w))) = Z(regy (1(w))) = 2 (r(w)),

as required. m
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2.2. Alternating sums of shuffle products. In this subsection, we
compute several alternating sums of shuffle products to be used later in the
proofs of the main theorems.

LEMMA 2.5. For a nonnegative integer n, we have

- i i n—i (—1)"/22na(y?2?)" /2 if n is even,
-1 =
;( )'w(yx)' m (yx) {(_1)(n1)/22ny($2y2)(n1)/21,2 if n is odd.

Proof. Put a, = Y1 o(=1)'z(yx)" m (yx)" " If n > 1, we have

fn =10 Z 2(ya)' ™ m (yo)" ey 3 (1) (y2) ma(ya)

n—1

+y:c§j ()i ma(ye) 4 a3 (—1) e (ya) (o)
1=0

= (—(1 + (—1) Yy + (1 — (—1)”)ya;)an_1.
Since ag = x, we obtain the result by induction on n. =

LEMMA 2.6. For a nonnegative integer n, we have

- i i n—i (_1)n/22n(332y2)"/21’ if n is even,
—1 =
;( )'x(yx)' m (xy) {(_1)(n1)/22n$2(y2$2)(n1)/2y ifn is odd.

Proof. By looking at the reversal of both sides of the formula in Lemma
we find the result. m

LEMMA 2.7. For a nonnegative integer n, we have
n

> (Diz(ya) m (ya)" 'y

i=0

- (=1)™227 (z(y2x?) 2y + (ya?y)™ ?yx) if nis even,
) (=) D29n (g2 (222 (D20 (2292 D/ 2020)  if o is odd.

Proof. Let a, and a, be the left-hand sides of the formulas in Lemmas

and respectively. Then

n
> (—iz(yx) m (y2)" 'y = (—1)"z7(an) + yay,.
i=0
Thus the claim follows from those lemmas. =

LEMMA 2.8. For a monnegative integer n, we have

zn:(—l)ia:(yx)i m x(yx)" " = (—1)/22 a2 (i) if s even,
=0 0 if n is odd.
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Proof. Let ay be the left-hand side of the formula in Lemma [2.5] Then

3 (~Dia(ye) malye)" = (1+ (~1)")zay.
=0
Thus the claim follows from that lemma. m

2.3. Harmonic product and multiple zeta-star values. Let 7 be
the Q-vector space freely generated by all indices. We define the Q-bilinear
product * on Z inductively by setting

kx)=0xk=k,
(ko k) % (1,0) = (kx (LD), k) + (ko Lk + 1) + (k. k) + 1,1)
for all indices k, I and all positive integers k, [. Note that ((k=*1) = ((k)((l)
for any indices k and ! whose last component is grater than 1.

For each admissible index k = (ki, ..., k;), the multiple zeta-star value
(MZSV) is defined by

Ck)=Clhr k)= Y o €R

1<n<-<n, M1

where we set (*(0) = 1. It is well known that
T
(__1)Zg(k17'"7k%)c*(kTa"'7ki+1) ::6n0
i=0
for every index k = (k1, ..., k,) satisfying kq, ..., k, > 2; this will be referred
to as the antipode formula in connection with the antipode property in a Hopf
algebra.

2.4. Computation of generating series. In this subsection, we com-
pute several generating series to be used later in the proof of our main the-
orems. It turns out that all generating series we will need can be expressed
in terms of the four generating series Fy, F_, G4+, G_ € R][u]] defined by

Fe=) (£2)7"¢@2n+ 1), G =) (£2)7"¢({2}")u®"
n>0 n>0
Observe that

Fp+Fo=2) 27"¢2n+ 1)t =2 " 47"¢(4n + u*,

n>0 n>0
neven
Fp—F_ =2 27"¢2n+ Du?™ =" 47"¢(4n + 3)u'",
n>0 n>0
nodd

Gi+Go=2) 27"¢({2}Mu* =2 47"¢({2}*"u
n>0 n>0
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Gy —G_=2 Z 27¢ ({2} u" 24 ({22 ytnt2,
n=>0 n>0
nodd

and that

SRy = G5

n>0
by the antipode formula.

LEMMA 2.9. We have

GLGo =) (1)"C{L,3}"Mu' =) (—4)"¢({4)")u

n>0 n=>0
= (T are )
n>0
and
+1 n2n+1 2n G2 G2_
-y R >yt
Proof. Reca_ll that _
. W2n 2W4n . 22n+lﬂ4n
c({2)") = TS ¢({1,3}") = n 2 C({4}") = @nt2)

for every nonnegative integer n (see Borwein, Bradley, Broadhurst, and
Lisonék [5, Example 2.2| for the last two identities). It follows that

w0~ (Samrm(%) N eain(7))
- Z< > (2n, +(1_)!1();:LQ T 1)!) (quz)n

n>0 ‘nit+nz=n
ni,m2>0
Tm((1 + 7)2n+2 2,2\ "1
-y m(((2 + :)2)‘ )<7T2“ ) (binomial theorem)
n !

n>0

Z (—1)™/2gnt1 <7r2u2>n Z 2(=1) ' 4,
= = A Loy 4

= (2n + 2)! 2 = (4n + 2)!

n even

which together with the antipode formula implies that

GG = S (=)"C({L, 31t = 37 (—4) ¢ {4y

n>0 n>0

= (S areayyu)

n>0
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We also have

N Z( Z (2n + 1)!1(2n2 T 1)!) (iﬁ;ﬂ)"

n>0 “mi+ne=n
ni,n2>0

92n+1 2,2\ N
= Z 4T (binomial theorem)
= (2n + 2)! 2
Z (il)nQn—‘rlﬂ.Qn on
= —_—
' )
= (2n +2)!
which implies that
G?i- + G2_ 2n+1ﬂ.2n on 22n+1 4n
-r = _ [ = ({4}
2 @2n+2)1" Z(4n+2 =2 (i)
n>0 n>0

neven
LEMMA 2.10. We have
Z(_l)ng({?)vl}na ) s — (F+ - —)G+G_.

n>0

Proof. Bowman and Bradley [6, Theorem 1| showed that

n

C({3,13",3) = 47" Y (—1)'¢(4i + 3)¢({4)" )

=0

for every nonnegative integer n. It follows that

SO (=173, 1}, B)u

n>0 n
= (=47 Y (1) + 3)¢ {4y ut
n>0 1=0
- (Z A7 (ny + 3 ) (3 (—) ({4
n12>0 ny>0
— (F, — F.)G.G-_

by Lemma[2.9 =

LEMMA 2.11. We have
D (=11, 3y, Dutt = (Fy + FL)GLG .

n>0
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Proof. Bachmann and Charlton [1 Proposition 4.2| showed that
({13}, 1) = 27 Z C(4i+ 14"

for every nonnegative integer n (note that the summand is equal to 0 if
i =0). It follows that

Z(_ )n ({1 3}71 ) dn+1
n>0
23 () S (1 DG

n>0 =0
_ (2 3 4y + 1)u4"1+1) (Z (—4)—"24({4}"2)u4"2>
n12>0 ns>0
= (Fy + F_)G,G_

by Lemma [2.9] =
LEMMA 2.12. We have

Z(—l) C({3,1}Mu'" = ZET — (F1 - F%)G4G-.
n>0 -

Proof. Bachmann and Charlton [I, Proposition 4.2] showed that

(13, 11") = (= 24 T4

+22”+3 > (DM + 1)¢(45 + 3)¢({4r Y
0557111

for every nonnegative integer n. It follows that

> (=13, 1Mt

n>0
= Y ey
n>0 i=0
=23 (=)D ST (1) 1)C(d) + )T
n>0 1<i<n—1
0<j<n—i—1
(Z 4~ mc ({43™) 4n1><z C({4}™) 4n2)
n120 n2>0
_ <2 Z 47”1C(4n1 + 1)u4n1+1><z 47712((4?12 +3)u4n2+3)
n12>0 ng>0

x (3 (= 7meeay i)

n3>0
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G2 + G2
= G;lG:I% —(Fy+ F_)(Fy — F.)G,G_ (Lemmal[23)
G% + G~
= Sg,q. ~ (P0G .

LEMMA 2.13. We have

G2 -G?
D 4T (dn 4+ 1)¢(4n + 2ut? = %
n>0
Proof. Since

(Z C*({Q}")v2">2 - (SH:EZU)Y - —WQd% cot (1)

n>0
= UQC% Z C(2n)v* "t =2 Z(Qn —1)¢(2n)0v?

n>0 n>0

(here we set ((0) = —1/2), setting v = Fu?/2 we have
Gi*=2> (F2)"(2n — 1)¢(2n)0’

n>0
Then we get
G?P—G?=4> 27"2n-1)¢2n)u” =2 47"(4n+1)¢(4n+2)u’""?,
n>0 n>0
nodd
as required. m
LEMMA 2.14. We have
2 2
S -ure(s 2ttt = S8 (p_p paLa
T 2G.G_

n>0
Proof. Bowman and Bradley [6l Theorem 2| showed that

({3, 1}"» 2) ,
— 4 Z C({4)") ((4¢ F 1) +2) — 43 (4] — 1)¢(4i — 45 + 3))
j=1

for every nonnegatlve integer n. It follows that

> (=03 1" 2)ut

n>0 n
=> (~4 (—1) ({4} ") (4d + 1)¢(4i + 2)u™ T2
n>0 1=0 )
— 4D (=)D (DAY D C(45 — 1)¢C(4i — 45 + Byutn
n>0 i=0 j=1



262 M. Hirose et al.

— (Z (—4)_"14({4}"1)u4n1> (Z 472 (4ny + 1)C(4ns + 2)u4n2+2)

n1>0 n9>0
_ (Z (_4)—n1g({4}n1)u4n1> (Z 4—n2<~(4n2 + 3)u4n2+3)
n1>0 ngo>0
X (Z 473 (4ng + 3)u4”3+3)
n3>0
GZ? - G2

=G.G_- % ~G,G_(Fy —F.)* (Lemmas 29 and B.13)

G% - G2
= ﬁ - (FJr — F,)2G+G,. |

LEMMA 2.15. We have
S (—1PG{L 3 = —(Fy + FL)GL G-
n>0
Proof. Since Propositions and [2.4] show that
Q{1 3}") = 2% (z(y?a?)") = =Z" ((y*2")"y) = —¢({1.3}", 1)
for every nonnegative integer n, the lemma follows from Lemma "
Let 11 denote the shuffle of indices, e.g., (a,b)m (¢) = (a, b, c) + (a,c,b) +
(c,a,b).
LEMMA 2.16. If a and b are positive integers, then

D (1) (ai+b) x ({a}" ") = (b) i ({a}")
i=0
for every nonnegative integer n.
Proof. We have

D (=1)(ai +b) * ({a}" )
=0
n—l

((ai +b) @ ({a}™™) + (a(i + 1) + b) it ({a}"™ 1))

M

z:O
(=1)"(an + b)
= (b) m ({a}"),
as required. m
LEMMA 2.17. We have

+

Q21" = -2) (=172 + ({21
=0
for every nonnegative integer n.
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Proof. We have
am = (17 )Z<{2}“3{2}” )
= 2((0) = (217) — ()8 (27)) = ~26(() @ (2)")
:—22 C(2i +1)¢C({23"7h

by Lemma[2.16] with a =2 and b= 1. =
LEMMA 2.18. We have
S (#2) "G ({2)")e ! = 2R G
n>0
Proof. Lemma implies that
> (2 G2y e

n>0

3 3 el (2

n>0 =0
= —2( > (F2)mcem + 1>u2"1“) (- @2 m¢(q2ym)us)
n1>0 n2>0
= —QF:FG:t. u
LEMMA 2.19. We have
> (-1)"G(f1, 3y Dttt = GL—-GL _ (Fy 4+ F_)*G,G_.
ol 2G,G_

n>0
Proof. Propositions and and Lemma [2.7] show that

n

(-D'a{23)ad2r)

0
(—1)22n(Z™ (z(y?2?)" 2y) + 27 ((yay)™ 2yz)) if n is even,
— (_1)(n—1)/22n(_Zm (wa(x2y2)(n—1)/2x) 4 gm (y(nyQ)(n 1)/2 2y))
if n is odd
(_1)n/22n(—gl({1, 3}n/2, 1)+ ¢({3, 1}”/2, 2)) if n is even,
0 if n is odd.
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It follows that

DD (=GHL 3 1) + ({3,117, 2))u'

n>0

— Z n/2 Cl {1 3}71/2 )+C({3’1}n/272))u2n+2

n>0
neven

=) 2" ”Z {2y {2y ut

n>0 =0

= (Z(—2)’”1<1({2}"1 2"1“)(2 272 ({2}7)u 2”2“)
n1>0 n2>0

= (—2F.G_)(—2F_-G4) (Lemma 218

=4F, F G, G_.

Using Lemma [2.14] we infer that
> (DG 1,3y Dt =) C(-1)"¢({3,137, 2)ut T — AF FL GG

n>0 n>0

— 2G+G_ —(F+—F7) G+G7—4F+F7G+G7
G2 -G~

LEMMA 2.20. We have
> (DML 3} utt? = 2F FLGLG-.

n>0
Proof. We have
D (=) {1, 3y ut

n>0

= z:(—l)”ZIII (2% (y*2®)™)u*™ ™ (Proposition 2.2)

n>0
_ Z n/QZm 2 2)n/2)u2n+2
n>0
neven
=y 27" 12 ) Z™ (2(yz)" Hu?"?  (Lemma 23)
n>0

=Y IZ YGu{2Y)6a({2)" )+ (Proposition 22)

n>0
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=27 (Y 2 mayme ) (X 2 a2yt

n1>0 ng>0
=27"Y—2F,G_)(—2F_G;) (Lemma[2IR)
- 2F+F_G+G_. u

LEMMA 2.21. We have
D (#2) 72" ((zy) " = Gt £ 2F2G
n>0

Proof. We have

0o =1m (zy)" —ym (zy)" 'z +yrm (zy)"" — -

— (ya:)”_ly mwz+ (yz)" ml

n

= (yo) m (zy)" " =Y (y2)ym (2y)" e
=0

1=1

for every nonnegative integer n. It follows that

1= (&£2)"6,0u™"

n>0
=3 (#2) <Z " ((y2)) 2" ()" ™)
n>0 1=0

= 2 () ) 2 () )
=1

= > @) (X cy) 2 (ay) ) ch Y a2y )
=0

n>0
(Propositions 2.2 and [2.4]
= (D @y ) (D0 72 (o))

n1>0 ng2 >0

F27 (2 @) ady e ) (3 (@) a2y et

n12>0 n2>0

= Ga Y (42) 25 (ay) P F 2 (—2F-Ge)? (Lemma EZI5)
n>0

=G+ Y (£2)7"Z2" ((wy)" ™ F 2F2G2. w
n>0
LEMMA 2.22. We have

F.G?> - F_G?
> ("G 3Y Dt = TS L9 F (B + FL)GA G
+ —

n>0
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Proof. We have
D (=D)"G{1,3)", Dt t?

n>0
= Z D" Z™ (2% (y2x?)"y)u™ 3 (Proposition 2.2)
n>0
2n+1
_22 2n—1 Z )Zm(( )2n7i+1)u4n+3 (Lemmam
n>0
2n+1
= —22 n—1 Z {2} Z™ ((zy)* T Hut™ 3 (Proposition [2.2)
n>0
=- 2 2‘"1—"2<—1>—"1c1<{2}"1>zm<<:cy>"2>u2<”1+"2>+1
ni,n2>0
ni-+ns odd
=271 Y (1 (=M (—1) MG ({2)M)
n1,n2>0

« Zm ((my)m)u2(”1+”2)+1

=27 (X = adzyutm ) (3 272 (ay) )

n1>0 ng>0
= (X a3 (<2 2 (ey) ™)) )
n1>0 n9>0
=271 (=2F,G_(G{' +2F%G) + 2F_G+(GZ' — 2F?G.))
(Lemmas and 2.27))

F.G* - F_G?
= + é+G_ + +2F+F_(F+ +F_)G+G_ [ |

2.5. Proofs of Theorems [1.3] and [I.5l
Proof of Theorem[1.5 Since (s,({3,1}") equals

n 2 n 2
D> 3,13 D ({131 => (3, 1373) Y Gu({1, 31 e
=0 m=0 i=1 m=0
for every nonnegative integer n, we have

> ()", ({3,1)")ut

n>0 n 2

=503 ) S Gml{1, 3y et

n>0 =0 m=0

n

2
=D DY BT Y Ga({1, 3 Dt
i=1 m=0

n>0
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(ot ) (30 X (-1 3y

n1>0 m=0ns>0
O EIISERILENG
n1>0
(Z Z n2<m {1 3}712 1) 4n2+1tm)
m=0ns>0
G% +G?
_ <22JG— —(F2 - FE)G+G_>

2
X <G+G_ (F+—|—F )G+G *+2F+F G+G_t2>

SIS

G2 _G2
4 (Fy—F_)G4G_ <(F++F_)G+G_+ (M—(F++F_)2G+G_>
+ —

F\.G* - F_G? t2
( * A + +2F+F_(F++F_)G+G_)u2>

G% +G? 2
_ % _(F,G* + F_Gi) HFIG? 4 F2G)
by Lemmas [2.9H2.12] [2.15] 2.19] [2.20] and [2.22]

Now since Lemma [2.9] implies that
4n

Gi+G2
2 7@0 (4n+2)! 7’

22n+17r4n

that
t
— (FLG2 + F_Gi)a

—(Z 2711 ¢ (2ny + 1)u2"1+1) (Z

n1>0 no=0

(71)n02n0+1ﬂ_2n0 oo E
(2np + 2)! u

2n0+1ﬂ.2n0 t

- (—2)"™¢ (20 + 1)u2"1+1) ( u2"°> °

(nlz;(] noz>:0 (2710 + 2)' u
—1)no —1)™ 2nofn1+1

(( ) + ( ) ) 7T2n0C(QTL1 + 1)u2n0+2n1t

== 2 (2ng + 2)!

ng,n1>0
-1 n02n0*m+2
-y R e + et
ng,n1>0 )

no-+ni even
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and that

2
(F2G2 +F2G2)t

= (X 2mcm + ) (30 27 (2ng 4+ D)

n1>0 n2>0
(X T )
= no + 2)! u
+ (30 (7 c@m + et ) (3 (=2)7 ¢ (2ns + D)
n1>0 n2>0

% <Z 2n0+1ﬂ-2n0 u2n0> ﬁ
= (2no + 2)! u?

720 (201 + 1)¢(2n9 + 1)

2(no+n1 +n2)t2

= ((=1)"0 + (=1)mHnz)ono—nmi—natl
Z (2no + 2)!

ng,n1,m2>0

- ¥

no,n1,n2>0
no+ni+n2 even

XU
(71)no2n0—n1—n2+2

2ng 2 1 2 1 2(n0+n1+n2)t2
Gl " ¢(2n1 +1)¢(2n2 + 1)u ;

we have

(=1)"Css ({3, 117)

22n+1 in (_1)n0 2n0—n1+2 on
(4n + 2)! RO;ZO (2no + 2)!
no+ni=2n
—1)nr09no—n1—n2+2
) ( )(Qno +2)! w0201 + 1)¢(2n2 + 1)t

ng,ni,n2>0
no+ni+ng=2n

from which the theorem follows. =

Proof of Theorem[1.5 Since

(s5({1,3}",1) = — Z ({1, 3})2 m({1,3}770 "
m=0

1=0

2
+ 2 CHLBY ) 3 Gu{, 8y e
m=0

1=0
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for every nonnegative integer n, we have

Z(_l)nC83({1, 3}, 1)yt

n>0

== Zc {1.3}) Z m({1, 3177, et

n>0
2
+Z(_1)”ZC({173}2 ZCm {1 3}71 i tm An+1
n>0 i=0 0
= (X omeuaym) 4"1)(2 > (1) Gn({1,3}, 1yute )
n120 m=0ns>0
(S ey ‘“““)(Z S (1P (1,3
m120 m=0ns>0

G2

2G+G_

F.G? —F_G%
G+ G_

__G.G. <(F+ FFGLG+ ( —(Fy +F.) G+G_>z

2
+2F, F (F +F.)G.G_ >i )

t2
+(Fy + F)G4G_ <G+G_ (Fy + FL)G.G_~ + 2F F_G,G_ 2)

G2 -G? ¢t t2
:f%.a+( F.G* +F_ G2)

by Lemmas [2.9] 2.17], 2.15] 2.19] 2.20] and [2:22]

Now since Lemma [2.9] implies that

_G%r yer . E _ Z on+1,.2n oty 92n+2 4n+2 P
2 u = (2n +2)! = (4n 4+ 4)!
nodd
and that
2

(-F,G* + F_ G2)

1)n0 2n0+1ﬂ.2n0 t2
— 92N (9 1 2n1+1> (= 2ng | ¥
(Z C2m+ u Z (2no + 2)! “ u?

n12>0 no=>0

—nq 2n1+1 27’LO+1 210 2ng t2
+<Z (21 +1)u )(Z(2n0+2) >u2
020

n1>0
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_(_1\n0 —_1)r1)9no—ni+l
— Z ( ( ]-) +( 1) )2 7T2n0<(2n1_’_1)u2(n0+n1)71t2

I (2710 + 2)'
— 2
Z (—1)n12n0 ni+ 7r2”°C(2n1 + 1)u2(n0+n1)71t2’
S (2710 + 2)'
no—i:n1 odd
we have
(—=1)"Css({1,3}",1)
22n+2ﬂ.4n+2 (_1)n1 2n0—n1+2
S S R0 (2 + 1)E2,
| |
(4n + 4)! 0 (2np + 2)!
no+ni=2n+1

from which the theorem follows. m

2.6. Proof of Theorem We define Q-linear maps Iy, I[1: Z — 7

by
To(ky, .o k) =) (=Dt tbr (g k) s (R, Ky,
=0
Il(kla SRR kT‘) = Z (_1>ki+1+m+kr(k’i17 cee kl) * G(kTa RS kiJrl)
1=0

for all indices (k1, ..., k), where 0: Z — 7 is the Q-linear map defined by

" ki+1;,—1
O'(k?l,...,kr): Z (k1+lla--'7k1”+l7’)H< L >

1,0l >0 i=1
ll++l'r:1

= Zkz(kla ey ki1, ki + 1,]€Z’+1, .. .,k‘T).
=1

Observe that
Gy (bt E) = C (Tl k) + C (T (ks B
LEMMA 2.23. If k,l € T, then
olkxl)=0(k)xl+k=xo(l).
Proof. We may assume that k and [ are indices. We will prove the lemma
by induction on the sum of the lengths of the indices. If either k or I is empty,

then the assertion is obvious because o()) = 0. If k and ! are indices and k
and [ are positive integers such that

olkx (1) =0c(k)« 1)+ k=xo(l,]),
olkxl)=0(k)*xl+k=xo(l),
o((k, k) % 1) = ok, k) * 1L+ (k, k) % (1)
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all hold, then
o (R, k) % (1,1)) = ok, k) % (1, 1) + (K, k) % o(L,)
because

o(k,k)* 1)+ (k,k)*o(l,1)
= ((o(k), k) + k(k, k+ 1)) = (1,1) + (k, k) * ((c(1),)) + 1(L,1 + 1))

(definition of o)
+ (o(k) * Lk + 1)+ ((o(k), k) *1,1)
+ 1)+ k(kxlLk+14+1)+k((k,k+1)xL1)
(s o(0), K+ 1) + (e, ) % (1), ]
Ikl k+1+1)+1((k,k)xl,l+1) (definition of x)
(kxo(l,1),k)+ k(kx(,1),k+1)
+(kxol),k+1)+(k+)(kxl,k+1+1)
((k,k)xo(l),l) +1((k,k) 1,1+ 1) (definition of o)
k(kx*(l,1),k+1)
+k+D)(kxlk+1+1)
(o((k,k)*1),1) +1((k,k) = 1,1+1) (induction hypothesis)
=o(kx(1),k)+o(kxl,k+1)+o((k,k)*l,l) (definition of o)
=o((k,k) = (1,1)) (definition of *). m

LEMMA 2.24. If a and b are odd positive integers, then
lo({a,b}") = (=1)"({a + b}")

for every nonnegative integer n.

= (o(k* (L,1)), k)

~—_— —

Proof. We proceed by induction on n. The assertion is obvious for n = 0.
Suppose that it is true for n. Write k; = a for odd 7 and k; = b for even i,
so that (k‘l, ey k2n+2) = ({a, b}n-&-l). Then

Io({a,0}"*") = Io(k1, . .. kons2)
2n+2
= Z (—1)ki+1+m+k2”+2 (k‘l, ... ,k’z) * (k2n+2, ... >ki+1)

=0
2n+2
_Z V(K1y .oy ki) % (Kopga, . kig)
2n+1
= Z (((B1, e kicn) * (kansas - ki), ki)

+ ((k1, .o k) * (kanga, s kiga), Kig1))
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2n+1
+ Z k‘l, kil )>l<(k2n+2,...,ki+2),ki—|—k¢i+1)

(k2n+2, ceey kl) + (kl, cee k2n+2)

2n+1
= Z kl,... k_ )*(k2n+2,...,ki+2),ki+ki+1)

2n
:—< (—1)i(k‘1,...,k‘i)*(kgn,...,ki+1),a—|—b)
=0

—(Io(k1,- .. kopn),a+b)

—(Iv({a, b}" a+b)

—(=1)"{a+b}",a+b) (induction hypothesis)
= (* )" ({a+0}").

LEMMA 2.25. If ki,..., k. are positive integers with ki + - - - + k, even,
then

Il<k1, ey kr) + Il(kr; ey kl) = O'(Io(kl, R ,k,«)).
Proof. We have

Il(kl, . kr) + Il(kr, c. ,kl)

I
T

1)kt the (k) w0 (k. i)

S (0R R ki) s o (R k)

(=Rt (g k) 0 (K, o i)

+0(k§1,...,k‘i)*(k‘r,...,]{?prl))

<

(—1)ki+1+"'+kra((k:1, cooy ki) * (Kry oo ki) (Lemma 2.23)

O

(Io(kzl,..., r)). m
LEMMA 2.26. We have

|
—

n

L({L3}") + L({3,1}") =4(=1)" ) _(= 1)(4i +5) = ({4)" 77

s
Il
=)

for every positive integer n.
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Proof. We have
L({1,3}") + L({3,1}")

=0o(lo({1,3}")) (Lemma [2.29)
= (-1)"0({4}")  (Lemma Z24)

_ (4 e 1) (D" )  (5))

i
L

= 4(=1)" S (=1)i(4i + 5) * ({4)""71)  (Lemma ZI0).

7

Proof of Theorem[1.1 Lemma shows that

Il
=)

(s (11,3") = ¢ (1({L,3}) = (~1)"¢({4}") = %W

for every nonnegative integer n.
We now compute ¢(I1({1,3}")), the coefficient of ¢ in (s, ({1,3}"), for

nonnegative integers n. Since obviously ¢(11({1,3}°)) = 0, we assume n > 1.
Lemma 2.26] shows that

n—1
C(N({1,3}") + C(L({3,13") = 4(=1)" D (=1)'¢(4i + 5)C({4}" )
=0
—4 Y ()™¢({43m)¢(4ny + 1)
ng,n1>0
no+ni=n
no 4n0
—4 n0;>o 4n0 + 2 C(4ny +1).
no—(-n11 =n

Since Theorem [I.3] shows that

C(L({3,1}") = (=)™ -

ng,n1>0
no+ni=2n

Cor Y T o, 11)
— (-1 ooy + 1
— (2710 =+ 2)'

no+ni1=2n
np,n1 even

(_1)n02n0—n1+2
(2n0 —+ 2)'

720¢ (20 + 1)

n 2n0—n1+2 2ng

ng,n1>0
no+ni=2n
ng,n1 odd
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Z 22no—2n1+2 4
— (-1 T (dny + 1)
om0 (4n0+2)
no+ni=n
Cop Y 2 g (an + 1)
+ (-1 S a?((2n + 1),
A (27104—2)'
no—&—’n1;2n
ng,n1 odd
we obtain
Cn{13m)=-4 > 4n +2 ¢ (dny +1)
no,n1>0 0
no+ni=n
22n0—2n1+2
ey Y 2 ey 1)
|
om0 (4n0+2)
no+ni=n
(Y A )
— (-1 —7 2n1 +1
R (27104—2)'
no—&—’n1;2n
ng,n1 odd
—_\not+l(9 _ (_g)—m
rg 0 (477,0 —+ 2).
no—f—n1—:n
2n0—n1+2
—(=1)" —_a?¢(2ny + 1),
0" 2 G CmtD
n0+7n1;2n
ng,n1 odd

as required. m
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