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NEW RESULTS ON PROJECTION ALGORITHMS FOR
SOLVING SYSTEMS OF GENERAL VARIATIONAL
INEQUALITIES

Abstract. In [Croatian Oper. Res. Rev. 13 (2022), 131-135|, it was shown
that the Lipschitz continuity condition with respect to the first and/or second
variable has been misapplied in prior literature on systems of variational
inequalities. This paper corrects errors in previous work by M. A. Noor and
K. I. Noor by introducing a new iterative method.

1. Introduction. Variational inequalities play a fundamental role in a
wide range of mathematical and applied problems, such as physics, finance,
social sciences, ecology, industry, and economics. They include, as special
cases, complementarity problems, systems involving nonlinear equations, op-
timization, and fixed-point problems. Another advantage of variational in-
equalities is that a large class of fluid mechanics problems, boundary value
problems, transport, and equilibrium problems can be studied via variational
inequalities.

Many works have been devoted to systems of variational inequalities.
Among these, M. A. Noor and K. I. Noor [3] employed an incorrect definition
of Lipschitz continuity in the first and /or second variable (further details can
be found in [1]). In this paper, I present and study a new iterative method
in order to correct the main results of [3].

Let H be a real Hilbert space whose inner product and norm are denoted
by (-,-) and || - ||, respectively. Let K be a closed convex set in H. The
authors of [3] studied a system of general variational inequalities involving
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a relaxed («, f)-cocoercive operator; they considered the problem of finding
(x*,y*) € K x K such that

(1.1) {<PT1(?J*»~T*) +a* = g(y*),g(v) —2*) >0, VYveH:g(v) €K,
(nTa(2*,y*) + y* = h(z*),h(v) —y*) 20, Vo€ H:h(v) € K,

where 11,75, g,h : H — H are nonlinear operators and p,n > 0 are constant
parameters. A system of type ([1.1)) is called a system of general variational
inequalities (SGHVID).

2. Preliminaries. For nonlinear operators 71, T, g, h : H — H, we
recall the following well known concepts.

DEFINITION 2.1. A mapping T : H — H is called A-Lipschitzian if there
exists a constant A > 0 such that

(2.1) Ve,ye H:  ||T(z) = T(y)ll < Allz -yl

DEFINITION 2.2. A mapping T': H — H is called relazed («, 3)-cocoercive
if there exist constants a, 5 > 0 such that

(22) Veye H: (T(x)=T(y),z—y) > —a|T(x) = T(y)|* + Bllz — y|*.

PROPOSITION 2.3. Let K be a closed convex set in H, and let z € H and
x € K. Then the condition

(2.3) (x —z,y—z) >0, Vyelk,
18 equivalent to
(2.4) x = Pg(z),
where Py is the projection of H into K.
It is known that Pk is a nonexpansive mapping, i.e.
(2.5) |1Prc(x) = Pr(y)l| < llz —yll, Vao,yeH.

Using Proposition we can easily show that finding a solution (z*,y*) €
K x K of SGHVID is equivalent to finding (z*,y*) € K x K such that

{x* = (1 - an)z* + anPxlg(y*) — pTa(y*, %)),
y* = (1 = an)y* + anPr[h(x*) — nTa(x*, y*)],

where ay, € [0,1] for all n > 0.

(2.6)

3. Main result. Now we analyze the following iterative method for
solving SGHVID.
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ALGORITHM 3.1. For any initial points zg,y9 € K, compute the se-
quences {x,} and {y,} using

Tpy1 = (1 — an)n + anPr[9(yn) — pPT1(Yn, Tn)],
Yn+1 = (1 - an)yn + anPK[h(xn) - TITQ(IBn7 yn)]v
where ay, € [0,1] for all n > 0.

(3.1)

Special cases
(1) For 71 = T5 = T in Algorithm we arrive at

ALGORITHM 3.2. For any initial points xg,y9 € K, compute the se-
quences {x,} and {y,} using

(3.2) Tn1 = (1 — an)zn + anPr[g(Yn) — pT (Yn, 1)),
Yn+1 = (1 — an)yn + an Pr[M(xn) — 0T (20, yn)],
where a,, € [0,1] for all n > 0.
Then (z,,yy) is an approximate solution of the following system:
(3.3) (pT(y* o) +a* —g(y*),g(v) —a*) 20, Yve H:g(v) €K,
‘ (T («*,y*) + y* — h(z*), h(v) —y*) >0, Yve H:h(v) € K.
(2) For g = h in Algorithm we get

ALcORITHM 3.3. For any initial points xg,y9 € K, compute the se-
quences {x,} and {y,} using

Tp4+1 = (1 - an)xn + a’nPK[g(yn) - pT1(yn, CCn)],
Ynt1 = (1 — an)yn + anPrc[g(zn) — nTo(2n, Yn)],
where ay, € [0,1] for all n > 0.

(3.4)

Then (2, yy) is an approximate solution of the system
(3.5) (pTi(y*,a) + 2% = g(y*),g(v) —a") 20, Vve H:g(v) €K,
(mTa(z,y*) +y* — h(z),g9(v) —y*) >0, VYve H:g(v) € K.
(3) For Ty =T5 =T and g = h in Algorithm we get

ALCGORITHM 3.4. For any initial points xg,y9 € K, compute the se-
quences {z,} and {y,} using

Tpi1 = (1 — an)n + an P [9(yn) — pT (Yn, Tn)],
Ynt1 = (1 — an)yn + anPrlg(zn) — 0T (20, Yn)l,
where ay, € [0,1] for all n > 0.

(3.6)
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Then (zy,yy) is an approximate solution of the system

(3.7) {<PT(Z/*:33*) +a* —g(y*),g9(v) —2z*) >0, Yve H:g(v) €K,
T (x*,y*) +y* —h(z*),9(v) —y*) 20, Yve H:g(v) € K.

Now we present convergence criteria for Algorithm [3.I] under suitable
conditions; this is the main result of this paper.

THEOREM 3.5. Let (z*,y*) be a solution of SGHVID. Suppose that T :
H x H — H is relazed (v1,71)-cocoercive and py-Lipschitzian in the first
variable and A\i-Lipschitzian in the second variable. Let To : H x H — H
be relaxed (vy2,7r2)-cocoercive and po-Lipschitzian in the first variable and
Aa-Lipschitzian in the second variable. Let g be relazed (s, r3)-cocoercive and
us Lipschitzian and let h be relazed (v4,714)-cocoercive and pg-Lipschitzian. If

(3.8)

kr <1/2, r1>ypd 4+ pi/3/4 — k3 +ky,

ri—ypd| V(1 —mpd)? — 13[3/4 — kT + ki 1
- 3 < 5 PSS o
251 1251 1
(3.9)
ko < 1/2, 19> yous + pa\/3/4 — k2 + ka,
ro —Yopd|  \/(ro — vyoul)? — p3[3/4 — k% + ko] 1
U 2 < 2 v <5y
H3 H3 222
where

ki = \/1 —2(r3 — y3p3) + 13, ko= \/1 — 2(ry — yap) + p3,

and ay, € [0,1], Y°07 oy = 00, then for any initial points xq,yo € K, the
and yy, obtained from Algorithm[3.1] converge strongly to x* and y* respectively.

Proof. We first evaluate ||x,+1 — «*|| for all n > 0:
[Znt1 — 2| = |(1 — an) (2 — 27)
+ [P [9(yn) — pPT1(Yns )] — Pr[9(y™) — pT1(y", =")]]||

< (1 —an)llzn — 27
+ anl Prlg(yn) — pT1(yn, 2n)] — Prlg(y”) — pT1(y", 2] ||

< (1 —an)llzn — 27
+ anlllg(yn) — pT1(yn, z0)] — [9(y") — pT1(y", 27)]||

< (1= an)llen — 2| + anllyn — ¥* — p[T1(Yn, ©0) — T1(y™, )] ||
+anllyn —y* = [9(yn) — 9yl

< anllyn = y* = p[T1(Yn, ¥0) — T1 (Y™ z0) + T1(Y", 20) — Ta(y", )] ||
+anllyn —y* = [9(yn) — g + (1 — an)[|zn — ¥
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< (I —ap)llzn — 2| + anllyn — y* = p[T1(yn, Tn) — T1(y", z0)]|
+ pan|Ti(y" zn) — To(y™ ") || + amllyn — y™ = [9(yn) — 91|
Since 77 is relaxed (1, 71)-cocoercive in the first variable, we have

1y — y* = p[T1 (Yn, 20) — Ti(y*, 20)]|?

= llyn = yII” = 20(Ta (Y, 20) = T1(y" s 20), Y — ")
+ P2||T1(ym zn) — T1(Zn, y*)||2
< =20l Ti (Yns 2n) = T (", ) |2 + rillyn — o 11P] + llyn — o
+ PzHTI(ymxn) - Tl(y*,xn)HQ
< 2071l T3 (Y, wn) = To(y"s @) 1 = 20r1llyn =y 1P + llyn — y7|?
+ P21 (yn, 0) — Ti(y*, )|
As T is p1-Lipschitzian in the first variable, we get
yn—y* = p[T1(yns 20) = Ta (v )] I” < (14207105 = 211+ p? 1) 1y — 7|
In a similar way, since g is (3, 73)-cocoercive and pg-Lipschitzian, we have
1yn =" = [9(yn) = 9 < Eallyn — y7 |-
As T7 is Aj-Lipschitzian in the second variable, we find that
T2 (y"s 2n) = Th(y", 2")|| < Maflan — 27]|.
As a result, we obtain
(3.10)  [lzntr =27 < (L —an)l|zn — 2"+ anbilyn — Y[+ anpAillzn — 27|,
where
01 = ki + [1+ 20mp} — 20r1 + p*uif] "2
In the same manner, we arrive at
(11 Nyner =yl < (A= an)llyn — ¥ |+ anbal|zn — 2™ + cnnAallyn — "I,
where
O = k2 + [1+ 223 — 20 + s3] /2.
Conditions (3.8]) and make it clear that
01 +nX <1 and 6+ pA < L.

Then, from (3.10)) and (3.11)),

[#n+1 — 2" + [[yne1 — ¥l
< (1 —ap)llzn — 27| + anbrllyn — y* || + anpAilla, — 27|
+ (1= an)llyn = y*ll + anbollzn — 27| + annlallyn — y*||
< (1 —an)[llzn — 2" + lyn — 3|
+ oom([lzn — 27| + llyn — 7|l
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where
o =max(0; +nha, 02 + pA1) < 1.
Set
2 = |lzn — 2% + [lyn — ¥
Then

Znt+1l < (1 - (1 - U)an)zna
which means that n
z1 < [ (1= (1= 0)ak)2.
k=0
Since 0 < o < 1 and ) ;2 ap = 0o, this implies in light of [4] that

n

nh_)rglo (1-(1—-0)ag) =0,
k=0

and therefore z,, — z* and y, — y*. This completes the proof. =

COROLLARY 3.6. We can replace conditions (3.8]) and (3.9) by (3.12)) and
(13.13) below, where 0 < p1,p2 < 1, and

)
k1 <p1, 7 >ypd+p/—k +2piks +1—p?,

ri—ypd| V(= ned)? = iR+ 2pik £+ 1]
(3.12) p— L < i :
2% M1
< 1—p2
P

)
ko < pa, 19> youd + par/—k3 + 2poky + 1 — p3,

o — Vo3 V(r2 — y213)? — p3[—k3 + 2poko + 1 — p3]
(3.13) n— 3 < 5 ,
125 o
— D1
< .

REMARK 3.7. If T1,T» : H — H are univariate operators, then Algorithm
can be replaced by the following algorithm:

ALCORITHM 3.8. For any initial points g € K, compute the sequences
{z,} and {y,} using

{xnﬂ = (1~ an)an + anPxg(yn) — pTa(ya)],
Yn = P [h(zn) — nTo(xy)],
where oy, € [0,1] for all n > 0.

Then (z,,yy) is an approximate solution of the system

(3.14) {(pTl(y*) +z* —g(y*),9(v) —2*) >0, Yve H:gv) €K,
| (Ta(z*) +y* = h(z*), h(v) = y*) 20, Vv e H:h(v) € K.
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For the system (3.14]), we use Algorithm and present the following
theorem which uses fewer conditions than the previous theorem.

THEOREM 3.9. Let (z*,y*) be a solution of (3.14). Suppose Th1,T5,g,h :
H — H are relazed-cocoercive with constants (vy1,7r1), (y2,72), (V3,73),
(v4,74) and Lipschitzian with constants pi, po, ps, pa respectively. If

ki <1, 11 >ypd+ pin/—kf + 2k,
VO A AR 2R
It

Y

(3.15) -
- 2

H1
and

ko <1, 19> vop3 + poy/—k3 + 2ks,
(3.16) ' ro — Yl \/(7“2 — 2i3)* — p3[—k3 + 2ko]
- 2 2
25 Ha

<

)

where

ki = \/1 —2(rs — y3p3) + 13, ko = \/1 — 2(rg — yapd) + 1,
and oy, € [0,1], D°0° g oy = 00, then for any initial points o € K, the x,, and
Y, obtained from Algorithm [3.8] converge strongly to x* and y* respectively.

Proof. We first evaluate ||zp41 — 2*|| for all n > 0:

|21 — 27|
= [|[(1 = an)zn + anPx[9(yn) — pT1(yn)] — (1 — )"
+anPxg(y*) — pT1(y")]|l
< (1 —a)flzn — 27
+ anl Prlg(yn) — pT1(yn)] — Px9(y™) — pT1(y")]ll
< (1 —an)llzn — 2| + anlllg(yn) — pT1(yn)] — [9(y") — pT1(y")]ll
< (1 —an)lzn — 2| + anllyn — 4" — p[T1(yn) — T1(y")]|
+llyn —y* = [9(yn) — 9yl
Since T; is relaxed (71, 71)-cocoercive, we have
[yn —y* = p[T1(yn) — TP = llyn — ¥ 11> = 20(T1 (yn) — T1(y*), Yo — ¥*)
+ P*(| Ty (yn) — Ta(y")|?
< =2p[= T2 (yn) = Te W) + rillyn — v*I1°]
+ lyn — v IP + p° T2 (yn) — Ta ()|
< 207|171 (yn) — Ta () II” = 201 llyn — v*|I
+ llyn — v 1P + p° T2 (yn) — Ta ()|
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As T is p1-Lipschitzian, we find that
lyn =y = p[T1(yn) = Ta(y I < [L+ 2ompd — 20r1 + p°4if] 1y — 1%
In a similar way, since g is (3, r3)-cocoercive and u3-Lipschitzian, we obtain
lyn = 4" = [9(yn) = 9Ol < Kallyn — 7l
As a result, we obtain
(3.17) [2nt1 — 2" < (1 = an)l[zn — 27| + anbillyn — y7|,
where
01 = ki + [1+ 20mp} — 20r1 + p*pi3]"2.
Now we evaluate ||y,+1 — y*|| for all n > 0:
i — vl = [1Picl(n) — To(n)] — Prc[h(a) — T3 ()]
< [[A(zn) = nTo(zn)] — [A(z") = nTao(z")]|
< lan — 2 = n[Ta(wn) — To(2)][| + [on — 2" = [A(2n) = R(2")].
Since T5 is relaxed (2, 72)-cocoercive, we have
lzn — 2" = n[Ta(an) — To(a™)]|?
= |l — 2*(* = 20(To(xn) — To(a*), 20 — 2*) + 0?| Ta(wn) — Ta(z")[|?
< =2[—|Ta(zs) — To(a)||* +roflan —2*|%]
+llzn — 2 + 0P| Ta(zn) — To(a)|
< 2ie|| Ta () — To(a™)|? — 2072l — 2|
+ln — a1+ 0P| To(an) — To(a)|.
Since h is (4, 74)-cocoercive and pg4-Lipschitzian, we have
[2n — 2% — [h(zn) — h(z)]]] < kollzn — 7.
Then
(3.18) lyn — "Il < Oa|an — 27,
where
02 = ko + [1 + 2072015 — 2072 + 7 p3] /2.
Conditions (3.15) and (3.16)) make it clear that
01 <1 and 69 <1.

Then, from (3.17) and (3.18),

[Zn41 — 2| < (1 = an)llzn — 2| + anbhO2zn — 2",

which implies that

lni1 — 2%l < T (1= (1 = 6162)a) [[o — 27]].
k=0
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Since 0 < 0162 < 1 and )7, a = 00, this implies in light of [4] that

li_)m (1 — (1 — 0192)0%) = 0,
k=0

and therefore z,, — z* and y, — y*. This completes the proof. =

REMARK 3.10. (1) For g = h and 71 = To = T in Algorithm [3.8, we
arrive at

ALGORITHM 3.11. For any initial points zg € K, compute the sequences
{z,,} by using
Tpt1 = (1 — an)xy + an Pr[h(yn) — pT(yn)],
Yn = P [h(zn) —nT'(zn)],
where ay, € [0,1] for all n > 0.
Then (z,,yy) is an approximate solution of the following system:
(pT(y*) + z* — h(y*),h(v) —2*) >0, Yve H :h(v) € K,
(T (z*) + y* — h(z*),h(v) —y*) >0, Yve H:h(v) € K.
(2) For g=h =1 and T} =Ty =T in Algorithm , we get

ol
nT

ALGORITHM 3.12. For any initial points g € K, compute the sequences,
{z,,} and {y,} using

Tnt1 = (1 = an)Ty + an Pr[yn — pT (yn)],
Yn = PK[xn - nT<mn)]7
where ay, € [0,1] for all n > 0.

Then (z,,y,) is an approximate solution of the following system of vari-
ational inequalities (SNVI):

(pT(y*) + x* —y*, v —2a*) >0, Vo€ K,
(T (x*) +y* —2*,v —y*) >0, Vo€ K,
studied by Benhadid and Brahimi [2].
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