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Summary. We study the family of transcendental entire functions fℓ,c : C → C defined
by

fℓ,c(z) = c− (ℓ− 1) log c+ ℓz − ez, ℓ ≥ 2, |c− ℓ| < 1,

which exhibits a rich dynamical behavior including attracting domains, wandering do-
mains, and Baker domains of hyperbolic type that are positively separated from the
post-singular set.

We show that the core techniques of thermodynamic formalism, such as the construc-
tion of conformal measures, the definition of pressure, and Bowen’s formula, persist in
this more intricate setting. In particular, we establish the existence and uniqueness of
conformal measures for the associated map on the infinite cylinder. We also verify that
the Hausdorff dimension of the radial Julia set is the unique zero of the pressure function.
This case illustrates how thermodynamic methods remain robust even in the presence of
multiple Fatou components and a more complex post-singular geometry.

1. Introduction. In the 1970s, the dynamical theory of thermodynamic
formalism was introduced in mathematics, specifically to study expanding
and hyperbolic dynamical systems. In holomorphic dynamics, this theory
provides an exceptional framework for probabilistic characterization of Julia
sets. Furthermore, by studying the topological pressure function of geometric
potentials, this theory provides precise information about the fractal geom-
etry of Julia sets.
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In [24], the authors developed a systematic account of thermodynamic
formalism for hyperbolic rational functions and more general distance ex-
panding maps. Many differences and novel phenomena emerge for transcen-
dental entire and meromorphic functions that are absent for rational maps.
The infinite degree of transcendental maps and the presence of the singular-
ity at infinity demonstrate that the outlook of these classes is indeed different
from the one of rational functions. It becomes necessary to focus on specific
subclasses of maps to make progress in understanding their properties.

Barański, Kotus, Urbański and Zdunik were the first to overcome these
difficulties and present a thermodynamic formalism, in particular for the
class of periodic transcendental functions, such as exponential and trigono-
metric functions [2, 8, 18, 21, 26]. Mayer and Urbański [22, 23] have made
significant contributions to the field, by developing the thermodynamic for-
malism for a comprehensive class of transcendental meromorphic dynami-
cally regular functions that exhibit certain derivative growth. However, the
application of their results to transcendental entire functions with Baker or
wandering domains must be approached with caution.

In the transcendental context, a function is called hyperbolic if the post-
singular set, denoted by P(f), is bounded and P(f)∩J (f) = ∅. Stallard [25]
introduced a generalized notion of hyperbolicity for entire maps described
by the condition dist(J ,P(f)) > 0, where dist(·, ·) denotes the Euclidean
distance. This notion is often referred to as topologically hyperbolic and E-
hyperbolic in the literature. It is clear that a hyperbolic function is also
E-hyperbolic, but the converse is not necessarily true.

Kotus and Urbański [19] successfully developed the thermodynamic for-
malism for the Fatou family of entire maps. In this work, we present an
adapted version of this for the Bergweiler family fℓ,c (see Section 2). We
focus on the existence and uniqueness of conformal measures and the study
of the Hausdorff dimension of the radial Julia set. Instead of the parabolic
type Baker domain of the Fatou family, the family here treated contains a
hyperbolic type Baker domain, an attracting basin, and a couple of wandering
domains. The reader interested in a deeper study of both types of compo-
nents is invited to consult [4, 1, 3, 5, 12, 13] and the references therein.

Although this work builds on previous methods developed by Kotus and
Urbański, the approach presented here extends the thermodynamic formal-
ism to the Bergweiler family of transcendental entire maps. A closer study
of the thermodynamic formalism of maps fℓ,c for the boundary parameter
case f1,0 would be an interesting direction for future research. A natural ex-
tension would be to apply the techniques to a subclass of general projectable
meromorphic functions as discussed in [16].

In Section 2, we describe some dynamical properties of the family fℓ,c.
In Section 3, we gather preliminary results and prove the existence of a con-
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formal measure. In Section 4, we present an adaptation of Bowen’s formula
to our setting, as detailed in [19, Section 5]. Finally, in Section 5 we provide
graphical representations to give a more comprehensive understanding of the
dynamics of the family under study.

2. Dynamics of the indexed family fℓ,c. The aim of the present
section is to determine the dynamical properties of each element of the family
fℓ,c as defined in the introduction and the corresponding map Fℓ,c in the
quotient space C/∼. In particular, we classify the Fatou components.

2.1. The family fℓ,c. Fix ℓ ∈ N with ℓ ≥ 2. Given c ∈ D(ℓ, 1) := {z :
|z − ℓ| < 1}, consider the transcendental entire map fℓ,c : C → C given by

(2.1) fℓ,c(z) = c− (ℓ− 1) log c+ ℓz − ez,

with f ′ℓ,c(z) = ℓ− ez.

Theorem 2.1. The function fℓ,c given by (2.1) has a univalent invariant
Baker domain U with dist(U ,P(fℓ,c)) > 0. Moreover, the Baker domain U
is of hyperbolic type and is bounded by an analytic curve.

Proof. First, note that fℓ,c is the logarithmic lift, under the projection
map π(z) = ez, of the analytic function g : C → C given by

g(z) =
1

cℓ−1
zℓec−z.

In this situation, from [7] we have J (f)=π−1(J (g)) and F(f)=π−1(F(g)).

A direct calculation shows that z = 0 is a superattracting fixed point
(ℓ ≥ 2), and z = c is an attracting fixed point with multiplier satisfying
|ℓ − c| < 1. Hence, z = c is superattracting if c = ℓ. Since Crit(g) = {0, ℓ},
g is a hyperbolic entire map belonging to the Speiser class S.

Now, if V ⊂ F(g) is the Böttcher component containing z = 0, it follows
that U = π−1(V ) is an invariant Baker domain containing the half-plane
{Re(z) < −2ℓ}, and ∂U = π−1(∂V ), which is an analytic curve.

To prove dist(U ,P(fℓ,c)) > 0, note that Crit(fℓ,c) = {zk = log ℓ+ 2πik :
k ∈ Z}. Since fℓ,c has no finite asymptotic values, it follows that Sing(f−1

ℓ,c ) =

fℓ,c(Crit(fℓ,c)). Moreover, z = log c is an attracting fixed point for fℓ,c with
fnℓ,c(log ℓ) → log c as n→ ∞. In general, we have

Re(fnℓ,c(log ℓ+ 2kπi)) → Re(log c) as n→ ∞,

and
dist(P(fℓ,c),U) ≥ dist(log ℓ, ∂U0) > 0,

where U0 denotes the immediate basin of attraction of the fixed point z =
log c.
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Finally, we use [17, Theorem 3] to classify the Baker domain. To do this,
notice that for every z0 ∈ U ,

dist(fnℓ,c(z0), ∂U) ≥ |Re(fnℓ,c(z0)) + 2ℓ|,
and

fn+1
ℓ,c (z0) = ℓfnℓ,c(z0) + o(|c− (ℓ− 1) log c|) as n→ ∞.

Hence
|fn+1

ℓ,c (z0)− fnℓ,c(z0)|
dist(fnℓ,c(z0), ∂U)

> ℓ > 0,

which implies that fℓ,c is locally conjugate to z 7→ ℓz near ∞, and hence U
is of hyperbolic type.

It is well-known that every attracting component will be lifted to an
escaping wandering domain through the projection map. Together with the
control of the post-singular set, this implies the following characterization of
the Fatou set for each function in the family.

Corollary 2.2. For fℓ,c as defined above, the Fatou set consists of the
following sets:

• A univalent invariant Baker domain Uℓ and all of its preimages.
• A simply connected (Böttcher) Schroeder domain U0 for the (super)attract-

ing fixed point zc = log c and all of its preimages.
• 2(ℓ − 1) families of escaping wandering domains obtained by 2kπi-trans-

lation of the attracting domain U0 for k = ±1,±2, . . . ,±(ℓ− 1), and all of
its preimages.

2.2. Dynamics in the quotient C/∼. We consider the open infinite
strip

P := {z ∈ C : 0 < Im(z) < 2π}.
Abusing notation, we will think of P as a subset of the infinite cylinder
Q = C/∼, where the equivalence relation ∼ is defined on C×C by w ∼ z if
and only if w−z ∈ 2πiZ. The quotient space C/∼ is the infinite cylinder with
the Riemann surface structure endowed by the canonical quotient mapping
Π : C → Q. It follows directly that the map fℓ,c respects the equivalence
relation ∼ and induces a unique map

Fℓ,c : Q→ Q

such that Fℓ,c ◦Π = Π ◦ fℓ,c. From now on, we will omit the subscripts on
F and f whenever no misunderstanding may occur.

Given M ≥ 0 and E ⊂ Q, we set EM = {z ∈ Q : 0 ≤ Re(z) ≤ M} and
Ec

M = Q \ EM .

Lemma 2.3. The map f : P → C is a bijection.



Thermodynamic formalism for the Bergweiler family 5

Proof. We proceed by cases according to a partition of P . Take P− :=
{z ∈ P : 0 < Im(z) < π} and P− := {z ∈ P : π < Im(z) < 2π}.

If z ∈ P−, then sin(Im(z)) > 0, hence

Im(f(z)) = Im(c)− (ℓ− 1) arg c

+ ℓ Im(z)− eRe(z) sin(Im(z)) < ℓπ + Im[c− (ℓ− 1) log c].

Similarly, if z ∈ P−, then Im(f(z)) > ℓπ+Im(c−(ℓ−1) log c). Now, if z ∈ P−,
then Im(f ′(z)) = −eRe(z) sin(Im(z)) < 0. Since P− is a convex subset, we
conclude that f |P− is injective. Analogously, if z ∈ P− then Im(f ′(z)) > 0
and f |P− is injective. Therefore, f |P−∪P− is injective.

Now, if Im(z) = π, we have

Im(f(z)) = Im(c− (ℓ− 1) log c) + ℓπ,

and
f(x+ πi) = c− (ℓ− 1) log c+ ℓx+ ℓπi+ ex.

Viewing f as a function f : R → R (up to c − (ℓ − 1) log c + ℓπi), we
obtain f ′(x+ πi)) = ℓ+ ex > 0, so f |Im(z)=π is also injective. It follows that
f : P → C is injective.

Finally, note that f(x) = c− (ℓ− 1) log c+ ℓx− ex ∈ f(P−) and f(x+
2πi) = c − (ℓ − 1) log c + ℓx + 2πℓi − ex ∈ f(P−) imply that ∂(f(P )) ⊂
f(∂P ) ⊂ f(P ) and then ∂f(P ) = ∅. This way, f(P ) = C, which concludes
the proof.

We close this section with the expanding properties of F on its Julia set.

Proposition 2.4.

• If z ∈ J (F ), then lim supn→∞ |(Fn)′(z)| = +∞.
• There exist L > 0 and κ > 1 such that for every z ∈ J (F ) and every
n ≥ 1, |(Fn)′(z)| ≥ Lκn.

Proof. The result follows verbatim as in [19].

3. Topological pressure and existence and uniqueness of confor-
mal measures. In this section, we will prove the existence and uniqueness
of ergodic conformal measures for the projected map Fℓ,c.

In order to simplify notation, we will sometimes write λ for c−(ℓ−1) log c.
Since F (and f) has no finite asymptotic values, the post-singular set consists
of the post-critical set of F , denoted by PC(F ), given by

PC(F ) = {Fn(Π(log ℓ)) : n ≥ 0}.
In view of Lemma 2.3, the map f : P → C is bijective, and we will denote
by f−1

∗ : C → P its holomorphic inverse map.
Let Cb = Cb(J (F )) be the Banach space of all bounded continuous

complex-valued functions on J (F ).
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For t > 0, let Lt : Cb → Cb be the Perron–Frobenius operator, given by

(3.1) Ltg(z) =
∑

x∈F−1(z)

|F ′(x)|−tg(x).

For every n ≥ 1, its iterates are given by

L n
t g(z) =

∑
x∈F−n(z)

|(Fn)′(x)|−tg(x).

In particular, L n
t 1(z) =

∑
x∈F−n(z) |(Fn)′(x)|−t.

We will prove that ∥Lt1∥∞ <∞ and since |Ltg(z)| ≤ ∥Lt1∥∞∥g∥∞ the
operator (3.1) is well-defined.

For every t ≥ 0 and every z ∈ Q \ PC(F ), define the lower and upper
topological pressure respectively by

P (t, z) = lim inf
n→∞

1

n
logL n

t 1(z) and P (t, z) = lim sup
n→∞

1

n
logL n

t 1(z).

As in §2.2, we focus on the open infinite strip P = {z ∈ C : 0 < Im(z) < 2π}.
Given M ≥ 0, we consider the subset of the cylinder Q, given by EM =
{z ∈ Q : 0 ≤ Re(z) ≤M}.

Proposition 3.1. Let t > 1 and z ∈ J (F ). Then the following hold:

(1) P (t, z) and P (t, z) do not depend on the choice of z ∈ J (F ), so we can
denote P (t, z) and P (t, z) by P (t) and P (t) respectively.

(2) ∥Lt1∥∞ := sup{Lt1(z) : z ∈ J (F )} < +∞.
(3) ∥L n

t 1(z)∥∞ ≤ ∥Lt1(z)∥n∞ and P (t) ≤ log ∥Lt1(z)∥∞.
(4) For every t > 1, P (t) < +∞.
(5) For t > 1, both functions P (t) and P (t) are convex, continuous, strictly

decreasing and limt→∞ P (t) = −∞.
(6) limRe(z)→∞ Lt1(z) = 0.

Proof. (1) Since any two points in J (F ) belong to an open simply con-
nected set disjoint from PC(F ), it follows from Koebe’s distortion theorem
that P (t, z) and P (t, z) are independent of z.

(2) For every t > 1 and z ∈ Q \ PC(F ), we have

Lt1(z) =
∑

x∈F−1(z)

|F ′(x)|−t =
∑

x∈F−1(z)

|ℓ− ex|−t =

+∞∑
k=−∞

|ℓ− ezk |−t,

with z̃ being the only point in Π−1(z) ∩ P and zk = f−1
∗ (z̃ + 2πik), with

k ∈ Z, being the only point in P such that f(zk) = z̃+2πik. Then ℓ− ezk =
ℓ− ℓzk − λ+ (z̃ + 2πik).

So,

Lt1(z) =

+∞∑
k=−∞

|ℓ− ℓzk − λ+ (z̃ + 2πik)|−t.
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Let Zλ := {k ∈ Z : π|k − ℓ| ≥ |Im(λ)| + 2ℓπ}. Then, for z ∈ J (F ) and
k ∈ Zλ, a careful calculation proves that∣∣ℓ− ℓzk − λ+ (z̃ + 2πik)

∣∣ ≥ π|k − ℓ|.

On the other hand, for z = F (zk), we have f(zk) = z̃ + 2πik. Hence,

Re(z) = Re(z̃) = Re(λ) + ℓRe(zk)− eRe(zk) cos(Im(zk)).

This way, we fix T > 0 so large that if Re(z) ≥ T , then Re(zk) ≥ ℓ for all
k ∈ Z. So, for all such z and all k ∈ Z, we have

|ℓ− ezk | ≥ |ezk | − ℓ = eRe(zk) − ℓ ≥ eℓ − ℓ > 1.

Since J (F ) is a subset of Q without critical points, and zk ∈ J (F ), we have
ℓ − ezk ̸= 0, and therefore M = inf {|ℓ − ezk | : z ∈ ET , k ∈ Z \ Zλ} > 0. It
follows that for all t > 1 and all z ∈ J (F ),

Lt1(z) =
+∞∑

k=−∞
|ℓ− ezk |−t

=
∑
k∈Zλ

|ℓ− ℓzk − λ+ (z̃ + 2πik)|−t +
∑

k∈Z\Zλ

|ℓ− ezk |−t

≤
∑
z∈Zλ

(π|k − ℓ|)−t +#(Z \ Zλ)(max {1,M})−t < +∞.

Therefore, ∥Lt1∥∞ < +∞.
(3) For every n ≥ 1 and every z ∈ J (F ),

L n
t 1(z) =

∑
x∈F−n(z)

|(Fn)′(x)|−t

=
∑

y∈F−(n−1)(z)

|(Fn−1)′(y)|−t
∑

x∈F−1(y)

|F ′(x)|−t

≤ ∥Lt1∥∞L n−1
t 1(y).

So, by a direct inductive argument, we have |L n
t 1(z)| ≤ ∥Lt1∥n∞ and con-

sequently for all t > 1, P (t) = P (t, z) ≤ log ∥Lt1∥∞.
Item (4) follows from (2) and (3).
Item (5) follows immediately from Hölder’s inequality. Thus, thanks to

convexity, the function t 7→ P (t) with t > 1 is continuous. The fact that P (t),
for t > 1, is strictly decreasing and limt→+∞ P (t) = −∞ follows from Propo-
sition 2.4.

Finally, to prove (6), we consider z ∈ J (F ) and z̃ ∈ Π−1(z) ∩ P. By
definition of fℓ,c, it follows that, limRe(z)→+∞Re(zk) = +∞, uniformly with
respect to k ∈ Z. Hence, limRe(z)→+∞ |Re(z̃ − ℓzk)| = +∞ uniformly with
respect to k ∈ Z. Then



8 A. Esparza-Amador and I. Inoquio-Renteria

| · | = |ℓ− ℓzk − λ+ (z̃ + 2πik)|
≥ 1

2

(
|Re(ℓ− ℓzk − λ+ (z̃ + 2πik))|+ |Im(ℓ− ℓzk − λ+ (z̃ + 2πik))|

)
≥ 1

2 (Re(z̃ − ℓzk)) + (ℓ+Re(λ)) + 1
2(−2ℓπ − Im(λ) + 2π|k|)

≥M +
π

2
|k|.

This implies Lt1(z) ≤
∑

k∈Z
(
M + π

2 |k|
)−t

. Finally, letting M ↗ +∞, we
get the desired result.

3.1. Conformal measure for the family fℓ,c. Let t, α ∈ R. A measure
ν supported on the Julia set J (F ) is (t, α)-conformal if for every Borel set
A ⊂ J (F ) with F |A injective, ν(F (A)) =

	
A α|F

′|t dν.
Fix n≥ 1 and consider the vertical strip En = {z ∈Q : 0≤Re(z)≤ n},

and the compact, forward-invariant set Kn =
⋂

j≥0 F
−j(En). Then, for

each n, there exists a Borel probability measure mn supported on Kn and a
non-decreasing sequence {Pn(t)}∞n=1 such that

mn(F (A)) ≥ ePn(t)
�

A

|F ′|t dmn

for all Borel sets A ⊂ En where F |A is injective. If in addition A∩ ∂En = ∅,
then equality holds (see [9, Lemma 5.3], [24]).

The sequence {mn}∞n=1 of measures is tight, that is, for every ϵ > 0, there
exists a compact set C of J (F ) such that mn(J (F ) \ C) < ϵ for all n.
To prove this, we estimate the measure of Ec

M := Q \ EM (restricted to
Re(z) > 0), splitting it into

E1(M) := {z ∈ J (F ) : Re(F (z)) ≥M}
and

E2(M) := {z ∈ J (F ) : Re(z) ≥M, Re(F (z)) < M}.
Keeping the notation λ = c − (ℓ − 1) log c, we bound mn(E1(M)) and
mn(E2(M)) separately, using the inverse branches F−1

k (z) := f−1
∗ (z+2πki)

of F .
For E1(M), we have

mn(E1(M)) ≤
∑
k∈Z

mn(F
−1
k (Ec

M )) ≤
∑
k∈Z

e−Pn(t) sup
z∈Ec

M

|(F−1
k )′(z)|t.

Using |(F−1
k )′(z)| = 1/|ℓ − ezk | with zk = f−1

∗ (z + 2πki) and the relation
f(zk) = λ+ ℓzk − ezk = z + 2πki, we estimate Re(zk) by means of

ℓRe(zk) = Re(z) + eRe(zk) cos(Im(zk))− Re(λ).

Then, using |z + 2πki| = |λ+ ℓzk − ezk | ≥ 1
2e

Re(zk), we get

Re(zk) ≤ log 2 + log |z + 2πki|.
Thus, |Re(z)− ℓRe(zk)| ≥ Re(z)− ℓ log 2− ℓ log |z + 2πki|.
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Letting k̂ = max
{
k ≥ 0 : log |z + 2πli| ≤ 1

3 Re(z) ∀|l| ≤ k
}
, it is easy to

deduce the inequality k̂ ≥ eRe(z)/4. For M > 0 large enough and |k| ≤ k̂, the
reader may easily verify that

|z + 2kπi− ℓzk − (λ− ℓ)| ≥M/9 + π|k|.

For |k| > k̂, the following inequality holds for M sufficiently large:

|z + 2kπi− ℓzk − (λ− ℓ)| ≥ π|k|.
Thus, we get

| · | =
∑
k∈Z

e−Pn(t) sup
z∈Ec

M

|(F−1
k )′(z)|t

= e−Pn(t)
∑
|k|≤k̂

sup
z∈Ec

M

|(F−1
k )′(z)|t + e−Pn(t)

∑
|k|>k̂

sup
z∈Ec

M

|(F−1
k )′(z)|t

≤ e−Pn(t)
∑
|k|≤k̂

(
M

9
+ π|k|

)−t

+ e−Pn(t)
∑
|k|>k̂

(π|k|)−t

≤ 2e−Pn(t)
∞∑
k=0

(
M

9
+ π|k|

)−t

+
2

πt
e−Pn(t)

∑
k>k̂

k−t

≤ A
(1)
t e−Pn(t)M1−t +A

(2)
t e−Pn(t)k̂(1−t)

≤ Ate
−Pn(t)max {M1−t, e

M
4
(1−t)} = Ate

−Pn(t)M1−t,

where A(1)
t , A

(2)
t , At are constants depending only on t > 1 and all this holds

for M sufficiently large.
Since sup {|F ′(z)| : z ∈ Kn} < ∞, for n large enough we have Pn(t) >

−∞. Since {Pn(t)}∞n=0 is non-decreasing, we put γ(t) = supn{−Pn(t)} <

P (t) <∞. Then, for M sufficiently large,

(3.2) mn(E1(M)) ≤ Ate
γ(t)M1−t.

For E2(M), note first that for z ∈ E2(M), Re(z) ≥ M and Re(f(z)) < M .
Then

|f(z)| = |λ+ ℓz − ez| ≥ |ez| − |ℓz − λ| ≥ |ez| = eRe(z) ≥ eM .

Hence,
e2M ≤ |f(z)|2 = |Re(f(z))|2 + |Im(f(z))|2 ≤M2 + |Im(f(z))|2.

Thus,
|Im(f(z))| ≥

√
e2M −M2 ≥ eM/2.

For every k ≥ eM/2 and for M large enough we have

|ℓ+ z + 2πki− λ− ℓf−1
∗ (z + 2πki)| ≥ 2πk − 2(ℓ+ 1)π − |λ− ℓ| ≥ k,

proving |(F−1
k )′(z)|t ≤ k−t.
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Then for M large enough,

(3.3) mn(E2(M)) ≤ eγ(t)
∑

k≥eM/2

k−t ⪯ eγ(t)eM(1−t).

Combining (3.2) and (3.3), we see that the sequence {mn}n≥1 is tight.
By Prokhorov’s theorem, there exists a weak∗-accumulation point mt

of {mn}. Denote logαt := limn→∞ Pn(t). Then the limit mt is a (t, αt)-con-
formal measure.

Theorem 3.2. For every t > 1, there exists a (t, αt)-conformal probabil-
ity measure mt on J (F ), obtained as a weak∗-limit of the family {mn}, and
mt(J (F )) = 1.

3.2. Spectral and conformal properties of the normalized trans-
fer operator. Let L ∗

t denote the dual operator acting on the space of finite
Borel measures on J (F ), defined by�

ϕd(L ∗
t µ) =

�
Ltϕdµ, ∀ϕ ∈ Cb(J (F )).

Define the normalized operator L̂t := α−1
t Lt and let L̂ ∗

t denote its dual.

Proposition 3.3. Let t > 1. Then the following properties hold:

(i) The conformal measure mt satisfies L̂ ∗
t mt = mt.

(ii) supn≥0 ∥L̂ n
t (1)∥∞ <∞.

Proof. Part (i) follows from standard arguments, as in [10]. The argu-
ment for (ii) is based on Koebe’s distortion theorem and precise control of
inverse branches. Fix z, w ∈ Q \ PC(F ) and let γz,w be a smooth arc in
Q \ B(PC(F ), 2δ) with δ = 1

2 min
{
1
2 , dist(J (F ),PC(F ))

}
. There exists ℓM

such that γz,w can be covered by ℓM balls of radius δ. Let Uz,w be their
union.

If F−n is holomorphic on Uz,w, Koebe distortion yields KM ≥ 1 such
that

|(F−n
∗ )′(z)|

|(F−n
∗ )′(w)|

≤ KM , so K−t
M ≤ L̂ n

t 1(z)

L̂ n
t 1(w)

≤ Kt
M .

From Proposition 3.1(5), there exists M such that for w ∈ Ec
M , L̂t1(w) ≤ 1.

Then by induction, ∥L̂ n
t 1∥∞ ≤ Kt

M/mt(EM ).
Suppose that the maximum norm above is achieved at zn+1 ∈ Q. If

zn+1 ∈ EM , then

1 =
�
L̂ n+1

t 1 dmt ≥
�

EM

L̂ n+1
t 1 dmt

≥ inf
EM

L̂ n+1
t 1 ·mt(EM ) ≥ K−t

M ∥L̂ n+1
t 1∥∞ ·mt(EM ),



Thermodynamic formalism for the Bergweiler family 11

which gives the desired bound. If zn+1 ∈ Ec
M then

L̂ n+1
t 1(zn+1) = α−1

t

∑
y∈F−1(zn+1)

|F ′(y)|−tL̂ n
t 1(y)

≤ α−1
t

∑
|F ′(y)|−t∥L̂ n

t 1∥∞ ≤
Kt

M

mt(EM )
.

Proposition 3.4. The following hold:

(i) For every ϵ > 0, there exists M > 0 such that

inf
n≥0

sup
|Re(z)|≤M

L̂ n
t 1(z) ≥ 1− ϵ.

(ii) There exists M0 > 0 such that for all M ≤M0,

inf
n≥0

inf
|Re(z)|≤M

L̂ n
t 1(z) ≥

1

4Kt
m

(max {KM ,KM0})−1,

where KM represents Koebe’s distortion constant.
(iii) The pressure satisfies P (t) = P (t) = P (t) = logαt.

Proof. For (i), assume the contrary. Then for some ϵ > 0,

inf
n

sup
|Re(z)|≤M

L̂ n
t 1(z) < 1− ϵ.

Let Θ = supn ∥L̂ n
t 1∥∞. Choose M so large that mt(E

c
M ) ≤ ϵ/(4Θ). Then

1 =
�
L̂ n

t 1 dmt =
�

EM

L̂ n
t 1 dmt +

�

Ec
M

L̂ n
t 1 dmt

≤ (1− ϵ)mt(EM ) +Θmt(E
c
M ) ≤ (1− ϵ) + ϵ/4 = 1− 3ϵ/4,

contradicting
	
= 1. Item (ii) follows from (i) and Koebe’s lower distortion

bound.
To prove (iii), note that L n

t 1(z) ≤ Θαn
t , so P (t) ≤ logαt.

From (ii), for x0 ∈ Q, L n
t 1(x0) ≥ 1

4KM0
αn
t implies P (t) ≥ logαt. Hence

all pressures coincide.

3.3. Ergodicity. We consider the well-known escaping subset of the
Julia set of F , defined by I∞(F ) = {z ∈ J (F ) : limFn(z) = +∞}.

Note that the above set is well-defined since F acts on the quotient space
Q and f has a Baker domain containing a left half-plane. So, the analogous
set for f is given by I∞(f) = {z ∈ J (f) : limn→∞Re(fn(z)) = +∞}.

It is clear that I∞(f) = Π−1(I∞(F )), where Π : C → Q is the quotient
map. We denote by Jr(F ) the corresponding complement of the escaping
set, that is, Jr(F ) = J (F ) \ I∞(F ) and Jr(f) = J (f) \ I∞(f).

We first prove a general result for conformal measures on F .
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Lemma 3.5. If ν is (t, βt)-conformal for F j, t > 1, then for some M > 0,
ν(I∞(F )) = 0 or equivalently ν(Jr(F )) = 1.

Proof. Define inductively

ν0 = ν, νk+1(A) =
�

Fk(A)

β−1|((F k|Fk(A))
−1)′|t dνk for k ≥ 0,

for Borel sets A on which F k is injective. For B ⊂ J (F ) ∩ Ec
M , we get

νk+1(F
−1(B)) ≤ Cβ−1M1−tνk(B), so ν(F−j(B)) ≤ (Cβ−1M1−t)jν(B).

Then in a standard way we get, for M>0 sufficiently large,

ν
( ∞⋂
n=0

F−n(Ec
M )

)
= 0.

Consequently,

ν
( ∞⋃
k=0

F−k
( ∞⋂
n=0

F−n(Ec
M )

))
= ν(I∞(F )) = 0.

From Theorem 3.2 with j = 1, and β = eP (t), it follows that Lemma 3.5
applies for the limit measure mt, and the next consequence follows analo-
gously to [19, Corollary 4.12].

Corollary 3.6. For all M > 0 large enough and t > 1, mt(E
c
M ) ≤

Ce(1−t)M for some constant C.

Theorem 3.7. For t > 1, the probability measure mt is the unique
(t, eP (t))-conformal measure for F . Moreover, it is ergodic with respect to
all iterates of F .

Proof. The proof has the same structure as in [19], where an analogous
result is established for transcendental entire functions with Baker domains.
In particular, the arguments concerning the vanishing of conformal measures
on the escaping set, distortion estimates for inverse branches, and covering
techniques carry over to our setting with minimal modifications.

We highlight that the family of maps fℓ,c considered here satisfies the
same geometric properties, such as the existence of a Baker domain con-
taining a left half-plane and appropriate control on distortion, which en-
sure that the proof remains valid. More precisely, Lemma 3.5 implies that
ν(I∞(F )) = 0 for any conformal measure ν, which allows the argument to
be restricted to the radial Julia set Jr(F ). Moreover, the inverse branches
of Fn on appropriate subsets of Jr(F ) admit uniform distortion bounds by
Koebe’s theorem. In addition, the measure mt is regular, and the Besicovitch
covering argument used in [19] applies also in our case.

Thus, the uniqueness of the conformal measure and its ergodicity with
respect to all iterates of F remain invariant under this class of maps.
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4. Bowen formula. We begin by observing that the analytical frame-
work developed in [19, Section 5] for entire transcendental maps with Baker
domains applies to our setting with functions fℓ,c(z) = ℓz + c − ez. As a
result, the thermodynamic formalism for the induced quotient map F on the
Julia set J (F ) remains well-behaved.

Let us recall that Cb := Cb(J (F )) is the space of all bounded continuous
complex-valued functions on J (F ). Fix α ∈ (0, 1], and define the α-variation
of g by

vα(g) := inf {L ≥ 0 : |g(x)− g(y)| ≤ L|x− y|α, ∀x, y ∈ J (F ), |x− y| ≤ δ},
where δ := min {1/2,dist(J (F ),PC(F ))}. We then define the norm ∥g∥α :=
∥g∥∞ + vα(g), and consider the Banach space

Hα := {g ∈ Cb : ∥g∥α < +∞},
which is dense in Cb with respect to the uniform norm.

Now, fix t ∈ C with Re(t) ≥ 0. For all x, y ∈ J (F ) with |x − y| ≤ δ, all
n ≥ 1, and all inverse branches F−n

v , one has∣∣|(F−n
v )′(x)|t − |(F−n

v )′(y)|t
∣∣ ≤Mt|(F−n

v )′(x)|Re(t)|x− y|
for some constant Mt > 0. According to Proposition 3.1, the potential
ϕt(z) := e−P (t)|F ′(z)|−t satisfies certain regularity conditions: it is dynam-
ically Hölder continuous and rapidly decreasing (see [19] for precise defini-
tions). Consequently, the normalized transfer operator L̂t acts on the Banach
space Hα and admits a non-trivial fixed point.

Theorem 4.1. Let t > 1. Then the following hold:

(a) 1 is a simple isolated eigenvalue of L̂t : Hα → Hα .
(b) The corresponding eigenspace is generated by a strictly positive function

ψt ∈ Hα with
	
ψt dmt = 1 and limRe(z)→∞ ψt(z) = 0.

(c) 1 is the only eigenvalue of modulus 1.

Sketch of proof. Combining Lemmas 5.1 and 5.2 of [19], we find that
there exists a sequence {nk} such that

(4.1)
1

nk

nk∑
j=1

L̂ j
t 1 → ψt ∈ Hα .

Since mt is a fixed point of the dual operator L̂ ∗
t , we have

1 =
� 1

nk

nk∑
j=1

L̂ j
t 1 dmt →

�
ψt dmt as n→ ∞.

From (4.1), ψt = L̂tψt, and Proposition 3.1 shows that ψt(z) → 0 as
Re(z) → ∞. The ergodicity of mt (Theorem 3.7) then implies that any other
eigenfunction of modulus 1 is proportional to ψt, concluding the proof.
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We now state some finer statistical properties of the F -invariant measure
µt := ψtmt obtained from Theorem 4.1. The following result summarizes
the consequences of the spectral theory developed in [19, Section 6], which
remain valid in our setting due to the structure of the family fℓ,c.

Theorem 4.2. Let t > 1 and define µ := µt = ψtmt. Then the following
hold:

(1) µ is F -invariant, ergodic for all iterates of F , and equivalent to mt. In
particular, µ(Jr(F )) = 1.

(2) The dynamical system (F, µt) is metrically exact.
(3) If g ∈ Hα, α ∈ (0, 1), and the asymptotic variance

σ2(g) = lim
n→∞

1

n

�(n−1∑
j=0

g ◦ F j − nEg
)2
dµt

exists, then {g ◦Fn}n≥0 satisfies the Central Limit Theorem with respect
to µt.

One of the sets relevant for geometric analysis is the radial Julia set
Jr(F ) (see [23]). Define

Jbd(F ) :=
{
z ∈ J (F ) : inf

n≥0
Re(Fn(z)) < +∞

}
,

which clearly satisfies Jbd(F ) ⊂ Jr(F ). The next result shows that this
subset has large Hausdorff dimension; the proof uses construction adapted
to the structure of fℓ,c.

Theorem 4.3. We have HD(Jbd(F )) > 1.

Proof. We construct an iterated function system (IFS) HR and estimate
from below the Hausdorff dimension of its limit set JR ⊂ Jbd(F ).

Fix R > 1 and define the strip

SR := {z ∈ P : R ≤ Re(z) ≤ 4R, εR < Im(z) < 2π − εR},
where εR > 0 is small. For each k ≥ 1, define F−1

k : SR → P by setting
F−1
k (z) := f−1

∗ (z + 2kπi), where f−1
∗ is the inverse of fℓ,c|P . Since f(z) =

ℓz + λ− ez with λ = c− (ℓ− 1) log c, we obtain

z + 2kπi = ℓF−1
k (z) + λ− eF

−1
k (z).

Using this, we derive the following upper and lower bounds whose derivations
are straightforward:

|z + 2kπi| ≤ 2eRe(F−1
k (z)), |z + 2kπi| ≥ 1

2e
Re(F−1

k (z)),

valid for k large. Hence, if k ∈ [e2R, e3R] with R > 1 sufficiently large, then

R ≤ Re(F−1
k (z)) ≤ 4R.
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If we take w = x+ iy ∈ P \ (SR ∩ {R ≤ Re(z) ≤ 4R}), we have

|Im(f(w))| ≤ ex|sin y|+ 2|y|+ |Im(λ)| ≤ e4R sin εR + 4π + |Im(λ)| ≤ 1
2e

R

for εR > 0 sufficiently small. Hence, taking such εR > 0 and k ∈ [eR, e4R],
we have F−1

k (SR) ⊂ SR.

Now consider HR := {F−1
k : k ∈ [eR, e4R]}, an IFS acting on SR. As

in [20], this IFS satisfies the open set condition, and its limit set JR is
contained in Jbd(F ). We estimate the derivatives using the inverse of fℓ,c: If
w = f(z) = ℓz + λ− ez, then

(f−1
∗ )′(w) =

1

w − ℓf−1
∗ (w)− λ+ ℓ

,

so for z ∈ SR and large k,

|(F−1
k )′(z)| =

∣∣∣∣ 1

z + 2kπi− ℓf−1
∗ (z + 2kπi) + ℓ− λ

∣∣∣∣
≥ 1

|z + 2kπi|+ 8R+ 2ℓπ + |λ|

≥ 1

9k + 8R+ 2ℓπ + |λ|
≥ 1

10k
.

Then the pressure function of the IFS satisfies

PR(1) = log
( e3R∑
k=e2R

|(F−1
k )′(z)|

)
≥ log

( e3R∑
k=e2R

1

10k

)
= − log 10 +R > 0.

Therefore, HD(JR) > 1. Since JR ⊂ Jbd(F ), we get HD(Jbd(F )) > 1.

In compact settings, the common value of the limits P (t, F ) and P (t, F ),
denoted simply by P (t) (Proposition 3.1), coincides with the classical geo-
metric pressure function for t > 1, linking ergodic theory and geometric
properties such as Hausdorff dimension, entropy, and Lyapunov exponents.
However, when F is transcendental and J (F ) is non-compact, the classical
thermodynamic theory must be adapted.

Despite the lack of compactness, the family fℓ,c(z) = ℓz + c − ez re-
tains enough structure to develop a geometric pressure theory. The pressure
function P (t) keeps the main properties necessary to establish a Bowen-type
formula.

Proposition 4.4. The function t 7→ P (t), t ≥ 0, satisfies the following:

(1) There exists t ∈ (0, 1) such that 0 ≤ P (t) < +∞.
(2) There exists a unique t > 1 such that P (t) = 0.

Proof. Using the IFS HR constructed in Theorem 4.3, we find that
HD(JR) > 1 for R large. Since P (HD(JR)) ≥ PR(HD(JR)) = 0, and by
continuity and monotonicity of P (t) (see Proposition 3.1), item (1) follows.
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Item (2) follows from the convexity of P (t) and the fact that P (t) → −∞
as t→ +∞.

Although J (F ) is not compact, we can still define the Lyapunov exponent
χ(F ) as an integral with respect to µt = ψtmt. We use the auxiliary sets
An := {z ∈ J (F ) : n ≤ Re(z) ≤ n+ 1} to deduce the following.

Lemma 4.5. For t > 1, the Lyapunov exponent χ(F ) =
	
log |F ′| dµt is

finite.

Proof. Since ψt is bounded and decays as Re(z) → ∞, and using Corol-
lary 3.6, we have

�
log |F ′| dµt ⪯

∞∑
n=1

�

An

log |F ′| dmt ≤
∞∑
n=1

mt(E
c
n) log(1 + en).

Hence,
�
log |F ′| dµt ≤

∞∑
n=1

Ce−tn(1 + n) < +∞.

We are now ready to formulate the Bowen formula, adapted to the radial
Julia set.

Theorem 4.6 (Bowen’s formula). The Hausdorff dimension of the radial
Julia set Jr(F ) is the unique zero η > 1 of the pressure function t 7→ P (t).

Proof. Let η > 1 be such that P (η) = 0. For t > η we have P (t) < 0, so
for z ∈ J (F ) and large j,

1

j
log

∑
x∈F−j(z)

|(F j)′(x)|−t ≤ 1

2
P (t) < 0.

Standard covering arguments (cf. [19]) yield HD(Jr(F )) ≤ t, and taking
t↘ η gives HD(Jr(F )) ≤ η.

For the reverse inequality, let ε > 0. By Birkhoff’s and Egorov’s theo-
rems applied to the ergodic measure µη, there exists a set Y ⊂ Jr(F ) with
µη(Y ) ≥ 1/2 such that for all x ∈ Y and large n,∣∣∣∣ 1n log |(Fn)′(x)| − χ(F )

∣∣∣∣ < ε.

Using Koebe’s distortion theorem and the conformality of ν := mη|Y ,
one obtains ν(B(x, r)) ⪯ r

η− 2ε
χ−ε . Thus HD(Y ) ≥ η− 2ε

χ−ε , and letting ε→ 0

gives HD(Jr(F )) ≥ η.

Proposition 4.7 ([19, Prop. 7.4]). The h-dimensional packing measure
satisfies P h(Jr(F )) = ∞, where h = HD(Jr(F )). In fact, P h(G) = ∞ for
every non-empty open subset G ⊂ Jr(F ).
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Combining Theorems 4.3 and 4.6, and Proposition 4.7, we conclude:

Corollary 4.8. The radial Julia set satisfies 1 < HD(Jr(F )) < 2.

5. Graphical examples. In this section, we present a few examples
from the family fℓ,c for different values of ℓ and corresponding parameters
c as an illustration of the complexity of the Julia sets, the topology of the
invariant Baker domain, the immediate basin of attraction, and the pair of
sets of wandering domains.

5.1. Bergweiler’s example. The first example is the function studied
by Bergweiler [6]. For ℓ = c = 2 we have f2,2(z) = 2− log 2 + 2z − ez.

For this function, the fixed point zc = log 2 is also a critical value, in
other words, it is a superattracting fixed point. This way, the post-singular
set not only coincides with the singular value, but attracts all the dynamics
in the immediate basin of attraction U0 and all of its vertical translates
Un = U0 + 2πni; see Figure 1.

Fig. 1. Left: Dynamical plane of the function f2,2. U0 is the attracting domain (blue),
U is the Baker domain (gray tones), while Ui represents the wandering domains (black).
Right: The simulated dynamics in the quotient space. In this case, there are no wandering
domains.

5.2. A general case. For this example we consider a bigger post-
singular set. Take ℓ = 3 and c = 2.7− 0.3i, so

f3,c(z) = 2.7− 0.3i− 2 log(2.7− 0.3i) + 3z − ez.

Since the critical point z0 = log 3 is no longer a fixed point, the post-singular
set is (much) bigger than the singular set. Here, the fixed point zc = log(2.7−
0.3i) is only attracting, but its immediate basin of attraction contains the
critical point z0 = log 3, so the set {zc + 2kπi : k ∈ Z} coincides with the
derived set of the post-singular set; see Figure 2.
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Fig. 2. The simulated dynamics of F3,c in the quotient space. Again, there are no wan-
dering domains.

5.3. An example from the Fatou family. As mentioned in the Intro-
duction, the family fℓ,c exhibits richer dynamical behavior than the Fatou
family fλ(z) = z+λ− ez. In order for fℓ,c to belong to the Fatou family, we
require that Re(c) < 0. Then the left half-plane Re(z) < 0 is contained in
the invariant Baker domain, which is the only component of the Fatou set.
For this example we take ℓ = 1 and c = −0.5; see Figure 3.

Fig. 3. Left: Dynamical plane of the function f1,−1/2. Right: The simulated dynamics in
the quotient space.

5.4. A boundary parameter case. In our setting, the Fatou family is
fλ(z) = z + λ− ez, Re(λ) < 0. And for ℓ = 1, c ∈ D(1, 1), the family f1,c is
reduced to f1,c(z) = z + c− ez. It is not difficult to notice that there is one,
and only one, common boundary point in the two families, corresponding to
the parameter c = 0, giving the function f(z) = z − ez. This function has
been widely studied from geometric and measurable perspectives. In [14], the
authors proved that this is a rigid map, that is, with a trivial deformation
space. In [11], it was shown that this function can be obtained as a pinching
process from the Fatou function f1(z) = z−1−ez. Unlike the functions in the
Fatou family, f1,0 possesses countably many Baker domains, each containing
a unique singular value.
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In terms of measure-theoretic aspects, it is well-known that the dynamics
on the boundary of the Baker domains is ergodic. Moreover, the escaping set
I(f) has zero harmonic measure. Recent results in [15] describe dynamically,
topologically, and combinatorially the escaping points in the boundary of the
Fatou set. It is natural to ask if the above machinery can be applied to this
particular function.

Funding. The second author was partially supported by Proyecto In-
terno DIDULS No. PR2553857, Universidad de La Serena, Chile.
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