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DOUBLE-EXPONENTIAL WHITTAKER CARDINAL
FUNCTION APPROXIMATION SCHEME FOR
BRATU-TYPE AND TROESCH’S PROBLEMS

Abstract. The authors attempt here to exercise an efficient approxima-
tion scheme for obtaining highly accurate approximate solutions to Bratu-
type and Troesch’s problems. The underlying mathematical ingredients of
the scheme are the double exponential transformation followed by the finite
Whittaker cardinal function approximation of functions in the basis generat-
ing Shannon—Kotelnikov multiresolution analysis of L*(£2)(£2 = [a,b] C R).
We provide a formula relating the exponent n in the desired order (O(10™"))
of accuracy and the resolution J of the approximation space (Paley—Wiener
space of bandwidth [—277,277]) of multiresolution analysis of L?(R), the
lower and upper limits in the finite sum in the approximation of the solu-
tion, and a formula for the a posteriori error. A comparison of the accuracy
of the approximate solutions obtained with that of other results in the liter-
ature confirms the better efficiency of the present scheme.

1. Introduction. We consider the non-linear boundary value problem

11 {u”(m) FAet=0, A>0,z€[0,1],
u(0) =u(1) = 0.

This is the well known classical Bratu problem [10], named after the Ro-
manian mathematician Vasile Bratu, also known as the Liouville-Bratu—
Gelfand equation. It arises in multiple disciplines of science and engineering,
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e.g., in the electrospinning process [69], the Chandrasekhar model for the ex-
pansion of the universe [15], nanotechnology [26], and the fuel ignition model
of thermal combustion theory [4I]. The exact solution to this boundary value
problem is [32]

(1.2) u(x) = —210g<

where I satisfies the transcendental equation

cosh[£ (22 —1)] >

T
cosh Z

r
(1.3) F:v2)\coshz,

depicted in Figs. [I{a)(c). From these figures it is evident that for I
admits a real solution for A € (0, A¢;], where Ay = 3.5138307191251612... ..
For A\ > Ao, there are no real I'. On the other hand, for A < A, the
solution I' has two branches denoted by I'v°"" and I" )I\J PPEr " So, for given

A =X < Ag, I' assumes two values, viz., I'Z°" and ngper. Some of their
typical values are provided in Table |1, The solution of (1.1} provided in
([L2) with I' = I'Fo¥ (vesp. Iy ***") will be abbreviated as «*V* () (resp.
uVUPPer (1)),

fffff yn=r ===== Y01 e T

¥(r)=2A Cosn- ¥N)=2A Cosh: Y0=y2A Coshs

o e

— r e

(a) A < Acr (b) A= >\cr (C) A > )\cr

Fig. 1. Plots illustrating existence of solution (I") to (1.3) for different choices of the
parameter A in (|1.1)

Table 1. Possible values of I" in the solution (|1.2)) obtained by solving (1.3) for different
choices of A in (1.1

r
A
F)I:ower F/\Upper
1 1.5171645990507542 . .. 10.9387027721221068 . ..
2 2.3575510538774020. . . 8.50719957071302613 .. ..
Acr 4.7987145610309353 . ..

Various analytical and numerical methods have been applied to solve the
Bratu problem [9, 36l 43|, 27, 54, [65, 25, 47, 46, 2], 63], [51]. The limitation
of those methods is that they only compute the lower branch solutions and
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also lose their accuracy when A approaches Ac;. A thorough literature survey
shows that very few studies have successfully obtained both branches of the
solution to the Bratu problem.

In addition to the classical Bratu problem mentioned above, we consider
other Bratu-type problems

(1.4) {u”(a:) —2e" =0, xz€]0,1],
u(0) = 4/(0) =0,
u’(x) +e =0, x€l0,1],
(1.5) {u’(O) =1, J/(1)=1/2,
(1.6) u'"(x) — et =0, wz€]0,1],
' u(0) + 2u/(0) = =27,  2u(l) —/(0) = —.

These problems have been introduced and examined in [68], 55, [50]. Although
these numerical methods may seem efficient, their implementation demands
substantial computational effort.

Next, we consider the non-linear problem

(1.7) u”(z) — psinh(pu) =0, x € [0,1],
satisfying the non-homogeneous Dirichlet boundary condition
(1.8) u(0) =0, wu(l)=1.

It is known as the Troesch problem, studied by B. A. Troesch in his seminal
work [66, [67]. This problem arises in the investigation of the confinement of a
plasma column by radiation pressure [23], [70] and in the theory of gas-porous
electrodes |24, (7) and (8)]. A closed form solution to this BVP is [45]

(1.9) uy,(7) = Zs.inh—1 [ul“z(m sc <Wg 1 - W)]

The slope at the origin, u;,(0), that appears in the solution depends on ([.7)
through the formula

(1.10) u,(0) = 2v1 —m,

where m is the root of the transcendental equation

(1.11) V1 —msc(pulm) = sinh(p/2)

involving the parameter p appearing in ([1.7)) and the intricate Jacobi el-
liptic function sc(u|m). Thus, it is apparent that the closed-form solution
of the Troesch problem provided in (1.9) is not straightforward but re-
quires a solution of a transcendental equation. Equation (1.11]) has a unique
solution because the monotonic growth of sinh(u/2) ensures that it in-

tersects the modulated periodic function sc(u|m) in only one point for a
fixed p. For p = 1 and p = 2, the approximate values of m are m,—1 =
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0.82140810518621196 . .. and m,—2 = 0.93275800773089574 . ... This prob-
lem is inherently unstable and difficult, especially when the sensitivity pa-
rameter p is large. Troesch’s problem has become a widely used test problem
and has been studied extensively. Several numerical methods have also been
developed in the last few decades to obtain approximate solutions to the
problem [36] (54, 19, BT} 28], 22] [16], 17, [72, [33]. Although these methods can
be efficient, their implementation often requires significant computational
effort.

Whittaker cardinal function approximation (WCFA) within the Shannon—
Kotelnikov multiresolution analysis (SKMRA) of L?(R) has proven effective
for solving a wide range of linear, quasilinear, and non-linear problems in
science and engineering, for example, in the process of heat transfer [18] [39],
population growth [6], fluid mechanics [71], inverse problems [57], and medical
imaging [62]. This method efficiently accommodates initial/boundary value
problems (IVP/BVP) involving differential operators with Dirichlet and
Neumann conditions [56, 58|, and provides fast solvers for integral equations
[38,44,61]. A combination of WCFA and a double exponential transformation
offers several advantages, such as exponential decay in errors [29], adaptability
for problems with singularities [60], stability due to rapid convergence [49]
ete.

Motivated by these features, we develop a finite Whittaker cardinal func-
tion approximation (FWCFA) scheme to solve Bratu-type and Troesch prob-
lems accurately with reduced computational effort. Our approach involves
two steps:

(i) splitting the unknown wu(x) into a known wg(x) and an unknown v(z)
part so that the new unknown v(z) is a member of H'(D), the set of all
analytic functions F(z) in D C C with N1(F,D) = {,,, |F(2)||dz| < oo,

(ii) stretching the finite domain (£2) to R using a double exponential (DE)
transformation resulting in the unknown function v(¢) becoming an el-
ement of the Paley-Wiener space (PWS) with a narrow support in R,
making it amenable to approximation with fewer terms in a FWCFA.

The proposed scheme transforms differential equations with initial /boundary
conditions into a system of non-linear algebraic or transcendental equations
(SNLATE). These equations can then be solved efficiently using iterative
methods, such as the Jarratt-like method [52], or some library function avail-
able in computational software, e.g. FindRoot[, -] in MATHEMATICA. An
estimate of a posteriori error in the approximate solution obtained here has
been suggested and tested on the above-mentioned problems.

Our investigation is organized as follows. A discussion of some essen-
tial properties of Shannon wavelet basis for understanding the FWCFA of
functions is presented in Section [2| Section [3] explains the stretching of the
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compact domain {2 to R and outlines the error bounds in approximating the
unknown function v(§) using FWCFA. In Section {4 we detail the method
for transforming the second-order non-linear ODE with various initial and
boundary conditions into a SNLATE. Section [5| analyses the method’s con-
vergence and discusses the relationship between the exponent n in the desired
order (O(10™")) of accuracy, the resolution J, the boundary &7 of the ef-
fective support of ©(&), and the formula for the a posteriori error. Section |§|
describes the implementation of the scheme on Bratu-type and Troesch prob-
lems, while Section [7] summarizes our key findings.

2. Shannon wavelet basis. The Shannon wavelet basis (SWB) repre-
sents a family of orthogonal classical functions with many exciting properties
[38, 61, (14 [11], including the SKMRA [38] of L?(R) in nested Paley—Wiener
spaces. Given that these are classical functions, their derivatives can be ex-
plicitly expressed [61], 12} [13].

The scale function ¢°(z) of the SWB in SKMRA is the well-known sinc

function:

in(rz) .
(2.1) ¢°(x) = sinc(z) = { T ?f z70,

1 if =0,
which plays a crucial role in signal analysis and function approximation
theory. Here, we restate some fundamental properties that are beneficial for
a complete understanding of the FWCFA scheme within the framework of
splitting L?(R) into Paley—Wiener spaces.

(i) Interpolating property [61]: The values of ¢5,(z) at x; = 2%, J k1 €Z,
are given by

l 1 for k=1,
(2.2) 5 <2J> = O = {

0 otherwise.

(ii) One-point quadrature formula [6I]: For any band-limited function I €
L?(R) with supp(F) C [-277,277] and k € Z,

(23 | (@50 @F @) e = 557 (5.

Here, (¢5,)* indicates the complex conjugate of ¢5;.
(iii) Derivatives of the scale function ¢ [61]:

/ 0 ifex=k
2.4a) &5 (x — k) = ¢ (x) = o |
(2.40) % (z — k) = ¢5i(2) {<1>k’“ if 2 # k and z € Z — {0},
2

e ife==F,

st _ " _ 3 ok
(2.4b)  ¢° (x — k) = ¢y, (2) {_2(2’_—112)2 if x # k and = € Z — {0}.
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These properties will be useful in transforming differential equations into
SNLATE.

2.1. Whittaker cardinal function approximation of functions g €
L?*(R) in SWB. For any g € L?(R), the fact that § € L?(R) implies that
the support of §(w) in the frequency domain can be divided into the following
disjoint subspaces of finite or infinite bands:

J
[—27m, 2%0x] U | {[-2" 7, —2in] U (20,20 7]}, o€ Z, J €N
J=jo
The projection of a function in L?(R) onto Paley—Wiener subspaces with the
bandwidths defined above is regarded as the SKMRA of L?(R). Any function
¢ in the above class can be represented in the SWB with a finite number of
terms defined as

(2.5) ®5(@) = {¢Tu(x) : k € A7)
so that g(x) can be approximated by

(26 o) ~ 5V = T o 57 )outo)

¢
keA?

Here, A? C Z is a (finite) index set. The number of its elements depends
on the desired approximation accuracy and the effective support of g(x).
The approximation error is small because the coefficients |g(k/27)|, for k €
7 — A?, are sufficiently small. In [6I], the series in ([2.6)) is referred to as the
FWCFA for g € L*(R).

3. Stretching a compact domain using a double exponential
transformation. In the previous section, it was observed that any func-
tion g € L?(R) can be efficiently approximated by FWCFA (e.g., (2.6)) in
the SWB @5 (). To extend the usefulness of that basis to approximate func-
tions g € L*(£2), 2 = [a,b] C R, it is convenient to adopt a non-uniform
stretching of the domain {2 to R through an appropriate strictly monotonic
mapping x = 6(§) so that £ -+ —oo as © — a and £ — oo when z — b.

We apply the non-uniform stretching map (known as DE or the tanh-sinh
transformation) [61]

+

(3.1) T =0(§) = = . tanh(;r sinh(f)), ¢eR.

To exhibit the merit of this transformation, the plot of the image xj for
equally spaced discrete choices of & = k/2/, k € {—3 x 27,...,3 x 27}, the
graph of the polynomial v(z) = z(1 — z) and the function v(§) (= v(6()))
evaluated at z; and & respectively are depicted in Figs. [J(a)—(b). From

a+b b—a
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these figures it is apparent that (i) the images xy (= 0(&)) for &’s beyond
a finite domain containing £ = 0 are dense around the boundaries x = 0 and
x =1, (ii) the function v(&) decays more rapidly as |{| — oo in the &-space
in comparison to algebraic decay around x = 0 and x = 1 in the z-space.
The rate of decay of v(£) as |£] — oo can be obtained using the following
definition and lemma.

V(8(§)~6(8)(1-6(8))
V(x)=x(1-x) 0.25¢

‘1 x=0(g)  —eeee bbbt T i WW. ¢
(a) (b)

Fig. 2. The image x; of 6(¢) for equdistant nodes &;x = k/27, k = —3x27,...,3x 27 and

the plot of 5(§) = v(0(&))(v(z) ~ (1 — x)) at those nodes (at the images z;i = 0(§;k))

for j = 3.

DEFINITION 3.1 ([40]). Let H!(D) be the family of all functions g which
are analytic in D and satisfy Ni(g, D) = {,p |9(2)| |dz| < oo and let Ls(D)
be the set of all analytic functions in H'(D). Then there exists a positive
constant C' which satisfies

Ls(D) = {g € H\(D) : lg(=)| < CIQ84(2)] for all = € D},
where Qi’b(z) =[(z —a)(b—2)]° and § > 0.

LEMMA 3.2. For v € Ls(D), let v(§) = v()|y—g(c)- Then there exists
C1 > 0 such that

(3.2) mmgcwgﬁﬂlﬂ%m-
Proof. Ifv € L(;(D), using Definition we get
(&) = [v(B(¢) \<C\( ( ) - a)(b—9(€))\5

3t ()

b b
x{b ot 2atanh<251nh(§)>}

IA

)
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B C(b - a>25 {1 + tanh<gjinh(§)) }
1- tanhG sinh(§)> }

{

< C<b 3 “)25 {1 — tanh? <72T sinh(§)> }
(
(

6

b—a 26 T 4
<C > sech? <2 sinh(f))
<C b—a\%® 926
= 2 |5 5nh(E) | =5 sinh(§)|28
d7 sinh(€) _
s e as { = —oo,
< C(b a) {6571- sinh(§)  4q £ — oo

om
e 2 as & - —o0
<Cb-a)® o, ; ’
e 2 as £ — o0.

Thus,
[5(©)] < Cre T as Je = oo
with C; = C(b—a)®. u

The subtle role of the double exponential transformation is that it accel-
erates the decay rate of a function. The result of Lemma [3.2] suggests that
the double exponential transformation accelerates the algebraic decay of the
function v(x) to double exponential decay rate as |{| — co. Such rapid decay
of v(§) not only provides its convergent Whittaker cardinal function repre-
sentation in the basis generated by &°(¢) [35, Def. 2.1, p. 22| but can be
truncated to a finite Whittaker cardinal function representation with
errors bounded in the following theorem.

TuEOREM 3.3 ([40, [64]). For preassigned J,M € N, ¢B = M/2”, there
exist constants Cz,C3 € RT depending on r € NU {0} and the exponential
decay rate d and § such that

7€) - <C§Z> iwj @(f;)ﬁk(f)’

k=—M

(3.3)  sup
£eR

_dm B
S CQQJTe—QJﬂ'd + C32J(T+1)%
(&

4C(b—a)?®

Here Cy = (1 + e)% (e is the Euler number) and C3 = ———
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The RHS of (3.3]) provides bounds for the residual errors in FWCFA of
0(€) and its derivatives.

REMARK 3.4. For an analytic function w(z) in D with the decay property

(z —a)* asz—a,
(b—2)% asz—b,

(3.4) w(z) ~ {

d = min {«, B} and one can choose d € (0,7/2) [59, Egs. (1.7.11), (1.7.15),
p. 67, and Fig. 1.7.4c, p. 68].

4. Methodology. In this section, we develop the scheme to solve non-
linear problems in a generic form

(4.1) u(z) + flz,u) =0, z€ 2 (=]a,b]),
satisfying any one of the following initial /boundary conditions (IC/BC):
(i) Initial condition (IC):

!/

u(a) = uq, u'(a)=ul,

(ii) Dirichlet’s boundary condition (DBC):
w(a) = ta, u(b) = u,
(iii) Neumann’s boundary condition (NBC):
u'(a) = ug,  u'(b) = up,
(iv) Robin’s boundary condition (RBC):
agu(a) + Bau'(a) = e, cpu(b) + By’ (b) = .

Here, a,b, uq, up, Uy, Uy, 0a, Bas Ya, O, By, Yo are all finite real constants, and
the non-linear term f is in C(§2 x R). To transform a non-homogeneous
IC/BC into a homogeneous BC, we split the solution (unknown) wu(z) into

(4.2) u(z) = uo(x) + v(x),

involving a prescribed function ug(x) and a new dependent variable v(z) in
the PWS. The choice of up(x) is suggested by the requirement that v(x)
satisfies homogeneous boundary conditions, viz.,

(4.3a) v(a) =v(b) =0 in the case of DBC,

(4.3b) v(a) =v(b) =0=1'(a) =v'(b) for other conditions.
Substitution of u(z) given in (4.2)) and its derivatives into (4.1 gives the

equation for the new unknown v(z):

(4.4) v (x) + ug(z) + [z, up +v) = 0.
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Using the transformation x = 6(§) of the independent variable and the
relations

s i 1 d &2 1 & 0 d
(4.5) A 0@ de A 0@ dE () de

in (4.4), one gets the equation for v(§):

10 Gt O - AT+ WO+ FE w0 =0, ER
The homogeneous BC and for v(z) are transformed to
(4.72) (do0) = 0

and

(4.7b) B(200) = 7' (+00) = 0

respectively. In (4.6) we have used the notations

v(§) =v(z )’:L‘:G(g)a
(4.8) g (&) = ug ()] o=a(e
f& a0 +0) = f(a, U0+U)\x o(¢

The boundary condition in or implies v € L*(R) N C*(R) [61].
Following the discussion of Section one may then approximate v(£) by a
FWCFA in the basis ®5(€) = {¢5,(€) : k € A?} of the approximation
space (PWS of bandwidth [~277,277]) of the SKMRA as

(4.9) (&) ~ VR () = D CrgFi(é

keAS

Here, /1? C 7Z is an appropriate finite index set such that the error due to

omission of C ¢35, (€) for (the threshold value) k € Z \ Aﬁ is much lower
than the desired order O(10™") of accuracy. Using (4.9) in conjunction with

d /
(4.10a) y g(U};WCFA ) =2" " Cndtr(m)ly=ove,
ke
d2 "
(4.10Db) @(EEWCFA(O) = 2%/ Z Crudbpe (M)ly=ave

¢
keA?
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in (4:6)), one gets a relation involving elements of the basis &5 (€):

(4.11)
1

0'(¢)?

ek -2/ 0 T X Cnd (€= )+ i)

keAS ke

+ (& m©) + 3 Cnofi(©) =0

®
keA

Multiplying both sides with 6’(¢)2, we get

(4.12)
2%/ Z CJk:¢S”(2Jf — k) — 2J9 Z Cy ¢S 2J§ k) +9/(§)2 1 (€)
ke k 2%
FOEPF (€ m(©) + 3 Coofu(©) =0

keAS

To get the unknown coefficients {Cy : k € Ai’;}, (4.12)) is transformed to a
SNLATE

(4.13)

2/ 37 s (1-k) 2 09((1) 3= oo™ 1-+9 (5 >2_"<2ZJ>

ke keAS

(L) hnld) s B o)

ke

by taking the inner product of with each element of the basis ¢§ &)
and exploiting the one-point quadrature rule provided in Section

It is worth mentioning here that transforming to a SNLATE like
involving collocation and the Galerkin method will provide the same
set of equations whenever f(£, o + v) is an element of PWS with band-
width [-277,277]. The function ug(x) in may contain some additional
unknowns such as u(a),u(b),.... To obtain these unknowns, we add a few
additional equations, e.g., v'(&, — 1/27),7' (& +1/27), ... = 0 appropriately.
The advantage of using FWCFA of the unknown solution is the minimum
appearance of unknowns C; = C’? U {u(0),...} with C’f? ={Cy: ke /lf’;}
in the SNLATE

(4.14) F(Cj) =0,
due to the one-point quadrature rule (2.3]) for the elements in the basis. Here
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F: R CR" = R" (n=#Cy) is defined by

(4.15) F(Cy) =AC; + Z(Cy)

involving the matrix 20 = [a;| with elements

(4.16)  ay =22¢%"(1— k) — 1) ¢%(1— k) + 9'<l>2ﬂ6’ (l)
") 27)

The other part

F(Cy) ={Z(Cy) : 1€ A%}

involves the non-linear terms

IN? (1 (1
(4.17) F(Cy) = 9’<2J> f(zj,uo(}]) +) chqu(z—k)).
ke’
The non-linear terms f(z,u) appearing in ., . and . are
smooth functions, so F/(C) is continuously differentiable. Furthermore from
Fig. (b), it is apparent that v(§) behaves qualitatively like a Gaussian func-
tion. It may be further verified that the Jacobian matrix
~ OF
J=(Cy) = | —=
#C) [acj
is non-singular in the neighborhood of CO ={e” (k/27) /3 (k/27) k € A?}}
Consequently, FindRoot[-, -] in MATHEMATICA/ Jarratt- hke iterative
schemes [52] with input C may be used to solve (£.14)). The resulting values
of unknowns Cyy, k € Aff]), have been used in (4.9) to obtain Q_}EWCFA(f).
Then use of FWCFA of () followed by the inverse transformation

(4.18) ¢ =0O(z) =sinh! [i tanh ™! (W)]
in gives FWCFA for u(x):
(4.19) u(w) = ufVOA (z) = 4P () + *FWCFA(Q@))
Approx IL‘ Z CJk(ZSJk )
ke’

4.1. Asymptotic behavior of solution to (4.4). The asymptotic be-
havior of the solution to (4.4]) with given IC/BC can be derived through the
following procedure:

Around z = a in (2, leads to

(4.20) v"(x) = —(ug(a) + f(a,uo(a))).
Use of the BC or gives
(4.21) v(z) = —3(ug(a) + f(a, uo(a)))wa(z),
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where

— for
(422) wa(z) = {Q(Ux —aa)2 er ?CB/CN,BC/RBC.
Similarly, around x = b, leads to
(4.23) o (@) = —(u(b) + F(b,uo(b))-
Again, the BC or around x = b implies
(4.24) v(z) = =5 (ug(b) + f(b,up(b)))ws(z),
where

(4.25) wy(z) = (b—2)? for IC/NBC,/RBC.

Comparison of (4.22)), (4.25)) and (3.4)) gives the exponents «, 8 of asymptotic
decay of solution of (4.1)) near the boundaries are a = 5 = 1 in case of DBC

and a = 8 = 2 for IC/NBC/RBC, leading to 6 = 1 for DBC and § = 2 for

the rest. Since f(x,u) € C(§2 x R), (4.21)) with (4.22)) and (4.24]) with (4.25)
imply that v € Ls(§2) with

ug(a) + f(a, uo(a))
2
Therefore, following [59, Lemma 1.3.6, p. 136],
ve HY(N) with Ni[v, 2] < occ.

Moreover, the use of the DE transformation (z = 6(&)), provided in (3.1)), in
(4.21), (4.22), (4.24) and (4.25) implies the asymptotic behavior

{b —x for DBC,

)

(4.26) C = max {

w40+ 0-10) |

(4.27) (€) ~

2
O+ baun(0) - e

which may be recast in compact form as

as & — 00,

(4.28) 5(6)] < (b— )P Ce T as ¢ » .

en use o TN E 1—iw, 7d/2)+ E(14+iw,md/2) (obtained by ap-
Th f F( y
plying FourierTransform]-, -, -] of MATHEMATICA) implies the asymptotic
behavior of the Fourier transform v(w),
(4.29) [5(w)| < Cre™ ! as |w| = oo,
where d € (0,7/2) and
(4.30) C1 = (b—a)?C.

The choice of § is determined by the exponent of decay provided in (4.22))
and (4.25)), while C' can be obtained by using (4.26]). The values of unknowns
(e.g., u(a), u(b) etc.) may be estimated by the corresponding values of the
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solution of the linear part of with the same IC/BC. The estimate of
C and C) involving the input f(z,u) of the model and IC/BC derived in
(4.26) and (4.30) will be useful for obtaining estimates of the resolution J
and boundary £ of the effective support of v(§) in the following section.

5. The convergence analysis

5.1. Estimate of residual error. For the convergence analysis of the
approximate solution (4.9) in the effective support £2¢ of 7() to the second-
order non-linear ODE, we write (4.6|) in operator form,

B1) OO =00 - G () + (P T(E) + ¢ (P (e 1 +0)
It may be verified that
0'(€)* € H™(£2) = {g (2 — (2 2 sup |g| < oo}
e

It is further assumed that €'(£)2f(¢,@g + ©) is a Lipschitz function with
respect to the second argument and satisfies the inequality
(5.2) [0'(€)*[1f(& ap +v1) = F(& a5+ v2)| < Kp|ug + o1 — (g + )|
< Kplug — ag| + K |v1 — 0o

for some Lipschitz constant K, € R.

THEOREM 5.1. If o5 WOFA (&) in ([@9) is the FWCFA of solution of (5.1)
in the approzimation space (PWS of bandwidth [—27 7,27 7t]) of resolution J,
then there exist constants Co, C3 (depending on § and d, the asymptotic

decay rate of v(x) and v(w), mentioned in Theorem [3.3)), and Cy such that
the residual error of approximation is bounded by

_om B
53 [0 < 1+ Crot i) (2 Coe ¥4 20 )
€

+ sup Kplug(€) — ag™™ o (€)].

£e2e
Proof. Set
o |26
0 < Oy —gseué)s 7(e) ‘ < 0.
Then the LHS of can be written as
0[5 VEFA (9] = 0[] (&) -0V (€))
< I (-af WA (@) | (-0 )
+O' (€)1 (&, To(€)+T(€)) — F(€, g PP (6)+T5 WA (6))).
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Use of (5.2) in the above relation leads to

|O[TTVEFA ()] < [87(€) — TV ()

‘9”(5)‘ 1o\ ~FWCFA
+ §S€quZ)§ 0/(5) v (5) vy (5)

+ Kp|o(e) — VPR ()] + Kplao(€) — ag PP (€)]-

Using the results of Theorem with 7 = 0,1 and 2 and the bound Cj
stated at the beginning of the proof, we can recast the above inequality as

_én B
26

|O[5§WCFA](€)’ < 22J026—2J7rd+23J03€ =
e

o EEB

+Cy (2‘]026‘2’” + 22‘70366253>

,%wesB
[
+Kp (CQeQJ”d +2/ (1353>
&
+ sup Kplig(€) — apPP(¢))|
5695

Cy K\ _o
2J 2V nd
<2 02(1+2J+22J>e v

Cy K, 6_67#653
2 TR ) T

+ sup Kp|iio(€) — agP™ ™ (€)]
£c

+23J03<1 +

_dmeB
<(1+Cs+ Kyp) <22J026_2J”d + 23‘1036;3)
e

+ sup Kplio(€) — ag™(€)]. m
£€Q§

This inequality indicates that when the function ug(x) does not contain
any additional unknowns among {u(a),u(b),u'(a),u’(b)}, the residual error
is decaying exponentially for an appropriate choice of the resolution J and
the boundary &2 of the effective support of 9(¢) provided in the following
theorem. However, if ug(x) includes such unknowns, the residual error decay
may slightly depend on the convergence of the iterative method used, such
as a Newton-type method.

THEOREM 5.2 (|34]). For the desired order O(10~") of accuracy in the
approximation EEWCFA(f) of v(§), an estimate for the resolution J of the
approximation space of SKMRA and the boundary £B of the effective support
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2 = [—€B, €8] of 1(&) may be obtained by using the straightforward formulae

1 2(e + 1)C1 10"

. > i - =
(5.4) J_logQ[Fdlog( 3 >]
and

21 22+J 10"(bh — 20
T

5.2. Estimates of sup and a posteriori errors [34]. In case the ex-
act solution to (4.1)) is known, the L>°-error of the approximate solution at
resolution J may be obtained by using the formula

(5.6) Errl™ = sup [u@(z) — ufWOA(2)).
z€[a,b]

When the exact solution is not known and ug(z) does not contain additional

unknowns, an a posteriori error in u?WCFA (x) is taken to be
apost
(5.7) Err ;™™ = sup [Cyi1,26 — Cul-
ke

However, in case ug(z) contains some additional unknowns among u(a), u(b),
u'(a),u'(b), the a posteriori error incorporates errors in additional unknowns:

(5.8)  Err?™ =sup {|Cri1n — Cril b € A7, [u)P5 (@) — uyPP"(a)],
| ApprOX( ) _ ApprOX( )| | /ApprOX( ) /ApprOX(a)"

Uil U1 Uy
uf]ﬁ_plprOX(b) _ lApprox |}

6. Implementation of the scheme. The scheme developed in the pre-
vious section will be exercised here to obtain approximate solutions to the
Bratu-type and Troesch problems. It has been compared with the results
obtained by other methods to assess its efficiency.

6.1. Bratu-type problem
6.1.1. Bratu problem. We consider here the problem ([1.1))

u’(x) +Xe =0, A>0,z¢€][0,1],
u(0) = u(1) = 0.
Comparison of (6.1)) with (4.1) shows that the non-linear term is f(x,u) =

Ae¥. The behavior of the exact solution for different values of A\ and some

approximation /numerical methods to obtain approximate solutions are avail-
able in 9] 43|, 54} [65], 25, 47, [46] 2] 63, 511 [, [1].
For DBC, the known part up(x) is taken to be

(6.2) ug(z) = 0.

(6.1)
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Then (4.4)) for v(x) is

(6.3) V'(z) + X’ =0, x€]0,1],
satisfying the homogeneous DBC
(6.4) v(0) =0=wv(1).

Since, satisfies the DBC, from the discussion in Section the expo-
nents «, 8 of asymptotic decay of v(z) near the boundaries are a = 8 = 1,
leading to § = 1. The use of the expression uy(x) in and f(z,u) (men-
tioned above) in and gives C' = Cy = \/2.

In the subsequent step, formulae and with § = 1,d = w/4 and
C = Cy = \/2 are used to obtain the lower bounds for the resolution J and
the boundary ¢ involving the exponent n of the order O(10~") of accuracy.
These limits suggest the choices for the resolution J and the bound &2 of
the effective support of 9(§) that result in the index set qu ={-M,...,M}
with M = 27¢5 in the FWCFA (£9).

The SNLATE for the unknowns Cyj, (for [ € /1¢) then becomes

2[ > Cnd™ (1 - k)

6.5) 22> o™ (1-k) —2J

kJEAI J k A
, > s C ¢S (I—k
+)\(92<17>6 ke T )—_0

The non-linear MATHEMATICA solver FindRoot|-, -] is sensitive to initial
guess, conditioning and intricacy in non-linearity. So, at lower resolution J,
the number of unknown coefficients in SNLATE is smaller, and the
system is less constrained. This results in the solution being less accurate.
However, at higher resolution J, the system becomes more constrained, re-
sulting in more accurate solutions.

Inputs {{C s, e~ k/27)* ) 3¢=(*/2)*} . | ¢ A¢} for unknowns C'j;, have been
provided subsequently to obtain a solution of ( . 6.5) by using FindRoot|[-, -|.
The values of v(zy)= (v (2 7)== Cyy) for A=1,2, Aoy with several resolution
(J) choices and boundaries £ are depicted in Flg I(a The results obtained
in the previous step have then been used in ) to obtain

(6.6) uEVORA (7) = @};‘WCFA(@@:)).

While the qualitative behavior of the approximate (upper and lower) so-
lutions uf WCFA(z) for A = 1,2, A, and the corresponding exact solution
provided in are presented in Fig. (b) their pointwise a posteriori er-
rors for several resolutions (J = 2,...,5) and fixed ¢B = T are displayed
in Fig. [3|(c). Close examination of exponents of errors, the number of un-

knowns in SNLATE, number of iterations and the computational time for
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FindRoot([-, ] (presented in Cols. 2—20 of Table [2)) reveal that the present
scheme can provide all possible solutions (both lower and upper solutions,
whenever they exist) of Bratu’s problem for different choices of A including
its critical value Ao with high accuracy in significantly less computational
time. These observations tempted us to exercise the proposed scheme for

other Bratu-type IVP/BVP.
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Fig. 3. Upper (U) and Lower (L) branch of (a) v§WVC" (2),J =1,...,5 and (b) u®***(z)
and ufWCFA () given in (T.2) and respectively and (c) pointwise error in u5WCFA ()
for A = 1 (first two), A = 2 (subsequent two) and A = A (last one) at different resolu-
tions J
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6.1.2. Bratu-type problems. All the steps have also been exercised for
problems ([1.4)—(1.6) (discussed in the Introduction). To avoid the redun-
dancy of steps, we present the expression of the SNLATE

(6.7)

. 9// LJ , 2
227) L O™ (1-k)—2” e,((% >) > Cno® (l—k>+9’<;,> g (;,)
2J

keAf keAf
! 2 (1 S ¢
+9 27 f 2J7 U ZCJ]C¢ -k 207 ZEAJ7
ke

for the unknowns Cjj and a few additional unknowns (listed in Col. 6 of
Table [3) in ug(z). The inputs for the model equation, namely, IC/BC, ex-
act solutions u®*®t(x), and the known part ug(z) have been collected in
Cols. 3—5 of Table |3| respectively. The equations for v(x) are provided in
Col. 7 of the table. These data were used to choose the input to solve the
SNLATE mentioned above.

The function FindRoot|-, -] with “WorkingPrecision — 80" has been exer-
cised to obtain numerical solutions of SNLATE with input {{Cy, 0} :
ke A?} for unknowns C'jj, for examples — uniformly. However, the
known function ug(z) contains additional unknowns (listed in Col. 6 of Ta-
ble|3). Consequently, the equations o'(—27¢5 —1) = 0 and o/ (27¢84+1) =0
have been added to the SNLATE mentioned above with the corresponding
inputs

{{u ) 154 {u'(1 ,10}}/{{u ). 754 {u(D), 51}/ {{u(0), 75} {u(1), 151}
for (1.4))/(L.5)/(1.6). We have provided the number of iterations and the
computatlonal cost for FindRoot][-, -] in Cols. 4 and 5 of Table[4] respectively.

Subsequently, the approximate solutions of SNLATE just obtained have
been used in ([4.9)), in the expression for ug(x) (Col. 5 of Table[3)) and (4.19)
to obtain vy (z ) FWCFA( ), ApprOX(x) FWCFA( )

,and uj , respectively. The
qualitative behavior of v

PWCFA (), wFWCFA(2) and wP**Y(x) and pointwise
a posteriori error in ufWOFA(z) (J = 2,...,5) (for the problems listed in
Table [3) are presented in Figs. [f{(a)—(c).

To examine the reliability of the estimate of a posteriori error in the
FWCFA of the solution, n in the order (0(10_ )) of a posteriori error eval-
uated by using solutions of SNLATE (6.7)) in (5.8)) and the L*>-error obtamed
by using uTWCFA (z) and uxect(z) (prov1ded in Col. 4 of Table [3)) in (5.6),
are provided in Cols. 6 and 7 of corresponding rows of Table respectively.
Their comparison reveals that the estimate of a posteriori error suggested in
is precise even in the case of IC/NBC/RBC where additional unknowns
appear in ug(z) and SNLATE.
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A close examination of the computational time provided in Col. 5 and n
of the a posteriori error provided in Col. 6 of Table [4] reveals uniformity of
efficiency of the scheme for Bratu-type IVP/BVP.

We have also collected the n in approximate solutions obtained by other
methods in Cols. 8—14 of the table. Comparison of exponents n establishes
the better efficiency of the FWCFA scheme proposed here over the other
approximation schemes for IVP and BVP (1.5). The comparison of n
in Cols. 6 and 13 indicates that the MS2CPSM achieves higher accuracy
than our scheme at lower values of J. However, the accuracy of our scheme
is better for J > 5 onward. Moreover, the FWCFA scheme has significantly
less computational cost since the non-linear part in each element of
SNLATE of the present scheme contains a single unknown coefficient

CrrdS(l—k
ezke/}? ch¢ ( ) _ eCJl,

due to interpolating property (i), Section instead of M + 1 terms in
eXilokiMi(@) ((42), (47) and (48)) in MS2CPM.

AR )

4 .
e
)
BE ek | S
ey W/ 9117
- : -
] o .
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VVOFAy) i Ml il 4 1
- T
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Fig. 4. Plots of (a) v§VCF(z) for J =1,...,5, (b) uf W (2) from (6.13) and the exact
solutions, and (c) pointwise a posteriori errors in w5V FA () at various resolution J for

(L4)-(L6) (listed in Table [3).



S. Kumari, S. Bin, S. Roy and M. M. Panja

22

0= (aton)?g2 — (Mn+1u)z+

(1 — )L+ z(T)n +

n ‘(g)n % _ %Yys00)g|Sor — = 92.L— N
AHwH AT W|VADVS AT A.Hv:; Aﬂv AOV Am.Hm AT N.ﬁﬂ _r— Nv Aomv: FA:ﬁ Sv WNQM ﬁ F.RN| _ AOV\\;N + ADV O ney i
(g7 = ¢7) 3+
= A;Jr::vm AN - &wvm + n (oM Am& + TG — &v + " o m = AHV\ﬁ _
(¥ — 29) + (vg1 —9)(1)n + (Dn o) (¢7g — gze)(D)n + (= + D)3t ‘T=(0)n 0=
(zg1 +9-)(0)n + () 2 (7T + zz€ — 1)(0)n
0= (atom)?C — (& = 29) (1), 0 m (@ = ¢0) (1)1 + B 0=(0)n I
e Erierind (rom)sore o=@ 0=
(z)a 107 ‘BY SUMOUNU[) (z)on (%) yoexg™ 04g/01 (z)n 103 by X

so[qreLIRA [RUOIYIPPR ‘(Z)0n jred umouy o1} ‘uolmos j0exe oy} ‘Og /NI ‘(9°

‘(z)a 10] TOTYRNDO OY) pue ‘G VINS Ul
) JAG/JAI 2dAy-nyerq 1oj (x)n 10j suoryenby g a[qer,



23

Bratu-type and Troesch’s problems

T

"[7] sretmouAjod AdysAqot)) PoJIYs OIXO] BIA WHLIOS[R UOIPed0[[00 [e13deds :JDSH-VOS
‘[0¢] pogew Terjoads sTertIoOUATOd ASYSAQOY) POYPIYS PULN-PU0DDS POYIPOIN INSIDZSIN
‘[g] urati08e oIess wistuRSIO OMOqUIAS PUR JI0MOU [RIINDU [RDYIIY :SOS-NNV

‘[0g] spotyeut jo1esem Io1A%T, (NI ‘[ZF] pourewt jes-earioe pue wijLIose 21joULY) (NSV-VD)
‘[gg] poryeur woryisoduwooep wetopy (INAV ‘[R9] spoyjeur jo[osem oIpuaSeT :INANT

e1 dd % €61C 9 ¢ &

0T 6 6 €T 9 v o
VN VN VN VN VN VN (9°1)
L g g €0 9 € % o1

z 4 600 9 T ¢

Gz €% 9.0z L 9 %

0T 0T 18 L V%

VN VN VN VN VN G VN (s 1)
L ) 7e0 L € % o1
¢ 4 900 8 T %
€z € SLLT 9 ¢ &

6 6 6T 9 T ot

il VN G 8 L VN e (7 1)
9 9 620 9 € % IL
4 4 900 9 T 1§

o1 1s0d D
dOSHVDS  INSDZSIN SOSTNNY WML IWSV-VD WAV AT — o = o 208 u
IN I g3 .
LD X3
u
"9I01 POYID SIv SPOYJOUW d[(R[IRAR I9[}0 dWIOS JO 9SO} pur A&V<m0>>m: ul SI0119- 77 pue 2401.19350d © Jjo (,_(T)O Ul

u syueuodxe ¢(,)) ewl) [ruolyeindurod ‘(JN) SUOIIRIO JO IoquUUNU O} ‘g3 Arepunoq ‘f suonM{OSoI JUIYID je 9 1) (71) 104 ¥ o1qelL



24 S. Kumari, S. Bin, S. Roy and M. M. Panja

6.2. Troesch’s problem. We consider here the Troesch problem, that
is, (1.7) with non-homogeneous DBC

(6.8) u(0) =0, wu(l)=1.

Despite the availability of several approximation schemes and numerical
methods [36, 19, B1], 22], 16l 17, [72, [33] to obtain an approximate solution
to this problem, the proposed scheme has been exercised here in order to

examine its efficiency further. Following the steps described in Section 4, the
known part ug(x) is taken to be

(6.9) up(z) = ,
free from additional unknowns so that for v(z) becomes
(6.10) v"(x) — psinh(p(z +v)) =0, =z €][0,1],
with homogeneous DBC
(6.11) v(0) =0 =v(1).
Then the SNLATE for the unknowns C; is
(6.12)
227 N Cp™ (1 — k) — 01 "(57) > Cue™ (1 - k) —W(l)
¢ e 2
ke’ keA?
x sinh (M(e(;,> + ) Cud®l - k))) =0, leA
ke

k
The inputs {{CJk,e_(F)Q} t k€ Af} for the unknowns Cjj have been
used to obtain their approximate solution by using FindRoot|-, -]. The values
of v(zy) (= 17(2%) ~ (i) obtained here for several resolutions J of the

approximation space are depicted in Fig. (a) for the parameters u = 1,2
in (6.10)). Then, a FWCFA solution for Troesch’s problem can be found as

(6.13) uEWORA (1) = & + 5 VA (O (2)).

The plots of uf VCFA(z) and w2t () (provided in (I.9)) for x = 1 and 2
at the resolution J = 5 are depicted in Fig. b); the pointwise a posteriori

errors in the approximate solutions at the nodes 1/27,1 € A? forJ =2,...,5
and fixed £F = % are presented in Fig. (C) Close inspection of the plots

provided in Fig. (c) reveals that the a posteriori error of the FWCFA of the
solution begins with O(107°) and rapidly reduces to O(1072%) as the res-
olution of the approximation space increases from 2 to 5. A comparison of
the number of unknowns appearing in SNLATE (in parentheses in Table
and the global error (Err?pOSt) and the pointwise a posteriori errors with
the errors in the approximate solutions obtained by other methods provided
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in Table [ shows that the FWCFA scheme is capable of providing a highly
accurate approximate solution of the Troesch problem at insignificant com-
putational effort, as is evident from the values provided in Col. 2 of Table [f

e

jedmo
[

jet

VA e

=40
Jo5ax

Fig. 5. Curves for (a) vV (), J = 1,...,5, (b) ut WV (z) given in (6.13) and its
exact solution in (I.9) and (c) pointwise a posteriori errors in u5V°F4(z) at different
resolution J for =1 (row 1) and p = 2 (row 2)

Table 5. Iteration counts, computational time (in FindRoot[-,]), number of nodes, and
error exponents n in O(107") for a posteriori and L*>-errors in w5V ¥ (z) with =1
(bold) and p = 2 (italic in braces), along with results for other methods (ordered chrono-
logically) for the Troesch problem.

NI CT "
Present scheme
SGM VSM DESGM TWM CTBSM
in sec. a post. L>

1{2} 1{2} 1{2} 1{2} n=1
6{7} 0.06{0.05} 7{6} 6{7} 5 7

(21) (21) (21) 5 (21) 5 7
6{7} 0.27{0.28y 12{11} 14{10} 6 10

(49) (49)  (41) (65)  (31) ) (23)

6{7} 1.72{1.75} 24{28} 25{20}

(113)

(113)

SGM: Sinc Galerkin method [72], VSM: Variational spline method [33],
DESGM: Double exponential Sinc Galerkin method [37], TWM: Taylor wavelet method [53],
CTBSCM: Cubic trigonometric B-spline method [21].

7. Conclusion. A finite Whittaker cardinal function approximation
scheme in the sinc basis in the set up of Shannon—Kotelnikov multiresolution
analysis of L?(R) has been applied here to obtain accurate approximate so-
lutions to Bratu-type and Troesch-type problems involving various initial or
boundary conditions appearing in the studies of several challenging scientific
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and engineering problems. The advantage of this scheme is its simplicity
and low computational cost. This has been achieved through (i) a judicious
splitting of the unknown solution u(x) into a known polynomial ug(x) accom-
modating an initial or boundary condition plus an unknown part v(z) in the
Paley—Wiener class of Shannon-Kotelnikov multiresolution analysis and (ii)
stretching the compact domain {2 (= [a, b] C R) to R with the help of a double
exponential map 6(¢) (in (3.1))), narrowing the width of effective support of
the unknown function o(§) (= v(0(€))). Bounds on the resolution (J) of the
approximation space and the boundary of the effective support (of v(£)) have
also been provided to suggest their inputs for obtaining limits of the finite
sum in the finite Whittaker cardinal function approximation accurate up to
a desired order of accuracy (O(107"4)). A formula ((5.7)/(5.8)) for the a
posteriori error is also provided to assess the precision of the approximate
solutions whenever the exact solution to the model is not readily available.

The results presented here demonstrate that the finite Whittaker cardinal
function approximation scheme is highly efficient for obtaining approximate
solutions with less computational effort. It may be worth mentioning that
another important aspect of the present approximation scheme is that this
method provides some additional information, e.g., values/slopes of the so-
lution at the boundary depending on the data provided in the initial or
boundary conditions simultaneously, which may be directly used to obtain
approximate values of physical observations whenever relations among those
are available. The performance of the finite Whittaker cardinal function ap-
proximation scheme for the problems considered here encouraged us to try its
extension to other mathematical models involving quasilinear ordinary dif-
ferential equations, e.g., non-local boundary value problems, boundary value
problems involving systems of non-linear ordinary differential equations of
second and higher orders, non-linear partial differential equations [48] 20].
This work in progress will be reported elsewhere.

Appendix A. Outline of the proof of Theorem We recall here
formula (3.3)) (for r = 0)
M 2 ,%resB
g e
v(§) — Z U<> ¢§k(§)‘ < Che ' CSQJT7
e

k=—M

involving the constants Cy = (1 + e),Cg = W, where C' and C;
appear in Definition [3.1{and Lemma respectively. (A1) suggests that the
desired order O(10~™) of accuracy may be achieved if

(A2) Coe~ '™ f 03278~ <107,
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To obtain n-dependence of two parameters, the resolution J of the approxi-
mation space and the boundary ¢ of the effective support of (), we split
the above inequality into

107"
(A3a) Coe 2™ < -
and
_mé B _
10—™
(A3b) 527 & <
e

Inequality in (A3al) can be rearranged as
1 2 1)Cq10™
J > log, | — log 2(e +1)C110" _
wd md
On the other hand, a rearrangement of (A3b]) followed by the substitution

of C3 = % yields

2+J n(p_ )26
63210g<210g(2 x 10™(b — a) C’))

7o
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