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Complex Monge—Ampére equations on singular spaces

PAPA BADIANE, SOUHAIBOU SAMBOU and SALOMON SAMBOU

Abstract. We investigate the complex Monge—-Ampére operator on a bounded
strongly pseudoconvex domain of a closed, connected, singular, and locally irreducible
complex-analytic subvariety. We first examine the classes £” for p > 0 and establish a
characterization of their images under the complex Monge—Ampére operator. This result
answers a question posed by N. Q. Dieu, T. V. Long. We then turn to the weighted en-
ergy classes &, (§2), consisting of negative plurisubharmonic functions with finite x-energy,
and provide a precise characterization of their images under the complex Monge—Ampére
operator, where y is a convex increasing function satisfying x(0) = 0 and x(—o00) = —o0.

1. Introduction. In this article, we consider a connected, singular,
closed complex-analytic subvariety X < CV of pure dimension n with
2 < n < N, which we also assume to be locally irreducible. These assump-
tions guarantee that all the usual notions of plurisubharmonic (psh) functions
on X coincide (see [Dem85]).

Let £2 € X be a domain which we assume to be strongly pseudoconvex
in the sense that there exists a negative C? exhaustion function on {2 that
extends to a strictly plurisubharmonic function on a neighborhood of 2. We
consider a volume form u, possibly singular, semipositive, and of finite total
mass. In general, p will be smooth outside an analytic subset of {2, and its
singularities will reflect the geometry of the singularities of the variety X.

In this setting, E. Bedford [Bed82| extended the definition of the com-
plex Monge-Ampére operator to locally bounded plurisubharmonic functions
on {2, showing that the fundamental properties obtained by E. Bedford and
B. A. Taylor [BT76] in the case of a domain in C" remain valid.

When p = fB™, where 8 is a positive Hermitian form on X and f €
LP(£2, ™) for some p > 1, the Dirichlet problem with continuous boundary
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data was resolved in [GGZ23|, establishing the existence and uniqueness of a
continuous solution on f2. In contrast, when the volume form is more singular
(e.g., f € L'(£2)), one cannot in general expect the existence of a bounded
solution.

A central question in pluripotential theory is to understand the action of
the complex Monge—Ampére operator on various classes of psh functions. To
address this problem, U. Cegrell [Ceg98| defined, in the case of a bounded
hyperconvex domain {2 € C", the finite energy classes EP({2) for p > 0, and
provided a characterization of the image of these classes under the complex
Monge—-Ampeére operator. This work was extended to the singular setting by
N. Q. Dieu and T. V. Long [DL22|, who introduced the domain of defini-
tion £(£2) of the complex Monge-Ampeére operator in the case of a bounded
hyperconvex domain {2 in a singular variety. Building on the local regulariza-
tion techniques from [Bed82] and the ideas of Cegrell, they established key
properties of these classes and gave a precise characterization of the image
of £1(£2) under the complex Monge-Ampére operator.

However, their method did not allow for a full generalization of this
characterization to the classes EP(§2) for p # 1, thus raising the following
open problem:

Characterize the image of EP(§2) under the complex Monge—Ampére
operator for p > 0.

In this singular setting, an important question concerns the validity of
Stokes’ formula, which is essential for performing integration by parts. This
validity is ensured by |[Bun66, Theorem 4.2| (see also [Bed82, Lemma 3.2|),
recalled in Section [2| below (see Theorem .

Our first theorem generalizes Cegrell’s result to a singular variety by pro-
viding a complete characterization of the image of EP({2) under the complex
Monge—Ampére operator for p > 0.

THEOREM 1.1. Let 2 € X be a strongly pseudoconvex domain, it a posi-
tive Borel measure on §2, and p > 0. Then the following three properties are
equivalent:

(1) there exists u € EP(§2) such that (dd“u)™ = pu on §2,

(2) EP(£2) C LP(£2, ),

(3) there exists a constant A > 0 such that for all € T(£2),
(

p_
1.1) V(=P dp < AE,(y) 7.
(9}
This result unifies and extends known results from the smooth setting to
a more general singular context.
We then introduce the weighted classes &, (§2), defined using weight func-
tions x : R™ — R~ that are convex, increasing, and satisfy x(0) = 0 and
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X(—00) = —o0. These classes provide a natural generalization of the classes
EP(12) for 0 < p < 1, for instance by choosing the weight function y defined
by x(t) == —(=t)P.

In this setting, we establish the following theorem, which provides a char-
acterization of the image of &, (f2) under the complex Monge-Ampére oper-
ator:

THEOREM 1.2. Let 2 € X be a strongly pseudoconvex domain, p a pos-
itive Borel measure on §2, and x : R — R™ a convex increasing function
such that x(—o0) = —oo and x(0) = 0. Then the following three properties
are equivalent:

(1) there exists u € E(12) such that (dd°u)"™ = p on 12,
) Ex(82) C Ly (2, p),

(2
(3) there exists a constant ¢, > 0 such that for all ¢ € T(§2),
(

1.2) | —X(¥) di < cu(By ()77 +1).
n
An analogous version of the equivalence (1)< (3) was obtained by
D. D. Thai and D. V. Vu in [TV22] in the compact case.

This article is organized as follows. In Section [2], we recall the essential
definitions: plurisubharmonic functions, the complex Monge-Ampére opera-
tor, Cegrell’s classes, as well as some preliminary results needed for the rest
of the work. Section [3]is devoted to the proof of a characterization theorem
for the image of £'(£2) under the complex Monge-Ampére operator. This
result plays a central role in the proof of our two main theorems. In Sec-
tion [4] we establish Theorem [I.I} while Section [§]is dedicated to the proof
of Theorem [.2]

2. Preliminaries. Let X be a closed singular complex-analytic space
(X C CY) of pure dimension n with 2 < n < N. We will denote by Xyeg the
complex manifold of regular points of X. The set

Xsing =X \ Xreg

of singular points is an analytic subset of X of complex codimension strictly
greater than 1.

2.1. Plurisubharmonic functions
DEFINITION 2.1. Let {2 be an open subset of X < CV.

(1) A function u : 2 — [—o0,+00[ is said to be plurisubharmonic on 2
if for every = € 2, there exists a neighborhood U of z in CV and a
plurisubharmonic function @ on U such that v = a|x~y on X NU.
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(2) A function u : 2 — [—00,+00[ is said to be weakly plurisubharmonic
(according to Fornsess—Narasimhan [FN80]) if u is upper semicontinuous
on {2 and for every holomorphic function f : A — (2, the composition
u o f is subharmonic on A, where A is the unit disk of C.

DEFINITION 2.2. We say that X is a Stein space if it admits a C2-smooth
strongly plurisubharmonic exhaustion function on X.

Moreover, X is a Stein space because the function 9(z) := |z|?, restricted
to X, where | - | denotes the Hermitian norm on CV, constitutes a strongly

plurisubharmonic exhaustion function on X.

THEOREM 2.3 ([ENSQ]). If X is a Stein manifold, then u is plurisubhar-
momnic on §2, an open subset of X, if and only if it is weakly plurisubharmonic

on §2.

THEOREM 2.4 (|[Dem85|). Suppose that X is locally irreducible. If u is
plurisubharmonic on X,eg and locally bounded from above on X, then the
function u* defined by

u*(x) := limsup u(y)
Xregdy—e

18 plurisubharmonic on X.

DEFINITION 2.5. A domain {2 € X is said to be strongly pseudoconvex
if it admits a negative, C2-smooth strongly plurisubharmonic exhaustion
function, i.e., a function p, strongly plurisubharmonic in a neighborhood 2’
of 2, such that

2 :={xe:p(x)<0}

and, for every ¢ < 0,
Qo:={x e :p(x)<c}EN
is relatively compact in (2.

We denote by PSH(X) the set of plurisubharmonic functions on X.

2.2. Stokes’ formula. We present two preliminary results that will be
useful in the proofs of the main theorems.

To apply Stokes’ formula, we begin by recalling a few properties of real-
analytic subvarieties (see [Bed82, [Bun66]).

DEFINITION 2.6. Let V be a singular real analytic subvariety of an open
subset of R", with pure dimension k < n. Then a relatively compact open
subset D C V is called an analytic domain if D is contained in a proper
subvariety of a neighborhood of 9D in V.

THEOREM 2.7. Let D be an oriented analytic domain of a singular sub-
variety V in an open subset of R™, with pure dimension k. Let o be a C!
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differential form of degree k — 1 in R™. Then

(2.1) S a= S da,
oD D
i.e., Stokes’ formula holds for smooth forms on analytic spaces.

REMARK 2.8. In our context, since X is a singular analytic variety of
dimension n < N in CV, and 2 € X is a relatively compact domain with
smooth boundary, Theorem ensures that Stokes’ formula remains valid.

2.3. Complex Monge—Ampére operator on singular spaces. The
complex Monge-Ampére measure (dd“u)™ of a smooth psh function in a
domain of C" is given by the Radon measure

2

¢ \n 0°u
(dd“u)" = ¢y, det(@zi zj)d%w’

where ¢, > 0 is a constant. This definition was extended to all bounded
psh functions by E. Bedford and B. A. Taylor, who laid the foundations of
pluripotential theory in [BT76l BT82].

The complex Monge-Ampére operator has been defined and studied on
singular complex varieties by E. Bedford [Bed82], and later by J.-P. Demailly
[Dem85|. They showed that the operator

(dd°)™ : PSH(X) N L2 (X) — M™™(X),

loc
where M™"(X) denotes the space of Radon measures on X, can be defined
in the usual way on the regular part X,e; of X. That is, for every compact
set K € X, one has

| (dd°u)" < +oo  for all u € PSH(X) N LS. (X).
K\Xsing
Thus, the complex Monge-Ampére operator can be extended to X as a
positive Borel measure with zero mass on the singular set X, .
As a consequence, all classical properties of the complex Monge-Ampére

operator acting on PSH(X) N L{¥ (X) extend to the singular setting (see
[Bed82, [Dem85]). In particular:

PROPOSITION 2.9 (|Bed82|). Let 2 € X be a relatively compact open
subset, and let u,v € PSH(£2) N L*>°(§2). Assume that

lim 1?f(u(z) —v(2)) =0 forall ¢ € 012.
2—
Then
| (ddv)yr< | (dduw)™.
{u<v} {u<v}

In particular, if (dd°u)™ < (dd°v)™ in the sense of Radon measures on {2,
then v < u on f2.
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2.4. Cegrell’s classes. We recall here the finite energy classes intro-
duced by Cegrell [Ceg98, [Ceg04], adopting the notation of [BGZ0O9| for con-
sistency. In the rest of the article, unless otherwise mentioned, we consider
a connected, singular, closed complex-analytic subvariety X C CV of pure
dimension n with 2 < n < N, which we also assume to be locally irreducible,
and we let {2 € X be a strongly pseudoconvex domain. Then we define

T(2) = {u € PSH(2) N L(2) :u =0 on 92 and | (dd°u)" < +oo}
2
and

£(02) = {u € PSH(R) :Vz € 2, IV € V(z) and u; € T(2), u; L uon V
with sup S(ddcuj)” < +oo},
)
where V(z) denotes a neighborhood of z, and
F(2) = {u € PSH({?) : Ju; € T(£2), u; L v and sup S(ddCUj)" < —I—oo}.

)
Further, for any p > 0, we define

EP(Q) = {u € PSH(2) : Juj € T(R2), uj L u and
sup S(—uj)p(ddcuj)” < +oo}
I 0
and

FP(2) = {u € PSH(2) : 3u; € T(92), u; } u and

sup J[1+ (—u;)7](dd°u;)" < +o0 |-
)

We also recall the definition of the class Ex(£2), originally introduced in
[GZ07] for compact Kéhler manifolds and later extended to domains in C”
in [BGZ09]. This formulation provides a unified framework that includes all
the classes defined above. Let xy : R~ — R~ be an increasing function such
that x(—o0) = —oo. The class Ex(2) is then defined as follows:

£.(02) = {u € PSH(R2) : Ju; € T(R), uj | u and
sup | —x o (u;)(dd°u;)" < +OO}-
70
For u € &,(£2), we define the weighted Monge-Ampére energy as

Ey(u) = | —x(u)(ddu)".
9]
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If u € EP(12), the p-energy is defined by
By(u) = {(—uw)P(ddw)", e EP(R).
(9}
If x(t) = =1 — (—t)P, then &,(2) = FP(12).

ExaMPLE 2.10. (1) For 0 < p < 1, the function x(t) := —(—t)?, t € R™,
is convex, increasing, satisfies x(0) = 0 and x(—o0) = —oo. In this case,
E2) = En(2)

(2) The function x(t) := —log(1—t),t € R™, is also convex and increasing
with x(0) = 0 and x(—o0) = —oc.

THEOREM 2.11 (|DL22, Theorem A|). Let 2 € X be a strongly pseu-
doconvex domain. Then for any w € PSH™(2), there exists a sequence
uj € T(£2) such that uj | u on £2.

THEOREM 2.12 ([DL22]). Let 2 € X be a strongly pseudoconver domain.
Assume that u,v € EP($2) for some p > 1, and that

(ddu)"™ < (ddv)"™  on £2.
Then u < v on (2.

3. Characterizing the image of £(£2). The image of £1(£2) under the
complex Monge—Ampére operator has been characterized by N. Q. Dieu and
T. V. Long [DL22]. In this part of the present work, we pursue an alternative
approach, relying on the variational method introduced by R. J. Berman, S.
Boucksom, V. Guedj, and A. Zeriahi [BBGZ13| (see also [Lul5] for related
developments).

LEMMA 3.1.
(1) Ifu e EYN) and v € PSH™(£2) are such that u < v then v € E1(12).

(2) (a) If (u;) is a decreasing sequence in E'(£2) and if sup; E1(uj) < 400
then u = lim; oo u; € EY(N2) and

Ei(u) = lim FEj(uj).

j—+o0

(b) Ifu; — u in PSH({2) for the Li
then u € £1(02) and

-topology and if sup; E(u;) < 400

loc™
B (u) < i inf B (uj).
(3) For every ¢ >0,
ENN)={uec & (N):0< Fi(u) <c}

is convex and compact in E1(12).
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Proof. (1) Since u < v, we have Ej(v) < Ei(u) (see [Ceg98| and [Lulb,
Theorem 3.23]). Therefore, v belongs to £(2).

(2) (a) Let (u;) be a decreasing sequence in E1(42).

Let p be an exhaustion function for (2, and define ¢; := max(u;, jp)
€ T(£2). Indeed, note that ¢; = 0 on 9f2. Since u; < ¢; and jp < ¢j, and
jp = @ on 0f2, the comparison principle yields

{(ddp))™ < Y (dd“(jp))" = " | (dd°p)" < +o0.
Q Q Q
As ¢; | uwand uj < pj, it follows that

sup E1(p;) < sup E1(u;) < +o00,
J J

hence u € EY(92).

To show Ej(u) < liminf; Fy(u;), note that since w; | u, the measures
pj = (dduj)™ converge weakly to p := (dd‘u)". Set f; = —u; T —u =: f;
it follows by lower semicontinuity that

liminf { f; dps; > | fdp,
e Q

which implies
limi . c,, \N _ c, \N
lim inf | (—uj)(ddu;)" > | (~u)(ddu)",
9] 2
and thus
Ei(u) < liminf By (u;).
j
Since u < uy, it follows that Ey(u;) < Ei(u) and hence
Jj—+oo
Combining the inequalities, we obtain
jggloo Ei(uj) = Eq(u).
(b) Let (uj) be a sequence in E(f2) converging to u in LL (£2) with
sup; E1(uj) < +o00.
Recall that for a function v : £2 — RU{—o0} locally bounded from above,
the upper semicontinuous regularization is defined by
v*(2) = limsupv(z’) < +oo.
2=z
Thus, v*(z) is upper semicontinuous and satisfies v < v*.
Define
vj i=Ssupug, ;= ;.
k>
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Then

o ’LL]' < ﬂj,

e i; € EY(N) (since the uy are uniformly bounded in energy, and @; is
obtained by upper semicontinuous regularization),

e @; | u (the L] -convergence of u; to u guarantees that @;(z) | u(z) for
all z € 2).

By part (1), we have u € £'(£2) and

Ei(u) < liminf Fy (i) < liminf By (u;).
J—+0oo J—+oo

(3) Let (u;) be a sequence in £}(£2). Since sup; E1(u;) < ¢, the sequence
(uj) cannot go uniformly to —oo on §2. Therefore, there exists a subsequence
(still denoted by (u;)) converging to u € PSH(§2) in L{ (£2). Define

loc
*
;= (supuk> c L), Vi
k>3

Then @; | u and sup; E1(¢;) < c. By (2)(a), we have u € £'(£2) and
¢ 2 liminf Fy(¢;) = Ei(u).

Jj—+oo
Hence, u € EL(£2). m
The following result is an immediate consequence of Lemma [3.1](2).
COROLLARY 3.2. The functional Ey : £Y(2) — R defined for every
u € EYN) by
Ey(u) = | (~u)(daw)"
Q

is lower semicontinuous in EX(£2) C L (£2) for any ¢ > 0.

DEFINITION 3.3. Let u be a positive Borel measure on (2. The functional
Fu: EY($2) — R is defined by

Flu) = —

:n+1

Eq(u) + S udp.
Q

We say that F,, is proper (with respect to E) if F,(u) — 400 whenever
Ey(u) — 4o0.

DEFINITION 3.4. Let p > 0. We denote by M, the set of all positive
Borel measures p such that

EP(2) C LP(2, ).
LEMMA 3.5. Let u,v € £Y(£2). Then
Ey(u+ U)ﬁ < El(u)ﬁ + El(v)n%rl.

Moreover, if i € My, then the functional F,, is convex and proper.
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Proof (see JACC12, Lemma 2.2]). Let u,v € £*(§2). We first observe that
V(= (u+ ) (dd(u+ )" = [ (—u)(dd(u+v))" + | (~v)(dd(u +v))".
2 N 2

According to point [DL22, Lemma 2.11(c)|, we deduce the following es-
timates. For the first term we obtain

[ (—u)(dd(u +v))"
(0] L N
< (Y@ ) ™ (= + oddtu+ o)) 7
§2 Q
while for the second term we have

(=) (dde (u+v))"
(P4 L BN
< (S (_U)(ddcv)n> " (S (—(u+v))(dd(u + v))n) T
2 Q
It follows that

Er(u+v) < By (u+ v) a1 By (u) o1 + By (u + v) w1 By (0) 77
that is,

n 1

Ei(u+ 0)7 T < By (u) ™ 4 By (v)w,

Hence,
1 1

By (u+ )77 < By(u) ™ + By (v) 7,
1
Since E"*" is homogeneous of degree 1, for 0 < ¢ < 1 we have

31  Ei(tut (1—t)o)e < B (u)T + (1 — ) By (v) 7,
1
which shows that E["*' is convex. Similarly, E; is also convex. Indeed, as the

function s + s"T! is convex on [0, +00), relation (3.1)) immediately implies
Ei(tu+ (1 —t)v) <tE1(u) + (1 —t)E1(v).
We deduce that F,, is convex when pu € M.

We now prove that the functional F, is proper when p € M. If u € My,
there exists a constant A > 0 such that

lull Ly < AE1(u)T}r1 for all u € £1(12).

(cf. the proof of (2)=(3) in Section 4 for p = 1). Then

1

Fuu) = ——E1(u) — [[ullp1uy =

1
7’L—|—1 El(u)fAEl(u)m

1
n+1
Thus,

li = .
Eq (u%ril#»oo fu (U) oo =
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Let ¢ € £1(2) and ¥ € T(£2). For —1 < ¢t < 1 we define
P(o+t)) = (sup{u € PSH () | u < p + tb})™.

LEMMA 3.6. Let ¢ € EY(02), ¢ € T(2) and assume that v is continuous.
Then

4 B(Po+ 1) = [ (—)(dd)"
2

Proof. Refer to [Lulf, Lemma 4.11]; see also [ACC12, BBGZ13] for re-
lated results. =

LEMMA 3.7. Let u be a positive Borel measure on §2 such that the func-
tional F,, is proper and lower semicontinuous on EY(£2). Then there exists

o € EY(N) such that
F = inf F,(¥).
u(®) el u(¥)
Proof. Let (p;) C E1(£2) be a sequence such that

. N <o
jginoo}—u(@]) welsnlf(n) Fuld) <0

Since F), is proper, we have sup; Ei(pj) < +oo. It follows that the se-
quence (¢;) forms a compact subset of £!(§2). Therefore, there exists a sub-
sequence of (¢;), still denoted by (¢;), which converges to some ¢ in LL (£2).

Since F, is lower semicontinuous, we have

lim inf ) = .
lim inf 7, (25) 2 Fu(p)
Hence, we deduce that ¢ is a minimizer of F,, on £(£2). u

THEOREM 3.8. Let ¢ € EY(2) and pp € My. Then

(dd°p)" = p <= Fu(p) ol u(¥)

Proof. Let u € M; and ¢ € EX(92).
Suppose (dd°p)™ = u, and let ¢ € £(2). By [DL22, Lemma 2.11(c)]
and Young’s inequality, we have

[ (—v) du = [ () (dd°0)" < Er(9) 7 Er(p) 75

Q 0Q
1 n
< mEl(w) + "t 1E1(‘P)-
Therefore,
n 1
‘7:#(90)__”+1 (‘P)\WEI(w)‘i'é)de:fu(w):

which shows that

Thus, ¢ minimizes F, on ().
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Conversely, assume that ¢ € £1(£2) is a minimizer of F,. For any ¢ €
T(£2), define, for —1 <t < 1,

g(t) = By (P +t9)) + [ (o + to) dp.
N
When 0 < t < 1, we have P(p + t)) = ¢ + t3, which belongs to £1(£2) by
convexity. For —1 <t < 0, since ¢ < ¢ + t1), it follows that ¢ < P(p + t1)).
Hence, P(p + t1)) € E1(£2). Moreover, since ¢ + tip € E(2) and pu € My,
we have
S —(p+td)du < +oc.
n
It follows that the function g is well defined.
We now proceed to show that g achieves its minimum. Since P(¢+t¢) <
@ + to, we have g(t) > Fu(e) = g(0) for all ¢, so g attains its minimum
at t = 0 and ¢’(0) = 0. Since u € Mj, the function t — {,(¢ + t¢)du is
differentiable, with derivative given by { o @ dp. From Lemma it follows
that
| ¢(ddop)" =\ pdp, Vo e T(2).
[0 Q
Since any smooth test function x can be written as x = ¢1 — @9 with ¢1, @9 €
T(£2) (see [Cegh4, Lemma 3.1] and [DL22, Lemma 4.1]), it follows that
(dd°p)" = p. m

THEOREM 3.9. Let 2 € X be a strongly pseudoconver domain, and let
be a positive Borel measure on 2. The following three properties are equiva-
lent:

(1) there exists u € EX(£2) such that (dd°u)™ = p on 2,

(2) E402) € L'(2, ),

(3) there exists a constant A > 0 such that for all ¢ € T(12),
(

1
3.2) [ (=) du < ABy ()71,
2
Proof. (1)=>(2)=>(3) will be shown in Section [4]
(3)=(1). Assume that inequality (3.2)) holds for all 1) € T(£2). Then, for
any such 1, we have

1
= E dpu.
Ful@)) = = 1<w>+§2¢ z
Using (3.2)), we see that
1 1

Ful®) =

—Ei(¥) — ABy ()7
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As FEi(¢)) — 400, we obtain F,(¢)) — 400, so F, is proper. Then, by
Lemma |3.7| and Theorem , there exists ¢ € £1(§2) such that

(dd*p)" = pi.

As a consequence of this result, we obtain the following Subsolution The-
orem, which was also established in [DL22, Theorem E|.

COROLLARY 3.10. Let p be a positive Borel measure on {2 that does not
charge pluripolar sets. If there exists p € E1(02) such that

p< (ddp)”,
then there exists 1 € EY(§2) such that
(ddY)*=p and @<t on 2.
Moreover, if ¢ € T(£2), then ¢ € T(12).

4. Characterizing the image of £P({2). We begin this section with
the following results, which will be useful later on.

LEMMA 4.1. Let p > 0, and let (v;) be a decreasing sequence in EP((2)
such that
sup | (—4;)P(dd°p;)" < M < +o0.
i1 5
Then v = lim;j_, 1 ©; € EP(12) and

E < liminf E,(v),).
p(¥) < lim inf E,(45)
Proof. The argument is the same as in the case of £1(£2). m

PROPOSITION 4.2. Let p > 0, and let (1) be a sequence in T (§2) such
that the energies Ey(1;) are bounded. Then

+oo
=Y 47Ty € EP(N).

j=1
Proof. See Remark [5.7(1) below. =

We proceed to prove the characterization of the image of EP({2) via the
complex Monge-Ampére operator.

THEOREM 4.3. Let 2 € X be a strongly pseudoconvex domain, i a posi-
tive Borel measure on §2, and p > 0. Then the following three properties are
equivalent:

(1) there exists u € EP(§2) such that (dd“u)™ = p on 2,
(2) €°(82) C LP(82, ),
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(3) there exists a constant A > 0 such that for all ¢ € T(£2),

(4.1) J(—0)P du < A, ()75,
(9}

Proof. (1)=-(2). Suppose there exists u € EP(§2) such that (dd°u)" = p
on {2, and let ¢ € EP(£2). Then

0
J(e)raruwy = § pst| | (ddow)|ds
2 —0o0 {p<s}
0
— 2 | ptp_l[ { (ddcu)”} dt.
- {<2t}
Since
{v <2t} C{y <u+t}uU{u<t},
we have
| (awr < | (ddw)+ | (ddow).
{y<2t} {<u+t} {u<t}
By the comparison principle (Proposition ,
| (v = | ddwto)t< | (ddy)"
{p<u+t} {p<u+t} {p<u+t}
Since {¢) < u+t} C {¢ < t}, it follows that
| (@doy)yt < | (ddoy),
{Y<u+t} {yp<t}

Hence,

0
{ ptpfl[ | (ddcu)"] dt
—o0 {y<2t} 0
<22 | ptrt | (ddoy)dt+20 | ptrt | (ddu)” dt.
—o0 {y<t} —00 {u<t}

Consequently,

This implies
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(2)=(3). We argue by contraposition, assuming that for every A > 0,
there exists ¢ € T(£2) such that

(4.2) V(—w) dp > AB, ().
7

Since both sides of (4.2]) are homogeneous of degree p, we may replace ¥

by ¢ = ¢ /E,(v), thus assuming E,(¢) = 1.
Inequality (4.2) implies that for each j € N, there exists 1; € T({2) such
that (4.2)) holds with A; = 87 and E,(v;) = 1 for all j.

Consider the function
o0
p=D 477y
j=1

By Proposition P € EP(N2).
Since —1) > 477 (—1);) for all j, it follows that

(0P > 4797(=yy7,

and thus
V(—w)pdp > {4777 (—pj)P dp = 4797 {(—;)P dp > 477, ¥j € N,
9] 2 9}

Therefore,

V(—0) dp = 477,
2

and 4P — +00 as j — 400, which implies v ¢ LP(§2, ). Hence,
E(2) ¢ LV, ).
Thus, condition (4.1]) follows from property (2).

(3)=-(1). To prove this implication, we follow the argument of [BGZ09,
Theorem 5.2| by defining

F(t) = Atmis.

Note that
F
im £
t—+oo ¢
First, inequality (4.1) extends to all ¢ € EP(§2) by approximation (see
Theorem [2.11]).

Moreover, according to [DL22, Lemma 2.1], every pluripolar set is con-
tained in the polar set of some function ¢ € EP({2).

Since holds for functions in EP(£2), it follows that (—v)P is u-
integrable on {2, so the set where it is infinite has zero py-measure. Hence,
implies that p does not charge pluripolar sets.
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We proceed in two steps:

STEP 1: Assume p has compact support K & (2. By the generalized
Radon-Nikodym theorem (see [Ra69] and [Ceg98| Theorem 6.3]), there exist
f € L'((dd°))™) and v € T(£2) such that

p= f(ddp)".
Consider the measures
pj :=min(f, j")(dd¢)" < (dd*(jv))",
where j1) € T(£2).

Since p; < (dd°(jv))™ and jip € T(42), Corollary ensures the exis-
tence of u; € T(£2) C EP(2) such that

(ddCUj)n = Hj.
Using p1; < p and applying (4.1) to uj, we get
J(—uy)P(ddcu) = § (=) dpy < §(—uy)P dp < AB(uj) 755,
9] 9] 9}
Therefore,
Ey(uj)™ < A.

By Lemma [4.1] the decreasing sequence (u;) converges to some u € EP(£2).
By continuity of the Monge—Ampére operator under decreasing limits,

(dd°uj)" = p and (dduw)" = p.

STEP 2: General case. Let (Kj;) be an increasing exhaustion of {2 by
compacts, and define

pi = Lk,
Each p; has compact support; hence, by Step 1, there exist u; € T (2) such
that
(ddc’u]')n = /Lj.
Since (y15) increases to u, the comparison principle implies (u;) is decreasing.
Let

u= lim wu;.
j—+oo

From (4.1)), we have E,(u;) < AnTﬂ), so sup; Ep(u;) < +00. By Lemma
u € EP(L2). Taking the limit and using the continuity of the Monge—Ampére
operator for decreasing sequences, we conclude that

(ddu)" = p. =
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5. Characterizing the image of &,(2). This section is devoted to the
proof of our second main result. We begin with some preliminary notions.

DEFINITION 5.1. Let K C {2 be a compact subset. Its Monge—Ampére
capacity relative to (2 is defined by

Capg(K) :=sup { S (ddu)™ :uw € PSH(£2), -1 <u < 0}.
K

PRrROPOSITION 5.2 ([Kol96]). Let u € T(§2). Then, for every s > 0 and
t>0,

(5.1)  t"Capp({u< —s—1t}) < S (dd°u)"™ < s" Capp({u < —s}).
{u<—s}
DEFINITION 5.3. Let x : R™ — R™ be an increasing function such that
x(0) = 0. The class &, (£2) is defined by
“+o0o
gx(()) = {gp € PSH™(2) : S t"x'(—t) Capp({p < —t}) dt < —i—oo}.
tX
DEFINITION 5.4. Let p be a positive Borel measure on (2 and let x :

R~ — R~ be a convex increasing function such that x(—oc0) = —oo and
x(0) = 0. We define

L (92,p) = {u p-measurable in 2 : S Ix(uw)| dp < —1—00}.
9]

Following the approach in [BGZ09, Benl5|, we obtain the proposition
below:

PROPOSITION 5.5. We have the inclusion gx(ﬂ) C &y (£2), and conversely
E(92) C Ey(02), where X(t) = x(t/2). Moreover, if x : ]—00, =ty [ = R™ is
convez, then

E(2) = E(2).
Here, t, is a real number such that x(t) < 0 for allt < —t,, and x(t) =0
for allt > —t,.

PROPOSITION 5.6. Let x : R™ — R~ be a convex, increasing function
satisfying x(—o0) = —oo and x(0) = 0. Then
(1) for every a > 0 and u € &E,(2), we have au € E(§2); in other words,

Ex(£2) is a positive cone,

(2) the set £,(12) is convex,
(3) if (;) C T(£2) is a sequence with sup; By (1;) < +o0, then

)= Z 4794 belongs to &,(12).

j=1
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Proof. (1) Let o > 0 and u € &, (§2). There exists a decreasing sequence
(uj) C T(£2) converging to u, hence au; | au.

For 0 < o < 1, since au; > u; and x is increasing, we have —X(auj) <
—x(u;). Thus

supg —x(cuj)(ddau;)™ < sup | —x(cu;)(ddu;)"”
J 0 J

—x(uj)(ddu;)" < 400,

2
< sup S
)
which implies that au € &, (£2).
For a > 1, define f(t) := —x(at) + ax(t). Since x’ is increasing and
a > 1, we see that f is nondecreasing with f(0) = 0, hence f(¢) < 0. This
yields

—x(at) < —ax(t),
and consequently
sup S —x(au;)(ddou;)" < o™ sup S —x(uj)(ddu;)"™ < 400,
o) o)

which shows au € &,(12).

Therefore, &, (£2) is a positive cone.

(2) For a € [0,1] and ¢,9 € £(£2), let @ := ap + (1 — a)1p. Since

{@ <—t} C{o <t} U{y < —t},
by subadditivity of capacity we have
Capp({® < —t}) < Capo({p < —t}) + Capo({Y < —t}).

It follows that
+oo

| —x(@)(dd@)" = | ¥ (~t)(dd°®)"({¢ < —t}) dt
[0} 0
+oo

< | X0 Capg({® < 1)) di
0

+oo
< | X (=0t Capo (e < —t}) dt
0+oo
+ | X(=0)t" Capgo({v < —t}) dt
0
< 400,

hence @ € &, (§2) by Proposition . This proves convexity.
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(3) As in the proof of [Benl5, Theorem 3|, let (¢;); C T(£2) and set
+oo ‘
= 47Ty,
j=1

Since
oo

{v < -t} c | J {27y < -},

j=1

the subadditivity of capacity implies

Capq({$ < —t}) < Y _ Capo({2779; < —1}).

j=1
Therefore,

+oo

| —x@)(ddp)" = | X/ (=t)(ddp)"({v < —t})dt
19, 0
+oo

< | Y=t Capg({v < —t}) dt
0

oo 400

| X (—t)t" Capg ({2774 < —t}) dt

(]

1

<.
Il

+oo
27U~ |/ (—1)(27 )" Capy ({1 < —27t}) dt.
1 0

Using the first inequality of (5.1]) with 2/t for both variables, we have
(2771)" Capg({1h; < —27t}) < (dd4hy)"({vy; < —277'1})
< (dd“9)" ({5 < —t}),
since —2771 < —t. As x/(—t) > 0, it follows that

M

<.
Il

+oo
| X(=t) (27" Capp ({1 < —27t}) dt
0
+0o0
< | X (=0)(ddogy) (v < —t}) dt.
0

Since the E, (1)) are uniformly bounded, there exists a constant C' > 0 such

that
—+00

270D | () (ddy) (< —t)) di < 227 IC
0
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Consequently,
. C
) =x(@)(dd)" < S

Q
which shows that i) € £, (£2). =

REMARK 5.7. (1) It is worth noting that in the proof of point (3) in the
proposition, the passage leading from
00 +oo
D270 | (=) 27" Capg({u; < —27t}) dt
j=1 0
to the geometric series bound C' ZOO 277"+ < o0 does not rely on the
convexity of x. Indeed, it only uses the first inequality of (| and the
uniform bound on the integrals. Therefore, this argument remains valid in
the setting of Proposition [£.2]
(2) Let u € £,(£2) and v € &,(£2). Then

u+v € E().
Indeed, observe that
u+v= 2( U+ v)
Since &, (2) is a positive convex cone, it follows that
tu+ive g (),
and hence u 4 v € &,(£2).

LEMMA 5.8. Let x : R™ — R™ be an increasing function such that
X(—00) = —oo. Let (v;) be a decreasing sequence in & (§2) satisfying

sup | —x (1) (dd4;)" < M < +o0.
j=1 I?)
Then 1 = limj_ 1 ¥; € E(12), and
By () < liminf By (i)

j—+o0
Proof. The argument is the same as in the case of £1(£2). u

We now state the following result, which provides a characterization of
the image of &£, (£2) (offering a unified treatment of all classes £P(§2) with
0 < p < 1) under the complex Monge—Ampére operator. However, the main
difficulty is that, unlike the energy F),, the weighted energy FE, is not homo-
geneous.

THEOREM 5.9. Let 2 € X be a strongly pseudoconvex domain, let p be
a positive Borel measure on {2, and let x : R™ — R~ be a conver increas-
ing function such that x(—oo) = —oo and x(0) = 0. Then the following
properties are equivalent:
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(1) there exists a function u € £,(£2) such that (dd“u)™ = p in 2,
(2) Ex(£2) C Ly(£2, ),
(3) there exists a constant ¢, > 0 such that for all 1) € T(£2),

(5.2) | —x(¥) du < cul B ()™ + 1),
(]

(3') there exists a constant ¢, > 0 such that for every ¢ € T(£2),

(5.3) | —x() du < eu(By ()" + 1),
(0]

Proof. We will show the following chain of implications:
(1)=(3)=(3")=1)=(2)=(3").

(1)=(3). Assume that there exists u € &, (§2) such that (dd°u)" = pin 2.
By approximation, it suffices to consider ¢ € T (§2). Define h(t) := —x(—1),
which is increasing and concave. Since h(0) = 0, we have

h(t) < 2h(t/2).

Therefore,
+o00
Vr(=v)du <2\ h(=p/2)dp= | 1) p{p/2 < —t}) dt.
9] 9] 0

Let ¢ > 1. Then
{ <=2t} c{¢ <cu—t}U{cu < —t},
SO
| @dwyr< | ddwr+ | (ddw)"
{p<—2t} {p<cu—t} {cu<—t}
=c" | (ddcu-t)"+ | (ddw)"
{Y<cu—t} {u<—t/c}
< | @ddw)r+ | (ddew)n
{<cu—t} {u<—t/c}
< | @)+ | (ddow)n,
{v<-t} {u<—t/c}

where the second-to-last inequality follows from the comparison principle,
and the last one comes from the fact that {¢p < cu —t} C {¢p < —t}.
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Hence,
“+o0o
[ a-vyan<2 | 1) [c_” | (v + | (ddcu)”} dt
N 0 {p<—t} {u<—t/c}
+oo
=2 | W) | (ddy)"dt
0 {y<—t}
+oo
+ 2c S R (cs) S (ddu)™ ds
0 {u<—s}

< 2¢7"Ey (V) 4 2¢Ey (u),
since A’ is decreasing and ¢ > 1. We thus obtain
(5.4) | A(—) du < 20e By () + cBy (u)]
[0

for every ¢ > 1.
Set

. (EXw)) e

' Ey(u) ‘

If co 21 (ie., Ey(v) = Ey(u)), then from we get
| h(—v) dp < 2[eg™ By () + coEy ()]

17, n 1
() B+ (Fe) @)

n _n_ —

= 2B, ()T (By (u) 75T + By (u)w47) = A, () 71 By (1) 7.

So, by setting ¢, = 4EX(u)nL+1, we obtain
[ A=) dp < By () 7.
Q
If g < 1, we use with ¢ = 1:
| h(=0) di < 2[By () + By(u)] < 2B ()7 Ey (u) 7 + By (u)

2 1
< cu(Ex ()1 +1),

where ;
¢y = max(2E, (u) 1, 2E, (u)).

(3)=(3'). Assume (5.2). Let ¢ € T(£2).
If B, (4) > 1, then



Complex Monge—Ampére equations on singular spaces 23

SO
C#(Ex(l/})m +1) < C#(Ex(l/))l/n +1).
If Ey () <1, then

1

E\ ()71 <1+ Ex($)'/",
hence
Cu(Ex(T/))l/n +2) < 2Cu(Ex(¢)1/n +1).
Therefore, for every ¢ € T ({2), inequality leads to (5.3]).
(3')=(1). Define F : R* — R* by
F(t) = c,(t/" +1).
Then F is locally integrable on R™. Moreover, for n > 2,
lim Ft) = lim cu(tl_Tn +t ) =0

t—+oo t t——+o00

Using inequality , we have
V —x(®¥) dp < F(Ey(¥)) < cu(By ()" +1)
10

for all ¢» € T(£2). Thus, arguing as in the case of EP({2), we see that u does
not charge pluripolar sets.
We can proceed in two steps:

STEP 1: Assume that p has compact support K € (2. According to the
generalized Radon—Nikodym theorem (see [Ra69] and [Ceg98, Theorem 6.3])
we have

p= f(dd)* with f € L'((dd°y)"™) and ¢ € T(£2).
Consider the sequence
pj = min(f, j*)(ddp)" < (dd°j)",

where ji € T(2) C EY(02).

Since pj < (ddjy)", and jo € T(£2), it follows from Corollary [3.10| that
p; is the Monge-Ampére measure of a function in 7(£2), i.e., there exists
uj € T(£2) such that (ddu;)" = p;.

Since pj < p, applying assumption (5.3)) to u; € T(2) yields

J —x(up)(ddeuy)™ = | =x(uy) dpj < | =x(uy) dp < cu(Ey(ug)/" +1).
02 0 0

1
It follows that FE,(uj) < max(2c,, (2¢,)"+). By Lemma we have
uj L u € E($2). By the continuity of the Monge-Ampére operator for de-
creasing sequences, we obtain

(dd°uj)™ — p and  (ddw)" = p.
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STEP 2: General case. Let (K;) be an increasing exhaustive sequence of
compact subsets of {2, and define

pi = L, p.
Then ; has compact support, and from Step 1, there exists u; € T (§2) such
that (dd“u;)™ = p;. Since (u;) is increasing, by the comparison principle,
(uj) is decreasing, and sup; Ey(u;) < +oo. Therefore, lim; u; = u € &,(2).
By the continuity of the Monge-Ampére operator for decreasing sequences,
we conclude that (dd®u)™ = p.

(1)=(2). Proving property (2) is equivalent to proving that x(&,(£2)) C
LY(£2,dp). Now assume that there exists ¢ € &, (£2) such that u = (dd“p)",
and let us show that x(&,(£2)) C L'(£2,p). Let u € &/(82). According to
Remark we have u + ¢ € &£,(2). Hence,

| —x(w) dp = § —x(u)(dd®p)" < | —x(u+ ¢)(dd(u + ¢))" < +o0.
2 (0] 2

Therefore, x(u) € L'(£2,du), i.e., u € Ly (12, ).
(2)=(3). We argue by contraposition. Suppose that for every j € N,
there exists a function v; € T(£2) such that

(5.5) | =x(w;) dp > 87 (Ey ()" +1).
(%

If the sequence of x-energies (E,(1)j)); is bounded, then by Proposi-
tion [5.6] we obtain

Y= Z‘lijipj € &(12).
j=1

Since each 1; is negative, we have ¢ < 477¢); for each j. As —y is decreasing,
it follows that

Vx@)du > | —x(477) dp > (B ()" +1) > &
19 Q
Since 47 — 400 as j — +00, we have ¢ & L, (£2, 1), s0 E(2) ¢ Ly (£2, ).
The same argument applies if there is a bounded subsequence (E, (15, ))
of (Ey(¢));-
Now, assume instead that F, (;) — 400 as j — +00. We may suppose
that E(¢;) > 1 for all j. Consider

Y=Y 47Vep;  withgj = By (i)
j=1
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Then
By (e05) = | —x(gj4)(dd(e00))" = &} | —x(ej05)(dd ;)"
)

0

N

& § —x(uy)(ddy)" = 1.
Q
Hence,

Y= 477e; € E().
7j=1

Since the 1); are negative, we have 1) < 4*jej¢j, and thus

V—x(@)du =\ —x(479e;) dp > 4775 | —x () dps
2 2 2

> dej(By ()" +1) 2 47 — +oo.
Since 47 — 400 as j — +00, we have ¢ & L, (£2, 1), s0 E(2) ¢ Ly (£2, ).
Therefore, property (2) implies property (3).
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