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Complex interpolation of power-weighted Sobolev spaces
with boundary conditions

by

Floris B. Roodenburg

Abstract. We characterise the complex interpolation spaces of weighted vector-
valued Sobolev spaces with and without boundary conditions on the half-space and on
smooth bounded domains. The weights we consider are power weights that measure the
distance to the boundary and do not necessarily belong to the class of Muckenhoupt Ap

weights. First, we determine the higher-order trace spaces for weighted vector-valued
Besov, Triebel–Lizorkin, Bessel potential and Sobolev spaces. This allows us to derive
a trace theorem for boundary operators and to interpolate spaces with boundary condi-
tions. Furthermore, we derive density results for weighted Sobolev spaces with boundary
conditions.

1. Introduction. This paper aims to characterise complex interpola-
tion spaces of weighted Sobolev spaces on a domain O with power weights
w∂O
γ (x) := dist(x, ∂O)γ for γ > −1 measuring the distance to the boundary.

The motivation for this stems from the study of partial differential equations
(PDEs) and is twofold.

First, it is well known that complex interpolation serves as an essential
tool for studying differential operators and evolution equations; see, e.g., the
monographs [6, 7, 32, 58, 65, 76]. For example, if a sectorial operator A on
a Banach space X has bounded imaginary powers, then the domain of Aθ

for θ ∈ (0, 1) is the complex interpolation space [X,D(A)]θ; see [68]. Typ-
ically, D(A) is a Sobolev space on a spatial domain that incorporates the
boundary conditions of the boundary value problem. Thus, with the aid of
complex interpolation, we can identify domains of fractional powers, which
in turn play an important role for perturbation techniques in the theory of
maximal regularity; see, e.g., [14, 36, 46]. Complex interpolation of spaces
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with boundary conditions was studied by Grisvard and Seeley [23, 24, 68, 69]
and, due to the numerous applications, the topic is now widely addressed in
the literature; see, e.g., [7, 8, 9, 22, 27, 71, 76] and the references therein.

Secondly, solutions to PDEs on a domain O ⊆ Rd may exhibit blow-
up behaviour near the boundary of O. Using weighted spaces with weights
of the form w∂O

γ (x) := dist(x, ∂O)γ for some suitable value of γ, one can
nevertheless study problems which may be ill-posed in unweighted spaces.
Moreover, with weighted spaces certain compatibility conditions needed in
the unweighted case can be avoided. Many authors have employed weighted
spaces to solve (stochastic) PDEs; see, e.g., [15, 38, 39, 40, 41, 42, 59]. In
most of these works, homogeneous weighted Sobolev spaces are used which
are known to form a complex interpolation scale; see [57, Proposition 2.4].
Recently, in [51, 54] an alternative approach to solving PDEs on the half-
space is presented via the H∞-calculus for the Laplacian on inhomogeneous
Sobolev spaces with weights outside the Muckenhoupt Ap class. To further
investigate this H∞-calculus and its consequences, it is crucial to have access
to complex interpolation for these weighted Sobolev spaces. In particular,
in the upcoming work [52], domains of fractional powers and perturbation
techniques will be used to obtain the H∞-calculus for the Laplacian on
bounded C1,λ-domains for λ ∈ [0, 1] depending on γ.

For m ∈ N0 we denote by B an m-th order normal boundary opera-
tor at ∂Rd

+ = {(0, x̃) : x̃ ∈ Rd−1}. Consider the power weight wγ(x) :=

dist(x, ∂Rd
+)

γ = |x1|γ for x = (x1, x̃) ∈ R+ × Rd−1 and let W k,p
B (Rd

+, wγ)
be the closed subspace of functions f ∈ W k,p(Rd

+, wγ) such that Bf = 0
whenever the traces exist. We refer to Sections 5 and 6 for the precise defi-
nitions. Our main result includes the following characterisation of complex
interpolation spaces (see Section 6.2).

Theorem 1.1. Let p ∈ (1,∞), k ∈ {2, 3, . . . } and γ ∈ (−1,∞)\{jp−1 :
j ∈ N1}. Then for ℓ ∈ {1, . . . , k − 1},[

Lp(Rd
+, wγ),W

k,p(Rd
+, wγ)

]
ℓ/k

= W ℓ,p(Rd
+, wγ),(1.1a) [

Lp(Rd
+, wγ),W

k,p
B (Rd

+, wγ)
]
ℓ/k

= W ℓ,p
B (Rd

+, wγ).(1.1b)

Moreover, by localisation, the results also hold for smooth bounded domains.

The main novelty of Theorem 1.1, compared to the existing literature,
is the range of weights wγ with γ > −1. Unfortunately, the proof in [7] for
the unweighted case γ = 0 does not carry over immediately to the weighted
setting. In the unweighted case, the result (1.1a) is well known and is used
to prove (1.1b) in [7]. In the weighted setting, we can only prove the in-
clusion “↪→” in (1.1a) directly with the aid of Wolff interpolation [75] (see
Proposition 6.3). Nevertheless, this embedding is sufficient to prove (1.1b)
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using the characterisation of the trace spaces (see Theorem 1.2) and similar
arguments as in [7]. Then, the converse inclusion “←↩” in (1.1a) also follows.
Furthermore, we make the following remarks concerning Theorem 1.1.

(i) The class of normal boundary operators is considered in, e.g., [7, 20,
27, 69] and includes the important cases of Dirichlet and Neumann
boundary conditions, but also mixed boundary conditions with space-
dependent coefficients are allowed. Actually, we prove Theorem 1.1 for
systems of normal boundary operators. Differential operators with these
types of boundary operators are studied in, e.g., [3, 4, 5, 19, 25, 26, 58].

(ii) If γ ∈ (−1, p − 1), i.e., wγ is a Muckenhoupt Ap weight, then the
weighted Bessel potential and Sobolev spaces coincide: Hk,p(Rd

+, wγ) =
W k,p(Rd

+, wγ) for k ∈ N0, and Hs,p(Rd
+, wγ) for s ∈ R forms a com-

plex interpolation scale; see [53, Propositions 5.5 and 5.6]. In the case
γ ∈ (−1, p − 1) we obtain Theorem 1.1 for Bessel potential spaces
with boundary conditions and fractional smoothness as well; see Theo-
rem 6.4. This partially extends the result in [7, Theorem VIII.2.4.8].
The interpolation result in Theorem 1.1 without boundary conditions
is new for γ > p − 1. We refer to [16, 70] for results on complex inter-
polation of Besov and Triebel–Lizorkin spaces with weights outside the
class of Ap weights.

(iii) Wecanallow for vector-valuedweightedSobolev spacesW k,p(Rd
+, wγ ;X),

where X is a UMD Banach space.

A key ingredient for proving Theorem 1.1 is the characterisation of the
trace spaces of weighted vector-valued Besov, Triebel–Lizorkin, Bessel po-
tential and Sobolev spaces. The results are summarised in Theorem 1.2 (see
Sections 3 and 4.1).

Theorem 1.2. Let p ∈ (1,∞), q ∈ [1,∞], m ∈ N0, γ > −1, s > m+ γ+1
p

and let X be a Banach space. Let Trm = Tr ◦ ∂m
1 be the m-th order trace

operator at {(0, x̃) : x̃ ∈ Rd−1}. Then

(i) Trm
(
Bs

p,q(Rd, wγ ;X)
)
= B

s−m− γ+1
p

p,q (Rd−1;X),

(ii) Trm
(
F s
p,q(Rd, wγ ;X)

)
= B

s−m− γ+1
p

p,p (Rd−1;X),

(iii) Trm
(
Hs,p(Rd

+, wγ ;X)
)
= B

s−m− γ+1
p

p,p (Rd−1;X) if γ ∈ (−1, p− 1),

(iv) Trm
(
W s,p(Rd

+, wγ ;X)
)

= B
s−m− γ+1

p
p,p (Rd−1;X) if s ∈ N1 and γ /∈

{jp− 1 : j ∈ N1},

where the notation Trm(A1) = A2 means that Trm : A1 → A2 is continu-
ous and surjective, and that it has a continuous right inverse (the so-called
extension operator extm).
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The innovative part of Theorem 1.2 is the extension of the range of
weights for Sobolev spaces, which eventually allows us to prove Theorem 1.1
for these weights as well. To prove our weighted results, we partially extend
the arguments in [7, 66] for the unweighted case. Moreover, we apply a
Sobolev embedding for Triebel–Lizorkin spaces to deduce Theorem 1.2(ii).
This is in contrast to [66], where an atomic approach was used.

In the unweighted scalar-valued setting, i.e., γ = 0 and X = C, the trace
spaces are well known; see [67, 71, 72]. In the unweighted vector-valued
setting, the trace spaces are characterised in [7, 66].

As a consequence of Theorem 1.2, we can derive a trace theorem for
the vector Trm = (Tr0, . . . ,Trm) as well. For weighted scalar-valued Sobolev
spaces this is proved in [71, Section 2.9.2] and [37] via different techniques.

Moreover, from Theorem 1.2 we derive some density results in Section 4.2.
In particular, we show that the space{

f ∈ C∞
c (Rd

+;X) : (∂m
1 f)|∂Rd

+
= 0

}
of test functions is dense in W k,p

Trm
(Rd

+, wγ ;X). This density result will be
needed in [52] to find trace characterisations for weighted Sobolev spaces
on bounded C1-domains. Application of a standard mollification procedure
would result in all traces Trm being zero instead of only one trace. Results for
mollification with preservation of boundary values are contained in [12, 30].

We comment on some open and related problems. Theorem 1.1 only deals
with interpolation of the smoothness parameter, while it might be possible
to interpolate in other parameters (such as p and γ) as well. Interpolation
results for Sobolev spaces with different weights (but without complicated
boundary conditions) are contained in [13], [35, Section 5.3], [51, Proposi-
tion 3.9] and [55].

For γ ≥ p − 1 we have the result of Theorem 1.1 only for spaces with
integer smoothness. It would be interesting to see if our results carry over to
spaces of fractional smoothness, for instance, by defining Hs,p(Rd

+, wγ ;X) :=
[Lp(Rd

+, wγ ;X),W k,p(Rd
+, wγ ;X)]s/k for some s ∈ R+ \ N1 and k ∈ N1 such

that k > s. It should be noted that for γ ≥ p − 1 one cannot use the
standard definition of Bessel potential spaces used for Muckenhoupt weights,
i.e., γ ∈ (−1, p− 1).

Besides complex interpolation, the real interpolation method plays an
important role in the theory of evolution equations as well (see [18, Sec-
tion 4.4] and [32, Section 17.2.b]). Some related results for real interpolation
of weighted spaces are contained in [11, 23, 56, 71]. We note that if we have
interpolation results for Besov spaces with boundary conditions, then we can
obtain Theorem 1.1 for real interpolation (see [7, Theorem VIII.2.4.5]). We
expect that our results also hold for Besov spaces with boundary conditions
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if γ ∈ (−1, p− 1). However, for γ ≥ p− 1 a more detailed study about inter-
polation of Besov spaces and their relation to Sobolev spaces is required. A
particular problem is that for γ ≥ p− 1 we only have the embedding

Bn+θ
p,q (Rd

+, wγ) ↪→
(
Wn,p(Rd

+, wγ),W
n+1,p(Rd

+, wγ)
)
θ,q

, n ∈ N0, θ ∈ (0, 1),

while equality holds for γ ∈ (−1, p − 1); see [54, Section 7]. In particular,
for n = 0 it is proved in [54, Remark 7.14] that the embedding “←↩” fails for
γ /∈ (−1, p− 1).

Finally, we note that the special values γ = jp − 1 with j ∈ N1 are
excluded, since in these cases the study of the trace operator is more involved;
see [35]. Moreover, we do not have certain trace characterisations available
which play a crucial role in the proof of the main theorem. For γ ≤ −1 we
find that C∞

c (Rd
+) is dense in W k,p(Rd

+, wγ) and thus all traces will be zero.

Outline. The outline of this paper is as follows. In Section 2 we intro-
duce some concepts and preliminary results needed throughout the paper.
In Section 3 we determine the trace spaces for weighted Besov and Triebel–
Lizorkin spaces. In Section 4 we extend the results to weighted Bessel po-
tential and Sobolev spaces. As a consequence, we prove some density results.
Section 5 deals with the characterisation of the trace space for boundary
operators. Finally, in Section 6 we prove the main result about complex
interpolation of weighted Sobolev spaces with and without boundary condi-
tions.

2. Preliminaries

2.1. Notation. We denote by N0 and N1 the sets of natural numbers
starting at 0 and 1, respectively. For d ∈ N1 the half-spaces are given by
Rd
± = R± × Rd−1, where R+ = (0,∞) and R− = (−∞, 0). For γ > −1,
O ⊆ Rd open and x ∈ O, we define the power weight w∂O

γ (x) := dist(x, ∂O)γ .
In addition, wγ(x) := w∂Rd

+
γ (x) = |x1|γ , where x = (x1, x̃) ∈ R× Rd−1.

For two topological vector spaces X and Y , the space of continuous linear
operators is L(X,Y ) and L(X) := L(X,X). Unless specified otherwise, X
will always denote a Banach space with norm ∥ · ∥X and the dual space is
X ′ := L(X,C).

For an open and non-empty O ⊆ Rd and k ∈ N0 ∪ {∞}, the space
Ck(O;X) denotes the space of k-times continuously differentiable functions
from O to some Banach space X. As usual, this space is equipped with the
compact-open topology. In the case k = 0, we write C(O;X) for C0(O;X).
Furthermore, we write Ck

b(O;X) for the space of all functions f ∈ Ck(O;X)
such that ∂αf is bounded on O for all multi-indices α ∈ Nd

0 with |α| ≤ k.
Let C∞

c (O;X) be the space of compactly supported smooth functions
on O equipped with its usual inductive limit topology. The space of X-valued
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distributions is given by D′(O;X) := L(C∞
c (O);X). Moreover, C∞

c (O;X) is
the space of smooth functions with their support in a compact set contained
in O.

We denote the Schwartz space by S(Rd;X) and S ′(Rd;X) := L(S(Rd);X)
is the space of X-valued tempered distributions. For f ∈ S(Rd;X) we define
the d-dimensional Fourier transform and its inverse by

(Ff)(ξ) = f̂(ξ) =
�

Rd

f(x)e−ix·ξ dx, ξ ∈ Rd,

(F−1f)(x) =
1

(2π)d

�

Rd

f(ξ)eix·ξ dξ, x ∈ Rd,

which extends to S ′(Rd;X) by duality.

2.2. Weighted function spaces. For O ⊆ Rd open, a weight is a
nonnegative and locally integrable function w on O that takes values in
(0,∞) almost everywhere. For p ∈ (1,∞) we denote the class of Muckenhoupt
weights on O ∈ {Rd,Rd

+} by Ap(O), i.e., w ∈ Ap(O) if

[w]Ap(O) := sup
B

(
1

|B|

�

B

w(x) dx
)( 1

|B|

�

B

w(x)
− 1

p−1 dx

)p−1

<∞,

where the supremum is taken over all balls B ⊆ O. Moreover, A∞(O) =⋃
p>1Ap(O). We will mainly focus on the case of power weights wγ(x1, x̃) =

dist(x, ∂Rd
+)

γ = |x1|γ for γ > −1, where x = (x1, x̃) ∈ Rd. For O ∈ {Rd,Rd
+}

we have wγ ∈ Ap(O) if and only if γ ∈ (−1, p− 1); see [21, Example 7.1.7].
ForO ⊆ Rd open, p ∈ [1,∞), w a weight and X a Banach space, we define

the weighted Lebesgue space Lp(O, w;X), which consists of all equivalence
classes of strongly measurable f : O → X such that

∥f∥Lp(O,w;X) :=
( �
O
∥f(x)∥pX w(x) dx

)1/p
<∞.

Additionally, for k ∈ N0 and a weight w such that w
− 1

p−1 ∈ L1
loc(O), we

define the weighted Sobolev space consisting of all f ∈ Lp(O, w;X) such that

∥f∥Wk,p(O,w;X) :=
∑
|α|≤k

∥∂αf∥Lp(O,w;X) <∞.

Remark 2.1. The local L1 condition for w
− 1

p−1 ensures that all the
derivatives ∂αf are locally integrable. For O = Rd

+ this condition holds if
w ∈ Ap(Rd

+) or w = wγ with γ ∈ R. For O = Rd the local L1 condition holds
if w ∈ Ap(Rd) or w = wγ with γ ∈ (−∞, p− 1). For γ ≥ p− 1 one has to be
careful with defining the weighted Sobolev spaces on the full space because
functions might not be locally integrable near x1 = 0; see [44]. This explains
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why, for example, we cannot employ classical reflection arguments from Rd
+

to Rd if γ ≥ p− 1.

We continue with the definitions of weighted Besov, Triebel–Lizorkin
and Bessel potential spaces. We denote by Φ(Rd) the set of inhomogeneous
Littlewood–Paley sequences consisting of sequences (φn)n≥0 ⊆ S(Rd) such
that φ̂0 := φ̂ and φ̂n(ξ) := φ̂(2−nξ) − φ̂(2−n+1ξ) for ξ ∈ Rd and n ∈ N1,
where the generating function φ satisfies 0 ≤ φ̂(ξ) ≤ 1 for ξ ∈ Rd, φ̂(ξ) = 1
for |ξ| ≤ 1 and φ̂(ξ) = 0 for |ξ| ≥ 3/2. For f ∈ S ′(Rd;X) we use the notation

(2.1) Snf := φn ∗ f for n ∈ N0 and S−1f = 0,

where (φn)n≥0 ∈ Φ(Rd).
We record the following weighted and vector-valued extension of the mul-

tiplier result in [72, Section 1.6.3]; see [60, Proposition 2.4].

Lemma 2.2. Let p ∈ [1,∞), q ∈ [1,∞], w ∈ A∞(Rd) and let X be a
Banach space. Let K > 0 be fixed and for n ∈ N0 let fn ∈ Lp(Rd, w;X) be
such that supp f̂n ⊆ {ξ ∈ Rd : |ξ| ≤ 2nK}. Then

∥(Snfn)n≥0∥Lp(Rd,w;ℓq(X)) ≤ C∥(fn)n≥0∥Lp(Rd,w;ℓq(X)),

where the constant C > 0 is independent of (fn)n≥0.
In particular, for any fixed n ∈ N0 and f ∈ Lp(Rd, w;X) with supp f̂ ⊆

{ξ ∈ Rd : |ξ| ≤ 2nK},
∥Snf∥Lp(Rd,w;X) ≤ C∥f∥Lp(Rd,w;X),

where the constant C > 0 is independent of f and n.

Remark 2.3. The constant C in Lemma 2.2 may depend on K, but
later K will always be a fixed number associated to the zeroth-order block
of Littlewood–Paley decompositions.

Proof. Since w ∈ A∞(Rd), we can find an r ∈ (0,min {p, q}) such that
w ∈ Ap/r(Rd). Then [60, Proposition 2.4] implies

∥(Snfn)n≥0∥Lp(Rd,w;ℓq(X)) = ∥(F−1(φ̂nf̂n ))n≥0∥Lp(Rd,w;ℓq(X))

≤ C sup
k≥0
∥(1 + | · |d/r)F−1[φ̂k(2

kK·)]∥L1(Rd)∥(fn)n≥0∥Lp(Rd,w;ℓq(X)),

where C > 0 is independent of (fn)n≥0. Using the scaling property φ̂k(·) =
φ̂1(2

−k+1·) for k ≥ 1 shows that φ̂k(2
kK·) has its support in a ball with

a radius that is independent of k. Now, [32, Lemma 14.2.12] gives the first
statement. The second statement follows from applying the first statement
with (fn)n≥0 replaced by (0, . . . , 0, f, 0, . . . ) with f at the n-th position.

For p ∈ (1,∞), q ∈ [1,∞], s ∈ R, w ∈ A∞(Rd) and X a Banach space,
we define the weighted Besov, Triebel–Lizorkin and Bessel potential spaces
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as the space of all f ∈ S ′(Rd;X) for which, respectively,

∥f∥Bs
p,q(Rd,w;X) := ∥(2nsφn ∗ f)n≥0∥ℓq(Lp(Rd,w;X)) <∞,

∥f∥F s
p,q(Rd,w;X) := ∥(2nsφn ∗ f)n≥0∥Lp(Rd,w;ℓq(X)) <∞,

∥f∥Hs,p(Rd,w;X) := ∥F−1((1 + | · |2)s/2Ff)∥Lp(Rd,w;X) <∞, w ∈ Ap(Rd).

The definitions of the Besov and Triebel–Lizorkin spaces are independent
of the chosen Littlewood–Paley sequence up to an equivalent norm; see [60,
Proposition 3.4]. We note that all the spaces defined above embed contin-
uously into S ′(Rd;X); see [47, Section 5.2.1e]. Furthermore, S(Rd;X) em-
beds continuously into all the above spaces and this embedding is dense if
p, q <∞; see [60, Lemma 3.8].

Let O ⊆ Rd be open. To define the B,F and H spaces on O, we use
restriction/factor spaces. Let F ∈ {B,F,H}, then we define

F(O, w;X) := {f ∈ D′(O;X) : ∃g ∈ F(Rd, w;X), g|O = f}
endowed with the norm

∥f∥F(O,w;X) := inf {∥g∥F(Rd,w;X) : g|O = f}.
Similarly, we can define the factor space for weighted Sobolev spaces. If
O = Rd

+ and w ∈ Ap(Rd
+), then the weighted Sobolev spaces on Rd

+ as
defined above coincide with their factor spaces (see [53, Section 5]). The
proof is based on the existence of an extension operator from Rd

+ to Rd (see,
e.g., [2, Theorems 5.19 and 5.22]). Throughout the rest of the paper, we will
refer to such operators as reflection operators. For a discussion of reflection
operators on weighted spaces, we refer to [74, Section 2.1.2].

2.3. Properties of Banach spaces. We recall the Fatou and UMD
property for Banach spaces. If X,X are Banach spaces such that X embeds
continuously into S ′(Rd;X), then we say that X has the Fatou property (see
[10, 17]) if for all (fn)n≥0 ⊆ X such that limn→∞ fn = f in S ′(Rd;X) and
lim infn→∞ ∥fn∥X <∞, we have

f ∈ X and ∥f∥X ≤ lim inf
n→∞

∥fn∥X .

The proof of the Fatou property for Besov and Triebel–Lizorkin spaces in [17]
carries over to the vector-valued case (see [66, Proposition 2.18]) and to the
weighted case as well.

Proposition 2.4. Let p ∈ (1,∞), q ∈ [1,∞], s ∈ R, w ∈ A∞(Rd) and
let X be a Banach space. Then Bs

p,q(Rd, w;X) and F s
p,q(Rd, w;X) have the

Fatou property.

A Banach space X satisfies the condition UMD (unconditional martin-
gale differences) if and only if the Hilbert transform extends to a bounded
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operator on Lp(R;X). We recall the following properties of UMD spaces (see
for instance [31, Chapters 4 and 5]).

(i) Hilbert spaces are UMD spaces. In particular, C is a UMD Banach
space.

(ii) If p ∈ (1,∞), (S,Σ, µ) is a σ-finite measure space and X is a UMD
Banach space, then Lp(S;X) is a UMD Banach space.

(iii) UMD Banach spaces are reflexive.

The UMD property is known to be necessary for many results on vector-
valued Sobolev spaces (see, e.g., [31, Section 5.6] and [32, Corollary 13.3.9]).

2.4. Embeddings. We start with Hardy’s well-known inequality for
spaces with power weights; see, e.g., [43, Section 5]. First, recall that for
p ∈ [1,∞), γ ∈ (−∞, p − 1) and X a Banach space, we have the Sobolev
embedding

W 1,p(R+, wγ ;X) ↪→ C([0,∞);X),

with the boundary value u(0) well-defined for u ∈W 1,p(R+, wγ ;X) (see, e.g.,
[54, Lemma 3.1]). We state the following version of Hardy’s inequality from
[54, Lemma 3.2 and Corollary 3.3], which will allow us to estimate Sobolev
norms with both different weights and smoothness.

Lemma 2.5. Let p ∈ [1,∞) and let X be a Banach space. Let u ∈
W 1,p(R+, wγ ;X) and assume either

(i) γ < p− 1 and u(0) = 0, or
(ii) γ > p− 1.

Then
∥u∥Lp(R+,wγ−p;X) ≤ Cp,γ∥u′∥Lp(R+,wγ ;X).

In addition, if k ∈ N1 and γ > p− 1, then

W k,p(Rd
+, wγ ;X) ↪→W k−1,p(Rd

+, wγ−p;X).

We continue with some standard embedding properties of vector-valued
function spaces. Let p ∈ (1,∞), s ∈ R, k ∈ N0, w ∈ Ap(Rd) and let X be a
Banach space. Then

F s
p,1(Rd, w;X) ↪→ Hs,p(Rd, w;X) ↪→ F s

p,∞(Rd, w;X),(2.2a)

F k
p,1(Rd, w;X) ↪→W k,p(Rd, w;X) ↪→ F k

p,∞(Rd, w;X);(2.2b)

see [60, Proposition 3.12]. We have F s
p,2(Rd;X) = Hs,p(Rd;X) if and only

if X is isomorphic to a Hilbert space; see [28] or [32, Theorem 14.7.9] for a
more direct proof. For general Banach spaces X, the Bessel potential and
Sobolev spaces are not equal to a Triebel–Lizorkin space, but instead, we
have the embeddings (2.2). In particular, we note that the embedding

(2.3) F 0
p,1(Rd, w;X) ↪→ Lp(Rd, w;X)
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holds for all w ∈ A∞(Rd). This immediately follows from taking Lp(Rd, w)-
norms in the estimate ∥f∥X ≤

∑∞
n=0 ∥Snf∥X with f ∈ S(Rd;X) and a

density argument (see [60, Lemma 3.8]).
Moreover, for all p ∈ [1,∞), q ∈ [1,∞], s ∈ R, w ∈ A∞(Rd),

(2.4) Bs
p,min {p,q}(R

d, w;X) ↪→ F s
p,q(Rd, w;X) ↪→ Bs

p,max {p,q}(R
d, w;X),

and if, in addition, 1 ≤ q0 ≤ q1 ≤ ∞, then

(2.5)
Bs

p,q0(R
d, w;X) ↪→ Bs

p,q1(R
d, w;X),

F s
p,q0(R

d, w;X) ↪→ F s
p,q1(R

d, w;X);

see [60, Proposition 3.11].
Finally, we state the following theorem on Sobolev embeddings for Besov

and Triebel–Lizorkin spaces. Its proof is based on a similar result for ra-
dial weights, see [60, Theorems 1.1 and 1.2]. Moreover, in [61] general A∞
weights are considered in the scalar-valued setting. The embedding with
scalar-valued spaces can be extended to vector-valued spaces only for Muck-
enhoupt weights; see [61, Theorem 1.3]. However, this is not sufficient for
our purposes.

Theorem 2.6. Let 1 < p0 ≤ p1 < ∞, q0, q1 ∈ [1,∞], s0 > s1, γ0, γ1
> −1 and let X be a Banach space. Suppose that

γ1
p1
≤ γ0

p0
and s0 −

d+ γ0
p0

= s1 −
d+ γ1
p1

.

Then

(i) F s0
p0,q0(R

d, wγ0 ;X) ↪→ F s1
p1,q1(R

d, wγ1 ;X),
(ii) Bs0

p0,q0(R
d, wγ0 ;X) ↪→ Bs1

p1,q1(R
d, wγ1 ;X) if, in addition, q0 ≤ q1.

Proof. Step 1: Proof of (ii). By (2.5) it suffices to consider q := q0 = q1.
Let f ∈ Bs0

p0,q(R
d, wγ0 ;X), (φn)n≥0 ∈ Φ(Rd) and define Snf := φn ∗ f as

in (2.1). We write s1 + δ = s0, where

δ = δ0 + δ1 with δ0 :=
γ0 + 1

p0
− γ1 + 1

p1
and δ1 :=

d− 1

p0
− d− 1

p1
.

Let Fx1 and Fx̃ be the Fourier transforms with respect to x1 ∈ R and
x̃ ∈ Rd−1, respectively. Note that suppF(Snf) ⊆ {ξ ∈ Rd : |ξ| ≤ 3 · 2n−1},
so that suppFx1(Snf(·, x̃)) ⊆ {ξ1 ∈ R : |ξ1| ≤ 3 · 2n−1} for fixed x̃ ∈ Rd−1

and suppFx̃(Snf(x1, ·)) ⊆ {ξ̃ ∈ Rd−1 : |ξ̃| ≤ 3 · 2n−1} for fixed x1 ∈ R (see
[66, Theorem 4.9, Steps 1 and 2]). Now, the Plancherel–Pólya–Nikol’skij type
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inequality from [60, Proposition 4.1] twice and Minkowski’s inequality yield

(2.6) ∥Snf∥Lp1 (Rd,wγ1 ;X)

≤ C 2δ0n
( �

Rd−1

( �

R

|x1|γ0∥Snf(x1, x̃)∥p0X dx1

)p1/p0
dx̃

)1/p1

≤ C 2δ0n
( �

R

|x1|γ0
( �

Rd−1

∥Snf(x1, x̃)∥p1X dx̃
)p0/p1

dx1

)1/p0

≤ C 2(δ0+δ1)n∥Snf∥Lp0 (Rd,wγ0 ;X),

where C > 0 is independent of f and n. Statement (ii) now follows from the
definition of the Besov norms and the fact that s1 + δ = s0.

Step 2: Proof of (i). We follow the proof of [60, Theorem 1.2] for radial
weights to deduce (i). By (2.5) it suffices to prove the required estimate for
q1 = 1. First, let f ∈ F s0

p0,q0(R
d, wγ0 ;X)∩ F s1

p1,1
(Rd, wγ1 ;X) and without loss

of generality we may assume f ̸= 0. Let θ0 ∈ [0, 1) be such that 1
p1
− 1−θ0

p0
= 0

and define the continuous function g : (θ0, 1]→ R by

g(θ) =

γ1
p1
− (1−θ)γ0

p0
1
p1
− 1−θ

p0

.

Note that g(1) = γ1 and since γ1 > −1 there exists a θ ∈ (θ0, 1) such that
γ := g(θ) > −1. Define r and t by

1

p1
=

1− θ

p0
+

θ

r
and t− d+ γ

r
= s1 −

d+ γ1
p1

.

From the conditions on the parameters it follows that r ∈ [p1,∞), and t < s0
satisfies s1 = θt+(1−θ)s0. Moreover, θγp1/r+(1−θ)γ0p1/p0 = γ1. Therefore,
the Gagliardo–Nirenberg type inequality from [60, Proposition 5.1] gives

(2.7) ∥f∥F s1
p1,1

(Rd,wγ1 ;X) ≤ C∥f∥1−θ
F

s0
p0,q0

(Rd,wγ0 ;X)
∥f∥θF t

r,r(Rd,wγ ;X).

Moreover, by (2.4), (ii) (using r ≥ p1) and (2.5), we obtain

(2.8) ∥f∥F t
r,r(Rd,wγ ;X) ≂ ∥f∥Bt

r,r(Rd,wγ ;X)

≤ C∥f∥Bs1
p1,p1

(Rd,wγ1 ;X) ≤ C∥f∥F s1
p1,1

(Rd,wγ1 ;X).

Substituting (2.8) in (2.7) yields

(2.9) ∥f∥F s1
p1,1

(Rd,wγ1 ;X) ≤ C∥f∥F s0
p0,q0

(Rd,wγ0 ;X)

for f ∈ F s0
p0,q0(R

d, wγ0 ;X) ∩ F s1
p1,1

(Rd, wγ1 ;X).
The estimate for f ∈ F s0

p0,q0(R
d, wγ0 ;X) follows from the Fatou property

of Triebel–Lizorkin spaces. We provide the argument for the convenience of
the reader. For f ∈ F s0

p0,q0(R
d, wγ0 ;X) the series fN =

∑N
n=0 Snf converges
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to f in S ′(Rd;X) as N → ∞. Note that for all N ∈ N0 we have fN ∈
F s0
p0,q0(R

d, wγ0 ;X) ∩ F s1
p1,1

(Rd, wγ1 ;X) by (2.6). From Lemma 2.2 we have

∥fN∥F s0
p0,q0

(Rd,wγ0 ;X) ≤ C∥f∥F s0
p0,q0

(Rd,wγ0 ;X) for all N ∈ N0,

and together with (2.9) this implies

∥fN∥F s1
p1,1

(Rd,wγ1 ;X) ≤ C∥f∥F s0
p0,q0

(Rd,wγ0 ;X) for all N ∈ N0.

Proposition 2.4 yields f ∈ F s1
p1,1

(Rd, wγ1 ;X) and

∥f∥F s1
p1,1

(Rd,wγ1 ;X) ≤ lim inf
N→∞

∥fN∥F s1
p1,1

(Rd,wγ1 ;X) ≤ C∥f∥F s0
p0,q0

(Rd,wγ0 ;X).

This completes the proof.

2.5. The complex interpolation method. We collect some basic
properties of the complex interpolation method. For a detailed study of in-
terpolation methods, we refer to, e.g., [9, 71].

Let A ⊆ R be an interval. Let SA := {z ∈ C : ℜz ∈ A} be a strip
in the complex plane and we write S if A = (0, 1). Let (X0, X1) be an
interpolation couple of complex Banach spaces, i.e., a pair of Banach spaces
which are continuously embedded in a linear Hausdorff space X . We denote
by H (X0, X1) the complex vector space of all continuous functions f : S→
X0 + X1 such that f is holomorphic on S with values in X0 + X1 and
the mapping t 7→ f(j + it) belongs to Cb(R;Xj) for j ∈ {0, 1}. The space
H (X0, X1) endowed with the norm

∥f∥H (X0,X1) := max
j∈{0,1}

sup
t∈R
∥f(j + it)∥Xj

is a Banach space.

Definition 2.7. Let (X0, X1) be an interpolation couple and θ ∈ (0, 1),
then the complex interpolation space [X0, X1]θ is the complex vector space
of all x ∈ X0 +X1 such that f(θ) = x for some f ∈H (X0, X1).

The space [X0, X1]θ endowed with the norm

∥x∥[X0,X1]θ := inf {∥f∥H (X0,X1) : f(θ) = x}
is a Banach space and satisfies

X0 ∩X1 ↪→ [X0, X1]θ ↪→ X0 +X1.

Finally, if f ∈ H (X0, X1) and gt(z) := f(z + it) for z ∈ S and t ∈ R, then
gt ∈H (X0, X1) and

(2.10) ∥f(θ + it)∥[X0,X1]θ ≤ C∥f∥H (X0,X1), θ ∈ (0, 1), t ∈ R.

3. Trace spaces of Besov and Triebel–Lizorkin spaces. In this
section, we characterise the higher-order trace spaces of weighted Besov and
Triebel–Lizorkin spaces on Rd. In Section 3.1 we first study the zeroth-order
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trace operator and in Section 3.2 we extend the results to higher-order trace
operators.

3.1. The zeroth-order trace operator. To define the trace operator
we pursue as in [66] and use a concept due to Nikol’skij [64]. There exist
several other and, in particular cases, equivalent definitions for the trace
operator. We refer to [66, Remark 4.8] for an overview.

Let X be a Banach space and let f : Rd → X be strongly measurable.
A function g : Rd−1 → X is called the trace of f on {0} × Rd−1 if there are
f̃ : Rd → X, p ∈ [1,∞] and δ > 0 such that

(i) f̃ = f almost everywhere with respect to the Lebesgue measure on Rd,
(ii) f̃(x1, ·) ∈ Lp(Rd−1;X) for |x1| < δ,
(iii) f̃(0, ·) = g almost everywhere with respect to the Lebesgue measure

on Rd−1,
(iv) limx1→0 ∥f̃(x1, ·)− g∥Lp(Rd−1;X) = 0.

By [66, Remarks 4.2 and 4.3] this definition is independent of f̃ , p and δ and
it coincides with the restriction of f to {(0, x̃) : x̃ ∈ Rd−1} if f is continuous
on (−δ, δ)×Rd−1. If the trace exists according to the above definition, then
we write Tr f = g, so that we obtain a linear operator Tr.

The representative f̃ for f can be obtained via the formula f̃ =
∑∞

n=0 Snf ,
whenever this makes sense. In Proposition 3.2 we will use this representative
to show that the trace operator is well defined if f belongs to a certain Besov
space.

The following results are extensions of the arguments in [66] to the case
with weights wγ(x) = |x1|γ , which can also be found in version 1 of the arXiv
preprint of [62]. We note that radial weights |x|γ are considered in [1, 29].
Anisotropic versions of trace theorems have appeared in, e.g., [34, 48, 49]
and the references therein.

We start with a technical lemma analogous to [66, Lemma 4.5].

Lemma 3.1. Let p ∈ (1,∞), γ > −1 and let X be a Banach space. Let
h ∈ Lp(Rd, wγ ;X) such that supp ĥ ⊆ {ξ ∈ Rd : |ξ| ≤ R} for some R > 0.
Then there exists C > 0, independent of h and R, such that for all x1 ∈ R,
we have

∥h(x1, ·)∥Lp(Rd−1;X) ≤ CR
γ+1
p ∥h∥Lp(Rd,wγ ;X).

Proof. First of all, note that h is pointwise defined by the support con-
dition on its Fourier transform (see, e.g., [32, Lemma 14.2.9]).

Step 1: The case γ ∈ (−1, p− 1). By scaling and translating, it suffices
to consider x1 = 0 and R = 1. Let φ̂ ∈ C∞

c (Rd) be such that φ̂ = 1 on
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B(0, 1). Then for every x̃ ∈ Rd−1 we have

h(0, x̃) = (F−1(φ̂ ĥ ))(0, x̃)

=
�

Rd−1

�

R

h(−y1, x̃− ỹ)|y1|γ/pφ(y1, ỹ)|y1|−γ/p dy1 dỹ,

so that Hölder’s inequality implies

∥h(0, x̃)∥X ≤
�

Rd−1

∥h(·, x̃− ỹ)∥Lp(R,wγ ;X)∥φ(·, ỹ)∥Lp′ (R,wγ′ )
dỹ,

where p′ = p
p−1 and γ′ = − γ

p−1 . By Minkowski’s inequality we obtain

∥h(0, ·)∥Lp(Rd−1;X) ≤ ∥h∥Lp(Rd,wγ ;X)

�

Rd−1

∥φ(·, ỹ)∥Lp′ (R,wγ′ )
dỹ

= C∥h∥Lp(Rd,wγ ;X),

using γ′ > −1 in the last step.

Step 2: The case γ ≥ p − 1. Let Fx1 be the Fourier transform with
respect to x1 ∈ R. Since supp ĥ ⊆ {ξ ∈ Rd : |ξ| ≤ R} we know that
suppFx1(h(·, x̃)) ⊆ {ξ1 ∈ R : |ξ1| ≤ R} for fixed x̃ ∈ Rd−1 (see [66, Theo-
rem 4.9, Steps 1 and 2]). By the Plancherel–Pólya–Nikol’skij type inequality
from [60, Proposition 4.1] we obtain

(3.1) ∥h∥Lp(Rd;X) =
( �

Rd−1

�

R

∥h(x1, x̃)∥pX dx1 dx̃
)1/p

≤ CRγ/p
( �

Rd−1

�

R

|x1|γ∥h(x1, x̃)∥pX dx1 dx̃
)1/p

= CRγ/p∥h∥Lp(Rd,wγ ;X).

From Step 1 applied to γ = 0 and (3.1), we obtain

∥h(x1, ·)∥Lp(Rd−1;X) ≤ CR1/p∥h∥Lp(Rd;X) ≤ CR
γ+1
p ∥h∥Lp(Rd,wγ ;X).

Note that this second step actually works for all γ > 0.

Using Lemma 3.1 we can now prove thatTr f exists if f ∈B
γ+1
p

p,1 (Rd, wγ ;X).
In particular, provided that f has this regularity, we will always work with the
identity (3.2). The following result is aweighted version of [66, Proposition 4.4].

Proposition 3.2. Let p ∈ (1,∞), γ > −1 and let X be a Banach

space. Then the trace of a function f ∈ B
γ+1
p

p,1 (Rd, wγ ;X) exists and for any
(φn)n≥0 ∈ Φ(Rd), we have

(3.2) Tr f =
∞∑
n=0

φn ∗ f(0, ·) in Lp(Rd−1;X).
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Proof. Let f ∈ B
γ+1
p

p,1 (Rd, wγ ;X), (φn)n≥0 ∈ Φ(Rd) and set f̃ =∑∞
n=0 Snf . We verify the conditions (i), (ii) and (iv) for the definition of

the trace operator. Note that (iii) holds automatically.

Step 1: Proof of (i). Since f ∈ B
γ+1
p

p,1 (Rd, wγ ;X) we have
∞∑
n=0

∥Snf∥Lp(Rd,wγ ;X) <∞

and therefore the series converges to f in Lp(Rd, wγ ;X). Thus f = f̃ almost
everywhere on Rd.

Step 2: Proof of (ii). By Lemma 3.1 (using the fact that suppF(Snf) ⊆
{ξ ∈ Rd : |ξ| ≤ 3 · 2n−1}) we deduce for every x1 ∈ R that

∥f̃(x1, ·)∥Lp(Rd−1;X) ≤ ∥(∥Snf(x1, ·)∥Lp(Rd−1;X))n≥0∥ℓ1

≤ C∥(2
γ+1
p

n∥Snf∥Lp(Rd,wγ ;X))n≥0∥ℓ1 = C∥f∥
B

γ+1
p

p,1 (Rd,wγ ;X)
.

Step 3: Proof of (iv). Let ε > 0. By applying Lemma 3.1, we can find
an N ≥ 1 large enough such that

(3.3)
∥∥∥ ∞∑
n=N

(Snf(x1, ·)− Snf(0, ·))
∥∥∥
Lp(Rd−1;X)

≤ C
∞∑

n=N

2
γ+1
p

n∥Snf∥Lp(Rd,wγ ;X) <
ε

2
.

From now on we fix such an N . Let n < N and |x1| < 2−N , and we define
hx1(t, x̃) := Snf(t+ x1, x̃)− Snf(t, x̃) for t ∈ R and x̃ ∈ Rd−1. Note that by
the mean value theorem we have

(3.4) ∥hx1(t, x̃)∥X ≤ |x1| sup
|y|<2−N

∥∇Snf(t+ y, x̃)∥X .

By Lemma 3.1, (3.4) and [66, Lemma 2.3], we obtain

∥Snf(x1, ·)− Snf(0, ·)∥Lp(Rd−1;X)

= ∥hx1(0, ·)∥Lp(Rd−1;X)

≤ C 2
γ+1
p

n∥hx1∥Lp(Rd,wγ ;X)

≤ C 2
γ+1
p

n|x1| ∥(t, x̃) 7→ sup
y<2−N

∥∇Snf(t+ y, x̃)∥X∥Lp(Rd,wγ)

≤ C 2
( γ+1

p
+1)n|x1| ∥(M∥Snf∥rX)

1
r ∥Lp(Rd,wγ),
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for some r ∈ (0, p), whereM denotes the Hardy–Littlewood maximal opera-
tor. Pick r such that wγ ∈ Ap/r(Rd). The boundedness ofM on Lp/r(Rd, wγ)
gives

(3.5) ∥Snf(x1, ·)−Snf(0, ·)∥Lp(Rd−1;X) ≤ C 2
( γ+1

p
+1)n|x1| ∥Snf∥Lp(Rd,wγ ;X).

Upon choosing |x1| small enough, we now deduce by combining (3.3) and (3.5)
that∥∥∥ ∞∑

n=0

(Snf(x1, ·)− Snf(0, ·))
∥∥∥
Lp(Rd−1;X)

≤ ε

2
+ C|x1|

N−1∑
n=0

2
( γ+1

p
+1)n∥Snf∥Lp(Rd,wγ ;X) < ε.

For instance, it suffices to take |x1| < ε 2−NC−1∥f∥−1

B
(γ+1)/p
p,1 (Rd,wγ ;X)

, where

C is the constant in (3.5). This shows that limx1→0 f̃(x1, ·) = f̃(0, ·) in
Lp(Rd−1;X).

Remark 3.3. Note that for γ > 0 we have B
γ+1
p

p,1 (Rd, wγ ;X) ↪→
B

1/p
p,1 (Rd;X) by Theorem 2.6. Thus, Proposition 3.2 for γ > 0 can also

be deduced from the unweighted result. This argument does not apply for
γ ∈ (−1, 0).

With the above results, the trace space of a weighted Besov space can
be characterised following the arguments from [66, Theorem 4.9 and Propo-
sition 4.12] for the unweighted case. For p = q ∈ (1,∞) and Ap weights the
result was already shown in [23, Théorème 7.1].

Theorem 3.4. Let p ∈ (1,∞), q ∈ [1,∞], γ > −1, s > γ+1
p and let X

be a Banach space. Let Tr be as in Proposition 3.2. Then

Tr : Bs
p,q(Rd, wγ ;X)→ B

s− γ+1
p

p,q (Rd−1;X)

is a continuous and surjective operator. Moreover, there exists a continuous
right inverse ext of Tr which is independent of s, p, q, γ and X.

Proof. Let (φn)n≥0 ∈ Φ(Rd), (ϕn)n≥0 ∈ Φ(Rd−1), f ∈ S ′(Rd;X), g ∈
S ′(Rd−1;X) and define Snf := φn ∗ f and Tng := ϕn ∗ g. Moreover, set
S−1f = T−1g = 0.

Step 1: Trace operator. The continuity of the trace operator can be
shown similarly as in [66, Step 4 of the proof of Theorem 4.9] if we apply
Lemma 3.1 instead of [66, Equation (4.5)].

Step 2: Extension operator. The extension operator is defined similarly

to [72, Section 2.7.2] and [66]. Let g ∈ B
s− γ+1

p
p,q (Rd−1;X) and take (ρn)n≥0
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∈ Φ(R) such that ρ1(0) = 2 (and therefore ρn(0) = 2n for all n ≥ 0). We set

(3.6) ext g(x1, x̃) =

∞∑
n=0

2−nρn(x1)Tng(x̃) in S ′(Rd;X).

Note that ext is independent of s, p, q, γ and X. Moreover, since ρn(x1) =
2n−1ρ1(2

n−1x1), we have

(3.7) ∥ρn∥Lp(R,wγ) = 2
(n−1)(1− γ+1

p
)∥ρ1∥Lp(R,wγ), n ∈ N0.

Therefore, using (3.7), Young’s inequality, s− γ+1
p > 0 and γ > −1, we find

∞∑
n=0

2−n∥ρnTng∥Lp(Rd,wγ ;X) =
∞∑
n=0

2−n∥ρn∥Lp(R,wγ)∥Tng∥Lp(Rd−1;X)

≤ C∥g∥Lp(Rd−1;X)

∞∑
n=0

2
−n γ+1

p

≤ C∥g∥
B

s− γ+1
p

p,q (Rd−1;X)
,

where the constant C is independent of g and n. For the last estimate we
have used a geometric series (γ > −1) and the fact that Bε

p,q(Rd−1;X) ↪→
B0

p,1(Rd−1;X) ↪→ Lp(Rd−1;X) for ε > 0 (see [32, Theorem 14.4.19 and
Proposition 14.4.18]). This shows that ext g is well defined in Lp(Rd, wγ ;X).
Now, Lemma 2.2 and (3.7) imply that

∥Sn ext g∥Lp(Rd,wγ ;X) ≤ C
1∑

j=−1

2−(n+j)∥ρn+j∥Lp(R,wγ)∥Tn+jg∥Lp(Rd−1;X)

≤ C

1∑
j=−1

2
−(n+j) γ+1

p ∥Tn+jg∥Lp(Rd−1;X),

where the constant C is independent of g and n. This implies that

∥ext g∥Bs
p,q(Rd,wγ ;X) ≤ C

1∑
j=−1

∥(2n(s−
γ+1
p

)∥Tn+jg∥Lp(Rd−1;X))n≥0∥ℓq

≤ ∥g∥
B

s− γ+1
p

p,q (Rd−1;X)
.

This proves the continuity of ext.
Since ρn(0) = 2n it follows from (3.2) and (3.6) that Tr(ext g) = g

for all g ∈ S(Rd−1;X). By density (see [60, Lemma 3.8]) this extends to all

g ∈ B
s− γ+1

p
p,q (Rd−1;X) with q <∞. If q =∞, then we have B

s− γ+1
p

p,∞ (Rd−1;X)

↪→ B
s− γ+1

p
−ε

p,1 (Rd−1;X) for all ε > 0 (see [32, Theorem 14.4.19]). This shows
that ext is also the right inverse for Tr in this case. Finally, the existence of
a right inverse of Tr implies that Tr is surjective.
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Using Theorem 3.4 and the Sobolev embeddings for Triebel–Lizorkin
spaces from Theorem 2.6, we characterise the trace spaces for Triebel–
Lizorkin spaces. In contrast to [66, Lemma 4.15] and [29, Theorem 3.6], the
following proof is Fourier-analytic and does not use an atomic approach.
In the unweighted scalar-valued setting, other methods are used in [72,
Theorem 2.7.2] to obtain the trace space for Triebel–Lizorkin spaces.

Theorem 3.5. Let p ∈ (1,∞), q ∈ [1,∞], γ > −1, s > γ+1
p and let X

be a Banach space. Then

Tr : F s
p,q(Rd, wγ ;X)→ B

s− γ+1
p

p,p (Rd−1;X)

is a continuous and surjective operator. Moreover, there exists a continu-
ous right inverse ext of Tr which is independent of s, p, q, γ and X. This
extension operator coincides with the extension operator from Theorem 3.4.

Proof. Step 1: Trace operator. Let f ∈ F s
p,q(Rd, wγ ;X) and for ε > 0

small take s1 := s−ε/p and γ1 := γ−ε. Then γ1/p < γ/p and s−(d+γ)/p =
s1 − (d+ γ1)/p. So by Theorem 3.4, (2.4) and Theorem 2.6, we obtain

∥Tr f∥
B

s− γ+1
p

p,p (Rd−1;X)
= ∥Tr f∥

B
s1−

γ1+1
p

p,p (Rd−1;X)

≤ C∥f∥Bs1
p,p(Rd,wγ1 ;X)

≤ C∥f∥F s1
p,p(Rd,wγ1 ;X) ≤ C∥f∥F s

p,q(Rd,wγ ;X).

Step 2: Extension operator. Let g ∈ B
s− γ+1

p
p,p (Rd−1;X) and for ε > 0

small take s0 = s + ε/p and γ0 = γ + ε. Then by Theorem 2.6, (2.4) and
Theorem 3.4, we obtain

∥ext g∥F s
p,q(Rd,wγ ;X) ≤ C∥ext g∥F s0

p,p(Rd,wγ0 ;X) ≤ C∥ext g∥Bs0
p,p(Rd,wγ0 ;X)

≤ C∥g∥
B

s0−
γ0+1

p
p,p (Rd−1;X)

= ∥g∥
B

s− γ+1
p

p,p (Rd−1;X)
.

The identity Tr ◦ ext = id follows from Theorem 3.4.

3.2. The higher-order trace operator. In this section, we study the
m-th order trace operator Trm = Tr ◦ ∂m

1 for m ∈ N1. Furthermore, we will
write Tr0 = Tr.

We start with higher-order trace spaces for Besov spaces. We first define
the m-th order extension operator.

Definition 3.6. Let η0 ∈ C∞
c ((−1, 1)) and η ∈ C∞

c ((1, 3/2)) such that

(3.8) F−1η0(0) = F−1η(0) = 1,

where F is the one-dimensional Fourier transform. For m ∈ N0 and D :=
−i∂1 we define

ηm0 := (−D)mη0/m! and ηmj := (−D)mη(2−j ·)/m!, j ∈ N1.
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Let (ϕj)j≥0 ∈ Φ(Rd−1). For any g ∈ S(Rd−1;X) we define

extm g(x1, x̃) :=

∞∑
j=0

2−j(F−1ηmj )(x1)(ϕj ∗ g)(x̃)

whenever this converges in S ′(Rd;X).

The motivation behind the definition of this extension operator extm is
as follows. By properties of the Fourier transform, we have

(F−1ηmj )(x1) =
2jxm1
m!

(F−1ζ)(2jx1), j ∈ N0, x1 ∈ R,

where ζ := η if j ≥ 1 and ζ := η0 if j = 0. Using the product rule, one can cal-
culate the derivatives ∂m

1 of extm to show that Trm ◦ extm = Tr ◦ ∂m
1 ◦ extm =

id, i.e., extm is a right inverse to the m-th order trace operator. We make
this rigorous in Theorems 3.8 and 3.9 for Besov and Triebel–Lizorkin spaces,
respectively.

We start by showing the continuity of the extension operator extm on
Besov spaces. The following lemma is analogous to [7, Lemma VIII.1.2.7].

Lemma 3.7. Let p ∈ (1,∞), q ∈ [1,∞], m ∈ N0, γ > −1, s > m + γ+1
p

and let X be a Banach space. Then for g ∈ B
s−m− γ+1

p
p,q (Rd−1;X),

(i) extm g exists in Bs
p,q(Rd, wγ ;X) if q ∈ [1,∞),

(ii) extm g exists in Bt
p,1(Rd, wγ ;X) for any t < s if q ∈ [1,∞].

Moreover, for any q ∈ [1,∞],

extm : B
s−m− γ+1

p
p,q (Rd−1;X)→ Bs

p,q(Rd, wγ ;X)

is continuous.

Proof. Step 1: Preparations. For m, j ∈ N0 and (ϕj)j≥0 ∈ Φ(Rd−1)
let ηmj and extm be as in Definition 3.6. Let Fd be the d-dimensional Fourier
transform. Moreover, let (ρj)j≥0 ∈ Φ(R) and set

Fdφj(x) := (F1ρj)(x1)(Fd−1ϕj)(x̃).

For notational convenience we write φ̂j(x) = ρ̂j(x1)ϕ̂j(x̃).

We let g ∈ B
s−m− γ+1

p
p,q (Rd−1;X) and for notational convenience introduce

ĝ := Fd−1g and gj := (F−1
1 ηmj )(ϕj ∗ g) for j ∈ N0.

Note that for k, j ∈ N1 we have

Fd(φk ∗ gj) = φ̂kFdgj = ρ̂kϕ̂kFd((F−1
1 ηmj )(F−1

d−1ϕ̂j ĝ)) = (ρ̂kη
m
j )(ϕ̂kϕ̂j ĝ),

and thus φk ∗ gj = F−1
d [(ρ̂kη

m
j )(ϕ̂kϕ̂j ĝ)]. Since supp ηmj ⊆ {ξ1 ∈ R : 2j <

|ξ1| < 3 · 2j−1} ⊆ supp ρ̂j , we have

(3.9) φk ∗ gj = 0 if |k − j| ≥ 2.
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Moreover, by properties of the Fourier transform, we obtain, for j ≥ 1,

F−1
1 ηmj =

2−jm

m!
F−1
1

(
((−D)mη)(2−j ·)

)
=

2−j(m−1)

m!

(
F−1
1 ((−D)mη)

)
(2j ·),

and with a substitution x 7→ 2−jx we obtain
(3.10) ∥F−1

1 ηmj ∥Lp(R,wγ) = 2
j(1−m− γ+1

p
)∥F−1

1 ηm∥Lp(R,wγ),

where ηm := (−D)mη/m!. Define sng :=
∑n

j=0 2
−jgj for n ∈ N0. Therefore,

for 0 ≤ k ≤ n+ 1 we deduce from (3.9), Lemma 2.2 and (3.10) that

(3.11) 2ks∥φk ∗ sng∥Lp(Rd,wγ ;X)

= 2ks
∥∥∥ k+1∑
j=k−1

φk ∗ 2−jgj

∥∥∥
Lp(Rd,wγ ;X)

≤ C
1∑

j=−1

2(k+j)s−(k+j)∥gk+j∥Lp(Rd,wγ ;X)

= C
1∑

j=−1

2(k+j)s−(k+j)∥F−1
1 ηmk+j∥Lp(R,wγ)∥ϕk+j ∗ g∥Lp(Rd−1;X)

≤ C

1∑
j=−1

2
(k+j)(s−m− γ+1

p
)∥ϕk+j ∗ g∥Lp(Rd−1;X),

and if k ≥ n+ 2 we find that
(3.12) 2ks∥φk ∗ sng∥Lp(Rd,wγ ;X) = 0.

Step 2: Existence. For g ∈ B
s−m− γ+1

p
p,q (Rd−1;X) we prove that

(i) extm g exists in Bs
p,q(Rd, wγ ;X) if q ∈ [1,∞),

(ii) extm g exists in Bt
p,1(Rd, wγ ;X) for any t < s if q ∈ [1,∞].

If q ∈ [1,∞) and 0 < ℓ < n, then by (3.9), (3.11) and (3.12), we have

(3.13) ∥sng − sℓg∥Bs
p,q(Rd,wγ ;X)

=
( n+1∑

k=ℓ

(
2ks∥φk ∗ (sng − sℓg)∥Lp(Rd,wγ ;X)

)q)1/q

≤ C
( n+1∑

k=ℓ

( 1∑
j=−1

2
(k+j)(s−m− γ+1

p
)∥ϕk+j ∗ g∥Lp(Rd−1;X)

)q)1/q

≤ C
( n+2∑

k=ℓ−1

(2
k(s−m− γ+1

p
)∥ϕk ∗ g∥Lp(Rd−1;X))

q
)1/q

,

which converges to zero as ℓ, n → ∞ since g ∈ B
s−m− γ+1

p
p,q (Rd−1;X).

Thus, (sng)n≥0 is a Cauchy sequence in Bs
p,q(Rd, wγ ;X). Hence, extm g =
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j=0 2

−jgj = limn→∞ sng exists in this space and this proves (i).
If q ∈ [1,∞] and t < s, then by [32, Theorem 14.4.19] it follows that

g ∈ B
s−m− γ+1

p
p,q (Rd−1;X) ↪→ B

t−m− γ+1
p

p,1 (Rd−1;X).

Hence, (i) implies that extm g exists in Bt
p,1(Rd, wγ ;X) and this proves (ii).

Step 3: Continuity. Let g ∈ B
s−m− γ+1

p
p,q (Rd−1;X) with q ∈ [1,∞]. Take

k ∈ N0 and 0 < ℓ < n. Then the estimate

2kt∥φk ∗ (sng − sℓg)∥Lp(Rd,wγ ;X) ≤ C∥sng − sℓg∥Bt
p,1(Rd,wγ ;X),

together with (3.13), implies that (φk ∗ sng)n≥0 is a Cauchy sequence in
Lp(Rd, wγ ;X) for all k ∈ N0. Therefore, its limit wk = limn→∞ φk∗sng exists
in Lp(Rd, wγ ;X) and thus in S ′(Rd;X) as well. Since Bt

p,1(Rd, wγ ;X) ↪→
S ′(Rd;X), Step 2(ii) implies that sng → extm g, and thus also φk ∗ sng →
φk ∗ extm g, both in S ′(R;X) as n→∞. We conclude that wk = φk ∗ extm g
and

(3.14) φk ∗ sng → φk ∗ extm g in Lp(Rd, wγ ;X) as n→∞.

The convergence in (3.14) shows that we can let n→∞ in (3.11) to obtain,
for any k ∈ N0,

2ks∥φk ∗ extm g∥Lp(Rd,wγ ;X) ≤ C
1∑

j=−1

2
(k+j)(s−m− γ+1

p
)∥ϕk+j ∗ g∥Lp(Rd−1;X),

and therefore

∥extm g∥Bs
p,q(Rd,wγ ;X) ≤ C∥(2k(s−m− γ+1

p
)∥ϕk ∗ g∥Lp(Rd−1;X))k≥0∥ℓq

≤ C∥g∥
B

s−m− γ+1
p

p,q (Rd−1;X)
.

To conclude, extm g ∈ Bs
p,q(Rd, wγ ;X) and the lemma is proved.

Using Lemma 3.7 we can now determine the higher-order trace spaces of
weighted Besov spaces and show that the corresponding extension operator is
indeed given as in Definition 3.6. We follow the arguments from [7, Theorem
VIII.1.2.1].

Theorem 3.8. Let p ∈ (1,∞), q ∈ [1,∞], m ∈ N0, γ > −1, s > m+ γ+1
p

and let X be a Banach space. Then

Trm : Bs
p,q(Rd, wγ ;X)→ B

s−m− γ+1
p

p,q (Rd−1;X)

is a continuous and surjective operator. Moreover, the extension operator
extm from Definition 3.6 defines a continuous right inverse of Trm which is
independent of s, p, q, γ and X. For any 0 ≤ j < m, we have Trj ◦ extm = 0.
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Proof. Step 1: Trace operator. Note that ∂m
1 : Bs

p,q(Rd, wγ ;X) →
Bs−m

p,q (Rd, wγ ;X) is continuous; see [60, Proposition 3.10]. Therefore, since
s−m > γ+1

p it follows from Theorem 3.4 that

Trm = Tr ◦ ∂m
1 : Bs

p,q(Rd, wγ ;X)→ B
s−m− γ+1

p
p,q (Rd−1;X)

is continuous.

Step 2: Extension operator. Let extm be the extension operator from
Definition 3.6. The continuity follows from Lemma 3.7. It remains to prove
that extm is the right inverse of Trm and that

(3.15) Trj(extm g) = δjmg, 0 ≤ j ≤ m, g ∈ B
s−m− γ+1

p
p,q (Rd−1;X),

where δjm is the Kronecker delta. Note that from Definition 3.6 and proper-
ties of the Fourier transform it follows that for n ≥ 0,

(3.16) (F−1ηmn )(x1) =
2nxm1
m!

(F−1ζ)(2nx1), x1 ∈ R,

where F is the one-dimensional Fourier transform and ζ := η if n ≥ 1, and
ζ := η0 if n = 0. Therefore, if g ∈ S(Rd−1;X), then using Trj = Tr ◦ ∂j

1, the
product rule and (3.8), gives

(3.17) Trj(2
−n(F−1ηmn )(ϕn ∗ g)) = δjm(ϕn ∗ g), 0 ≤ j ≤ m, n ≥ 0.

Therefore, by continuity of the trace operator (Step 1) and (3.17), we find
for 0 ≤ j ≤ m that

Trj(extm g) =
∞∑
n=0

Trj(2
−n(F−1ηmn )(ϕn ∗ g)) = δjm

∞∑
n=0

(ϕn ∗ g) = δjmg,

using properties of the Littlewood–Paley sequence in the last identity. By
density (see [60, Lemma 3.8]) this extends to all g ∈ B

s−m− γ+1
p

p,q (Rd−1;X)

with q <∞. If q =∞, then B
s−m− γ+1

p
p,∞ (Rd−1;X) ↪→ B

s−m− γ+1
p

−ε

p,1 (Rd−1;X)
for all ε > 0 (see [32, Theorem 14.4.19]). This proves (3.15).

We continue with the characterisation of higher-order trace spaces for
Triebel–Lizorkin spaces.

Theorem 3.9. Let p ∈ (1,∞), q ∈ [1,∞], m ∈ N0, γ > −1, s > m+ γ+1
p

and let X be a Banach space. Then

Trm : F s
p,q(Rd, wγ ;X)→ B

s−m− γ+1
p

p,p (Rd−1;X)

is a continuous and surjective operator. Moreover, the extension operator
extm from Definition 3.6 defines a continuous right inverse of Trm which is
independent of s, p, q, γ and X. For any 0 ≤ j < m, we have Trj ◦ extm = 0.
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Proof. The proof is similar to the proof of Theorem 3.5 using Theorem 3.8
instead of Theorem 3.4.

4. Trace spaces of Bessel potential and Sobolev spaces. Let p ∈
(1,∞), X a Banach space and let O ⊆ Rd be open. Recall the power weight
w∂O
γ (x) := dist(x, ∂O)γ for x ∈ O and γ > −1. In the rest of this paper, we

mainly consider the following two weighted spaces:

(i) Bessel potential spaces Hs,p(O, w∂O
γ ;X) with s ∈ R and γ ∈ (−1, p−1),

(ii) Sobolev spaces W k,p(O, w∂O
γ ;X) with k ∈ N0 and γ ∈ (−1,∞)\{jp−1 :

j ∈ N1}.
To finally prove our main results in Section 6 about complex interpolation
for these weighted spaces on bounded domains, it suffices to consider the
half-space O = Rd

+ by localisation arguments. In this case, we write wγ(x) =
w∂Rd

+
γ (x) = |x1|γ for x = (x1, x̃) ∈ Rd as before.

The outline of this section is as follows. We start with the trace spaces for
the above-mentioned weighted Bessel potential and Sobolev spaces on Rd and
Rd
+ in Section 4.1. Afterwards, we apply the trace theorems to prove some

density results in Section 4.2.

4.1. Trace spaces of weighted spaces on the half-space. Using the
results from Section 3.2 about weighted Besov and Triebel–Lizorkin spaces,
we will now characterise higher-order trace spaces of weighted Bessel poten-
tial and Sobolev spaces. The methods we will employ depend on the weight
exponent γ. For γ ∈ (−1, p − 1), i.e., wγ is a Muckenhoupt weight, we can
use standard techniques relying on reflection operators to transfer results
from Rd to Rd

+. For γ > p − 1 such reflection techniques do not work since
weighted Bessel potential and Sobolev spaces on Rd cannot be defined as
usual if γ > p− 1 (cf. Remark 2.1). Nonetheless, the definition of a Sobolev
space on Rd

+ does make sense for γ > p − 1 and the main difficulty is to
establish the results for this regime of weight exponents.

We first consider the case γ ∈ (−1, p − 1), where we can use the sand-
wiching embeddings (2.2) to deduce that, e.g.,

Trm : Hs,p(Rd, wγ ;X)→ B
s−m− γ+1

p
p,p (Rd−1;X), s > m+ γ+1

p ,

is a continuous and surjective operator (see Theorem 4.1 below). If f1, f2 ∈
Hs,p(Rd, wγ ;X) satisfy f1|Rd

+
= f2|Rd

+
, then we have Trj f1 = Trj f2 for all

j ∈ {0, . . . ,m}. This can be proved similarly to [53, Proposition 6.3(2)]. This
implies that the trace operator Trm on Rd gives rise to a well-defined trace
operator on Rd

+, which we denote by Trm as well. Moreover, if f is continuous
on [0, δ) × Rd−1 for some δ > 0, then the trace operator coincides with the
restriction of f to {(0, x̃) : x̃ ∈ Rd−1}.
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For weighted Bessel potential and Sobolev spaces on Rd and Rd
+ with

γ ∈ (−1, p− 1), we obtain the following trace results.

Theorem 4.1. Let p ∈ (1,∞), m ∈ N0, γ ∈ (−1, p − 1), O ∈ {Rd,Rd
+}

and let X be a Banach space.

(i) If s > 0 satisfies s > m+ γ+1
p , then

Trm : Hs,p(O, wγ ;X)→ B
s−m− γ+1

p
p,p (Rd−1;X)

is a continuous and surjective operator.
(ii) If k ∈ N1 satisfies k > m+ γ+1

p , then

Trm : W k,p(O, wγ ;X)→ B
k−m− γ+1

p
p,p (Rd−1;X)

is a continuous and surjective operator.

In both cases, there exists a continuous right inverse extm of Trm which is
independent of k, s, p, γ and X. For any 0 ≤ j < m, we have Trj ◦ extm = 0.

Before we can prove Theorem 4.1, we need the following trace result for
Besov spaces on the half-space. This proposition is used to prove Theorem 4.1
without a UMD condition for the Banach space X (see also Remark 4.4
below).

Proposition 4.2. Let p ∈ (1,∞), q ∈ [1,∞], m ∈ N0, γ ∈ (−1, p − 1),
s > m+ γ+1

p and let X be a Banach space. Then

Trm : Bs
p,q(Rd

+, wγ ;X)→ B
s−m− γ+1

p
p,q (Rd−1;X)

is a continuous and surjective operator. Moreover, there exists a continuous
right inverse extm of Trm which is independent of k, s, p, γ and X. For any
0 ≤ j < m, we have Trj ◦ extm = 0.

Proof. The result follows from Theorem 3.8 if we have a reflection oper-
ator between Besov spaces on Rd

+ and Rd. To obtain this reflection operator,
note that for any s̃ > 0, θ ∈ (0, 1), s0, s1 ∈ N0 such that s0 < s1 and
s̃ = (1− θ)s0 + θs1, we have

(4.1) (W s0,p(Rd
+, wγ ;X),W s1,p(Rd

+, wγ ;X))θ,q = Bs̃
p,q(Rd

+, wγ ;X).

This identity follows from [60, Proposition 6.1] (using γ ∈ (−1, p − 1)) and
[53, Lemma 5.4] (which holds for real interpolation as well; see [71, Section
1.2.4]). Now, the higher-order reflection operator on Sobolev spaces from [53,
Lemma 5.1] is also bounded on Besov spaces by (4.1).

Remark 4.3. By Theorem 3.9 a result similar to Proposition 4.2 holds
for the trace on Triebel–Lizorkin spaces on Rd

+. For Triebel–Lizorkin spaces
the construction of a reflection operator is more involved, since Triebel–
Lizorkin spaces arise as interpolation spaces of Sobolev spaces using the
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ℓq-interpolation method; see [45, 50]. Alternatively, one can also redo [72,
Theorem 2.9.2] using the weighted multiplier result [62, Theorem 1.3].

We will now provide the proof of Theorem 4.1.

Proof of Theorem 4.1. Step 1: O = Rd. This follows immediately from
Theorem 3.9 and the embeddings (2.2a) and (2.2b). Note that these embed-
dings are only valid for w ∈ Ap(Rd), i.e., γ ∈ (−1, p− 1).

Step 2: O = Rd
+. Statement (ii) with O = Rd

+ follows from Step 1 and
a higher-order reflection argument (see [53, Lemma 5.1]).

It remains to prove statement (i) with O = Rd
+. Let ε > 0 be small

and set γ0 := γ + ε, γ1 := γ − ε, s0 := s + ε/p and s1 := s − ε/p. From
Theorem 2.6, (2.2a) and (2.4) (which also hold on Rd

+ since the spaces on Rd
+

are defined as factor spaces), we have the chain of embeddings

(4.2) Bs0
p,p(Rd

+, wγ0 ;X) = F s0
p,p(Rd

+, wγ0 ;X) ↪→ F s
p,1(Rd

+, wγ ;X)

↪→ Hs,p(Rd
+, wγ ;X) ↪→ F s

p,∞(Rd
+, wγ ;X)

↪→ F s1
p,p(Rd

+, wγ1 ;X) = Bs1
p,p(Rd

+, wγ1 ;X).

From Proposition 4.2 and (4.2) it follows that for f ∈ Hs,p(Rd
+, wγ ;X),

∥Trm f∥
B

s−m− γ+1
p

p,p (Rd−1;X)
= ∥Trm f∥

B
s1−m− γ1+1

p
p,p (Rd−1;X)

≤ C∥f∥Bs1
p,p(Rd

+,wγ1 ;X) ≤ C∥f∥Hs,p(Rd
+,wγ ;X),

and for g ∈ B
s−m− γ+1

p
p,p (Rd−1;X),

∥extm g∥Hs,p(Rd
+,wγ ;X) ≤ C∥extm g∥Bs0

p,p(Rd
+,wγ0 ;X)

≤ C∥g∥
B

s0−m− γ0+1
p

p,p (Rd−1;X)

= ∥g∥
B

s−m− γ+1
p

p,p (Rd−1;X)
.

This finishes the proof.

Remark 4.4. Alternatively, in the proof of Theorem 4.1(i) with O = Rd
+

above, we could have used a reflection operator from Hs,p(Rd
+, wγ ;X) into

Hs,p(Rd, wγ ;X). Such a reflection operator can be obtained using [53, Lem-
ma 5.1] and complex interpolation. However, this requires X to be UMD; see
[53, Proposition 5.6]. Instead, we used the reflection argument at the level
of Besov spaces in Proposition 4.2, where no UMD condition was required.

Remark 4.5. For m ∈ N0 and O ∈ {Rd,Rd
+} it is clear that the

trace operator Trm maps C∞
c (O;X) into C∞

c (Rd−1;X). Moreover, the ex-
tension operator extm maps C∞

c (Rd−1;X) into C∞(O;X). Indeed, let g ∈
C∞
c (Rd−1;X), then g ∈ B

s−m−1/p
p,p (Rd−1;X) and extm g ∈ Hs,p(O;X) for all

s > m+ 1/p. The Sobolev embedding implies that extm g ∈ C∞(O;X).
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We extend the result for Sobolev spaces in Theorem 4.1 from γ ∈
(−1, p− 1) to γ ∈ (−1,∞) \ {jp− 1 : j ∈ N1}.

Theorem 4.6. Let p ∈ (1,∞), m ∈ N0, k ∈ N1, γ ∈ (−1,∞) \ {jp− 1 :
j ∈ N1} such that k > m+ γ+1

p and let X be a Banach space. Then

Trm : W k,p(Rd
+, wγ ;X)→ B

k−m− γ+1
p

p,p (Rd−1;X)

is a continuous and surjective operator. Moreover, there exists a continuous
right inverse extm of Trm which is independent of k, p, γ and X. For any
0 ≤ j < m, we have Trj ◦ extm = 0.

Proof. Let j ∈ N0 be such that γ ∈ (jp− 1, (j+1)p− 1). The case j = 0
follows from Theorem 4.1(ii), so we can assume j ≥ 1.

Step 1: Trace operator. Let f ∈W k,p(Rd
+, wγ ;X). Then

∥Trm f∥
B

k−m− γ+1
p

p,p (Rd−1;X)
= ∥Trm f∥

B
k−j−m− γ−jp+1

p
p,p (Rd−1;X)

≤ C∥f∥Wk−j,p(Rd
+,wγ−jp;X) ≤ C∥f∥Wk,p(Rd

+,wγ ;X),

since γ− jp ∈ (−1, p−1) and k− j > m ≥ 0 so that Theorem 4.1(ii) applies.
The last estimate follows from Hardy’s inequality; see Lemma 2.5.

Step 2: Extension operator. Let α = (α1, α̃) ∈ N0 × Nd−1
0 with |α| ≤ k

and let g ∈ B
k−m− γ+1

p
p,p (Rd−1;X). Then estimating the norm on Rd

+ by the
norm on Rd, using (2.3), Theorem 2.6 and (2.4), gives

(4.3) ∥∂α extm g∥Lp(Rd
+,wγ ;X) ≤ ∥∂

α extm g∥Lp(Rd,wγ ;X)

≤ C∥∂α extm g∥F 0
p,1(Rd,wγ ;X)

≤ C∥∂α extm g∥F s0
p,p(Rd,wγ0 ;X)

≤ C∥∂α extm g∥Bs0
p,p(Rd,wγ0 ;X),

where γ0 > γ and s0 > 0 are such that s0 − γ0/p = −γ/p. With a similar
computation to the proof of Lemma 3.7 (see (3.11)), it follows that for ℓ ∈ N0,
we have

(4.4) 2ℓs0∥φℓ ∗ ∂α extm g∥Lp(Rd,wγ0 ;X)

≤ C

1∑
i=−1

2ℓ(s0−1)∥∂α1
1 (F−1ηmℓ+i)∥Lp(R,wγ0 )

∥∂α̃(ϕℓ+i ∗ g)∥Lp(Rd−1;X),

where F is the one-dimensional Fourier transform and (ϕℓ)ℓ≥0 ∈ Φ(Rd−1).
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Taking the ℓp-norm of (4.4) and combining this with (4.3) gives

(4.5) ∥∂α extm g∥Lp(Rd
+,wγ ;X)

≤ C
( ∞∑

ℓ=0

1∑
i=−1

2ℓp(s0−1)∥∂α1
1 (F−1ηmℓ+i)∥

p
Lp(R,wγ0 )

∥∂α̃(ϕℓ+i∗g)∥pLp(Rd−1;X)

)1/p
.

We estimate the two Lp-norms in the summation above separately. We
start with estimating the Lp(R, wγ0)-norm. Let ℓ ∈ N0 and i ∈ {−1, 0, 1}.
By (3.16) and the product rule, we compute

∂α1
x1
(F−1ηmℓ+i)(x1) =

2ℓ+i

m!
∂α1
x1
(xm1 (F−1ζ)(2ℓ+ix1))

=
2ℓ+i

m!

α1∑
n=0

cn x
m−n
1 2(ℓ+i)(α1−n)(F−1ζ)(α1−n)(2ℓ+ix1),

where cn =
(
α1

n

)
m!

(m−n)! if n ≤ m and zero otherwise. Taking norms and
applying Hardy’s inequality (Lemma 2.5) yields

(4.6) ∥∂α1
1 (F−1ηmℓ+i)∥

p
Lp(R,wγ0 )

≤ C 2ℓp
α1∑
n=0

2(ℓ+i)(α1−n)p
∥∥x1 7→ xm−n

1 (F−1ζ)(α1−n)(2ℓ+ix1)
∥∥p
Lp(R,wγ0 )

≤ C 2ℓp(1+α1)∥x1 7→ xm1 (F−1ζ)(α1)(2ℓ+ix1)∥pLp(R,wγ0 )

≤ C 2
ℓp(1+α1−m− γ0+1

p
)
.

For the Lp(Rd−1;X)-norm we estimate, with the notation Tng := ϕn ∗ g,

(4.7) ∥∂α̃(ϕℓ+i ∗ g)∥pLp(Rd−1;X)
≤

1∑
n=−1

∥∂α̃(ϕℓ+i ∗ Tℓ+i+ng)∥pLp(Rd−1;X)

≤ C 2ℓp|α̃|
1∑

n=−1

∥Tℓ+i+ng∥pLp(Rd−1;X)
.

Combining the estimates (4.5)–(4.7) yields

∥∂α extm g∥Lp(Rd,wγ ;X) ≤ C
( ∞∑

ℓ=0

2
ℓp(s0+|α|−m− γ0+1

p
)∥Tℓg∥pLp(Rd−1;X)

)1/p

≤ C
( ∞∑

ℓ=0

2
ℓp(k−m− γ+1

p
)∥ϕℓ ∗ g∥pLp(Rd−1;X)

)1/p

= C∥g∥
B

k−m− γ+1
p

p,p (Rd−1;X)
,
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where the constants are independent of g and ℓ and we have used

s0 + |α| −m− γ0 + 1

p
= |α| −m− γ + 1

p
≤ k −m− γ + 1

p
.

This proves the continuity for the extension operator.

To close this section we state a related result for the vector of traces given
by

Trm := (Tr0, . . . ,Trm), m ∈ N0.

We follow [7, proof of Theorem VIII.1.3.2] to determine the trace space
for Trm from the trace space for Trm. A similar result is contained in [71,
Section 2.9.2] for weighted scalar-valued Sobolev spaces.

Proposition 4.7. Let p ∈ (1,∞), m ∈ N0 and let X be a Banach space.

(i) If s > 0, γ ∈ (−1, p− 1), s > m+ γ+1
p and O ∈ {Rd,Rd

+}, then

Trm : Hs,p(O, wγ ;X)→
m∏
j=0

B
s−j− γ+1

p
p,p (Rd−1;X)

is a continuous and surjective operator.
(ii) If k ∈ N1, γ ∈ (−1,∞) \ {jp− 1 : j ∈ N1} and k > m+ γ+1

p , then

Trm : W k,p(Rd
+, wγ ;X)→

m∏
j=0

B
k−j− γ+1

p
p,p (Rd−1;X)

is a continuous and surjective operator.

In both cases, there exists a continuous right inverse extm of Trm which is
independent of k, s, p, γ and X.

Proof. The proof is similar to [7, Theorem VIII.1.3.2] and for the conve-
nience of the reader, we sketch the proof.

Step 1: Proof of (i). For j ∈ {0, . . . ,m} let Trj and extj be as in Theo-
rem 4.1(i). The continuity of Trm follows from Theorem 4.1(i). We continue
with constructing an extension operator extm. Let

(g0, . . . , gm) ∈
m∏
j=0

B
s−j− γ+1

p
p,p (Rd−1;X)

and define f0 := ext0 g0. For j ∈ {1, . . . ,m} we recursively define

fj := fj−1 + extj(gj − Trj fj−1) = Hjfj−1 + extj gj ,

where Hj := 1 − extj ◦Trj is a bounded operator on Hs,p(O, wγ ;X) by
Theorem 4.1(i). It is straightforward to verify that

(4.8) fm = extm gm +
m−1∑
j=0

( m∏
n=j+1

Hn

)
extj gj .
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Moreover, note that from Theorem 4.1(i) we have for j ∈ {0, . . . ,m},

(4.9)
Trj ◦Hj = Trj ◦ (1− extj ◦Trj) = Trj −Trj = 0,

Trj1 ◦Hj = Trj1 ◦ (1− extj ◦Trj) = Trj1 for j1 ∈ {0, . . . , j − 1}.

From (4.8) and (4.9) it follows that Trj fm = gj for j ∈ {0, . . . ,m}. Hence,
we can define extm(g0, . . . , gm) := fm and it is straightforward to verify that
this operator satisfies the desired properties.

Step 2: Proof of (ii). This case is similar to Step 1 using Theorem 4.6
instead of Theorem 4.1(i).

4.2. Density results. As an application of the trace theorems in the
previous section, we prove density of certain classes of test functions in
weighted spaces with zero boundary conditions.

4.2.1. Bessel potential spaces. Let p ∈ (1,∞), s ∈ R, γ ∈ (−1, p − 1),
O ∈ {Rd,Rd

+} and let X be a Banach space. Then we define

Hs,p
0 (O, wγ ;X) :=

{
f ∈ Hs,p(O, wγ ;X) : Tr(∂αf) = 0 if s− |α| > γ+1

p

}
.

All the traces in the above definition are well defined by Theorem 4.1. We
note that if s ≤ γ+1

p , then

(4.10) Hs,p
0 (O, wγ ;X) = Hs,p(O, wγ ;X).

Moreover, we set Rd
• := Rd \ {(0, x̃) : x̃ ∈ Rd−1}.

To prove a density result for Hs,p
0 , we first record the following proposition

about the boundedness of the pointwise multiplication operator 1Rd
+
. The

following proposition is an extension of [53, Proposition 6.2].

Proposition 4.8. Let p ∈ (1,∞), γ ∈ (−1, p−1) and let X be a Banach
space. Let s > −1 + γ+1

p and m ∈ N0 ∪ {−1} be such that m + γ+1
p < s <

m + 1 + γ+1
p . Then for all f ∈ Hs,p(Rd, wγ ;X) ∩

{
g ∈ Wm+1,1

loc (Rd;X) :

g(0, ·) = · · · = (∂m
1 g)(0, ·) = 0

}
we have∥∥1Rd

+
f
∥∥
Hs,p(Rd,wγ ;X)

≤ C∥f∥Hs,p(Rd,wγ ;X),

where the constant C > 0 only depends on p, γ, s and X.
As a consequence, 1Rd

+
is a pointwisemultiplier on the closure ofC∞

c (Rd
•;X)

with respect to the norm of Hs,p(Rd, wγ ;X). Moreover,

∂α(1Rd
+
f) = 1Rd

+
(∂αf) for |α| ≤ m and f ∈ C∞

c (Rd
•;X)

Hs,p(Rd,wγ ;X)
.

The proof of Proposition 4.8 relies on an improvement of [53, Lemma 4.2],
where the UMD condition on the Banach space can be omitted.
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Lemma 4.9. Let p ∈ (1,∞), s ∈ R, σ ≥ 0, w ∈ Ap(Rd) and let X be
a Banach space. Then f ∈ Hs+σ,p(Rd, w;X) if and only if f, (−∆)σ/2 ∈
Hs,p(Rd, w;X). In this case,

∥f∥Hs+σ,p(Rd,w;X) ≂ ∥f∥Hs,p(Rd,w;X) + ∥(−∆)σ/2f∥Hs,p(Rd,w;X),

where the constant only depends on p,s, σ, w and X.

Proof. The Laplacian −∆ is a sectorial operator on Lp(Rd, w;X) with
domain D(∆) = H2,p(Rd, w;X). By lifting we deduce that −∆ is a sectorial
operator on Hs,p(Rd, w;X) with D(∆) = Hs+2,p(Rd, w;X) for any s ∈ R.
Now, [32, Proposition 15.2.12] yields for any s ∈ R and σ ≥ 0,

∥f∥Hs+σ,p(Rd,w;X) = ∥(1−∆)σ/2f∥Hs,p(Rd,w;X)

≂ ∥f∥Hs,p(Rd,w;X) + ∥(−∆)σ/2f∥Hs,p(Rd,w;X).

This finishes the proof.

As a consequence of Lemma 4.9, we can answer the question for which
Banach spaces X the pointwise multiplication operator 1Rd

+
is a bounded

operator on Hs,p(Rd, wγ ;X). In particular, this solves [32, Problem Q.12].

Theorem 4.10. Let p ∈ (1,∞), γ ∈ (−1, p − 1), −1 + γ+1
p < s < γ+1

p
and let X be a Banach space. Then the pointwise multiplication operator 1Rd

+

extends to a bounded operator on Hs,p(Rd, wγ ;X).

Proof. The proof is precisely the same as [53, Theorem 4.1], where this
theorem is proved for UMD Banach spaces X. The only place where their
proof uses the UMD condition is through the norm equivalence in [53,
Lemma 4.2]. Lemma 4.9 gives precisely this norm equivalence without the
UMD condition.

We now turn to the proof of Proposition 4.8. Comparing the statements
of Proposition 4.8 and Theorem 4.10, we note that in Theorem 4.10 the addi-
tional condition s < (γ+1)/p is required. This is precisely the setting where
no traces at ∂Rd

+ exist. In the setting of Proposition 4.8, certain traces exist
if s ≥ (γ + 1)/p, but all these traces are zero. This implies that derivatives
and 1Rd

+
commute, which allows us to remove the condition s < (γ + 1)/p.

Proof of Proposition 4.8. The proof is completely analogous to those of
[53, Lemma 6.1 and Proposition 6.2]. First, [53, Lemma 6.1] can be extended
from d = 1 to d ≥ 1. Afterwards, redoing the proof of [53, Proposition 6.2] by
using Theorem 4.10 instead of [53, Theorem 4.1] gives the desired result.

We continue with a density result for Hs,p
0 (O, wγ ;X), which will be

needed in Section 6 to characterise complex interpolation spaces of Bessel
potential spaces with vanishing boundary conditions. The proposition below
is an extension of [53, Propositions 6.4 and 6.6].
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Proposition 4.11. Let p ∈ (1,∞), s > −1+ γ+1
p such that s /∈ N0+

γ+1
p ,

γ ∈ (−1, p− 1) and let X be a Banach space. Then

(i) Hs,p
0 (Rd, wγ ;X) = C∞

c (Rd
•;X)

Hs,p(Rd,wγ ;X)
,

(ii) Hs,p
0 (Rd

+, wγ ;X) = C∞
c (Rd

+;X)
Hs,p(Rd

+,wγ ;X)
.

Proof. Let m ∈ N0∪{−1} be such that m+ γ+1
p < s < m+1+ γ+1

p . For
m = −1 no traces exist (see also (4.10)) and the arguments below can easily
be adapted to this case by ignoring any trace conditions. Moreover, we note
that derivatives in the directions x̃ = (x2, . . . , xd) commute with the trace
operator (which follows by a density argument), and therefore for m ∈ N0

and O ∈ {Rd,Rd
+},

Hs,p
0 (O, wγ ;X) = {f ∈ Hs,p(O, w;X) : Trmf = 0}.

Step 1: Proof of (i). For f ∈ C∞
c (Rd

•;X) it is clear that Trmf = 0 and by
continuity (see Proposition 4.7(i)) this extends to the closure of C∞

c (Rd
•;X).

Conversely, let f ∈ Hs,p(Rd, wγ ;X) such that Trmf = 0. By [53, Lemma
3.4] there exists a sequence (f

(1)
n )n≥1 ⊆ C∞

c (Rd;X) such that
(4.11) f (1)

n → f in Hs,p(Rd, wγ ;X) as n→∞.

Let extm be as in Proposition 4.7(i) and define f
(2)
n := f

(1)
n − extm(Trmf

(1)
n )

for n ∈ N1. Then by Remark 4.5 we have f
(2)
n ∈ C∞(Rd;X) and from

Proposition 4.7(i) it follows that Trmf
(2)
n = 0 for all n ∈ N1. Moreover, using

Trmf = 0, Proposition 4.7(i) twice and (4.11), it follows that

∥extm(Trmf (1)
n )∥Hs,p(Rd,wγ ;X) ≤ C

m∑
j=0

∥Trmf − Trmf (1)
n ∥

B
s−j− γ+1

p
p,p (Rd−1;X)

≤ C∥f − f (1)
n ∥Hs,p(Rd,wγ ;X) → 0 as n→∞

and therefore

∥f − f (2)
n ∥Hs,p(Rd,wγ ;X)

≤ ∥f − f (1)
n ∥Hs,p(Rd,wγ ;X) + ∥extm(Trmf (1)

n )∥Hs,p(Rd,wγ ;X) → 0

as n → ∞. By a standard cut-off argument we find a sequence (f
(3)
n )n≥1 ⊆

C∞
c (Rd;X) with Trmf

(3)
n = 0 for all n ∈ N1 and f

(3)
n → f in Hs,p(Rd, wγ ;X)

as n→∞.
It remains to show that any g ∈ C∞

c (Rd;X) with Trmg = 0 can be ap-
proximated by functions in C∞

c (Rd
•;X). By writing g = 1Rd

+
g + 1Rd

−
g =:

g+ + g−, we see that g± ∈ Hs,p(Rd, wγ ;X) by Proposition 4.8 and thus
it suffices to approximate g+ and g− separately. Let ϕ± ∈ C∞

c (Rd) be
such that

	
Rd ϕ

± dx = 1 and suppϕ+ ⊆ [1,∞) × Rd−1 and suppϕ− ⊆
(−∞,−1]× Rd−1. Define ϕ±

n (x) := ndϕ±(nx) for n ∈ N1 and x ∈ Rd. Then



32 F. B. Roodenburg

ϕ±
n ∗ g± ∈ C∞

c (Rd
•;X) and ϕ±

n ∗ g± → g± in Hs,p(Rd, wγ ;X) as n → ∞ by
[53, Lemma 3.6].

Step 2: Proof of (ii). Again, the embedding “←↩” is straightforward
to prove. For the other embedding, let f ∈ Hs,p(Rd

+, wγ ;X) be such that
Trmf = 0. Then there exists an f̃ ∈ Hs,p(Rd, wγ ;X) such that f̃ |Rd

+
= f

and Trmf̃ = Trmf = 0 (see the discussion about traces on the half-space
at the beginning of Section 4.1). By Step 1 there exists a sequence f̃n ∈
C∞
c (Rd

•;X) such that f̃n → f̃ in Hs,p(Rd, wγ ;X) as n→∞. It follows that
fn := f̃n|Rd

+
∈ C∞

c (Rd
+;X) and fn → f in Hs,p(Rd

+, wγ ;X) as n→∞.

4.2.2. Sobolev spaces. Let p ∈ (1,∞), k ∈ N0, γ ∈ (−1,∞) \ {jp − 1 :
j ∈ N1} and X a Banach space. Then we define

W k,p
0 (Rd

+, wγ ;X) :=
{
f ∈W k,p(Rd

+, wγ ;X) : Tr(∂αf) = 0 if k− |α| > γ+1
p

}
.

Moreover, if m ∈ N0, then we define

W k,p
Trm

(Rd
+, wγ ;X) :=

{
f ∈W k,p(Rd

+, wγ ;X) : Trm f = 0 if k −m > γ+1
p

}
.

All the traces in the above definitions are well defined by Theorem 4.6.
Note that for m = 0 and m = 1 the above Sobolev spaces with zero
boundary conditions coincide with the Dirichlet and Neumann spaces as
defined in [51]. Similar to the Bessel potential spaces, C∞

c (Rd
+;X) is dense

in W k,p
0 (Rd

+, wγ ;X) (see, e.g., [54, Proposition 3.8]). To deal with higher-
order boundary conditions we need spaces of smooth functions where only
higher-order derivatives are compactly supported. For m ∈ N0 we define

C∞
c,m(Rd

+;X) := {f ∈ C∞
c (Rd

+;X) : ∂m
1 f ∈ C∞

c (Rd
+;X)}.

In particular, note that f ∈ C∞
c,m(Rd

+;X) satisfies ∂αf ∈ C∞
c (Rd

+;X) for all
α = (α1, α̃) ∈ N0 × Nd−1

0 with α1 ≥ m.
The following two density results will be required in [52] to find trace

characterisations for weighted Sobolev spaces on domains with, e.g., C1-
boundary. We first prove a density result for homogeneous boundary condi-
tions of order m.

Proposition 4.12. Let p ∈ (1,∞), k,m ∈ N0 such that k ≥ m, γ ∈
(−1,∞) \ {jp− 1 : j ∈ {1, . . . , k −m}} and let X be a Banach space. Then

W k,p
Trm

(Rd
+, wγ ;X) =

{
f ∈ C∞

c (Rd
+;X) : (∂m

1 f)|∂Rd
+
= 0

}Wk,p(Rd
+,wγ ;X)

.

Proof. Step 1: The case γ > (k−m)p−1. Note that for γ > (k−m)p−1,
W k,p

Trm
(Rd

+, wγ ;X) = W k,p(Rd
+, wγ ;X), so that the result follows from
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C∞
c,m(Rd

+;X) ⊆
{
f ∈ C∞

c (Rd
+;X) : (∂m

1 f)|∂Rd
+
= 0

}
,

C∞
c,m(Rd

+;X)
dense
↪→ W k,p(Rd

+, wγ ;X);

see [51, Lemma 3.4].

Step 2:The case γ<(k−m)p−1. Let ε>0 and take f ∈W k,p(Rd
+, wγ ;X)

such that Trm f=0. By [43, Theorem 7.2 and Remark 11.12(iii)], which also
hold in the vector-valued case, and a standard cut-off argument, there exists
an f (1)∈C∞

c (Rd
+;X) such that

(4.12) ∥f − f (1)∥Wk,p(Rd
+,wγ ;X) < ε.

Let extm be as in Theorem 4.6 and define f (2) := f (1) − extm(Trm f (1)).
Then by Remark 4.5 we have f (2) ∈ C∞(Rd

+;X) and from Theorem 4.6 it
follows that (∂m

1 f (2))|∂Rd
+
= 0 and

∥f − f (2)∥Wk,p(Rd
+,wγ ;X)

≤ ∥f − f (1)∥Wk,p(Rd
+,wγ ;X) + ∥extm(Trm f (1))∥Wk,p(Rd

+,wγ ;X).

From Trm f = 0, Theorem 4.6 applied twice and (4.12), it follows that

∥extm(Trm f (1))∥Wk,p(Rd
+,wγ ;X) ≤ C∥Trm f − Trm f (1)∥

B
k−m− γ+1

p
p,p (Rd−1;X)

≤ C∥f − f (1)∥Wk,p(Rd
+,wγ ;X) < Cε.

This proves that ∥f − f (2)∥Wk,p(Rd
+,wγ ;X) < (C + 1)ε. Finally, a standard

cut-off argument gives an approximating sequence in C∞
c (Rd

+;X) satisfying
the boundary condition.

Under suitable restrictions on γ, such that traces of order ≥ m + 1 do
not exist, we can prove density of C∞

c,m(Rd
+;X) in W k,p

Trm
(Rd

+, wγ ;X). The
proof combines the construction of an approximating sequence from [51,
Lemma 3.4] with the result of Proposition 4.12.

Proposition 4.13. Let p ∈ (1,∞), k,m ∈ N0 such that k ≥ m + 1,
(k −m− 1)p− 1 < γ < (k −m)p− 1 and let X be a Banach space. Then

W k,p
Trm

(Rd
+, wγ ;X) = C∞

c,m(Rd
+;X)

Wk,p(Rd
+,wγ ;X)

.

Proof. Let ε > 0 and take f ∈W k,p(Rd
+, wγ ;X) such that Trm f = 0. The

conditions on γ guarantee that Trm f exists and traces of order ≥ m+ 1 do
not exist. By Proposition 4.12 there exists g ∈ C∞

c (Rd
+;X) with its support

in [0, R]× [−R,R]d−1 for some R > 0 such that (∂m
1 g)|∂Rd

+
= 0 and

(4.13) ∥f − g∥Wk,p(Rd
+,wγ ;X) < ε.
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Let ϕ ∈ C∞(R+) be such that ϕ = 0 on [0, 1/2] and ϕ = 1 on [1,∞) and set
ϕn(x1) := ϕ(nx1). We construct a sequence (gn)n≥1 as follows:

• If m = 0, define gn(x) := ϕn(x1)g(x).
• If m ≥ 1, define

gn(x) :=
m−1∑
j=0

(∂j
1g)(1, x̃)

(x1 − 1)j

j!
+

1

(m− 1)!

x1�

1

(x1−t)m−1ϕn(t)∂
m
1 g(t, x̃) dt.

Note that by integration by parts gn(x) = g(x) for all x ∈ Rd
+ with x1 ≥ 1

n .
For |α| ≤ k with α1 ≤ m and x ∈ Rd

+ with x1 < 1 we have

∥∂αgn(x)∥X ≤ Cm∥g∥Ck+m
b (Rd

+;X)∥ϕ∥L∞(R+).

Moreover, we have

(4.14) ∂m
1 gn(x) = ϕn(x1)∂

m
1 g(x), x ∈ Rd

+,

so that in particular ∂m
1 gn ∈ C∞

c (Rd
+;X). We write α = (α1, α̃) ∈ N0×Nd−1

0 .
If α1 ∈ {m+1, . . . , k}, then it follows from (4.14) and the product rule that

(4.15) ∥∂α1
1 gn(x)∥X = ∥∂α1−m

1 (ϕn(x1)∂
m
1 g(x))∥X

≤ nα1−m∥ϕ(α1−m)(nx1)∂
m
1 g(x)∥X

+ Ck,m

α1−m−1∑
j=0

nj∥ϕ(j)(nx1)∂
α1−j
1 g(x)∥X

≤ nk−m∥ϕ∥Ck−m
b (R+)∥∂

m
1 g(x)∥X

+ Ck,m nk−m−1∥ϕ∥Ck−m−1
b (R+)∥g∥Ck

b (R
d
+;X).

Let KR := [−R,R]d−1. The properties of gn and (4.15) imply that

∥g − gn∥Wk,p(Rd
+,wγ ;X)

≤
∑
|α|≤k

( �

KR

1/n�

0

xγ1∥∂
αg(x)∥pX dx1 dx̃

)1/p

+
∑
|α|≤k
α1≤m

( �

KR

1/n�

0

xγ1∥∂
αgn(x)∥pX dx1 dx̃

)1/p

+ nk−m∥ϕ∥Ck−m
b (R+)

( �

KR

1/n�

0

xγ1∥∂
α̃∂m

1 g(x)∥pX dx1 dx̃
)1/p
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+ Ck,m nk−m−1∥ϕ∥Ck−m−1
b (R+)∥g∥Ck

b (R
d
+;X)

( �

KR

1/n�

0

xγ1 dx1 dx̃
)1/p

≤ Ck,m n
1
p
((k−m−1)p−1−γ) · (2R)

d−1
p

γ+1 ∥g∥Ck+m
b (Rd

+;X)∥ϕ∥Ck−m−1
b (R+)

+ nk−m−1∥ϕ∥Ck−m
b (R+)

( �

KR

1/n�

0

xγ−p
1 ∥∂α̃∂m

1 g(x)∥pX dx1 dx̃
)1/p

≤ Ck,m,p n
1
p
((k−m−1)p−1−γ) · (2R)

d−1
p

γ+1 ∥g∥Ck+m
b (Rd

+;X)∥ϕ∥Ck−m
b (R+),

where in the last step we first applied Hardy’s inequality (by Lemma 2.5(i)
since γ−p > −p−1 and (∂m

1 g)|∂Rd
+
= 0), then estimated g and finally calcu-

lated the remaining integrals over x1 and x̃. Hence, as γ > (k−m− 1)p− 1,
taking n large enough implies with (4.13) that

∥f − gn∥Wk,p(Rd
+,wγ ;X) ≤ ∥f − g∥Wk,p(Rd

+,wγ ;X) + ∥g− gn∥Wk,p(Rd
+,wγ ;X) < 2ε.

This completes the proof.

5. Trace theorem for boundary operators. In this section, we study
differential operators on the boundary of the half-space and we prove a trace
theorem for systems of normal boundary operators on weighted Bessel po-
tential and Sobolev spaces.

We start with the definition of a boundary operator which is in the same
spirit as [7, Section VIII.2].

Definition 5.1 (Boundary operators). Let p ∈ (1,∞), s > 0, γ ∈
(−1,∞) \ {jp − 1 : j ∈ N1}, m ∈ N0 and let X,Y be Banach spaces.
Then the boundary operator of order m, given by

B :=
∑

|α|≤m

bαTr ∂
α with bα ̸= 0 for some |α| = m,

is of type (p, s, γ,m, Y ) if

(i) s > m+ γ+1
p ,

(ii) for all |α| ≤ m we have bα ∈ Cℓ
b(Rd−1;L(X,Y )) for some ℓ ∈ N0 such

that ℓ > s−m− γ+1
p .

Note that for α = (α1, α̃) ∈ N0 × Nd−1
0 , we have Tr ∂α = ∂α̃Trα1 and

therefore the boundary operator B can be rewritten as

(5.1) B =

m∑
j=0

bj Trj , where bj(·,∇x̃) :=
∑

|α̃|≤m−j

b(j,α̃)∂
α̃.
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Note that the leading order coefficient bm is independent of ∇x̃. In the fol-
lowing lemma, we prove that B is a bounded operator from a weighted Bessel
potential or Sobolev space to its trace space.

Lemma 5.2. Let p ∈ (1,∞), m ∈ N0 and let X,Y be Banach spaces.

(i) If s > 0, γ ∈ (−1, p− 1) and B is of type (p, s, γ,m, Y ), then

B : Hs,p(Rd
+, wγ ;X)→ B

s−m− γ+1
p

p,p (Rd−1;Y ) is bounded.

(ii) If k ∈ N1, γ ∈ (−1,∞)\{jp−1 : j ∈ N1} and B is of type (p, k, γ,m, Y ),
then

B : W k,p(Rd
+, wγ ;X)→ B

k−m− γ+1
p

p,p (Rd−1;Y ) is bounded.

Proof. Step 1: Proof of (i). By Theorem 4.1(i), for all j ∈ {0, . . . ,m},

(5.2) Trj : H
s,p(Rd

+, wγ ;X)→ B
k−j− γ+1

p
p,p (Rd−1;X)

is bounded and by [60, Proposition 3.10] it follows that for all |α̃| ≤ m− j,

(5.3) ∂α̃ : B
s−j− γ+1

p
p,p (Rd−1;X)→ B

s−j−|α̃|− γ+1
p

p,p (Rd−1;X)

is bounded. Note that the mapping property (5.3) and the embedding
Bs1

p,p(Rd−1;X) ↪→ Bs2
p,p(Rd−1;X) for s1 ≥ s2, imply that for all |α̃| ≤ m− j,

(5.4) ∂α̃ : B
s−j− γ+1

p
p,p (Rd−1;X)→ B

s−m− γ+1
p

p,p (Rd−1;X)

is bounded as well. Moreover, by Definition 5.1(ii) and [32, Example 14.4.33],
the pointwise multiplication operator

(5.5) Mbα : B
s−m− γ+1

p
p,p (Rd−1;X)→ B

s−m− γ+1
p

p,p (Rd−1;Y )

is bounded. Combining (5.1), (5.2), (5.4) and (5.5) yields the result.

Step 2: Proof of (ii). This case is analogous to Step 1 using Theorem 4.6
to obtain (5.2) for weighted Sobolev spaces with γ ∈ (−1,∞) \ {jp − 1 :
j ∈ N1}.

We make the following definitions about (systems of) normal boundary
operators.

Definition 5.3 (Normal boundary operators). An operator B of type
(p, s, γ,m, Y ) is a normal boundary operator of type (p, s, γ,m, Y ) if the lead-
ing order coefficient bm in (5.1) admits a continuous right inverse bcm ∈
Cℓ
b(Rd−1;L(Y,X)), where ℓ is as in Definition 5.1.

In the above definition, bm(x̃) is a retraction for any x̃ ∈ Rd−1 with
coretraction bcm(x̃) (see [71, Section 1.2.4]).
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Definition 5.4 (System of normal boundary operators). Let n ∈ N0

and

(i) 0 ≤ m0 < m1 < · · · < mn be integers,
(ii) Y0, . . . , Yn be Banach spaces,
(iii) Bmi be a normal boundary operator of type (p, s, γ,mi, Yi).

Let m := (m0, . . . ,mn) and Y := (Y0, . . . , Yn). Then the operator

B := (Bm0 , . . . ,Bmn)

is a normal boundary operator of type (p, s, γ,m, Y ).

Note that a normal boundary operator of type (p, s, γ,m, Y ) satisfies
s > mn + γ+1

p . In particular, (Trmi)
n
i=0 is a normal boundary operator of

type (p, s, γ,m,X) for s > mn + γ+1
p . This includes the important cases for

Dirichlet (n = 0 and m0 = 0) and Neumann (n = 0 and m0 = 1) boundary
conditions.

Remark 5.5. In the case that X = Cq for some q ∈ N1, the definition of
a normal boundary system as given in [69, Definition 3.1] coincides with our
definition above. The definition in [69] requires that the coefficient matrix
for the highest-order derivative in Bmi is surjective, which implies that the
boundary operator can be replaced by a q × q matrix operator (leaving
the kernel of Bmi invariant) such that the coefficient for the highest order
derivative is a projection-valued matrix (see [69, Section 3]). This is a key
ingredient for characterising the complex interpolation spaces in [69]. For
general Banach spaces X we replace these conditions by the retraction and
coretraction in Definition 5.3. In the case that X and Yi are Hilbert spaces
we refer to [7, Lemma VIII.2.1.3] for a sufficient condition for B to be normal.

We note that [69, Definition 3.1] arises from Agmon’s condition [3] about
minimal growth of the resolvent of an elliptic operator.

We can now prove the following trace theorem for normal boundary op-
erators analogous to [7, Theorem VIII.2.2.1].

Theorem 5.6. Let p ∈ (1,∞) and let X be a Banach space. Assume that
the conditions (i)–(ii) of Definition 5.4 hold.

(i) If s > 0, γ ∈ (−1, p− 1) and B is of type (p, s, γ,m, Y ), then

B : Hs,p(Rd
+, wγ ;X)→

n∏
j=0

B
s−mj− γ+1

p
p,p (Rd−1;Yj)

is a continuous and surjective operator.
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(ii) If k ∈ N1, γ ∈ (−1,∞)\{jp−1 : j ∈ N1} and B is of type (p, k, γ,m, Y ),
then

B : W k,p(Rd
+, wγ ;X)→

n∏
j=0

B
k−mj− γ+1

p
p,p (Rd−1;Yj)

is a continuous and surjective operator.

In both cases, there exists a continuous right inverse extB of B which is inde-
pendent of k, s, p and γ. For any 0 ≤ j < mn such that j /∈ {m0, . . . ,mn−1},
we have Trj ◦ extB = 0.

Proof. The proof is similar to [7, Theorem VIII.2.2.1] and for the conve-
nience of the reader, we provide the proof.

The continuity of B follows from Lemma 5.2. We construct the right
inverse extB in the case of Bessel potential spaces. The case of Sobolev spaces
is the same if one invokes Theorem 4.6 instead of Theorem 4.1(i) in the
construction below. Let

Bmi =

mi∑
j=0

bi,j Trj , bi,j =
∑

|α̃|≤mi−j

bmi

(j,α̃)∂
α̃, for i ∈ {0, . . . , n},

where bmi
α are the coefficients of the operator Bmi . According to Definition 5.3

there exists a right inverse bci,mi
∈ Cℓ

b(Rd−1;L(Yi, X)) of bi,mi . Define the
operator

(5.6) C̃mi = −
mi−1∑
j=0

bci,mi
bi,j Trj , C̃0 := 0.

Reasoning as in the proof of Lemma 5.2 shows that

C̃mi : Hs,p(Rd
+, wγ ;X)→ B

s−mi− γ+1
p

p,p (Rd−1;X)

is a bounded linear operator. Now, define the operator C̃ := (C̃j)mn
j=0 by

setting C̃j = C̃mi if j = mi for some i ∈ {0, . . . , n}, and C̃j = 0 if j /∈
{m0, . . . ,mn}. Then

C̃ : Hs,p(Rd
+, wγ ;X)→

mn∏
j=0

B
s−j− γ+1

p
p,p (Rd−1;X)

is linear and bounded as well. Let

g = (gm0 , . . . , gmn) ∈
n∏

i=0

B
s−mi− γ+1

p
p,p (Rd−1;Yi)

and define
h = (hj)

mn
j=0 ∈

mn∏
j=0

B
s−j− γ+1

p
p,p (Rd−1;X)

by setting hj = hmi := bci,mi
gmi if j = mi for some i ∈ {0, . . . , n}, and hj = 0

if j /∈ {m0, . . . ,mn}. Furthermore, let f0 := ext0 h0 and for j ∈ {1, . . . ,mn}
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we recursively define

fj := fj−1 + extj
(
hj + C̃jfj−1 − Trj fj−1

)
.

Note that fj ∈ Hs,p(Rd
+, wγ ;X) for all j ∈ {0, . . . ,mn} by Theorem 4.1(i).

We will prove that extB g := fmn defines the right inverse we are looking for.
By Theorem 4.1(i), Trℓ ◦ extj = δjℓ for ℓ ≤ j, and therefore

(5.7)
Trj fj = hj + C̃jfj−1 for 0 ≤ j ≤ mn,

Trℓ fj = Trℓ fj−1 for 0 ≤ ℓ < j ≤ mn.

Suppose that 0 ≤ ℓ ≤ j ≤ mn, then by (5.7),

(5.8) Trℓ fj = Trℓ fj−1 = · · · = Trℓ fℓ = hℓ + C̃ℓfℓ−1.

Moreover, if ℓ = mi ∈ {m0, . . . ,mn}, then by (5.6) and (5.7),

(5.9) C̃ℓfℓ−1 = C̃ℓfℓ = · · · = C̃ℓfj .
Hence, (5.6) and (5.9) imply

Trmi fj = hmi + C̃mifj for mi ≤ j ≤ mn, 0 ≤ i ≤ n.

Multiplying on the left with bi,mi gives

(5.10) Bmifj = gmi for mi ≤ j ≤ mn, 0 ≤ i ≤ n.

Define

Cmi :
i∏

j=0

B
s−mj− γ+1

p
p,p (Rd−1;Yj)→ Hs,p(Rd

+, wγ ;X)

by Cmi(gm0 , . . . , gmi) := fmi for i ∈ {0, . . . , n}. Then from (5.10) we deduce
for 0 ≤ ℓ ≤ i ≤ n that

BmℓCmi(gm0 , . . . , gmi) = Bmℓfmi = gmℓ
.

So indeed, extB := Cmn is the right inverse for B.
Finally, if ℓ /∈ {m0, . . . ,mn}, then hℓ = 0 and C̃ℓ = 0, so that (5.8) implies

Trj(extB g) = Trj fmn = 0.

6. Complex interpolation of Bessel potential and Sobolev
spaces. In this final section, we prove the characterisations for the com-
plex interpolation spaces of weighted Bessel potential and Sobolev spaces.
In Section 6.1 we start with some preliminary interpolation results on the
half-space required for our main results which are stated in Section 6.2. The
proofs of the main results are given in Section 6.3.

6.1. Interpolation results for weighted spaces. We start with an
interpolation result for the weighted Bessel potential spaces Hs,p

0 (O, wγ ;X),
see Section 4.2.1. Interpolation theory for vector-valued Bessel potential (and
Sobolev) spaces relies on the vector-valued Mikhlin multiplier theorem, which
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requires the UMD condition (see [63, Section 3]). Consequently, unlike in
previous sections where this condition was unnecessary, we will require the
UMD condition from now on.

Proposition 6.1. Let p ∈ (1,∞), γ ∈ (−1, p − 1), O ∈ {Rd,Rd
+} and

let X be a UMD Banach space. Assume that θ ∈ (0, 1), −1 + γ+1
p < s0 <

sθ < s1 with sθ = (1− θ)s0 + θs1 satisfy s0, sθ, s1 /∈ N0 +
γ+1
p . Then

Hsθ,p
0 (O, wγ ;X) =

[
Hs0,p

0 (O, wγ ;X), Hs1,p
0 (O, wγ ;X)

]
θ
.

Proof. Step 1: The case O = Rd. We define Hs,p

Rd
±
(Rd, wγ ;X) to be the

closed subspace of Hs,p(Rd, wγ ;X) consisting of all functions with support
in Rd

±. These spaces form a complex interpolation scale (see [53, Proposi-
tion 5.7]) and below we construct an isomorphism to reduce to this known
interpolation result.

Let s > −1 + γ+1
p be such that s /∈ N0 + γ+1

p . Then we claim that
Trmf = 0 for integers m ∈ [0, s − γ+1

p ) and f ∈ Hs,p

Rd
±
(Rd, wγ ;X). Indeed,

this follows from the fact that if f ∈ Hs,p(Rd, wγ ;X) satisfies f |(0,δ)×Rd−1 = 0
or f |(−δ,0)×Rd−1 = 0 for some δ > 0, then Trmf = 0. This observation can be
proved similarly to [53, Proposition 6.3(2)] using the continuity of Trm from
Proposition 4.7(i).

The claim proves that the mapping

R : Hs,p

Rd
+
(Rd, wγ ;X)×Hs,p

Rd
−
(Rd, wγ ;X)→ Hs,p

0 (Rd, wγ ;X),

R(g, h) := g + h,

is well defined and continuous. Furthermore, by Propositions 4.8 and 4.11
the mapping

S : Hs,p
0 (Rd, wγ ;X)→ Hs,p

Rd
+
(Rd, wγ ;X)×Hs,p

Rd
−
(Rd, wγ ;X),

Sf := (1Rd
+
f,1Rd

−
f),

is well defined and continuous. Since R−1 = S the result now follows from
[53, Proposition 5.7].

Step 2: The case O = Rd
+. Let m ∈ N0 be the smallest integer, such

that m ≥ max {|s0|, |s1|} and let s > −1 + γ+1
p be such that |s| ≤ m and

s /∈ N0 +
γ+1
p . Moreover, let

Em+ ∈ L(Hs,p(Rd
+, wγ ;X), Hs,p(Rd, wγ ;X))

be the reflection operator from [53, Proposition 5.6]. Then by [53, Proposi-
tion 5.6] the mapping

S : Hs,p
0 (Rd

+, wγ ;X)→ Hs,p
0 (Rd, wγ ;X), Sf := Em+ f,
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is well defined and continuous. Furthermore, let R : Hs,p
0 (Rd, wγ ;X) →

Hs,p
0 (Rd

+, wγ ;X) be the restriction operator. The result now follows from
Step 1 and [53, Lemma 5.3].

We continue with interpolation results for Sobolev spaces. First, we in-
troduce the following multiplication operator.

For κ ∈ R we define the pointwise multiplication operator

Mκ : C∞
c (Rd

+;X)→ C∞
c (Rd

+;X) by Mκu(x) = xκ1u(x), x ∈ Rd
+,

which extends to an operator on D′(Rd
+;X) by duality and M−κ acts as

inverse for Mκ. Moreover, we write M := M1.
The first interpolation result is for the Sobolev spaces W k,p

0 (Rd
+, wγ ;X)

with γ > −1; see Section 4.2.2. In this case, due to the zero boundary
conditions, the operator M j : W k,p

0 (Rd
+, wγ ;X)→W k,p

0 (Rd
+, wγ−jp;X) is an

isomorphism for all j ∈ N1. This allows us to lift the interpolation result for
γ ∈ (−1, p− 1) to γ ∈ (jp− 1, (j + 1)p− 1) for any j ∈ N1.

Proposition 6.2. Let p ∈ (1,∞), k0 ∈ N0, k1 ∈ N1 \ {1}, ℓ ∈ {1, . . . ,
k1− 1}, γ ∈ (−1,∞) \ {jp− 1 : j ∈ N1} and let X be a UMD Banach space.
Then[

W k0,p
0 (Rd

+, wγ ;X),W k0+k1,p
0 (Rd

+, wγ ;X)
]
ℓ/k1

= W k0+ℓ,p
0 (Rd

+, wγ ;X).

Proof. We first consider the case k0 = 0. If γ ∈ (−1, p − 1), then the
statement follows from [54, Proposition 3.15]. For γ ∈ (jp− 1, (j + 1)p− 1)
with j ∈ N1 we deduce, by applying [51, Lemma 3.6], properties of the
complex interpolation method and the case j = 0, that

[Lp(Rd
+, wγ ;X),W k1,p

0 (Rd
+, wγ ;X)]ℓ/k1

= [M−jLp(Rd
+, wγ−jp;X),M−jW k1,p

0 (Rd
+, wγ−jp;X)]ℓ/k1

= M−j [Lp(Rd
+, wγ−jp;X),W k1,p

0 (Rd
+, wγ−jp;X)]ℓ/k1

= M−jW ℓ,p
0 (Rd

+, wγ−jp;X) = W ℓ,p
0 (Rd

+, wγ ;X).

The case k0 ∈ N1 follows from the case k0 = 0 and reiteration for the complex
interpolation method (see [9, Theorem 4.6.1]):

[W k0,p
0 (Rd

+, wγ ;X),W k0+k1,p
0 (Rd

+, wγ ;X)]ℓ/k1

= [[Lp(Rd
+, wγ ;X),W k0+k1,p

0 (Rd
+, wγ ;X)] k0

k0+k1

,W k0+k1,p
0 (Rd

+, wγ ;X)]ℓ/k1

= [Lp(Rd
+, wγ ;X),W k0+k1,p

0 (Rd
+, wγ ;X)] k0+ℓ

k0+k1

= W k0+ℓ,p
0 (Rd

+, wγ ;X).

This completes the proof.

We proceed with the interpolation of weighted Sobolev spaces without
boundary conditions. As a consequence of Proposition 6.2, we can derive
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such a result if γ is large enough so that certain traces do not exist. On
the other hand, for arbitrary γ ∈ (−1,∞) \ {jp − 1 : j ∈ N1} we can only
prove one of the embeddings for the complex interpolation space using Wolff
interpolation. The converse embedding will be proved in Proposition 6.6.

Proposition 6.3. Let p ∈ (1,∞), k0 ∈ N0, k1 ∈ N1 \ {1}, ℓ ∈ {1, . . . ,
k1 − 1} and let X be a UMD Banach space.

(i) If γ ∈ ((k0 + ℓ)p− 1,∞) \ {jp− 1 : j ∈ N1}, then

[W k0,p(Rd
+, wγ ;X),W k0+k1,p(Rd

+, wγ ;X)]ℓ/k1 = W k0+ℓ,p(Rd
+, wγ ;X).

(ii) If γ ∈ (−1,∞) \ {jp− 1 : j ∈ N1}, then

[W k0,p(Rd
+, wγ ;X),W k0+k1,p(Rd

+, wγ ;X)]ℓ/k1 ↪→W k0+ℓ,p(Rd
+, wγ ;X).

Proof. Step 1: The proof of (i). We first consider the case k0 = 0. It
follows from Proposition 6.2 that

W ℓ,p(Rd
+, wγ ;X) = W ℓ,p

0 (Rd
+, wγ ;X)

= [Lp(Rd
+, wγ ;X),W k1,p

0 (Rd
+, wγ ;X)]ℓ/k1

↪→ [Lp(Rd
+, wγ ;X),W k1,p(Rd

+, wγ ;X)]ℓ/k1 .

To prove the other embedding, it suffices to show that

∥u∥W ℓ,p(Rd
+,wγ ;X) ≤ C∥u∥[Lp(Rd

+,wγ ;X),Wk1,p(Rd
+,wγ ;X)]ℓ/k1

, u ∈ C∞
c (Rd

+;X),

by [54, Lemma 3.9]. Let j ∈ N0 be such that γ ∈ (jp− 1, (j + 1)p− 1). The
case j = 0 follows from [53, Propositions 5.5 and 5.6]. For j ∈ N1 we find,
by applying [51, Lemma 3.6], the case j = 0 and properties of the complex
interpolation method, that

∥u∥W ℓ,p(Rd
+,wγ ;X) = ∥M

−jM ju∥W ℓ,p(Rd
+,wγ ;X)

≤ C∥M ju∥W ℓ,p(Rd
+,wγ−jp;X)

≤ C∥M ju∥[Lp(Rd
+,wγ−jp;X),Wk1,p(Rd

+,wγ−jp;X)]ℓ/k1

≤ C∥u∥[Lp(Rd
+,wγ ;X),Wk1,p(Rd

+,wγ ;X)]ℓ/k1
.

Similar to the proof of Proposition 6.2, the case k0 ∈ N1 follows from the
case k0 = 0 and reiteration. This completes the proof of (i).

Step 2: The proof of (ii). From now on, we abbreviate W k,p(wγ) :=
W k,p(Rd

+, wγ ;X) for notational convenience. Again, let j ∈ N0 be such that
γ ∈ (jp − 1, (j + 1)p − 1). As also noted in Step 1, for j = 0 the result (ii)
follows from [53, Propositions 5.5 and 5.6], so we may and will assume that
j ≥ 1.

Step 2a: The case j ∈ {1, . . . , k0}. We first prove the embedding in (ii)
for j ∈ {1, . . . , k0}. Note that k0 − j ≥ 0 and γ − jp ∈ (−1, p − 1), so [53,
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Propositions 5.5 and 5.6] imply that

[W k0−j,p(wγ−jp),W
k0+k1−j,p(wγ−jp)]ℓ/k1 ↪→W k0+ℓ−j,p(wγ−jp).

We prove by induction on j1 ≥ 0 that

(6.1) [W k0+j1−j,p(wγ+(j1−j)p),W
k0+k1+j1−j,p(wγ+(j1−j)p)]ℓ/k1

↪→W k0+ℓ+j1−j,p(wγ+(j1−j)p),

so that (ii) for γ < (k0 + 1)p − 1 follows from (6.1) with j1 = j. Assume
that (6.1) holds for some j1 ≥ 0. Let

k̃ := k0 + j1 − j and γ̃ := γ + (j1 − j)p.

Let u ∈W k̃+k1+1,p(wγ̃+p). Then

∥u∥
W k̃+ℓ+1,p(wγ̃+p)

= ∥u∥
W k̃+ℓ,p(wγ̃+p)

+
∑
|α|=1

∑
|β|=k̃+ℓ

∥M∂α+βu∥Lp(wγ̃).

Using ∂n
1M = M∂n

1 + n∂n−1
1 for n ∈ N1 and the induction hypothesis (6.1),

we obtain∑
|α|=1

∑
|β|=k̃+ℓ

∥M∂α+βu∥Lp(wγ̃)

≤
∑
|α|=1

(
∥M∂αu∥

W k̃+ℓ,p(wγ̃)
+

∑
|β|=k̃+ℓ
β1>0

∥∂βM∂αu− β1∂
β1−1
1 ∂β̃+αu∥Lp(wγ̃)

)

≤ C
( ∑

|α|=1

∥M∂αu∥
W k̃+ℓ,p(wγ̃)

+ ∥u∥
W k̃+ℓ,p(wγ̃)

)
≤ C

( ∑
|α|=1

∥M∂αu∥
[W k̃,p(wγ̃),W k̃+k1,p(wγ̃)]ℓ/k1

+ ∥u∥
[W k̃,p(wγ̃),W k̃+k1,p(wγ̃)]ℓ/k1

)
≤ C∥u∥

[W k̃+1,p(wγ̃+p),W k̃+k1+1,p(wγ̃+p)]ℓ/k1
,

where the last estimate follows from the fact that for |α| = 1 the operators

(6.2)
M∂α, id : W k̃+1,p(wγ̃+p)→W k̃,p(wγ̃),

M∂α, id : W k̃+k1+1,p(wγ̃+p)→W k̃+k1,p(wγ̃)

are bounded. Indeed, from Hardy’s inequality (see Lemma 2.5 using γ̃ >
j1p−1 ≥ −1) it follows that the operator id in (6.2) is bounded. Furthermore,
by [51, Lemma 3.6] it follows that the operator M∂α with |α| = 1 in (6.2) is
bounded.
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Thus, we have proved

∥u∥
W k̃+ℓ+1,p(wγ̃+p)

≤ C∥u∥
[W k̃+1,p(wγ̃+p),W k̃+k1+1,p(wγ̃+p)]ℓ/k1

,

u ∈W k̃+k1+1,p(wγ̃+p),

and the induction is completed by noting that W k̃+k1+1,p(wγ̃+p) is dense in
the interpolation space (see [71, Theorem 1.9.3]).

Step 2b: The case j ∈ {k0 + 1, . . . , k0 + ℓ − 1}. Assume that ℓ ∈
{2, . . . , k1 − 1} (the case ℓ = 1 is covered by Steps 1 and 2c) and j ∈
{k0 + 1, . . . , k0 + ℓ − 1}. We apply Steps 1 and 2a together with Wolff in-
terpolation to prove (ii). Since γ > jp − 1 and 1 ≤ j − k0 ≤ ℓ − 1, Step 1
implies

[W k0,p(wγ),W
k0+ℓ,p(wγ)]λ = W j,p(wγ) with λ :=

j − k0
ℓ
∈ [0, 1],

and since γ < (j + 1)p− 1, Step 2a implies

[W j,p(wγ),W
k0+k1,p(wγ)]µ ↪→W k0+ℓ,p(wγ) with µ :=

k0 + ℓ− j

k0 + k1 − j
∈ [0, 1].

Wolff interpolation [33, Corollary 3] gives

[W k0,p(wγ),W
k0+k1,p(wγ)]η ↪→W k0+ℓ,p(wγ) with η :=

µ

1 + λ(µ− 1)
.

A straightforward calculation shows that η = ℓ/k1.

Step 2c: The case j ≥ k0+ℓ. If j ≥ k0+ℓ, then γ > jp−1 ≥ (k0+ℓ)p−1,
so (ii) follows from Step 1.

6.2.Main results about complex interpolation ofweighted spaces.
We start with the definition of weighted spaces with vanishing boundary
conditions on the half-space. Let p ∈ (1,∞) and let X be a Banach space.
Assume that the conditions (i)–(ii) of Definition 5.4 hold.

(i) If s > 0, γ ∈ (−1, p− 1) and B is of type (p, s, γ,m, Y ), then we define
for t ≤ s,

Ht,p
B (Rd

+, wγ ;X) = {f ∈ Ht,p(Rd
+, wγ ;X) : Bmif = 0 if mi +

γ+1
p < t}.

(ii) If k ∈ N1, γ ∈ (−1,∞)\{jp−1 : j ∈ N1} and B is of type (p, k, γ,m, Y ),
then we define for ℓ ≤ k,

W ℓ,p
B (Rd

+, wγ ;X) = {f ∈W ℓ,p(Rd
+, wγ ;X) : Bmif = 0 if mi +

γ+1
p < ℓ}.

All the traces in the above definition are well defined by Theorem 5.6. We
note that if t, ℓ < m0 +

γ+1
p , then the condition Bmif = 0 is empty for all

i ∈ {0, . . . , n}, so that the spaces with and without boundary conditions
coincide.
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The following two theorems characterise the complex interpolation spaces
for weighted spaces with boundary conditions on the half-space. The proofs
of these theorems are given in Section 6.3.

Theorem6.4 (Complex interpolationofweightedBessel potential spaces).
Let p ∈ (1,∞), γ ∈ (−1, p − 1) and let X be a UMD Banach space. Let B
be a normal boundary operator of type (p, s, γ,m, Y ) as in Definition 5.4.
Assume that θ ∈ (0, 1), s0 < sθ < s1 ≤ s with sθ = (1 − θ)s0 + θs1 satisfy
s0, sθ, s1 /∈ {mi +

γ+1
p : 0 ≤ i ≤ n} and s0 > −1 + γ+1

p . Then

Hsθ,p
B (Rd

+, wγ ;X) = [Hs0,p(Rd
+, wγ ;X), Hs1,p

B (Rd
+, wγ ;X)]θ

=
[
Hs0,p

B (Rd
+, wγ ;X), Hs1,p

B (Rd
+, wγ ;X)

]
θ
.

Theorem 6.5 (Complex interpolation of weighted Sobolev spaces). Let
p ∈ (1,∞), γ ∈ (−1,∞) \ {jp − 1 : j ∈ N1} and let X be a UMD Banach
space. Let B be a normal boundary operator of type (p, k, γ,m, Y ) as in Defi-
nition 5.4. Assume that k0 ∈ N0 and k1 ∈ N1 \{1} are such that k0+k1 ≤ k.
Then for ℓ ∈ {1, . . . , k1 − 1} we have

W k0+ℓ,p
B (Rd

+, wγ ;X) = [W k0,p(Rd
+, wγ ;X),W k0+k1,p

B (Rd
+, wγ ;X)]ℓ/k1

= [W k0,p
B (Rd

+, wγ ;X),W k0+k1,p
B (Rd

+, wγ ;X)]ℓ/k1 .

As a consequence of Theorem 6.5 we can characterise the complex in-
terpolation space of weighted Sobolev spaces without boundary conditions.
One of the embeddings, which is needed in the proof of Theorem 6.5, was
already proved in Proposition 6.3.

Proposition 6.6. Let p ∈ (1,∞), k0 ∈ N0, k1 ∈ N1 \{1}, γ ∈ (−1,∞)\
{jp − 1 : j ∈ N1}, ℓ ∈ {1, . . . , k1 − 1} and let X be a UMD Banach space.
Then

W k0+ℓ,p(Rd
+, wγ ;X) = [W k0,p(Rd

+, wγ ;X),W k0+k1,p(Rd
+, wγ ;X)]ℓ/k1 .

Proof. Note that the embedding “←↩” has been proved in Proposition
6.3(ii). For the other embedding, let j ∈ N0 be the smallest integer such that
k0 + ℓ < j + γ+1

p . Then by Theorem 6.5 we obtain

W k0+ℓ,p(Rd
+, wγ ;X) = W k0+ℓ,p

Trj
(Rd

+, wγ ;X)

= [W k0,p(Rd
+, wγ ;X),W k0+k1,p

Trj
(Rd

+, wγ ;X)]ℓ/k1

↪→ [W k0,p(Rd
+, wγ ;X),W k0+k1,p(Rd

+, wγ ;X)]ℓ/k1 .

By standard localisation techniques, the complex interpolation results
above can be extended to smooth bounded domains. Using localisation, we
can extend the definition of the traces on the half-space and the function
space W ℓ,p

B (Rd
+, wγ ;X) to smooth bounded domains O ⊆ Rd; we refer to

[54, Section 5.2] for details. Recall that w∂O
γ (x) := dist(x, ∂O)γ for x ∈ O.
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From Theorem 6.5 and Proposition 6.6 we obtain the following result. Similar
results for Bessel potential spaces on domains with γ ∈ (−1, p − 1) can be
obtained using Theorem 6.4.

Proposition 6.7. Assume that the conditions of Theorem 6.5 hold and
let O be a bounded C∞-domain. Then for ℓ ∈ {1, . . . , k1 − 1} we have

W k0+ℓ,p
B (O, w∂O

γ ;X)

= [W k0,p(O, w∂O
γ ;X),W k0+k1,p

B (O, w∂O
γ ;X)]ℓ/k1

= [W k0,p
B (O, w∂O

γ ;X),W k0+k1,p
B (O, w∂O

γ ;X)]ℓ/k1 ,W
k0+ℓ,p(O, w∂O

γ ;X)

= [W k0,p(O, w∂O
γ ;X),W k0+k1,p(O, w∂O

γ ;X)]ℓ/k1 .

For simplicity, we only deal with smooth domains to avoid problems with
the space-dependent coefficients in the boundary operators, although this
assumption can be weakened. In [52], we prove an interpolation result for
Dirichlet and Neumann boundary conditions, but with minimal smoothness
assumptions on the domain.

We close this section with an application of the complex interpolation
result in Proposition 6.6 to derive Fubini’s property (mixed derivative theo-
rem) for weighted Sobolev spaces on the half-space. It extends the range of
weights obtained in [54, Corollary 3.19]. The Fubini property for unweighted
spaces is studied in [73, Section I.4] and some results for weighted spaces are
contained in [49, Section 5].

Proposition 6.8. Let p ∈ (1,∞), d ≥ 2, k ∈ N0, γ ∈ (−1,∞)\{jp−1 :
j ∈ N1} and let X be a UMD Banach space. Then

Lp(Rd−1;W k,p(R+, wγ ;X)) ∩W k,p(Rd−1;Lp(R+, wγ ;X))

= W k,p(Rd
+, wγ ;X).

Proof. The embedding “←↩” is clear. For the other embedding, let k1, k2 ∈
{0, . . . , k} with k1 + k2 = k. By [54, Theorem 3.18] and Proposition 6.6, we
have

Lp(Rd−1;W k,p(R+, wγ ;X)) ∩W k,p(Rd−1;Lp(R+, wγ ;X))

= H0,p(Rd−1;W k,p(R+, wγ ;X)) ∩Hk,p(Rd−1;Lp(R+, wγ ;X))

↪→ [H0,p(Rd−1;W k,p(R+, wγ ;X)), Hk,p(Rd−1;Lp(R+, wγ ;X))]k1/k

= Hk1,p(Rd−1; [W k,p(R+, wγ ;X), Lp(R+, wγ ;X)]k1/k)

= W k1,p(Rd−1;W k2,p(R+, wγ ;X)),

where we have used 1− k1
k = k2

k .

6.3. The proofs of Theorems 6.4 and 6.5. Using the trace theorem
for B from Section 5, we will prove Theorems 6.4 and 6.5. The proofs follow
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the arguments in [7, Theorems VIII.2.4.3, VIII.2.4.4 and VIII.2.4.8] for un-
weighted Bessel potential spaces. We will provide the proof of Theorem 6.5
in full detail and afterwards indicate how the arguments should be adapted
to prove Theorem 6.4.

Proof of Theorem 6.5. First, we prove in Steps 1 and 2 that for θ := ℓ/k1
we have

(6.3) W k0+ℓ,p
B (Rd

+, wγ ;X) =
[
W k0,p(Rd

+, wγ ;X),W k0+k1,p
B (Rd

+, wγ ;X)
]
θ
.

For notational convenience we write W k,p := W k,p(Rd
+, wγ ;X) for k ∈ N0.

Step 1: The embedding “←↩”. Note that by Proposition 6.3(ii),

(6.4)
[
W k0,p,W k0+k1,p

B
]
θ
↪→

[
W k0,p,W k0+k1,p

]
θ
↪→W k0+ℓ,p.

Now, suppose that u ∈ [W k0,p,W k0+k1,p
B ]θ. We prove that u ∈ W k0+ℓ,p

B in
Steps 1a and 1b, i.e., u also satisfies the required boundary conditions.
We distinguish between the case where the boundary traces do not exist
(Step 1a), and the case where they exist and must be shown to vanish
(Step 1b).

Step 1a. Assume that k0 + ℓ < m0 +
γ+1
p . Then W k0+ℓ,p

B = W k0+ℓ,p.
Therefore, the embedding[

W k0,p,W k0+k1,p
B

]
θ
↪→W k0+ℓ,p

B

follows from (6.4).

Step 1b. Assume that k0 + ℓ > m0 +
γ+1
p and let i ≤ n be the largest

integer such that mi+
γ+1
p < k0+ℓ. By definition of the complex interpolation

method (see Section 2.5), there exists an f ∈ H (W k0,p,W k0+k1,p
B ) such

that f(θ) = u. By (2.10) and (6.4) we know that the restriction f |S[θ,1] is
bounded and continuous with values in W k0+ℓ,p and is holomorphic on S(θ,1).
Therefore, if 0 ≤ j ≤ i, then Bmjf is bounded and continuous on S[θ,1] with

values in B
k0+ℓ−mj− γ+1

p
p,p (Rd−1;Yj) (see Theorem 5.6) and is holomorphic on

S(θ,1). Moreover, for ℜ(z) = 1 we have Bmjf(z) = 0. By the three lines
lemma (see [9, Lemma 1.1.2]), Bmjf(z) vanishes identically and thus

Bmju = Bmjf(θ) = 0 for 0 ≤ j ≤ i.

This proves that u ∈W k0+ℓ,p
B and thus [W k0,p,W k0+k1,p

B ]θ ↪→W k0+ℓ,p
B .

Step 2: The embedding “↪→”. We continue with the proof of the embed-
ding “↪→” in (6.3). Again, we consider two cases depending on which traces
exist. In Step 2a, we consider the case where all traces exist. For u ∈W k0+ℓ,p

B
we explicitly construct a decomposition u = v + (u − v), where v satisfies
the boundary conditions, and u− v has vanishing traces. In this setting, we
construct a right inverse for an extended system of boundary operators C to
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find such a v. In Step 2b, we consider the case where certain traces do not
exist and the result can be deduced by reiteration.

Before proceeding with the main argument, we construct a modified
boundary operator such that its leading order coefficient is a projection.
This is a necessary preliminary step for the construction of the extended
system of boundary operators C in Step 2a.

Let 0 ≤ i ≤ n and let bi,mi be the leading order coefficient of Bmi for
which bci,mi

is the right inverse from Definition 5.3. Define the boundary
operator B̃mi := bci,mi

B. Then it is straightforward to verify that

(6.5) ker(B̃mi) = ker(Bmi) for 0 ≤ i ≤ n.

Similar to (5.1), we write

B̃mi =

mi∑
j=0

b̃i,j Trj , where b̃i,j := bci,mi
bi,j .

We claim that πmi := b̃i,mi : Rd−1 → L(X) is a projection. Indeed, for
0 ≤ j ≤ mi, we have

(6.6) πmi b̃i,j = bci,mi
bi,mib

c
i,mi

bi,j = bci,mi
bi,j = b̃i,j .

Moreover, (6.6) implies that for i ∈ {0, . . . , n} we have

(6.7) πmiB̃mi = B̃mi .

Step 2a. Assume that k0+k1 > mn+
γ+1
p . We start with the construc-

tion of an extended system of normal boundary operators C whose kernel
coincides with W k0+k1,p

0 .
Let a be the largest integer such that a + γ+1

p < k0 + k1 and define
a = (0, 1, . . . , a). Moreover, by setting X = (X, . . . ,X) with length a + 1,
we can define a normal boundary operator of type (p, k0 + k1, γ, a,X) by

(6.8)

C = (C0, . . . , Ca) : W k0+k1,p →
a∏

j=0

B
k0+k1−j− γ+1

p
p,p (Rd−1;X),

Cj :=

{
Trj if j /∈ {m0, . . . ,mn},
(1− πj) Trj +B̃j if j ∈ {m0, . . . ,mn}.

Note that by (6.7) we have

(6.9) πjCj = πjB̃j = B̃j for j ∈ {m0, . . . ,mn}.
We show that

(6.10) Cv = 0 if and only if Trav = 0 for v ∈W k0+k1,p.

Indeed, let v ∈ W k0+k1,p and Cv = 0, then for 0 ≤ ã ≤ a with ã /∈
{m0, . . . ,mn}, we have

(6.11) Trã v = Cav = 0.
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If ã = mi ∈ {m0, . . . ,mn} for some 0 ≤ i ≤ n, then by (6.7) and (6.11),

0 = Cmiv = (1− πmi) Trmi v + πmiB̃miv

= Trmi v +

mi−1∑
j=0

b̃i,j Trj v

= Trmi v +
∑

j∈{m0,...,mi−1}

b̃i,j Trj v.

It follows that Trm0 v = Cm0v = 0 and successively we obtain Trmi v =
Cmiv = 0 for 0 ≤ i ≤ n as well. The converse statement is trivial, so we have
proved (6.10).

From (6.10) and the definition of W k0+k1,p
0 , it follows that

W k0+k1,p
C = W k0+k1,p

Tra
= W k0+k1,p

0 .

By Theorem 5.6 there exists a right inverse

extC :
a∏

j=0

B
k0+k1−j− γ+1

p
p,p (Rd−1;X)→W k0+k1,p

for C, which is universal with respect to k0 + k1 ∈ (a+ γ+1
p , k].

Let u ∈ W k0+ℓ,p
B = W k0+ℓ,p

B̃ (recall (6.5)) and we will now prove that
u ∈ [W k0,p,W k0+k1,p

B ]θ with θ = ℓ/k1. Using the extension operator extC from
above, we construct a suitable v ∈ [W k0,p,W k0+k1,p

B ]θ such that u = v+(u−v)
and all the traces of u− v vanish.

Let a1 be the largest integer such that a1 +
γ+1
p < k0 + ℓ and define for

j ≤ a1,

gj :=

{
Cju if j /∈ {m0, . . . ,mn},
(1− πj)Cju if j ∈ {m0, . . . ,mn}.

By Lemma 5.2 and [32, Theorem 14.4.30], we obtain

gj ∈ B
k0+ℓ−j− γ+1

p
p,p (Rd−1;X)

= [B
k0−j− γ+1

p
p,p (Rd−1;X), B

k0+k1−j− γ+1
p

p,p (Rd−1;X)]θ.

Therefore, by definition of the complex interpolation method, there exists an

f̃j ∈H
(
B

k0−j− γ+1
p

p,p (Rd−1;X), B
k0+k1−j− γ+1

p
p,p (Rd−1;X)

)
such that f̃j(θ) = gj for j ≤ a1. In addition, for j ≤ a1 we define

fj :=

{
f̃j if j /∈ {m0, . . . ,mn},
(1− πj)f̃j if j ∈ {m0, . . . ,mn},
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which satisfies the same properties as f̃j . Then

F := extC(f0, . . . , fa1 , 0, . . . , 0) ∈H (W k0,p,W k0+k1,p)

and

v := F (θ) = extC
(
f0(θ), . . . , fa1(θ), 0, . . . , 0

)
= extC(g0, . . . , ga1 , 0, . . . , 0).

Moreover, F is bounded and continuous on {z ∈ C : ℜz = 1} with values in
W k0+k1,p and by (6.9), properties of the right inverse extC and the definition
of fj , we have for j ∈ {m0, . . . ,mn},

B̃jF (1) = πjCj extC(f0(1), . . . , fa1(1), 0, . . . , 0)

=

{
πjfj(1) = 0 if j ∈ {m0, . . . ,mn}, j ≤ a1,

0 if j ∈ {m0, . . . ,mn}, a1 < j ≤ a.

This implies F ∈H (W k0,p,W k0+k1,p

B̃ ) and thus by (6.5) we have

(6.12) v = F (θ) ∈
[
W k0,p,W k0+k1,p

B
]
θ
.

To continue, we prove that u−v ∈W k0+ℓ,p
C . Indeed, by definition of gj , (6.9)

and the fact that B̃ju = 0 for j ∈ {m0, . . . ,mn}, we obtain

Cj(u− v) = Cju− Cj extC(g0, . . . , ga1 , 0, . . . , 0) = Cju− gj

=

{
gj − gj = 0 if j /∈ {m0, . . . ,mn}, j ≤ a1,

Cju− (1− πj)Cju = 0 if j ∈ {m0, . . . ,mn}, j ≤ a1.

It follows from Proposition 6.2 that

u− v ∈W k0+ℓ,p
C = W k0+ℓ,p

0 =
[
W k0,p

0 ,W k0+k1,p
0

]
θ
↪→ [W k0,p,W k0+k1,p

B ]θ.

(6.13)

Then combining (6.12) and (6.13) implies u = v+(u−v) ∈ [W k0,p,W k0+k1,p
B ]θ

with θ = ℓ/k1. This completes the proof of the embedding “↪→” in (6.3) if
k0 + k1 > mn + γ+1

p .

Step 2b. We prove the embedding “↪→” in (6.3) if k0 + k1 < mn +
γ+1
p .

Fix a ∈ N0 such that k0 + a ∈ (mn + γ+1
p , k]. Then by reiteration for the

complex interpolation method (see [9, Theorem 4.6.1]) and Step 2a twice,
we obtain

[W k0,p,W k0+k1,p
B ]ℓ/k1 = [W k0,p, [W k0,p,W k0+a,p

B ]k1/a]ℓ/k1

= [W k0,p,W k0+a,p
B ]ℓ/a = W k0+ℓ,p

B .

Combining Steps 1 and 2 completes the proof of (6.3).

Step 3. It remains to prove for k0 ∈ N1 that

W k0+ℓ,p
B (Rd

+, wγ ;X) = [W k0,p
B (Rd

+, wγ ;X),W k0+k1,p
B (Rd

+, wγ ;X)]ℓ/k1 .
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Fix a ∈ N0 such that a < k0 and define θ1 := (k0 − a)/(k0 + k1 − a). Then
by reiteration and (6.3) twice, we obtain

[W k0,p
B ,W k0+k1,p

B ]ℓ/k1 = [[W a,p,W k0+k1,p
B ]θ1 ,W

k0+k1,p
B ]ℓ/k1

= [W a,p,W k0+k1,p
B ](1−ℓ/k1)θ1+ℓ/k1 = W k0+ℓ,p

B .

This completes the proof of the theorem.
We conclude with the proof of Theorem 6.4.
Proof of Theorem 6.4. We first prove in Steps 1 and 2 that

(6.14) Hsθ,p
B (Rd

+, wγ ;X) = [Hs0,p(Rd
+, wγ ;X), Hs1,p

B (Rd
+, wγ ;X)]θ.

For notational convenience we write Hs,p := Hs,p(Rd
+, wγ ;X).

Step 1: The embedding “←↩”. By [53, Proposition 5.6],
[Hs0,p, Hs1,p

B ]θ ↪→ [Hs0,p, Hs1,p]θ = Hsθ,p.

Thus the embedding [Hs0,p, Hs1,p
B ]θ ↪→ Hsθ,p

B can be proved similarly to
Step 1 of the proof of Theorem 6.5.

Step 2: The embedding “↪→”. We adopt the same notation as in Step 2
of the proof of Theorem 6.5.

Step 2a. Assume that s1 > mn+
γ+1
p and s1 /∈ N0+

γ+1
p . Note that the

second condition on s1 is new compared to the proof of Theorem 6.5. This
condition will be removed in Step 2b.

Let a be the largest integer such that a+ γ+1
p < s1. The operator

C = (C0, . . . , Ca) : Hs1,p →
a∏

j=0

B
s1−j− γ+1

p
p,p (Rd−1;X),

as defined in (6.8) satisfies (6.10) for v ∈ Hs1,p. Therefore, we have
Hs1,p

C = Hs1,p

Tra
= Hs1,p

0 .

We can now proceed similarly to Step 2a of the proof of Theorem 6.5 using
Proposition 6.1 to obtain (cf. (6.13))

Hsθ,p
C = Hsθ,p

0 = [Hs0,p
0 , Hs1,p

0 ]θ ↪→ [Hs0,p, Hs1,p
B ]θ.

Step 2b. Assume that s1 > mn + γ+1
p and there exists an ℓ ∈ N0 such

that s1 = ℓ + γ+1
p . Fix t ∈ (s1, s] such that t /∈ N0 +

γ+1
p . Furthermore, let

θ1 := (s1 − s0)/(t − s0). Then by reiteration for the complex interpolation
method (see [9, Theorem 4.6.1]) and Step 2a twice, we obtain

[Hs0,p, Hs1,p
B ]θ = [Hs0,p, [Hs0,p, Ht,p

B ]θ1 ]θ =
[
Hs0,p, Ht,p

B ]θθ1 = Hsθ,p
B .

Step 2c. Assume that s1 < mn + γ+1
p . Fix t ∈ (mn + γ+1

p , s] and let
θ1 := (s1 − s0)/(t − s0). Then again by reiteration and Step 2a, we obtain
[Hs0,p, Hs1,p

B ]θ = Hsθ,p
B . This completes the proof of (6.14).
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Step 3. It remains to prove
Hsθ,p

B (Rd
+, wγ ;X) = [Hs0,p

B (Rd
+, wγ ;X), Hs1,p

B (Rd
+, wγ ;X)]θ.

Fix s̃ < s0, with s̃ > 0 if s0 > 0 and s̃ > −1 + γ+1
p otherwise. Let θ1 :=

(s0 − s̃)/(s1 − s̃). Then by reiteration and (6.14) twice, we obtain[
Hs0,p

B , Hs1,p
B

]
θ
=

[
[H s̃,p, Hs1,p

B ]θ1 , H
s1,p
B

]
θ
=

[
H s̃,p, Hs1,p

B
]
(1−θ)θ1+θ

= Hsθ,p
B .

This completes the proof of the theorem.

Acknowledgements. The author thanks Emiel Lorist, Mark Veraar
and the anonymous referee for valuable comments and suggestions leading
to improvements of the paper.

Funding. The author is supported by the VICI grant VI.C.212.027 of
the Dutch Research Council (NWO).

References

[1] H. Abels, M. Krbec, and K. Schumacher, On the trace space of a Sobolev space with
a radial weight, J. Funct. Spaces Appl. 6 (2008), 259–276.

[2] R. Adams and J. Fournier, Sobolev Spaces, 2nd ed., Pure Appl. Math. 140, Elsevier,
2003.

[3] S. Agmon, On the eigenfunctions and on the eigenvalues of general elliptic boundary
value problems, Comm. Pure Appl. Math. 15 (1962), 119–147.

[4] S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of
elliptic partial differential equations satisfying general boundary conditions. I, Comm.
Pure Appl. Math. 12 (1959), 623–727.

[5] S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of
elliptic partial differential equations satisfying general boundary conditions. II, Comm.
Pure Appl. Math. 17 (1964), 35–92.

[6] H. Amann, Linear and Quasilinear Parabolic Problems. Vol. I: Abstract Linear The-
ory, Monogr. Math. 89, Birkhäuser Boston, Boston, MA, 1995.

[7] H. Amann, Linear and Quasilinear Parabolic Problems. Vol. II: Function Spaces,
Monogr. Math. 106, Birkhäuser/Springer, Cham, 2019.

[8] S. Bechtel and M. Egert, Interpolation theory for Sobolev functions with partially
vanishing trace on irregular open sets, J. Fourier Anal. Appl. 25 (2019), 2733–2781.

[9] J. Bergh and J. Löfström, Interpolation Spaces, Grundlehren Math. Wiss. 223,
Springer, Berlin, 1976.

[10] G. Bourdaud et Y. Meyer, Fonctions qui opèrent sur les espaces de Sobolev, J. Funct.
Anal. 97 (1991), 351–360.

[11] H. Bui, Weighted Besov and Triebel spaces: interpolation by the real method, Hi-
roshima Math. J. 12 (1982), 581–605.

[12] V. Burenkov, Sobolev Spaces on Domains, Teubner Texte Math. 137, B. G. Teubner,
Stuttgart, 1998.

[13] M. Cwikel and A. Einav, Interpolation of weighted Sobolev spaces, J. Funct. Anal.
277 (2019), 2381–2441.

[14] R. Denk, G. Dore, M. Hieber, J. Prüss, and A. Venni, New thoughts on old results of
R. T. Seeley, Math. Ann. 328 (2004), 545–583.

http://dx.doi.org/10.1155/2008/986720
http://dx.doi.org/10.1002/cpa.3160150203
http://dx.doi.org/10.1002/cpa.3160120405
http://dx.doi.org/10.1002/cpa.3160170104
http://dx.doi.org/10.1007/978-3-0348-9221-6
http://dx.doi.org/10.1007/978-3-030-11763-4
http://dx.doi.org/10.1007/s00041-019-09681-1
http://dx.doi.org/10.1016/0022-1236(91)90006-Q
http://dx.doi.org/10.1007/978-3-663-11374-4
http://dx.doi.org/10.1016/j.jfa.2018.11.008
http://dx.doi.org/10.1007/s00208-003-0493-y


Complex interpolation of power-weighted Sobolev spaces 53

[15] H. Dong and D. Kim, On Lp-estimates for elliptic and parabolic equations with Ap

weights, Trans. Amer. Math. Soc. 370 (2018), 5081–5130.
[16] D. Drihem, Complex interpolation of function spaces with general weights, Comment.

Math. Univ. Carol. 64 (2023), 289–320.
[17] J. Franke, On the spaces F s

pq of Triebel–Lizorkin type: pointwise multipliers and spaces
on domains, Math. Nachr. 125 (1986), 29–68.

[18] C. Gallarati and M. Veraar, Maximal regularity for non-autonomous equations with
measurable dependence on time, Potential Anal. 46 (2017), 527–567.

[19] F. Gazzola, H.-C. Grunau, and G. Sweers, Polyharmonic Boundary Value Problems,
Lecture Notes in Math. 1991, Springer, Berlin, 2010.

[20] G. Geymonat, Su alcuni problemi ai limiti per i sistemi lineari ellittici secondo
Petrowsky, Matematiche (Catania) 20 (1965), 211–253.

[21] L. Grafakos, Classical Fourier Analysis, 3rd ed., Grad. Texts in Math. 249, Springer,
New York, 2014.

[22] J. Griepentrog, K. Gröger, H.-C. Kaiser, and J. Rehberg, Interpolation for function
spaces related to mixed boundary value problems, Math. Nachr. 241 (2002), 110–120.

[23] P. Grisvard, Espaces intermédiaires entre espaces de Sobolev avec poids, Ann. Scuola
Norm. Sup. Pisa Cl. Sci. Fis. Mat. (3) 17 (1963), 255–296.

[24] P. Grisvard, Caractérisation de quelques espaces d’interpolation, Arch. Ration. Mech.
Anal. 25 (1967), 40–63.

[25] G. Grubb, Weakly semibounded boundary problems and sesquilinear forms, Ann. Inst.
Fourier (Grenoble) 23 (1973), 145–194.

[26] G. Grubb, Properties of normal boundary problems for elliptic even-order systems,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 1 (1974), 1–61.

[27] D. Guidetti, On interpolation with boundary conditions, Math. Z. 207 (1991), 439–460.
[28] Y.-S. Han and Y. Meyer, A characterization of Hilbert spaces and the vector-valued

Littlewood–Paley theorem, Methods Appl. Anal. 3 (1996), 228–234.
[29] D. Haroske and H.-J. Schmeisser, On trace spaces of function spaces with a radial

weight: the atomic approach, Complex Var. Elliptic Equations 55 (2010), 875–896.
[30] M. Hintermüller, K. Papafitsoros, and C. Rautenberg, Variable step mollifiers and

applications, Integral Equations Operator Theory 92 (2020), 1–34.
[31] T. Hytönen, J. v. Neerven, M. Veraar, and L. Weis, Analysis in Banach Spaces.

Volume I: Martingales and Littlewood–Paley Theory, Ergeb. Math. Grenzgeb. 63,
Springer, 2016.

[32] T. Hytönen, J. v. Neerven, M. Veraar, and L. Weis, Analysis in Banach Spaces.
Volume III: Harmonic Analysis and Spectral Theory, Ergeb. Math. Grenzgeb. 76,
Springer, 2024.

[33] S. Janson, P. Nilsson, and J. Peetre, Notes on Wolff’s note on interpolation spaces,
Proc. London Math. Soc. (3) 48 (1984), 283–299.

[34] J. Johnsen and W. Sickel, On the trace problem for Lizorkin–Triebel spaces with mixed
norms, Math. Nachr. 281 (2008), 669–696.

[35] R. Kaczmarek and A. Kałamajska, Density results and trace operator in weighted
Sobolev spaces defined on the half-line, equipped with power weights, J. Approx. Theory
291 (2023), art. 105896, 18 pp.

[36] N. Kalton, P. Kunstmann, and L. Weis, Perturbation and interpolation theorems for
the H∞-calculus with applications to differential operators, Math. Ann. 336 (2006),
747–801.

[37] D. Kim, Trace theorems for Sobolev–Slobodeckij spaces with or without weights,
J. Funct. Spaces Appl. 5 (2007), 243–268.

http://dx.doi.org/10.1090/tran/7161
http://dx.doi.org/10.1002/mana.19861250104
http://dx.doi.org/10.1007/s11118-016-9593-7
http://dx.doi.org/10.1007/978-1-4939-1194-3
http://dx.doi.org/10.1002/1522-2616(200207)241:1<110::AID-MANA110>3.0.CO;2-R
http://dx.doi.org/10.1007/BF00281421
http://dx.doi.org/10.5802/aif.486
http://dx.doi.org/10.1007/BF02571401
http://dx.doi.org/10.4310/MAA.1996.v3.n2.a4
http://dx.doi.org/10.1080/17476930903276050
http://dx.doi.org/10.1007/s00020-020-02608-2
http://dx.doi.org/10.1112/plms/s3-48.2.283
http://dx.doi.org/10.1002/mana.200610634
http://dx.doi.org/10.1016/j.jat.2023.105896
http://dx.doi.org/10.1007/s00208-005-0742-3
http://dx.doi.org/10.1155/2007/471535


54 F. B. Roodenburg

[38] K.-H. Kim and N. Krylov, On the Sobolev space theory of parabolic and elliptic equa-
tions in C1 domains, SIAM J. Math. Anal. 36 (2004), 618–642.

[39] V. Kozlov and A. Nazarov, The Dirichlet problem for non-divergence parabolic equa-
tions with discontinuous in time coefficients in a wedge, Math. Nachr. 287 (2014),
1142–1165.

[40] N. Krylov, Weighted Sobolev spaces and Laplace’s equation and the heat equations in
a half space, Comm. Partial Differential Equations 24 (1999), 1611–1653.

[41] N. Krylov, The heat equation in Lq((0, T ), Lp)-spaces with weights, SIAM J. Math.
Anal. 32 (2001), 1117–1141.

[42] N. Krylov and S. Lototsky, A Sobolev space theory of SPDEs with constant coefficients
in a half space, SIAM J. Math. Anal. 31 (1999), 19–33.

[43] A. Kufner, Weighted Sobolev Spaces, Wiley, 1985.
[44] A. Kufner and B. Opic, How to define reasonably weighted Sobolev spaces, Comment.

Math. Univ. Carolin. 25 (1984), 537–554.
[45] P. Kunstmann, A new interpolation approach to spaces of Triebel–Lizorkin type, Illi-

nois J. Math. 59 (2015), 1–19.
[46] P. Kunstmann and L. Weis, Perturbation theorems for maximal Lp-regularity, Ann.

Scuola Norm. Sup. Pisa Cl. Sci. (4) 30 (2001), 415–435.
[47] N. Lindemulder, Parabolic initial-boundary value problems with inhomogeneous data:

a maximal weighted Lq-Lp-regularity approach, Master’s thesis, Utrecht Univ., 2014.
[48] N. Lindemulder, Maximal regularity with weights for parabolic problems with inhomo-

geneous boundary conditions, J. Evol. Equations 20 (2020), 59–108.
[49] N. Lindemulder, An intersection representation for a class of anisotropic vector-valued

function spaces, J. Approx. Theory 264 (2021), art. 105519, 61 pp.
[50] N. Lindemulder and E. Lorist, A discrete framework for the interpolation of Banach

spaces, Adv. Math. 440 (2024), art. 109506, 75 pp.
[51] N. Lindemulder, E. Lorist, F. Roodenburg, and M. Veraar, Functional calculus on

weighted Sobolev spaces for the Laplacian on the half-space, J. Funct. Anal. 289 (2025),
art. 110985, 69 pp.

[52] N. Lindemulder, E. Lorist, F. Roodenburg, and M. Veraar, Functional calculus on
weighted Sobolev spaces for the Laplacian on rough domains, J. Differential Equations
454 (2026), art. 113884, 71 pp.

[53] N. Lindemulder, M. Meyries, and M. Veraar, Complex interpolation with Dirichlet
boundary conditions on the half line, Math. Nachr. 291 (2017), 2435–2456.

[54] N. Lindemulder and M. Veraar, The heat equation with rough boundary conditions
and holomorphic functional calculus, J. Differ. Equations 269 (2020), 5832–5899.

[55] J. Löfström, Interpolation of weighted spaces of differentiable functions on Rd, Ann.
Mat. Pura Appl. 132 (1982), 189–214.

[56] J. Löfström, Interpolation of boundary value problems of Neumann type on smooth
domains, J. London Math. Soc. (2) 46 (1992), 499–516.

[57] S. Lototsky, Sobolev spaces with weights in domains and boundary value problems for
degenerate elliptic equations, Methods Appl. Anal. 7 (2000), 195–204.

[58] A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems,
Progr. Nonlinear Differential Equations Appl. 16, Birkhäuser, Basel, 1995.

[59] V. Maz’ya, Sobolev Spaces with Applications to Elliptic Partial Differential Equations,
Grundlehren Math. Wiss. 342, Springer, Heidelberg, 2011.

[60] M. Meyries and M. Veraar, Sharp embedding results for spaces of smooth functions
with power weights, Studia Math. 208 (2012), 257–293.

http://dx.doi.org/10.1137/S0036141003421145
http://dx.doi.org/10.1002/mana.201100352
http://dx.doi.org/10.1080/03605309908821478
http://dx.doi.org/10.1137/S0036141000372039
http://dx.doi.org/10.1137/S0036141098338843
http://dx.doi.org/10.1215/ijm/1455203156
http://dx.doi.org/10.1007/s00028-019-00515-7
http://dx.doi.org/10.1016/j.jat.2020.105519
http://dx.doi.org/10.1016/j.aim.2024.109506
http://dx.doi.org/10.1016/j.jfa.2025.110985
http://dx.doi.org/10.1016/j.jde.2025.113884
http://dx.doi.org/10.1016/j.jde.2020.04.023
http://dx.doi.org/10.1007/BF01760981
http://dx.doi.org/10.1112/jlms/s2-46.3.499
http://dx.doi.org/10.4310/MAA.2000.v7.n1.a9
http://dx.doi.org/10.1007/978-3-0348-0557-5
http://dx.doi.org/10.4064/sm208-3-5


Complex interpolation of power-weighted Sobolev spaces 55

[61] M. Meyries and M. Veraar, Characterization of a class of embeddings for function
spaces with Muckenhoupt weights, Arch. Math. (Basel) 103 (2014), 435–449.

[62] M. Meyries and M. Veraar, Traces and embeddings of anisotropic function spaces,
Math. Ann. 360 (2014), 571–606.

[63] M. Meyries and M. Veraar, Pointwise multiplication on vector-valued function spaces
with power weights, J. Fourier Anal. Appl. 21 (2015), 95–136.
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