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Complex interpolation of power-weighted Sobolev spaces
with boundary conditions

by

FLoris B. ROODENBURG

Abstract. We characterise the complex interpolation spaces of weighted vector-
valued Sobolev spaces with and without boundary conditions on the half-space and on
smooth bounded domains. The weights we consider are power weights that measure the
distance to the boundary and do not necessarily belong to the class of Muckenhoupt A,
weights. First, we determine the higher-order trace spaces for weighted vector-valued
Besov, Triebel-Lizorkin, Bessel potential and Sobolev spaces. This allows us to derive
a trace theorem for boundary operators and to interpolate spaces with boundary condi-
tions. Furthermore, we derive density results for weighted Sobolev spaces with boundary
conditions.

1. Introduction. This paper aims to characterise complex interpola-
tion spaces of weighted Sobolev spaces on a domain O with power weights
wgo(w) := dist(x, 00)7 for v > —1 measuring the distance to the boundary.
The motivation for this stems from the study of partial differential equations
(PDEs) and is twofold.

First, it is well known that complex interpolation serves as an essential
tool for studying differential operators and evolution equations; see, e.g., the
monographs [0} [7, B2, 58, [65], [76]. For example, if a sectorial operator A on
a Banach space X has bounded imaginary powers, then the domain of A?
for € (0,1) is the complex interpolation space [X, D(A)]p; see [68]. Typ-
ically, D(A) is a Sobolev space on a spatial domain that incorporates the
boundary conditions of the boundary value problem. Thus, with the aid of
complex interpolation, we can identify domains of fractional powers, which
in turn play an important role for perturbation techniques in the theory of
maximal regularity; see, e.g., [14] [36] [46]. Complex interpolation of spaces
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with boundary conditions was studied by Grisvard and Seeley [23], 24} (68, 69]
and, due to the numerous applications, the topic is now widely addressed in
the literature; see, e.g., [7, [8, 9 22] 27, [71l [76] and the references therein.

Secondly, solutions to PDEs on a domain @ C R¢ may exhibit blow-
up behaviour near the boundary of 0. Using weighted spaces with weights
of the form w:‘fo(a:) := dist(z, 00)7 for some suitable value of 7, one can
nevertheless study problems which may be ill-posed in unweighted spaces.
Moreover, with weighted spaces certain compatibility conditions needed in
the unweighted case can be avoided. Many authors have employed weighted
spaces to solve (stochastic) PDEs; see, e.g., [15], 38, B39, 40, 41, [42] 59)]. In
most of these works, homogeneous weighted Sobolev spaces are used which
are known to form a complex interpolation scale; see [57, Proposition 2.4].
Recently, in [51l [54] an alternative approach to solving PDEs on the half-
space is presented via the H*°-calculus for the Laplacian on inhomogeneous
Sobolev spaces with weights outside the Muckenhoupt A, class. To further
investigate this H>°-calculus and its consequences, it is crucial to have access
to complex interpolation for these weighted Sobolev spaces. In particular,
in the upcoming work [52], domains of fractional powers and perturbation
techniques will be used to obtain the H-calculus for the Laplacian on
bounded C'*-domains for A € [0,1] depending on ~.

For m € Ny we denote by B an m-th order normal boundary opera-
tor at ORY = {(0,%) : & € R?¥!}. Consider the power weight w(z) :=
dist(z, ORL)Y = |z1]Y for z = (21,%) € Ry x RT! and let Wg’p(Ri,ww)
be the closed subspace of functions f € Wk» (Ri,wv) such that Bf = 0
whenever the traces exist. We refer to Sections [5] and [6] for the precise defi-
nitions. Our main result includes the following characterisation of complex
interpolation spaces (see Section .

THEOREM 1.1. Letp € (1,00), k€ {2,3,...} andy € (—1,00)\{jp—1:
j €Ny} Then for € {1,....k—1},

(1.1a) [LP(RY, w,y), WEP(RY, w,)]
(1.1b) [LP(RL, w,), WEP(RE w,)]

= W5 (R, w,),
47
= W5" (R, w,).

0k

t/k

Moreover, by localisation, the results also hold for smooth bounded domains.

The main novelty of Theorem compared to the existing literature,
is the range of weights w., with v > —1. Unfortunately, the proof in [7] for
the unweighted case v = 0 does not carry over immediately to the weighted
setting. In the unweighted case, the result is well known and is used
to prove in [7]. In the weighted setting, we can only prove the in-
clusion “—” in directly with the aid of Wolff interpolation [75] (see
Proposition . Nevertheless, this embedding is sufficient to prove



Complex interpolation of power-weighted Sobolev spaces 3

using the characterisation of the trace spaces (see Theorem [1.2)) and similar
arguments as in [7]. Then, the converse inclusion “<=" in (|1.1a)) also follows.
Furthermore, we make the following remarks concerning Theorem

(i) The class of normal boundary operators is considered in, e.g., [7, 20}
27, [69] and includes the important cases of Dirichlet and Neumann
boundary conditions, but also mixed boundary conditions with space-
dependent coefficients are allowed. Actually, we prove Theorem for
systems of normal boundary operators. Differential operators with these
types of boundary operators are studied in, e.g., [3, 4, [, [19, 25| 26 [58].

(ii) If v € (=1,p — 1), ie., w, is a Muckenhoupt A, weight, then the
weighted Bessel potential and Sobolev spaces coincide: H*P (Ri, Wy) =
WkP(RY w,) for k € Ny, and H*P(R%,w,) for s € R forms a com-
plex interpolation scale; see [53, Propositions 5.5 and 5.6]. In the case
v € (=1,p — 1) we obtain Theorem for Bessel potential spaces
with boundary conditions and fractional smoothness as well; see Theo-
rem This partially extends the result in |7, Theorem VIII.2.4.8].
The interpolation result in Theorem without boundary conditions
is new for v > p — 1. We refer to [16] [70] for results on complex inter-
polation of Besov and Triebel-Lizorkin spaces with weights outside the
class of A, weights.

(iif) We can allow for vector-valued weighted Sobolev spaces W*P(R%  w.; X),
where X is a UMD Banach space.

A key ingredient for proving Theorem is the characterisation of the
trace spaces of weighted vector-valued Besov, Triebel-Lizorkin, Bessel po-
tential and Sobolev spaces. The results are summarised in Theorem (see

Sections |3 and .

THEOREM 1.2. Letp € (1,00), ¢ € [1,00], m € Ng, v > —1, s > m+ 2L
and let X be a Banach space. Let Try,, = Trod{" be the m-th order trace
operator at {(0,%) : & € R¥"1}. Then

s—m—2tL
(i) Trm (By,(RY,wy; X)) =Byg 7 (RTTHX),
_m_tl
(ii) Try, (F7 (RY wy,X)) = B;,pm 7 (R X)),
S m_Ll .
(iii) Try, (HSJ’ Ri,wW,X)) =By, P E]le_l'X) ifye(=1,p—1),
iv) T

(Ws’é(Ri,wy;X)) = Bp,pm P (RLX) if s € Ny and v ¢
{prl :j € N},
where the notation Try, (A1) = Az means that Try, : Ay — Ag is continu-

ous and surjective, and that it has a continuous right inverse (the so-called
extension operator extyy,).
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The innovative part of Theorem [I.2] is the extension of the range of
weights for Sobolev spaces, which eventually allows us to prove Theorem [I.]
for these weights as well. To prove our weighted results, we partially extend
the arguments in [7 [66] for the unweighted case. Moreover, we apply a
Sobolev embedding for Triebel-Lizorkin spaces to deduce Theorem
This is in contrast to [66], where an atomic approach was used.

In the unweighted scalar-valued setting, i.e., v = 0 and X = C, the trace
spaces are well known; see [67, [71), [72]. In the unweighted vector-valued
setting, the trace spaces are characterised in |7, [66].

As a consequence of Theorem [I.2] we can derive a trace theorem for
the vector Tr,, = (Tro,. .., Try,) as well. For weighted scalar-valued Sobolev
spaces this is proved in [71], Section 2.9.2] and [37] via different techniques.

Moreover, from Theorem we derive some density results in Section
In particular, we show that the space

{f € CXRLX) < (97" f)ors = 0}

of test functions is dense in qufrfn (RZ,w,; X). This density result will be
needed in [52] to find trace characterisations for weighted Sobolev spaces
on bounded C'-domains. Application of a standard mollification procedure
would result in all traces Tr,, being zero instead of only one trace. Results for
mollification with preservation of boundary values are contained in [12 [30].

We comment on some open and related problems. Theorem [I.Tonly deals
with interpolation of the smoothness parameter, while it might be possible
to interpolate in other parameters (such as p and ) as well. Interpolation
results for Sobolev spaces with different weights (but without complicated
boundary conditions) are contained in [I3], [35, Section 5.3]|, [51, Proposi-
tion 3.9] and [55].

For v > p — 1 we have the result of Theorem only for spaces with
integer smoothness. It would be interesting to see if our results carry over to
spaces of fractional smoothness, for instance, by defining H*P (Ri, wy; X) =
[LP(Ri,wV;X),Wk’p(RSlr,w,y;X)]s/k for some s € Ry \ Ny and k£ € Ny such
that k& > s. It should be noted that for v > p — 1 one cannot use the
standard definition of Bessel potential spaces used for Muckenhoupt weights,
ie,vye(-1,p—1).

Besides complex interpolation, the real interpolation method plays an
important role in the theory of evolution equations as well (see [18] Sec-
tion 4.4 and [32, Section 17.2.b]). Some related results for real interpolation
of weighted spaces are contained in [I1 23] 56| [7T]. We note that if we have
interpolation results for Besov spaces with boundary conditions, then we can
obtain Theorem for real interpolation (see [7, Theorem VIII.2.4.5]). We
expect that our results also hold for Besov spaces with boundary conditions
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if v € (—=1,p—1). However, for v > p — 1 a more detailed study about inter-
polation of Besov spaces and their relation to Sobolev spaces is required. A
particular problem is that for v > p — 1 we only have the embedding

By (R, wy) = (WPP(RL, wy), WHHP(RE, w,)), . 1€ No, 6 € (0,1),

while equality holds for v € (—=1,p — 1); see [54] Section 7]. In particular,
for n = 0 it is proved in [54, Remark 7.14] that the embedding “<=" fails for
v ¢ (-1Lp-—1).

Finally, we note that the special values v = jp — 1 with 5 € N; are
excluded, since in these cases the study of the trace operator is more involved;
see [35]. Moreover, we do not have certain trace characterisations available
which play a crucial role in the proof of the main theorem. For v < —1 we
find that C°(R%) is dense in W*P(R%, w,) and thus all traces will be zero.

Outline. The outline of this paper is as follows. In Section [2| we intro-
duce some concepts and preliminary results needed throughout the paper.
In Section [3] we determine the trace spaces for weighted Besov and Triebel-
Lizorkin spaces. In Section [f] we extend the results to weighted Bessel po-
tential and Sobolev spaces. As a consequence, we prove some density results.
Section [o deals with the characterisation of the trace space for boundary
operators. Finally, in Section [6] we prove the main result about complex
interpolation of weighted Sobolev spaces with and without boundary condi-
tions.

2. Preliminaries

2.1. Notation. We denote by Ny and N;j the sets of natural numbers
starting at 0 and 1, respectively. For d € N; the half-spaces are given by
RY = Ry x R where Ry = (0,00) and R_ = (—00,0). For v > —1,
O C R open and x € O, we define the power weight wgo (z) := dist(z, 00)7.
In addition, w,(z) := wQRi (z) = |21|7, where © = (z1,%) € R x RI~L.

For two topological vector spaces X and Y, the space of continuous linear
operators is £(X,Y) and £(X) := £(X, X). Unless specified otherwise, X
will always denote a Banach space with norm || - ||x and the dual space is
X':=L(X,C).

For an open and non-empty @ C R? and k € Ng U {oco}, the space
C*(0; X) denotes the space of k-times continuously differentiable functions
from O to some Banach space X. As usual, this space is equipped with the
compact-open topology. In the case k = 0, we write C'(O; X) for C°(0; X).
Furthermore, we write Cff(O; X) for the space of all functions f € C*(O; X)
such that 0°f is bounded on O for all multi-indices o € N with |a| < k.

Let C°(O; X) be the space of compactly supported smooth functions
on O equipped with its usual inductive limit topology. The space of X-valued
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distributions is given by D'(0; X) := L(C>(0); X). Moreover, C>°(0; X) is
the space of smooth functions with their support in a compact set contained
in O.

We denote the Schwartz space by S(R%; X) and §'(R%; X) := L(S(R?); X)
is the space of X-valued tempered distributions. For f € S(R%; X) we define
the d-dimensional Fourier transform and its inverse by

(FNE =F© =\ fx)e ™ da, ¢eRY,

R4
FINE) = Grya ) SOae aeRs
Rd

which extends to S'(R% X) by duality.

2.2. Weighted function spaces. For @ C R¢ open, a weight is a
nonnegative and locally integrable function w on O that takes values in
(0, 00) almost everywhere. For p € (1, 00) we denote the class of Muckenhoupt
weights on O € {R% R4} by 4,(0), i.e., w € A,(O) if

[w]a,(0) = sup <|;| Jw(z )dx)<|;‘ | w(z) 7 dx>p1 < o0,

where the supremum is taken over all balls B C O. Moreover, Ay (0) =
Ups1 4p(O). We will mainly focus on the case of power weights w (21, ) =
dist(x, OR% )Y = |21 |7 for v > —1, where z = (z1,%) € R%. For O € {R%, R}
we have w, € A,(O) if and only if v € (—1,p — 1); see [2I, Example 7.1.7].

For O C R? open, p € [1,00), w a weight and X a Banach space, we define
the weighted Lebesgue space LP(O,w; X), which consists of all equivalence
classes of strongly measurable f: @ — X such that

Iflzr 0y = (§ 1@ o) ar)"" < .

Additionally, for k € Ny and a weight w such that w e € L (0), we
define the weighted Sobolev space consisting of all f € LP(O,w; X) such that

1 lem (0,5 Z 10% fll Lo (0 w;x) < 00

| <k

REMARK 2.1. The local L' condition for w_ril ensures that all the
derivatives 0% f are locally integrable. For O = Ri this condition holds if
w € Ap(R%) or w = w, with v € R. For O = R? the local L! condition holds
if we A,(R?) or w = w, with 4 € (—oo,p — 1). For v > p — 1 one has to be
careful with defining the weighted Sobolev spaces on the full space because
functions might not be locally integrable near x; = 0; see [44]. This explains
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why, for example, we cannot employ classical reflection arguments from R‘i
to R4 if v >p— 1.

We continue with the definitions of weighted Besov, Triebel-Lizorkin
and Bessel potential spaces. We denote by ®(R?) the set of inhomogeneous
Littlewood—Paley sequences consisting of sequences (¢, )n>0 € S(RY) such
that @p := @ and 3,(&) = P(27€) — P(27"H1¢) for € € R? and n € Ny,
where the generating function ¢ satisfies 0 < $(¢) < 1 for £ € R?, §(¢€) =1
for |¢| < 1 and @(&) = 0 for |¢] > 3/2. For f € S’(R%; X) we use the notation

(2.1) Snfi=ppxf forneNy and S_1f=0,

where (n)n>0 € ®(RY).
We record the following weighted and vector-valued extension of the mul-
tiplier result in [72, Section 1.6.3|; see [60, Proposition 2.4].

LEMMA 2.2. Let p € [1,00), q € [1,00], w € Axo(R?) and let X be a
Banach space. Let K > 0 be fized and for n € Ng let f, € LP(R? w; X) be
such that supp f, C {6 € R%: |¢| < 2"K}. Then

H(Snfn)nZOHLP(Rd,w;Zq(X)) < CH(fn)TLZOHLP(Rd,w;E‘Z(X))v
where the constant C' > 0 is independent of (fn)n>0.
In particular, for any fized n € Ny and f € LP(RY, w; X) with supp f C
{eeR?: ¢ < 27K},

1Sn fl Lo ®ew;x) < CllF Il Lo w05
where the constant C' > 0 is independent of f and n.
REMARK 2.3. The constant C' in Lemma may depend on K, but

later K will always be a fixed number associated to the zeroth-order block
of Littlewood—Paley decompositions.

Proof. Since w € Ay (R?), we can find an 7 € (0, min {p, ¢}) such that
w E AP/T(Rd). Then [60, Proposition 2.4| implies

1(Snfn)nz0ll Lo e sy = 1(F " (@nfn ))nz0ll Lo @t wsa(x))
< Cililg 1L+ [ 19 F o (28K )] b @y | (Fn) 0l Lo (et aosga )

where C' > 0 is independent of (fy,)n>0. Using the scaling property ¢x(-) =
¢1(27F+1) for k > 1 shows that ($x(2K-) has its support in a ball with
a radius that is independent of k. Now, [32, Lemma 14.2.12| gives the first
statement. The second statement follows from applying the first statement
with (fn)n>0 replaced by (0,...,0, f,0,...) with f at the n-th position. =

For p € (1,00), ¢ € [1,00],5 € R,w € Ay (RY) and X a Banach space,
we define the weighted Besov, Triebel-Lizorkin and Bessel potential spaces



8 F. B. Roodenburg

as the space of all f € §'(R% X) for which, respectively,
£l B3, (Rewixy 7= 2" n % In>o0llea (1o e w;x)) < 00
£l s Ry = 12" n % fInzoll Lo (@a wiea (x)) < 00,
1l fzem@awsxy = IF L+ PP orawx) < 00r  w € Ap(RY).

The definitions of the Besov and Triebel-Lizorkin spaces are independent
of the chosen Littlewood—Paley sequence up to an equivalent norm; see [60),
Proposition 3.4]. We note that all the spaces defined above embed contin-
uously into S'(RY; X); see [47, Section 5.2.1e]. Furthermore, S(R%; X) em-
beds continuously into all the above spaces and this embedding is dense if
P, q < o0; see [60, Lemma 3.8].

Let © C R? be open. To define the B, F and H spaces on O, we use
restriction/factor spaces. Let F € {B, F, H}, then we define

F(O,w; X) :={f € D'(0;X):3g € F(RY, w; X), glo = f}
endowed with the norm

I fllE0,w;x) = nf {||gllpra.wx) : 9glo = [}
Similarly, we can define the factor space for weighted Sobolev spaces. If
O = Ri and w € Ap(Ri), then the weighted Sobolev spaces on Ri as
defined above coincide with their factor spaces (see [53 Section 5|). The
proof is based on the existence of an extension operator from Rf{_ to RY (see,
e.g., |2, Theorems 5.19 and 5.22]). Throughout the rest of the paper, we will
refer to such operators as reflection operators. For a discussion of reflection
operators on weighted spaces, we refer to |74, Section 2.1.2|.

2.3. Properties of Banach spaces. We recall the Fatou and UMD
property for Banach spaces. If X, X' are Banach spaces such that X embeds
continuously into S’(R%; X), then we say that X has the Fatou property (see
[10, [I7]) if for all (f,)n>0 C X such that lim, e f,, = f in S’(R% X) and
liminf, o || fullx < 00, we have

feXx and |fllx< “ﬁg&%f | frllx-

The proof of the Fatou property for Besov and Triebel-Lizorkin spaces in [17]
carries over to the vector-valued case (see [66, Proposition 2.18|) and to the
weighted case as well.

PROPOSITION 2.4. Let p € (1,00), ¢ € [1,00], s € R, w € A (RY) and
let X be a Banach space. Then B;q(Rd,w;X) and F;Q(Rd,w;X) have the
Fatou property.

A Banach space X satisfies the condition UMD (unconditional martin-
gale differences) if and only if the Hilbert transform extends to a bounded
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operator on LP(R; X'). We recall the following properties of UMD spaces (see
for instance [31, Chapters 4 and 5]).

(i) Hilbert spaces are UMD spaces. In particular, C is a UMD Banach
space.
(i) If p € (1,00), (S, X, ) is a o-finite measure space and X is a UMD
Banach space, then LP(S; X) is a UMD Banach space.
(iii) UMD Banach spaces are reflexive.

The UMD property is known to be necessary for many results on vector-
valued Sobolev spaces (see, e.g., [31} Section 5.6] and [32], Corollary 13.3.9]).

2.4. Embeddings. We start with Hardy’s well-known inequality for
spaces with power weights; see, e.g., [43, Section 5|. First, recall that for
p € [l,00), v € (—oo,p — 1) and X a Banach space, we have the Sobolev
embedding

WEP (R4, ws; X) < O([0,00); X),
with the boundary value u(0) well-defined for u € WHP(R, w,; X) (see, e.g.,
[54, Lemma 3.1]). We state the following version of Hardy’s inequality from
[54, Lemma 3.2 and Corollary 3.3|, which will allow us to estimate Sobolev
norms with both different weights and smoothness.

LEMMA 2.5. Let p € [1,00) and let X be a Banach space. Let u €
WLP(Ry,wy; X) and assume either
(i) y<p—1andu(0) =0, or
(i) y>p—1.
Then

lll o @ i) < Cpyllt' | 2o (e 0,:) -
In addition, if k € Ny and v > p — 1, then
WHEP(RL w.; X) — WEEP(RE w,_p; X).

We continue with some standard embedding properties of vector-valued
function spaces. Let p € (1,00), s € R, k € Ny, w € Ap(Rd) and let X be a
Banach space. Then
(2.2a) SR w; X) = HP(RY w; X) — Fy o (R w3 X)),

(2.2b) FF (R wy X) — WRP(RY, w; X) < FF (RY, w; X);

see [60, Proposition 3.12]. We have F$,(R% X) = H*P(R% X) if and only
if X is isomorphic to a Hilbert space; see [28] or [32, Theorem 14.7.9] for a
more direct proof. For general Banach spaces X, the Bessel potential and

Sobolev spaces are not equal to a Triebel-Lizorkin space, but instead, we
have the embeddings (2.2)). In particular, we note that the embedding

(2.3) F) (R w; X) — LP(RY, w; X)
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holds for all w € A (R?). This immediately follows from taking LP(R?, w)-
norms in the estimate | f||x < Y00, [|Snfllx with f € S(R%X) and a
density argument (see [60, Lemma 3.8]).

Moreover, for all p € [1,00), ¢ € [1,00], s € R, w € A (RY),

(2.4) s (R, w; X) = Fy (RY, w; X) — B}

d ...
p,min {p,q} R, w; X),

,max {p,q}(

and if, in addition, 1 < gy < ¢1 < oo, then

BS (RY,w; X) — BS_ (RY, w; X),

(2 5) b,q0 p,q1
' F, (RYw; X) — F*, (R, w; X);
pgo N 5 W5 poqr N 5 Wy A

see [60, Proposition 3.11].

Finally, we state the following theorem on Sobolev embeddings for Besov
and Triebel-Lizorkin spaces. Its proof is based on a similar result for ra-
dial weights, see [60, Theorems 1.1 and 1.2|. Moreover, in [61] general Ay
weights are considered in the scalar-valued setting. The embedding with
scalar-valued spaces can be extended to vector-valued spaces only for Muck-
enhoupt weights; see [61, Theorem 1.3]. However, this is not sufficient for
our purposes.

THEOREM 2.6. Let 1 < pg < p1 < o0, qo,q1 € [1,00], so > s1, V0,71
> —1 and let X be a Banach space. Suppose that

7 _ 0 d+v d+m
— < — and sg— =35 — .
P1 Do Po p1
Then
(1) F30 g0 (RY, wy X) > El ) (R, w15 X),
(i) Bpg g (R, wny; X) Byl (R, w,,; X) if, in addition, qo < q1.

Proof. STEP 1: Proof of. By (2.5)) it suffices to consider ¢ := g9 = ¢1.
Let f € B;g’q(Rd,w%;X), (on)n>0 € P(RY) and define S,f := ¢, * f as
in (2.1). We write s; + 0 = sg, where

v+l o+l d—1 d-1

60 =099+ with §p:= and 01 :=
Po yai Pbo P

Let F,, and F; be the Fourier transforms with respect to z; € R and
7 € R41 respectively. Note that supp F(S,f) C {€ € R : |¢] < 3-277 1}
so that supp Fp, (Spf(-, %)) C {& € R: & < 3-271) for fixed & € RI!
and supp Fz(Snf(x1,-)) C {€ € R¥1 1 |€] < 3-271} for fixed 1 € R (see
[66, Theorem 4.9, Steps 1 and 2|). Now, the Plancherel-Polya—Nikol’skij type
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inequality from [60, Proposition 4.1] twice and Minkowski’s inequality yield

26) 1SSl g )

< 0250n< S (S |21 )| S f (21, T) |52 dx1>P1/p0 di‘) 1/p1
R R

d—1

<o (o | Isufer 2 az)"" am )"
R

Rd-1
< C 20, £| oo (R 3

where C' > 0 is independent of f and n. Statement now follows from the
definition of the Besov norms and the fact that s; + 0 = sg.

STEP 2: Proof of . We follow the proof of [60, Theorem 1.2] for radial
weights to deduce By ([2.5) it suffices to prove the required estimate for

q1 = 1. First, let f € F0 (R? wqy; X)N F;1171(Rd,w71;X) and without loss

of generality we may assume f # 0. Let 6y € [0, 1) be such that pil — % =0

and define the continuous function ¢ : (6p,1] — R by

o (1=0)v0
9(9) = pll _ 1p_00
p1 po

Note that g(1) = 1 and since y; > —1 there exists a § € (6p, 1) such that
v :=g(#) > —1. Define r and t by

1 1-6 6 d d

— = +- and t-— +’Y:sl— +71.

n Po r r n

From the conditions on the parameters it follows that r € [p1,00), and t < sg
satisfies s1 = 0t+(1—0)sg. Moreover, 0ypy /7+(1—80)vop1/po = 1. Therefore,

the Gagliardo—Nirenberg type inequality from [60, Proposition 5.1| gives

1-6 6
C1) Il o S O o oM 1%
Moreover, by ([2.4)), (using r > p;1) and (2.5]), we obtain
(2.8) ||f||Fgm(Rd,w7;X) ~ ||f||B$7T(Rd,wW;X)

< CHfHB;%,m(Rd’wn%X) < CHfHF;ll,l(Rdawwl?X)'
Substituting (2.8]) in (2.7 yields
(2.9) ||f||F;1171(Rd7w71;X) < C||f||F50 (RE,w~g;X)

P0»90
for f e F30  (RY, wa; X) N Ept (RY w5 X).

The estimate for f € F;0 (R9, W~,; X) follows from the Fatou property

of Triebel-Lizorkin spaces. We provide the argument for the convenience of

the reader. For f € F,;0 (Rd,w%; X) the series fy = Z;V:O Snf converges
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to f in S'(R% X) as N — oco. Note that for all N € Ny we have fy €
F5o (R wy; X) N ESY (RY, wy, 5 X) by (2:6). From Lemmawe have

P0,490 p1,1

I nllpo

and together with . this implies

(RY w4y X) < CHfHFso (R, 11y X) for all N € Ny,

P0-490

HfNHFl 1(RE,w, X)) = CHfHF;OqO

PI“OpOSlthIlyleldS fer) (Rd w~,; X) and

Ry X) for all N € Np.

I e | R, 330) < hmmf ||fN||F91 ®wy,:x) S Ol B0 R0, :):

7w’Yli

This completes the proof. "

2.5. The complex interpolation method. We collect some basic
properties of the complex interpolation method. For a detailed study of in-
terpolation methods, we refer to, e.g., [9, [71].

Let A C R be an interval. Let Sy := {z € C : Rz € A} be a strip
in the complex plane and we write S if A = (0,1). Let (X, X1) be an
interpolation couple of complex Banach spaces, i.e., a pair of Banach spaces
which are continuously embedded in a linear Hausdorff space X'. We denote
by . (Xo, X1) the complex vector space of all continuous functions f : S —
Xo + X1 such that f is holomorphic on S with values in Xy + X; and
the mapping t — f(j + it) belongs to Cy,(R; X;) for j € {0,1}. The space
(X0, X1) endowed with the norm

171l 0.3 1= mase sup [£(5 + i),
is a Banach space.

DEFINITION 2.7. Let (Xg, X7) be an interpolation couple and 6 € (0, 1),
then the complex interpolation space [Xo, X1]g is the complex vector space
of all z € Xy + X such that f(0) = z for some f € (X, X1).

The space [ Xy, X1]g endowed with the norm
120, x1]5 = IE ([ f [ (x0,3,) © F(0) = 2}
is a Banach space and satisfies
XoNXy — [Xo,Xl]g — X+ X1.

Finally, if f € 57(Xo, X1) and g¢(2) := f(z +it) for 2 € S and ¢ € R, then
gt € %(Xo,Xl) and
(2.10) 1£(0 + i)l 1x0,x100 < Cllflle(xo,x1), 0 €(0,1),t€R.

3. Trace spaces of Besov and Triebel-Lizorkin spaces. In this

section, we characterise the higher-order trace spaces of weighted Besov and
Triebel-Lizorkin spaces on R?. In Section we first study the zeroth-order



Complex interpolation of power-weighted Sobolev spaces 13

trace operator and in Section [3.2] we extend the results to higher-order trace
operators.

3.1. The zeroth-order trace operator. To define the trace operator
we pursue as in [66] and use a concept due to Nikol’skij [64]. There exist
several other and, in particular cases, equivalent definitions for the trace
operator. We refer to [66, Remark 4.8] for an overview.

Let X be a Banach space and let f : R? — X be strongly measurable.
A function g : R¥™! — X is called the trace of f on {0} x RZ~! if there are
f:R*—= X, pell,o0] and § > 0 such that

(1) f = f almost everywhere with respect to the Lebesgue measure on R%,
(ii) f(x1,-) € LP(RYY; X) for |z1| < 6,

(iii) f(0,-) = g almost everywhere with respect to the Lebesgue measure
on R4,

(iv) limg, o ||f(9517 )= gHLP(Rd—l;X) =0.

By [66, Remarks 4.2 and 4.3] this definition is independent of f,p and § and
it coincides with the restriction of f to {(0,Z) : & € R¥"1} if f is continuous
on (—4,68) x R If the trace exists according to the above definition, then
we write Tr f = g, so that we obtain a linear operator Tr.

The representative f for f can be obtained via the formula f = Yoo Snlf,
whenever this makes sense. In Proposition we will use this representative
to show that the trace operator is well defined if f belongs to a certain Besov
space.

The following results are extensions of the arguments in [66] to the case
with weights wy(x) = |21|?, which can also be found in version 1 of the arXiv
preprint of [62]. We note that radial weights |z|7 are considered in [I] 29].
Anisotropic versions of trace theorems have appeared in, e.g., |34, 48] [49]
and the references therein.

We start with a technical lemma analogous to [66, Lemma 4.5].

LEMMA 3.1. Let p € (1,00), v > —1 and let X be a Banach space. Let
h € LP(RY wy; X) such that supph C {€ € R : [¢| < R} for some R > 0.
Then there exists C > 0, independent of h and R, such that for all 1 € R,
we have

L—’_l
[h(@1, lzp@a-1,x) < CR P [|B]| Lo ) -

Proof. First of all, note that h is pointwise defined by the support con-
dition on its Fourier transform (see, e.g., [32, Lemma 14.2.9]).

STEP 1: The case v € (—1,p—1). By scaling and translating, it suffices
to consider #1 = 0 and R = 1. Let ¢ € C*(R%) be such that ¢ = 1 on
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B(0,1). Then for every & € R*! we have
h(0,2) = (F~(¢h))(0.2)
= S S h(=y1, & — )y [Po(yr, )y | 7P dyy dg,
RI-1R

so that Holder’s inequality implies

120, &)llx < § 118G, 7 = D)o@ 190 Dl ) 95
Rd-1

where p’ = and 7' = — 17, By Minkowski’s inequality we obtain

P
p—1
1700, )l o me-1,x) < [Pl Lo (e 0,:x) S ”SO(HQ)HLF’(R,%,) dy
Rd-1
= CHhHLP(Rd,wW;X)’
using 7/ > —1 in the last step.

STEP 2: The case v > p — 1. Let F,, be the Fourier transform with
respect to z1 € R. Since supph C {¢ € R : |¢] < R} we know that
supp Fi, (h(-,7)) C {& € R : |&] < R} for fixed # € R4 (see [66, Theo-
rem 4.9, Steps 1 and 2|). By the Plancherel-Polya—Nikol’skij type inequality
from [60, Proposition 4.1] we obtain

5 A\1/p
BY Ml = ( § JInG @)% do dz)
RA-1R

1/p
<CRP( | [l e, ) der d7)
RA-1R

= CR’Y/thHLP(Rd,w.Y;X)'

From Step 1 applied to v = 0 and (3.1)), we obtain
LH
[h(@1, )l Lr(ra-1,x) < CRl/p”hHLP(Rd;X) < CR » [[h] Lo (®d,w.:x)-
Note that this second step actually works for all v > 0. =
LH
Using Lemmawe can now prove that Tr f existsif f € B, (RY, wy; X).

In particular, provided that f has this regularity, we will always work with the
identity (3.2)). The following result is a weighted version of [66, Proposition 4.4].

PROPOSITION 3.2. Let p € (1,00), vz 1 and let X be a Banach
arl

space. Then the trace of a function f € Bp,zl) (Rd,wv;X) exists and for any
(¢n)n>0 € P(RY), we have

(3.2) Tr f = i(pn « £(0,)) in LP(RTL X).
n=0
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Y1 N

Proof. Let f € B,j (R% w5 X), (0n)n>0 = O(R?) and set f =

Yoo Snf. We verify the conditions |(i)] ., H (i1)| and |(iv)| for the definition of
the trace operator. Note that m holds automatlcally

141

STEP 1: Proof of. Since f € B} (R, w,; X) we have

oo
Z 1Sn.f Il Lo (Re ;) < 00
n=0

and therefore the series converges to f in LP(R? w~; X). Thus f = f almost
everywhere on R?.

STEP 2: Proof of[(ii)] By Lemma [3.1] (using the fact that supp F (S, f) C
{€ e Ry |¢] £3-27"1)) we deduce for every x; € R that

1F (@1, ) o @a1ix) < NUISaf (@1, )| po@a-1:x))nz0lles

LH
< CI@7 1Sl o (Ra wy:x) Inz0llr = CUFI 2a

Bpf (R, w~; X

STEP 3: Proof of. Let € > 0. By applying Lemma , we can find
an N > 1 large enough such that

LP(R=1;X)

| S Sulor) - 8u700.)
n=N

<C Z 2 HSnf”LP(R s X) <

| ™

From now on we fix such an N. Let n < N and |z1| < 27", and we define
By (t, &) = Spf(t+x1,%) — Spf(t, %) for t € R and & € R?"1. Note that by
the mean value theorem we have

(3.4) [hay (8, %) | x < |z1] sup [[VSnf(t+y,7)|x.
ly|<2—N

By Lemma (3.4) and [60, Lemma 2.3], we obtain
1Sn.f(z1,) = Snf(0, )| Lo me-1,x)
= ||hz1( N e ®a-1.x)
<02 , thl”Lp(R 4 .5 X)

<25 | (6,3) = sup [VSuf(t+y, & )1 x | 2r (R )
y<2—N

< 025 Iy | [ MUSw IR L (et
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for some r € (0, p), where M denotes the Hardy—Littlewood maximal opera-
tor. Pick r such that w, € Ap/r(Rd). The boundedness of M on LP/7(R%, w.)
gives

v+l
(3:5) 11Sns (21,) = Suf (0, ) ogma-1,x) < €27 | HSanLp(R )

Upon choosing |z1| small enough, we now deduce by combining (3.3)) and (3 .
that

|3 (Sur(1) — $uF0.9)]
n=0

Lr(RI-1;X)

g y+1 +1
<5 +Clail Z 205 S f ot ) < -
n=0

For instance, it suffices to take |z;1| < e2~NC~1||f| "L . where

BUFD/?(ra

)

C is the constant in (3.5). This shows that lim,, g f(x, - ) = £(0,-) in

Lp(]Rd_l‘ X)
y+1

REMARK 3.3. Note that for v > 0 we have B P (R wy; X)

;/ P(R%; X) by Theorem [2.6, Thus, Proposition for ~ > 0 can also

be deduced from the unweig ted result. This argument does not apply for
(_ 17 O)

With the above results, the trace space of a weighted Besov space can
be characterised following the arguments from [66, Theorem 4.9 and Propo-
sition 4.12] for the unweighted case. For p = ¢ € (1,00) and A, weights the
result was already shown in |23, Théoréme 7.1].

THEOREM 3.4. Let p € (1,00), ¢ € [1,00], v > —1, s > VTTI and let X
be a Banach space. Let Tr be as in Proposition[3.2] Then
LH

Tr: BS (R w,; X) = Byg * (R X)
s a continuous and surjective operator. Moreover, there exists a continuous
right inverse ext of Tr which is independent of s,p,q,v and X.

PT‘OOf. Let ((pn)nZO € @(Rd), (an)nzo € Q(Rd_l% f € S/(Rd;X)a g €
S'(R%1; X) and define S,f := ¢, * f and Tpg := ¢, * g. Moreover, set
Saf=T-19=0.

STEP 1: Trace operator. The continuity of the trace operator can be

shown similarly as in [66, Step 4 of the proof of Theorem 4.9] if we apply
Lemma [3.1] instead of [66, Equation (4.5)].

STEP 2: Extension operator. The extensmn operator is defined similarly
to |72, Section 2.7.2] and [66]. Let g € qu w (Rd 1. X) and take (pn)n>0
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€ &(R) such that p;(0) =2 (and therefore p,(0) = 2" for all n > 0). We set
(3.6) ext g(z1,% Z 27" pn(21)Tpg(2)  in 8’(RY X).

Note that ext is 1ndependent of s,p,q,v and X. Moreover, since p,(x1) =
2= 1p (27 121), we have

1
B Iealosmny =277 ol @y 1 No.
Therefore, using (3.7, Young’s inequality, s — = L'>0and v > —1, we find

oo (o0}
Z 27" pnTngll Lo (e . x) = Z 27" | pnll Lo () | Tn gl L (ra-1,x)

n=0 n=0
v+1
< Cllgllrra-1,x) 22
n=0
< C||g|| a1
Pq P (Rd IX)

where the constant C' is independent of g and n. For the last estimate we
have used a geometric series (y > —1) and the fact that B;f’q(Rd_l; X) —
By (RLX) — LRI X) for & > 0 (see [32, Theorem 14.4.19 and
Proposition 14.4.18]). This shows that ext g is well defined in LP(RY, w.; X).
Now, Lemma and imply that

1

i) SC 2D o ) | Tt 9 Lo (ra-—1,x)
j=——1

[|S ext gl Lp(ra

1
—(n4j) 2L
<03 2" T a1,
j=-—1

where the constant C' is independent of g and n. This implies that

HeXtQHBsq(Rd wyix) < C Z 1(2 2"~ ||Tn+Jg||LP(Rd 1X))n>0||éq
j=—1

<lgll a2 :
qu P(RIZLX)

This proves the continuity of ext.

Since p,(0) = 2" it follows from and (3.6) that Tr(extg) = ¢
for all g < S(Rd 1. X). By density (see [60 Lemma 3.8]) this extends to all

gEqu p (R4=1; X)) with ¢ < 0o. If ¢ = o0, thenwehaveBpoop (R4-1 X)
+1

— B; B (]Rd LX) for all € > 0 (see [32, Theorem 14.4.19]). This shows
that ext is also the right inverse for Tr in this case. Finally, the existence of
a right inverse of Tr implies that Tr is surjective. m
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Using Theorem [3.4] and the Sobolev embeddings for Triebel-Lizorkin
spaces from Theorem [2.6] we characterise the trace spaces for Triebel-
Lizorkin spaces. In contrast to [66, Lemma 4.15] and [29, Theorem 3.6], the
following proof is Fourier-analytic and does not use an atomic approach.
In the unweighted scalar-valued setting, other methods are used in [72]
Theorem 2.7.2] to obtain the trace space for Triebel-Lizorkin spaces.

THEOREM 3.5. Let p € (1,00), ¢ € [1,00], v > —1, s > VTJ;I and let X
be a Banach space. Then
s_ 2+l
Tr: S (R, wy; X) = By, 7 (R X)
s a continuous and surjective operator. Moreover, there exists a continu-
ous right inverse ext of Tr which is independent of s,p,q,v and X. This
extension operator coincides with the extension operator from Theorem [3.4].

Proof. STEP 1: Trace operator. Let f € sz’q(]Rd,wv;X) and for ¢ > 0
small take s1 := s—¢/p and v :=y—e. Then v;/p < v/p and s—(d+~)/p =
s1 — (d+71)/p. So by Theorem (2.4) and Theorem we obtain

| Tr f”B;;,%l(Rd—l;X = ||Tr f”B;.}p,“ﬂle(Rd_ Y < CHfHB;}p(RdMWl;X)
< Ol gy e, x) < ClFlIEs @ wy:)-

7w"/1;
s—2El
STEP 2: Extension operator. Let g € By, © (R471; X) and for ¢ > 0

small take sp = s+ ¢/p and 79 = v + £. Then by Theorem (2.4) and
Theorem [3.4] we obtain

HethHngq(Rd,wy;X) < CHethHFS%(Rd,wWO;X) < Cllext QHBZS,{)p(Rd,wm;X)

<Clgl , wn =gl e
Bpp 7 (RITLX) Bpyp 7 (RETHX)

The identity Troext = id follows from Theorem .

3.2. The higher-order trace operator. In this section, we study the
m-th order trace operator Tr,, = Tro 907" for m € N;. Furthermore, we will
write Trg = Tr.

We start with higher-order trace spaces for Besov spaces. We first define
the m-th order extension operator.

DEFINITION 3.6. Let 79 € C°((—1,1)) and n € C((1,3/2)) such that
(3.8) Fno(0) = F~'n(0) =1,

where F is the one-dimensional Fourier transform. For m € Ny and D :=
—i0h we define

my' = (=D)"no/m! and ;"= (=D)"n(277-)/ml, j€Ni.
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Let (¢;);>0 € ®(R41). For any g € S(R¥1; X) we define
exct g1, & 22 HFE ) (@1)(5 % 9)(F)

whenever this converges in S/(Rd; X).

The motivation behind the definition of this extension operator ext,, is
as follows. By properties of the Fourier transform, we have

(Fh) (@) = (F'O@z1),  je€No, a1 €R,

where ( :=nifj > land ( := 170 if 7 = 0. Using the product rule, one can cal-
culate the derivatives 07" of ext,, to show that Tr,, o ext,, = Tro 9" o ext,, =
id, i.e., exty, is a right inverse to the m-th order trace operator. We make
this rigorous in Theorems [3.8 and [3.9] for Besov and Triebel-Lizorkin spaces,
respectively.

We start by showing the continuity of the extension operator ext,, on
Besov spaces. The following lemma is analogous to |7, Lemma VIII.1.2.7].

23:1

LEMMA 3.7. Let p € (1,00), q € [1,00], mENo,'y>—1 5>m+7Jrl

_ o+l
and let X be a Banach space. Then for g € Bp7qm i (Rd LX),
(i) extp g eists in B (R, wy; X) if g € [1,00),
(ii) exty, g exists in B;’I(Rd,wy; X) for any t < s if g € [1,00].

Moreover, for any q € [1, o],

exty, : Bpg

)

18 continuous.

Proof. STEP 1: Preparations. For m,j € Ny and (¢;);50 € P(RI™1)
let nj" and exty, be as in Definition Let F; be the d-dimensional Fourier
transform. Moreover, let (p;);>0 € P(R) and set

Fapj(x) = (F1pj)(@1)(Fa-10;)(T).

For notational convenience we write ¢;(z) = p; (l’l)ng(.f?)
1

Welet g € B;;miT (R4=1; X) and for notational convenience introduce
§i=Faag and  gj:=(F; 'n]")(¢; * g) for j € No.
Note that for k,j € N; we have
Falor * g;) = euFagi = prduFa(FL 0 (Foli659)) = (prnl") (0xd59),
and thus ¢y * g; = F ' [(pn]") (91;9)]. Since suppn” € {& € R : 2/ <
|€1] < 32771} C supp pj;, we have
(3.9) prxg; =0 if [k —j] > 2.
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Moreover, by properties of the Fourier transform, we obtain, for 7 > 1,

—Jjm j(m—1)
2Wﬂ‘l(((—D) n)(277)) :27@?;1((—1)) m)(27-),

and with a substitution z — 2772 we obtain
(3.10) VF 0 o ey = 25 F 0 o

where 7" := (—D)™n/m!. Define s,g := > ;277 /g; for n € Ny. Therefore,
for 0 <k <n+1 we deduce from (3.9)), Lemma [2.2| and (3.10) that

(3.11) 2%y * 5n9l Lr (R4, :X)

Fitn =

m)!

k1
— 2k‘S 27.7 ‘
Z P29 Lot o)
Jj=k—1
<C Z 2(k+j)s_(k+j)||9k+j|’LP(Rd,w7;X)
j=—1
1 . .
=C 2D ERD | Frm o @) 19545 % 9l o ra-1,x)
=1
1
k+j -t
<0y ot el * gll Lo ra-1,x)
j=—1
and if kK > n + 2 we find that
(3.12) kaH‘Pk * Sngll Lo (R4 ww; x) =0

STEP 2: Ewistence. For g € By, qm P (Rd 1. X) we prove that
(i) exty, g exists in B]‘j’q(Rd,ww, X)if g € [1,00),
(i) exty, g exists in B;yl(]Rd, wy; X) for any ¢t < s if g € [1,00].
If g € [1,00) and 0 < £ < n, then by (3.9), and (3.12)), we have

(313)  lsng — segllBs  (me.w,:x)
n+1

1/q

- (X (2]%”901: (309 = 509)l| (1))

k=/¢

™= k+j)(s—m—L+1) a\1/a
< C( ( [ *QHLP(Rdfl;X)) )

;+2 — »
< 6k * 9l o arx)?)

k=¢— 1

which converges to zero as ¢,n — oo since g € qu Z (Rd L X).
Thus, (spg)n>0 is a Cauchy sequence in B;Q(Rd w~; X ). Hence, ext,, g =
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Z;io 277 g; = lim;, . s,,g exists in this space and this proves
If g € [1,00] and ¢ < s, then by [32] Theorem 14.4.19] it follows that
s—m—2L t—m—2t1
d— d—
g€Bpy T RTLEX)= B, T (RTLX).
Hence, |(i)| implies that ext,, g exists in B;l(]Rd, w~; X)) and this proves |(ii)
oyl

STEP 3: Continuity. Let g € B;;m 7 (R4 X) with ¢ € [1, 00]. Take
k € Ny and 0 < £ < n. Then the estimate

k
2 tH‘Pk * (spg — ng)HLP(Rd,w.Y;X) < Cllsng — 5£9|’B;71(Rd,w7;)(),

together with , implies that (¢ * spg)n>0 is a Cauchy sequence in
LP(RY, w,; X) for all k € Ny. Therefore, its limit wy, = limy, o0 pg*spg exists
in LP(R% w,; X) and thus in &'(R% X) as well. Since B};l(Rd,ww;X) —
S'(R%; X), Step implies that s,g — ext,, g, and thus also g * s,9 —
©k * exty, g, both in 8'(R; X) as n — oco. We conclude that wy = ¢y, * exty, ¢
and

(3.14) Ok * Spg — ©p ¥ exty, g In Lp(Rd,wq,; X) as n — 0.

The convergence in (3.14)) shows that we can let n — oo in (3.11)) to obtain,
for any k € Ny,

1
k4 i)(s—m—2tL
2" o1 * exXtm gl p (R0, x) < C Z plbH(s=m="%, )Héf)kﬂ‘ * gl Lo (ra—1, x5
j=—1
and therefore
k(s—m—2tL
lextin gll s 2t,,3) < CNEET 7515 5 gl Logga1,) zo0llen

<Clgl 241 :
B

s—m—-12=

P.q PRI X)

To conclude, ext,, g € B, , (R4, wy; X) and the lemma is proved. =

Using Lemma [3.7] we can now determine the higher-order trace spaces of
weighted Besov spaces and show that the corresponding extension operator is
indeed given as in Deﬁnition We follow the arguments from [7, Theorem
VIIIL.1.2.1].

THEOREM 3.8. Letp € (1,00), g € [1,00], m € Ng, v > —1, s > mJﬂTfl
and let X be a Banach space. Then
S+l

" RTHX)

Try, : B;vq(Rd,w,y; X)— B;;m_
1s a continuous and surjective operator. Moreover, the extension operator
exty, from Definition [3.6] defines a continuous right inverse of Try, which is
independent of s, p, q, v and X. For any 0 < j < m, we have Tr; o ext,, = 0.
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Proof. STEP 1: Trace operator. Note that 07" : B;7Q(Rd,w7;X) —
B;;Im(Rd,w,y;X ) is continuous; see [60, Proposition 3.10|. Therefore, since
s—m > VTTI it follows from Theorem that

_m_atl
Try = Trodf" : B (R, wy; X) = Bpg 7 (R X)
is continuous.

STEP 2: Extension operator. Let ext,, be the extension operator from
Definition [3.:6] The continuity follows from Lemma [3.7} It remains to prove
that ext,, is the right inverse of Tr,, and that

Pt
(3.15) Trj(exty, g) = 0jmg, 0<j<m, g€ B;qu P (R X),
where 0, is the Kronecker delta. Note that from Definition [3.6]and proper-
ties of the Fourier transform it follows that for n > 0,
2”1‘71"
(3.16) (F ) (@) =

where F is the one-dimensional Fourler transform and ¢ :=nif n > 1, and
¢ = if n = 0. Therefore, if g € S(RY"1; X), then using Tr; = Tro 9, the
product rule and ({3.8)), gives

(317) T (2"(F 0 )(bn % 9)) = Gjm(dn*g),  0<j<m,n>0.

Therefore, by continuity of the trace operator (Step 1) and (3.17)), we find
for 0 < j < m that

(F'O@"21), a1 €R,

Trj(ext,, g) = Z Trj( _ln,T)(gbn *g)) = Ojm Z (Pn * g) = djmg,

using properties of the Littlewood—Paley sequence in the last 1dent1ty By
density (see [60, Lemma 3.8]) this extends to all g € B, qm_ Z (R1: X)

~+1

et
with ¢ < co. If ¢ = 00, then Bpoo P (RTLX) B TP TR X)
for all € > 0 (see [32, Theorem 14.4.19]). This proves (3.15)). =

We continue with the characterisation of higher-order trace spaces for
Triebel-Lizorkin spaces.

THEOREM 3.9. Letp € (1,00), ¢ € [1,00], m € Ng, v > —1, s > m—i-WTfl
and let X be a Banach space. Then

S—m—

y+1
Trm:F;q(Rd,wv;X) — By, 7 (RTLX)

1s a continuous and surjective operator. Moreover, the extension operator
exty, from Definition [3.6] defines a continuous right inverse of Try, which is
independent of s, p, q, v and X. For any 0 < j < m, we have Tr; o ext,, = 0.
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Proof. The proof is similar to the proof of Theorem [3.5] using Theorem [3.§|
instead of Theorem 3.4l =

4. Trace spaces of Bessel potential and Sobolev spaces. Let p €
(1,00), X a Banach space and let O C R? be open. Recall the power weight
wgo(a:) = dist(x, 00)7 for x € O and v > —1. In the rest of this paper, we
mainly consider the following two weighted spaces:

(i) Bessel potential spaces H*P(O, w?o; X) withs € Rand vy € (—1,p—1),
(ii) Sobole\}/ spaces W’“’(O,wgo; X) with k € Ngand vy € (—1,00)\{jp—1:
7 €N}

To finally prove our main results in Section [6] about complex interpolation
for these weighted spaces on bounded domains, it suffices to consider the
half-space O = ]RSZr by localisation arguments. In this case, we write w. (z) =
ngi (z) = |x1|" for x = (v1,%) € RY as before.

The outline of this section is as follows. We start with the trace spaces for
the above-mentioned weighted Bessel potential and Sobolev spaces on R% and
R‘i in Section Afterwards, we apply the trace theorems to prove some
density results in Section [£:2]

4.1. Trace spaces of weighted spaces on the half-space. Using the
results from Section [3.2] about weighted Besov and Triebel-Lizorkin spaces,
we will now characterise higher-order trace spaces of weighted Bessel poten-
tial and Sobolev spaces. The methods we will employ depend on the weight
exponent . For v € (—1,p — 1), i.e., w, is a Muckenhoupt weight, we can
use standard techniques relying on reflection operators to transfer results
from R? to R‘i. For v > p — 1 such reflection techniques do not work since
weighted Bessel potential and Sobolev spaces on R? cannot be defined as
usual if v > p — 1 (cf. Remark . Nonetheless, the definition of a Sobolev
space on Ri does make sense for v > p — 1 and the main difficulty is to
establish the results for this regime of weight exponents.

We first consider the case v € (—1,p — 1), where we can use the sand-
wiching embeddings to deduce that, e.g.,

a+1
Tr s HP (R wyi X) = By 7 (RTLX), s >m+ 2L

is a continuous and surjective operator (see Theorem below). If f1, fo €
H*P(RY w.; X) satisfy fl’]Rj_ = fg]Ri, then we have Tr; fi = Tr; fo for all
j €40,...,m}. This can be proved similarly to [53, Proposition 6.3(2)|. This
implies that the trace operator Tr,, on R? gives rise to a well-defined trace
operator on R% | which we denote by Tr,, as well. Moreover, if f is continuous
on [0,9) x R for some § > 0, then the trace operator coincides with the
restriction of f to {(0,%) : & € R*1}.
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For weighted Bessel potential and Sobolev spaces on R? and Ri with
v € (—1,p — 1), we obtain the following trace results.

THEOREM 4.1. Let p € (1,00), m € Ng, v € (—1,p— 1), O € {R4,RL}
and let X be a Banach space.

(i) If s > 0 satisfies s > m + VTTl, then
2t
Trp : HP(O,w; X) = Bppy 7 (RTL X)
is a continuous and surjective operator.
(ii) If k € Ny satisfies k > m + VTTI, then
k—m—2tL
Try, : WEP(O,w,; X) = Byp 7 (RITH X)
1 a continuous and surjective operator.

In both cases, there exists a continuous right inverse ext,, of Tr,, which is
independent of k, s, p, v and X. For any 0 < j < m, we have Tr; o ext,, = 0.

Before we can prove Theorem [£.1], we need the following trace result for
Besov spaces on the half-space. This proposition is used to prove Theorem[4.]]
without a UMD condition for the Banach space X (see also Remark
below).

PROPOSITION 4.2. Let p € (1,00), q € [1,00], m € Ng, v € (—1,p — 1),
s>m+ VTTI and let X be a Banach space. Then
s d s—m—12 d—1
Try, @ By (RS, wy; X) = Bpg P (RN X)
s a continuous and surjective operator. Moreover, there exists a continuous
right inverse exty, of Tr,, which is independent of k, s, p, v and X. For any
0 <j <m, we have Trjoext,, = 0.

Proof. The result follows from Theorem if we have a reflection oper-
ator between Besov spaces on R‘i and R?. To obtain this reflection operator,
note that for any § > 0, 8 € (0,1), sp,s1 € Np such that sy < s; and
5= (1-0)so+ 0s1, we have

(41) (Wsoyp(Ria w’Y; X)a WSLP(R(_J{_’ w’Y; X))@J] = Bi,q(Ria w’Y; X)

This identity follows from [60, Proposition 6.1] (using v € (—1,p — 1)) and
[53, Lemma 5.4] (which holds for real interpolation as well; see |71} Section
1.2.4]). Now, the higher-order reflection operator on Sobolev spaces from [53,
Lemma 5.1] is also bounded on Besov spaces by (4.1)).

REMARK 4.3. By Theorem [3.9) a result similar to Proposition £.2] holds
for the trace on Triebel-Lizorkin spaces on Ri. For Triebel-Lizorkin spaces
the construction of a reflection operator is more involved, since Triebel-
Lizorkin spaces arise as interpolation spaces of Sobolev spaces using the
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¢-interpolation method; see [45, 50]. Alternatively, one can also redo |72,
Theorem 2.9.2] using the weighted multiplier result [62, Theorem 1.3].

We will now provide the proof of Theorem [£.1]

Proof of Theorem, . STEP 1: @ = R?. This follows immediately from
Theorem 3.9/ and the embeddings (2.2a)) and ([2.2bf). Note that these embed-
dings are only valid for w € A,(R?), i.e., v € (—1,p — 1).

STEP 2: O = Ri. Statement with O = Ri follows from Step 1 and
a higher-order reflection argument (see [53, Lemma 5.1]).

It remains to prove statement with O = R‘i. Let € > 0 be small
and set o :=v+¢&, 71 :=7—¢, S0 :=s+¢&/pand s; := s — ¢/p. From

Theorem (2-2a)) and (2.4) (which also hold on R since the spaces on R%
are defined as factor spaces), we have the chain of embeddings

(4.2) B3R, wag; X) = F50(RL, wyy; X) — 5 (RL, w3 X)
= H¥P(RY  wy; X) = FS (RY,w,; X)
= F5L(RY, wey; X) = B3 (RY, w5 X).
From Proposition and it follows that for f € H¥P(RY, wy; X),

Tr = ||Tr
o st =T s

S CHfHB;,lp(Rivw"ﬂ;X) S C”fHHsap(Rjdww;X)’
—m—2tl
and for g € B;pm P (R X)),
||6Xtm gHHS’P(Ri,w-Y;X) < CHeXtm g”B;?p(Ri,wWO;X)
<Clgll ., ..

b,p

_20+1 = ”9” s—m—2EL .
P B

Ri-1;X) D,P P(RI-1X)

This finishes the proof. »

REMARK 4.4. Alternatively, in the proof of Theorem with O = Rff_
above, we could have used a reflection operator from H S’p(Ri,wV; X) into
H?P (Rd, w~; X). Such a reflection operator can be obtained using [53, Lem-
ma 5.1] and complex interpolation. However, this requires X to be UMD see
[53, Proposition 5.6]. Instead, we used the reflection argument at the level
of Besov spaces in Proposition where no UMD condition was required.

REMARK 4.5. For m € Ny and O € {R% R4} it is clear that the
trace operator Tr,, maps C°(0; X) into C°(RY~!; X). Moreover, the ex-
tension operator ext,, maps C°(R?1; X) into C*(0; X). Indeed, let g €
CX(R¥1; X), then g € B;;,m_l/p(Rdfl; X) and ext,, g € H¥P(O; X) for all
s > m+ 1/p. The Sobolev embedding implies that ext,, g € C*°(0; X).
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We extend the result for Sobolev spaces in Theorem (] from v €
(=L,p—1)toy e (=1,00)\ {jp—1:j € Ni}.

THEOREM 4.6. Let p € (1,00), m € Ng, k € Ny, vy € (=1,00) \ {jp—1:
Jj € N1} such that k > m + 774;1 and let X be a Banach space. Then

41

k—m—
Tr,, : WRP(RY wy; X) = By 7 (RELX)

s a continuous and surjective operator. Moreover, there exists a continuous
right inverse exty, of Tr,, which is independent of k,p,~v and X. For any
0 <j <m, we have Trjoext,, = 0.

Proof. Let j € Ng be such that v € (jp—1,(j+1)p—1). The case j =0
follows from Theorem 4.1(ii)} so we can assume j > 1.

STEP 1: Trace operator. Let f € Wk’p(Ri,wv;X). Then

ITem £l 2t = Tem fIl s azipen

Bp,p RI~1:X) Bp,p PRITLX)

< Ol lyssned i) S O s e 0

since y—jp € (—1,p—1) and k—j > m > 0 so that Theorem [4.1|(i1)| applies.
The last estimate follows from Hardy’s inequality; see Lemma [2.5]

STEP 2: Extension operator. Let a = (a1,d&) € Ng x N& ! with |a| < k
_otl

k—
and let g € prpm ? (R?1 X). Then estimating the norm on R% by the

norm on R?, using ’ Theorem and ’ gives

(43) 110 extin gl i < 10 extin glls g, x)
< C|0% extyy QHFgl(Rd,ww;X)
< Cl|0% extin 9l 20 (R w0 1)
< Cl|0% extm gll 20, (e ., 1)

where 9 > v and sp > 0 are such that sg — v9/p = —7/p. With a similar
computation to the proof of Lemmal[3.7] (see (3.11)), it follows that for £ € Ny,

we have

(44)  2°0lpg * 0% extin gl Lo (et )

1
<C Z 26(80_1)”‘%” (]:_lﬁﬁi)||LP(R,wA,O)||5a(¢e+i * 9) || Lo (ra-1,x)
i—1

where F is the one-dimensional Fourier transform and (¢¢)s>o € ®(R1).
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Taking the fP-norm of (4.4) and combining this with (4.3)) gives

(45) Haa ext, gHLP(]Rd W5 X)

00 1 B 1/p
< C(E Z 241)(80_1)”6?1 (f_lﬁﬁi)ﬂip(m,wm)||5a(¢é+z‘*9)||I£p(Rd71;X)) .

(=0 1=—1

We estimate the two LP-norms in the summation above separately. We
start with estimating the LP(R,w.,)-norm. Let ¢ € Ny and ¢ € {—1,0,1}.
By (3.16) and the product rule, we compute

e -1, m 2“_7; e’ m — i
9 (F 1771z+i)(551) =l Ot (x"(F 1()(24+ r1))
2“_7; - m—n 1) (a1 —n —_ a1 —n i
n=0
where ¢, = (0;11) (m@n)! if n < m and zero otherwise. Taking norms and

applying Hardy’s inequality (Lemma yields
(46) 107 F ) o,

a1

< CZZPZQ(Z—&-i)(al—n)le,l s 931 "F IC) a1—n) 25—&-1
n=0

< 02 oy s o (FOE (28

HLP(R Wnyg)

||LP(R w’YO

< Coprann-2

For the LP(R4"!; X)-norm we estimate, with the notation T}, g := ¢y, * g,

1
A7) 0% * DI sy < O 107 (Besi # Terisnd) g1,

n=-—1

1
< ¢ 2tpldl Z HTgHJrngHZp(]Rd—l;X)'

n=-—1

Combining the estimates (4.5)—(4.7) yields

> 1/p
Haa eXtmg”LP(Rd,ww;X) < C(Z 241)(80+|Oé\—m L ))
/=0

> 2l 1/p
< C(Zzgp(k P )H@*gnlzp(ﬂgd—l;x))
=0

=Cllgll y—ozsr
Byp.p P

)
(R=1:X)
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where the constants are independent of g and ¢ and we have used
Y +1 y+1 o+l
m———=|a|—m— —_—

p
This proves the continuity for the extension operator. m

so + || — <k-—

To close this section we state a related result for the vector of traces given
by
ﬁm = (TI'(),...,TI‘m), m € Ny.
We follow [7, proof of Theorem VIII.1.3.2] to determine the trace space
for Try, from the trace space for Tr,,. A similar result is contained in [71]
Section 2.9.2] for weighted scalar-valued Sobolev spaces.

PROPOSITION 4.7. Let p € (1,00), m € Ny and let X be a Banach space.
(i) Ifs>0,ve(-L,p—1), s>m+ 7—“ and O € {Rd,Ri}, then

_ y+1
Try, : H¥P(O,w.; X —>HB,p P ]Rd LX)

18 a continuous and surjective opemtor.
(ii)) If ke Ny, ye (—1,00)\{jp—1:5 €N} and k >m—|—L+1, then

_ 41
Tty : WRP(RYL, w,y; X) —>HBpp g Rd LX)

1S a continuous and surjective opemtor.

In both cases, there exists a continuous right inverse ext,, of Tr,, which is
independent of k, s, p, v and X.

Proof. The proof is similar to [7, Theorem VIII.1.3.2] and for the conve-
nience of the reader, we sketch the proof.

STEP 1: Proof of For j € {0,...,m} let Tr; and ext; be as in Theo-
rem (4 The contlnulty of Tr,, follows from Theorem |4 We continue

with constructlng an extension operator extm Let
_ o+l
(90s-- -+ gm) € HB oy C Rd LX)

and define fy := extg go. For j € {1, ...,m} we recursively define
fi = fi1+extj(g; — Trj fi1) = Hjfj-1 + ext;gj,

where H; := 1 — extjoTr; is a bounded operator on H*P(O,w,; X) by
Theorem 4.14(1) Tt is stralghtforward to verify that

m—1

(4.8) fm = extym gm + Z ( H Hn) ext; g;.

j=0 n=j+1



Complex interpolation of power-weighted Sobolev spaces 29

Moreover, note that from Theorem [4.1(i)| we have for j € {0,...,m},
TrjoH; = Trjo(1 —extjoTr;) = Tr; —Tr; =0,
Trjl on = Tl"jl O(l — ext; OTI"j) = TI'j for j; € {07 sy J — 1}'

From (4.8)) and (4.9) it follows that Tr; f,,, = g; for j € {0,...,m}. Hence,
we can define ext,,(go, - - -, gm) := fm and it is straightforward to verify that

this operator satisfies the desired properties.

STEP 2: Proof of . This case is similar to Step 1 using Theorem
instead of Theorem |4.1f(i) =

4.2. Density results. As an application of the trace theorems in the
previous section, we prove density of certain classes of test functions in
weighted spaces with zero boundary conditions.

(4.9)

4.2.1. Bessel potential spaces. Let p € (1,00), s € R, v € (—=1,p — 1),
O € {R%4,R%} and let X be a Banach space. Then we define
HyP(O,wy; X) :={f € H*P(O,wy; X) : Te(0%f) =0 if s — |a| > VTJfl}
All the traces in the above definition are well defined by Theorem We
note that if s < %‘1, then
(4.10) 3P (0,1, X) = H#(0, w5 X).

Moreover, we set R? := R?\ {(0,%) : # € RI71}.
To prove a density result for H;”, we first record the following proposition
about the boundedness of the pointwise multiplication operator 1Ri . The

following proposition is an extension of [53, Proposition 6.2].

PROPOSITION 4.8. Letp € (1,00), v € (—1,p—1) and let X be a Banach
space. Let s > —1 + q’TTl and m € No U {—1} be such that m + %—1 <5<

1 +1,1 . .
m + 1+ L= Then for all f € H*P(R%wy; X) N {g € Wi (RGX) :
9(0,-) =+ = (079)(0,-) = 0} we have
H 1Rff_ fHHSJ’(Rd,w.Y;X) < C”fHHS’p(Rd,w,Y;X)ﬂ

where the constant C > 0 only depends on p, v, s and X.

As a consequence, 1Ri is a pointwise multiplier on the closure of C2°(RZ; X)
with respect to the norm of H¥P(R, w.; X). Moreover,

L ei(pia.
0*(Uga f) =152 (0°f)  for|a| <m and f € Cx(RE X" PR X))

The proof of Propositionrelies on an improvement of [53, Lemma 4.2],
where the UMD condition on the Banach space can be omitted.
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LEMMA 4.9. Let p € (1,00), s € R, 0 > 0, w € A,(R?) and let X be
a Banach space. Then f € H*ToP(RY w; X) if and only if f,(—A)7/? ¢
H*P(R w; X). In this case,

| f1l rstor (et s xy = 1 s (e w;x) + ||(—A)U/2f||Hw(Rd,w;X),
where the constant only depends on p,s, o, w and X.

Proof. The Laplacian —A is a sectorial operator on LP(RY, w; X) with
domain D(A) = H*P(R?, w; X). By lifting we deduce that —A is a sectorial
operator on H*P(R? w; X) with D(A) = H**?P(R%, w; X) for any s € R.
Now, [32, Proposition 15.2.12| yields for any s € R and o > 0,

/2

||f”H5+“vP(]Rd,w;X) = ||(1 - A) fHHSvP(]Rdm);X)

~ N fll frsop (R 0 x) + H(7A)U/2f||HSvP(Rd,w;X)'
This finishes the proof. =

As a consequence of Lemma we can answer the question for which
Banach spaces X the pointwise multiplication operator 1Ri is a bounded

operator on H*P(R% w,; X). In particular, this solves [32, Problem Q.12].

THEOREM 4.10. Let p € (1,00), y € (~L,p—1), -1+ 21 < s < T
and let X be a Banach space. Then the pointwise multiplication operator 1Ri

extends to a bounded operator on H*P(R%, w.; X).

Proof. The proof is precisely the same as [53, Theorem 4.1]|, where this
theorem is proved for UMD Banach spaces X. The only place where their
proof uses the UMD condition is through the norm equivalence in [53]
Lemma 4.2|. Lemma gives precisely this norm equivalence without the
UMD condition. =

We now turn to the proof of Proposition Comparing the statements
of Proposition [£.§ and Theorem we note that in Theorem [£.10|the addi-
tional condition s < (y+1)/p is required. This is precisely the setting where
no traces at aRi exist. In the setting of Proposition certain traces exist
if s > (v+ 1)/p, but all these traces are zero. This implies that derivatives
and lRi commute, which allows us to remove the condition s < (v + 1)/p.

Proof of Proposition[{.8 The proof is completely analogous to those of
[53, Lemma 6.1 and Proposition 6.2]. First, [53, Lemma 6.1] can be extended
from d = 1 to d > 1. Afterwards, redoing the proof of [53, Proposition 6.2] by
using Theorem instead of [53, Theorem 4.1] gives the desired result. m

We continue with a density result for HJ"(O,w,; X), which will be
needed in Section [0] to characterise complex interpolation spaces of Bessel
potential spaces with vanishing boundary conditions. The proposition below
is an extension of [53], Propositions 6.4 and 6.6].
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PROPOSITION 4.11. Letp € (1,00), s > —1+”Tf1 such that s ¢ N0+77Jj1,
v € (—=1,p—1) and let X be a Banach space. Then
- HsP Rd, ;X
() Hy?(RY,wy X) = CR®EX)" ),
——————H"P(R% ,w; X
(i) HyP(RY wy; X) = Coo(RE; X)),
Proof. Let m € NgU{—1} be such that m—i—VTTl <s < m—l—l—l—VTfl. For
m = —1 no traces exist (see also (4.10])) and the arguments below can easily
be adapted to this case by ignoring any trace conditions. Moreover, we note
that derivatives in the directions & = (9, ...,x4) commute with the trace
operator (which follows by a density argument), and therefore for m € Ny
and O € {R4, R4},
Hy?P(O,wy; X) = {f € H*?(O,w; X) : Try f = 0}.

STEP 1: Proof of. For f € C*(RY; X) it is clear that Tr,,, f = 0 and by
continuity (see Proposition [4.7(i)]) this extends to the closure of C¢® (RY; X).
Conversely, let f € H¥P(R* wy; X) such that Tr,,f = 0. By [53, Lemma

3.4] there exists a sequence ( f,gl))nzl C C(R%; X) such that

(4.11) fV = fin HP(RY, w.; X) as n — oo.

Let ext,, be as in Proposition and define f7(L2) = f,gl) — exty (T fél))
for n € N;. Then by Remark we have fqu) € C®(R% X) and from

Proposition |4.7(i)|it follows that Try, f}f) = 0 for all n € N;. Moreover, using
Tty f = 0, Proposition 4.7(1)| twice and (£11)), it follows that

m
exim (Tram fS ) im0, 530) < C D T f = T f0)] 2
Bp,p P(RI-1X)

7=0
<Clf - f7(zl)||HS,p(Rd,w,y;X) —0 asn— o

and therefore

”f - fr(LZ)HHS’P(Rd,w,Y;X)
< ||f - fr(Ll)”HS’p(]Rd,w,y;X) + ”am(Trmfr(Ll))HHSvp(Rd,wﬂ,;X) —0

as n — o0o. By a standard cut-off argument we find a sequence ( f,sg))nzl C
C2(RY; X) with Trp £ = 0 for all n € Ny and £ — f in H5P(RY, w.; X)
as n — oo.

It remains to show that any g € C2°(R%; X) with Tr,,g = 0 can be ap-
proximated by functions in C°(R%; X). By writing g = 1ga g + 1ga g =:
g+ + g—, we see that gx € H*P(RY w,;X) by Proposi‘cion+ and thus
it suffices to approximate g, and g_ separately. Let ¢= € C®(RY) be
such that (g, ¢Tdz = 1 and supp¢™ C [1,00) x R4 and suppp~ C
(—o0, —1] x RI~1. Define ¢ () := nl¢* (nx) for n € Ny and 2 € RY. Then
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¢f x gr € CP(RE X) and ¢ * g1 — g+ in HP(R% w,; X) as n — oo by
[53, Lemma 3.6].

STEP 2: Proof of . Again, the embedding “+=" is straightforward
to prove. For the other embedding, let f € Hsvp(]Ri,wv, X) be such that

Trynf = 0. Then there exists an f € H*P(R? w,; X) such that f|Rd =f
and Trp,f = Trpf = 0 (see the discussion about traces on the half—space

at the beginning of Section . By Step 1 there exists a sequence f, €
C‘X’(Rf, X) such that f, — f in Hs’p(R wy; X) as n — oo. It follows that

fn = fn|Ri € C(R4; X) and f, — f in HSP(R% wy; X) asn — 00. =

4.2.2. Sobolev spaces. Let p € (1,00), k € Ng, v € (—1,00)\ {jp—1:
j € N;} and X a Banach space. Then we define

WP (RY, wy; X) o= {f € WEP(RL, wy; X) : Tr(0°f) = 0if k — |a| > 2.
Moreover, if m € Ny, then we define
WEP (RS, wy; X) o= {f € WEP(RE, wy; X) : Ty f = 08 b —m > 2L}

All the traces in the above definitions are well defined by Theorem [4.6]
Note that for m = 0 and m = 1 the above Sobolev spaces with zero
boundary conditions coincide with the Dirichlet and Neumann spaces as
defined in [5I]. Similar to the Bessel potential spaces, C°(R%; X) is dense
in Wég’p(Ri,w,y;X) (see, e.g., [54] Proposition 3.8]). To deal with higher-
order boundary conditions we need spaces of smooth functions where only
higher-order derivatives are compactly supported. For m € Ny we define

Con(RL X) = {f € C*(RL: X) : 0" f € CF(RY; X))}

In particular, note that f € C (Ri, X) satisfies 9% f € C°(R4; X) for all
a = (a1,a) € Ny x NI~ 1W1tha1>m

The following two density results will be required in [52] to find trace
characterisations for weighted Sobolev spaces on domains with, e.g., C'-
boundary. We first prove a density result for homogeneous boundary condi-
tions of order m.

PROPOSITION 4.12. Let p € (1,00), k,m € Ny such that k > m, v €
(—Loo)\{jp—1:75€{1,....,k—m}} and let X be a Banach space. Then

kp (md d WEP(RY w-;X)
Wb (RY, w,; X) = {f € C&(RL; X) : (97" f)|gpa = 0} :

Proof. STEP 1: The casey > (k—m)p—1. Note that for v > (k—m)p—1,
Wﬁfn (Ri, wy; X) = Wk’p(]Rff_, w~; X), so that the result follows from
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2%, (RE; X) C {f € CZ(RL; X) : (0" )l gt =0},

dense

O (RE; X) "5 WEP(RL, wy; X);
see |51, Lemma 3.4].
STEP 2: The casey < (k—m)p—1. Lete>0and take f € WEP(RY, w,; X)
such that Tr,, f=0. By [43] Theorem 7.2 and Remark 11.12(iii)], which also

hold in the vector-valued case, and a standard cut-off argument, there exists
an f) e C(R%; X) such that

(4.12) If — f(l)Hkap(Ri,ww;X) <€

Let ext,, be as in Theorem and deﬁnif(Q) = ) — exty, (Tr,, fV).
Then by Remark we have f(?) e C*°(R%; X) and from Theorem m it
follows that (Oi"f@)ﬂaRi =0 and

||f - f(2) ”W"%P(Ri,wW;X)
< Hf - f(l)‘|kaP(Ri,w7;X) + Hextm(Trm f(l))”kaP(Ri,w.y;X)'
From Tr,, f = 0, Theorem applied twice and (4.12), it follows that

[[extyn (Trm f(l))|’Wk»P(Ri,w7;X) < O Trp f = Tr f(l)llBk_m_Wf+1

D,p P(RI-1;X)

< C”f - f(l)HWk,p(Rd wy; X) < Ce.
This proves that [|f — f(Q)HWk,p(Rd oy X) < (C + 1)e. Finally, a standard

cut-off argument gives an approximating sequence in CZ° (Ri; X) satisfying
the boundary condition. =

Under suitable restrictions on =, such that traces of order > m + 1 do
not exist, we can prove density of C25,(R%; X) in Wrﬁi (RL,w,; X). The
proof combines the construction of an approximating sequence from [51],
Lemma 3.4] with the result of Proposition [£.12]

PROPOSITION 4.13. Let p € (1,00), k,m € Ngy such that k > m + 1,
(k—=m—-1)p—1<~vy<(k—m)p—1 and let X be a Banach space. Then
——————WFPR wy;X)
k, +ty
Wt (R, w,; X) = C5, (RY; X) :
Proof. Let e > 0and take f € Wk’p(]Ri, w~; X)) such that Try, f = 0. The
conditions on vy guarantee that Tr,, f exists and traces of order > m + 1 do

not exist. By Proposition there exists g € C¢° (Ri; X) with its support
in [0, R] x [~R, R]%"! for some R > 0 such that (8{719)’81&‘1 =0 and

(4.13) If - g||Wk«P(Ri,w7;X) <E.
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Let ¢ € C*°(R4) be such that ¢ =0 on [0,1/2] and ¢ =1 on [1,00) and set
¢n(21) := p(nx1). We construct a sequence (gn)n>1 as follows:

e If m =0, define g, (x) := ¢n(x1)g(x).
e If m > 1, define

m—1 j T
i) = Y @)1 D) V0™ o, (09 (. ) .

|
j=0 J: 1

Note that by integration by parts g,(z) = g(x) for all x € R‘fr with z; > %
For |a| < k with oy < m and z € Ri with 1 < 1 we have

10%9n(2)1x < Conllglcam g ) 16l e
Moreover, we have
(4.14) "'gn(x) = dn(21)0'g(x), =z €RY,

so that in particular 9]*g,, € C°(R%; X). We write o = (ay, &) € Ngx N1,
If oy € {m+1,...,k}, then it follows from (4.14]) and the product rule that

(4.15) 107 gn (@)l x = 107" (¢n(21)0"g(2))l x
< |l (0 ) O g ()| x
a;—m—1
+Chm S W69 (n) 05 ()| x
7=0
< 1] o 09 () ¢

k—m—
+ G " Bl 19l

Let K := [-R, R]%"!. The properties of g, and (£.15) imply that

”g _gnHWk’p(Ri,w,y;X)
1/n o ) ) "
< (F § aF1o%g@) 5 o az)
la|<k Kgr O
1/n

3 (1 10t gn@lfy araaz)

la|l<k Kgr O
a1 <m

1/n

—m & am - 1/7’
+nF H¢H0{j—m(R+)< S S z]|0%07 g(x)||% d diL‘)
Kgr 0
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1/n

—m— AN\1/p
o+ Chn 0l i 9l gt oy ( § ) @7 dan d)
Kgr O
—1
L((k—m—1)p—1— P
< O E7m 0P BB ] gm0 6l s
k—m—1 i Y—Dp || A& am P A\ 1/p
Gl oy (§ ) 21PN 9@ do d)
Kr O
L(k-m-1p1-y) | CR)T
Sck,m,pnp P v y+1 HgHCg*'m(Ri;X)H‘b”q’;—m(ﬂg”y

where in the last step we first applied Hardy’s inequality (by Lemma [2.5(1)|
since y—p > —p—1 and (97"g)| orL = 0), then estimated g and finally calcu-

lated the remaining integrals over x; and Z. Hence, as v > (k—m —1)p—1,
taking n large enough implies with (4.13) that

||f - gn”Wk’P(R‘i,w.y;X) < Hf _gHkaP(Ri,w.y;X) + ||g - gnHW’“vP(Ri,wW;X) < 2.

This completes the proof. m

5. Trace theorem for boundary operators. In this section, we study
differential operators on the boundary of the half-space and we prove a trace
theorem for systems of normal boundary operators on weighted Bessel po-
tential and Sobolev spaces.

We start with the definition of a boundary operator which is in the same
spirit as [7, Section VIIL.2|.

DEFINITION 5.1 (Boundary operators). Let p € (1,00), s > 0, v €
(=L,oo)\{jp—1:j € N1}, m € Ny and let X,Y be Banach spaces.
Then the boundary operator of order m, given by

B = Z bo Tr0*  with by # 0 for some |a| = m,
laf<m
is of type (p,s,v,m,Y) if

(i) s >m+2H,
(ii) for all || < m we have b, € C{(R?1; L(X,Y)) for some ¢ € Ny such

that€>s—m—77fl.

Note that for a = (a1,a) € Ng x Ni™! we have Tr9* = 9% Tr,, and
therefore the boundary operator B can be rewritten as

(5.1) B= ij TI‘j, where bj(', Vi-) = Z b(j@)ad.

J=0 || <m—j
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Note that the leading order coefficient b,, is independent of V3. In the fol-
lowing lemma, we prove that B is a bounded operator from a weighted Bessel
potential or Sobolev space to its trace space.

LEMMA 5.2. Letp € (1,00), m € Ny and let X,Y be Banach spaces.
(i) If s>0,v€ (=1,p—1) and B is of type (p,s,v,m,Y), then

s—m—2tL
B:HP(RY,wy; X) = Bpp 7 (RYTHY) is bounded.
(ii) Ifk € N1,y € (=1,00)\{jp—1:j € N1} and B is of type (p,k,v,m,Y),
then

741

k—m—
B: WHP(RY w.y; X) — Bp,pm P (R Y) ds bounded.
Proof. STEP 1: Proof of (i)} By Theorem [L.1[i)] for all j € {0,...,m},

k—j—2tt
(5.2) Trj : H*P(RY, wy; X) = By, 7 (R X)
is bounded and by [60, Proposition 3.10] it follows that for all |&| < m — j,

s—j—TE s—j—lal— 2

(5.3) 0%:B,, " R7LX)— By, » (R X))

is bounded. Note that the mapping property and the embedding
BsL(RTY X) — Bs2 (R X) for s1 > s, imply that for all |a| <m — j,
(5.4) 0% B _%I(Rd—l; X) - B;;m_%l(Rd_l; X)

is bounded as well. Moreover, by Definition [5.1(i1)| and [32, Example 14.4.33],
the pointwise multiplication operator

s—m—2tL _ o+l

(5.5) My, : By, 7 (RTX) = By, Y (RTLY)
is bounded. Combining (5.1)), (5.2)), (5.4) and (5.5) yields the result.

STEP 2: Proof of. This case is analogous to Step 1 using Theorem
to obtain (5.2)) for weighted Sobolev spaces with v € (—1,00) \ {jp — 1 :
jEN}. m

We make the following definitions about (systems of) normal boundary
operators.

DEFINITION 5.3 (Normal boundary operators). An operator B of type
(p, s,7v,m,Y) is a normal boundary operator of type (p, s,v,m,Y) if the lead-
ing order coefficient b, in admits a continuous right inverse b, €
CL(RIL; L(Y, X)), where £ is as in Definition .

In the above definition, b,,(Z) is a retraction for any # € R4~! with
coretraction b, (Z) (see |71, Section 1.2.4]).
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DEFINITION 5.4 (System of normal boundary operators). Let n € Ny
and

(i) 0 S mo < mp < --- < my be integers,
(i) Yp,...,Y, be Banach spaces,
(iii) B be a normal boundary operator of type (p, s,~y, mi,Y;).

Let m := (mg,...,my) and Y := (Yp,...,Y,). Then the operator
B:= (B™,...,B™")
is a normal boundary operator of type (p,s,v,m,Y).

Note that a normal boundary operator of type (p,s,v,m,Y) satisfies
s> my + 'YTJfl. In particular, (Tr,,,)i~, is a normal boundary operator of

type (p, s,7,m, X) for s > m,, + %. This includes the important cases for
Dirichlet (n = 0 and mp = 0) and Neumann (n = 0 and mg = 1) boundary
conditions.

REMARK 5.5. In the case that X = C? for some ¢ € Ny, the definition of
a normal boundary system as given in [69, Definition 3.1| coincides with our
definition above. The definition in [69] requires that the coefficient matrix
for the highest-order derivative in B"" is surjective, which implies that the
boundary operator can be replaced by a ¢ X ¢ matrix operator (leaving
the kernel of B™: invariant) such that the coefficient for the highest order
derivative is a projection-valued matrix (see [69, Section 3]). This is a key
ingredient for characterising the complex interpolation spaces in [69]. For
general Banach spaces X we replace these conditions by the retraction and
coretraction in Definition In the case that X and Y; are Hilbert spaces
we refer to |7, Lemma VIII.2.1.3| for a sufficient condition for B to be normal.

We note that [69, Definition 3.1] arises from Agmon’s condition [3] about
minimal growth of the resolvent of an elliptic operator.

We can now prove the following trace theorem for normal boundary op-
erators analogous to [7, Theorem VIII.2.2.1].

THEOREM 5.6. Let p € (1,00) and let X be a Banach space. Assume that

the conditions |(1)H(i1)| of Definition hold.
(i) If s>0,v€ (=1,p—1) and B is of type (p,s,%m,?), then

v,’Y
B: H*?(RY, w,; X) —>HB,p e ]Rd Ly;)

s a continuous and surjective operator.
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(11) ]fk € Nl} v e (_1500)\{jp_1 j € Nl} and B 1s Oftype (p7k777m57);
then

k ’Y
B: WFP(REL, w; X) —>HB T RdlY)

s a continuous and surjective opemtor.

In both cases, there exists a continuous right inverse extg of B which is inde-
pendent of k,s,p and . For any 0 < j < m,, such that j & {mo,...,mp_1},
we have Trjoextg = 0.

Proof. The proof is similar to [7, Theorem VIII.2.2.1] and for the conve-
nience of the reader, we provide the proof.

The continuity of B follows from Lemma We construct the right
inverse extp in the case of Bessel potential spaces. The case of Sobolev spaces
is the same if one invokes Theorem [4.6] instead of Theorem [£.I[i)] in the
construction below. Let

m;
B™i — Z bi; Trj, b= Z bgza)aa for i € {0,...,n},
J=0 |&|<m;—j
where b)) are the coefficients of the operator 8. According to Definition[5.3]

there exists a right inverse 0f,, € CL(RET Y L(Y;, X)) of bim,. Define the

operator
m;—1

(5.6) Cmi = — Z b . bi; Trj,  CO 2= 0.

Reasoning as in the proof of Lemma 2| shows that

1

* (R X)

is a bounded linear operator. Now, define the operator C := (C~J )T:”O by

setting ¢/ = C™ if j = m; for some i € {0,...,n}, and ¢/ = 0 if j ¢
{mg,...,my}. Then

m;—

C™i . H¥P(RL, wy; X) — Bp;

!

C: H*P(RY,wy; X) — HB or 7 (RTLX)

is linear and bounded as well. Let

S—W—%l d—1
9= (9mo>---9mn) € | [ Bow (R V)
=0
and define

eHBp,, p Rd LX)

by setting hj = hy, == b5, gm, lfj = m; for some i € {0,...,n},and h; =0
if j ¢ {myg,...,my}. Furthermore, let fy := extghg and for j € {1,...,my}
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we recursively define
fj = fj—l + ext; (hj + C;jfj_l — TI'j fj—1)~

Note that f; € Hsvp(Ri,ww;X) for all j € {0,...,m,} by Theorem

We will prove that extp g := fi,, defines the right inverse we are looking for.
By Theorem {.1{(i)l Tr,oext; = 6, for £ < j, and therefore

Tr; fj = hj —i—éjfj_l for 0 < 7 < my,

Tre fj = Trp fj—1  for 0 <2 < j<my.

Suppose that 0 < £ < j < m,,, then by @,

(5.7)

(5.8) Tro fj=Trpfj1 = =Try fo = he+C fe-1.
Moreover, if £ = m; € {mq,...,my}, then by (5.6 and ( -,
(5.9) Clfor=Cf=- = Cij-

Hence, and imply

Trym, fj = hum, +C~mifj form; <j<my, 0<i<n.
Multiplying on the left with b;,,, gives
(5.10) B fj = gm, form; <j<m,, 0<i<n.
Define

S—m;— 7; d—1. s,p(mod
HB (R Y;) — HP(RY w.; X)

by C™ (gmys - - - ,gmi) = fm, for i € {0,...,n}. Then from (5.10) we deduce
for 0 < /¢ < i <n that

BmeC™ (gmm cee agmi) = Bmzfmi = Gm,-

So indeed, extp := C™" is the right inverse for B.
Finally, if ¢ ¢ {mq,...,my}, then hy = 0 and C* = 0, so that (5.8)) implies

Trj(extp g) = Trj frn, = 0. =

6. Complex interpolation of Bessel potential and Sobolev
spaces. In this final section, we prove the characterisations for the com-
plex interpolation spaces of weighted Bessel potential and Sobolev spaces.
In Section we start with some preliminary interpolation results on the
half-space required for our main results which are stated in Section [6.2} The
proofs of the main results are given in Section [6.3]

6.1. Interpolation results for weighted spaces. We start with an
interpolation result for the weighted Bessel potential spaces Hy* (O, wy; X),
see Section Interpolation theory for vector-valued Bessel potential (and
Sobolev) spaces relies on the vector-valued Mikhlin multiplier theorem, which
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requires the UMD condition (see [63, Section 3]). Consequently, unlike in
previous sections where this condition was unnecessary, we will require the
UMD condition from now on.

PROPOSITION 6.1. Let p € (1,00), v € (=1,p—1), O € {R4,R%} and
let X be a UMD Banach space. Assume that 0 € (0,1), —1 + %ﬁl < s <
sg < s1 with sg = (1 — 6)sg + Os1 satisfy so, sg, s1 ¢ No + VTTI. Then

H3""(O0,wy; X) = [Hg"P(O, w43 X), Hy (O, wy; X .

Proof. STEP 1: The case O = R%. We define H&’f (R4, w,; X) to be the
closed subspace of H*P (Rd, w; X) consisting of all fiunctions with support
in Ri. These spaces form a complex interpolation scale (see [53, Proposi-
tion 5.7]) and below we construct an isomorphism to reduce to this known
interpolation result.

Let s > -1+ ’YTTl be such that s ¢ Ny + VTTl' Then we claim that
Tr,,f = 0 for integers m € [0,5 — WTTI) and f € Hf&f(Rd,wy;X). Indeed,
this follows from the fact that if f € H*P(R%, w,; X) sa‘fisﬁes flos)xra—1 =10
or f[(_s0)xra-1 = 0 for some ¢ > 0, then Try, f = 0. This observation can be
proved similarly to [53, Proposition 6.3(2)] using the continuity of Tr,, from

Proposition [4.7(1)|

The claim proves that the mapping
R: H&?(Rd,ww; X) x Hgd (R, wy; X) = Hy"(RY, wy; X),
R(g,h) :=g+h,

is well defined and continuous. Furthermore, by Propositions and
the mapping

S HyP(RY w,; X) — H&’i(Rd,wy; X) x H&’g(Rd,wv; X),
Sfi= (g [, 1pa f),

is well defined and continuous. Since R~! = S the result now follows from
[53, Proposition 5.7].

STEP 2: The case O = Ri. Let m € Ny be the smallest integer, such
that m > max{|sol|,|s1|} and let s > —1 + VTTI be such that |s| < m and
s ¢ No + "’T'fl. Moreover, let

g e LHP(RYE, wy; X), H¥P (R, w,; X))
be the reflection operator from [53, Proposition 5.6]. Then by [53, Proposi-
tion 5.6] the mapping

S HYP(RE wy; X) — HyP(RY, wy; X),  Sf = ETF,
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is well defined and continuous. Furthermore, let R : Hy?(R% wy; X) —

HyP (Ri,wV;X ) be the restriction operator. The result now follows from
Step 1 and [53 Lemma 5.3|. =

We continue with interpolation results for Sobolev spaces. First, we in-
troduce the following multiplication operator.

For k € R we define the pointwise multiplication operator
MF:CP(RY; X) —» CP(RE; X) by  Mfu(z) = 2fu(z), = € RL,
which extends to an operator on D’ (]Ri;X ) by duality and M ™" acts as

inverse for M*. Moreover, we write M := M?!.

The first interpolation result is for the Sobolev spaces Wéc P (Ri, wey; X)
with v > —1; see Section‘ In this case, due to the zero boundary
conditions, the operator M7 : WP (R, w.; X) — Wéf’p(R‘j_, Wy—jp; X) 1s an
isomorphism for all j € Ny. This allows us to lift the interpolation result for
ye(-l,p—1)toye (jp—1,(j +1)p—1) for any j € N;.

PROPOSITION 6.2. Let p € (1,00), ko € No, k1 € Ny \ {1}, £ € {1,...,
ki —1}, ve (—=1,00)\{jp—1:j € N1} and let X be a UMD Banach space.
Then

[ngp(Ri? w.; X), W§O+kl’p(Ri, w.; X)} — Wé€0+€,p(Rtj_, w,; X)

t/ky

Proof. We first consider the case kg = 0. If v € (—=1,p — 1), then the
statement follows from [54, Proposition 3.15]. For v € (jp—1,(j +1)p —1)
with j € N; we deduce, by applying [51, Lemma 3.6|, properties of the
complex interpolation method and the case j = 0, that

[LP(RL, wny; X), WP (RL, wy; X))oy
= [M‘jLP(]Ri,w,y,jp;X),M_jWéﬂ’p(Riaw'yfij)]f/kl
= M7ILP(RY, wy— s X), Wy P (RE, w5 s Xl
MWL s X) = W (R X),

The case kg € Ny follows from the case kg = 0 and reiteration for the complex
interpolation method (see [9, Theorem 4.6.1)):

[W(;Co’p(Ria W3 X)a W(;CO—Fkl’p(Ria Wry; X)}E/kl
= [[LP(RY wys X), Woo T P(RY w3 X)) a7 (R, s X) g,

0tk1
- [Lp(Ri’wW?X)vW§O+k17p(Rivwv§X)] kot = Wém%’p(Ri’wv;X).

ko+k1

This completes the proof. m

We proceed with the interpolation of weighted Sobolev spaces without
boundary conditions. As a consequence of Proposition [6.2] we can derive
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such a result if v is large enough so that certain traces do not exist. On
the other hand, for arbitrary v € (—1,00) \ {jp — 1 : j € N;} we can only
prove one of the embeddings for the complex interpolation space using Wolff
interpolation. The converse embedding will be proved in Proposition [6.6]

PROPOSITION 6.3. Let p € (1,00), ko € No, k1 € Ny \ {1}, £ € {1,...,
k1 — 1} and let X be a UMD Banach space.
(i) If v € ((ko +)p — 1,00) \ {jp —1:j € N1}, then
(WHP (R, wy; X), WRHLP(RY, wn; X)]gjn, = WHRHPRY, wy; X).
(i) Ify € (—=1,00)\{jp—1:j € N1}, then
(WEP(RY, wn; X), WHHRP(RY wy; X)]ggp, < WHOHEP(RE, wy; X).
Proof. STEP 1: The proof of. We first consider the case kg = 0. It
follows from Proposition [6.2] that
Z,
W&pa&i? Wy X) = WO p<Ria Wry; X)
= [LP(RY, wy; X), Wy P(RY w; X)lggi,
< [LP(RY, wy; X), WEP(RE, s X) o, -
To prove the other embedding, it suffices to show that
[llwes @ ix) < Clulizo@s w0 whio @ w,x)),,, %€ CERE; X),

by [64, Lemma 3.9|. Let j € Ny be such that v € (jp—1,(7 + 1)p — 1). The
case j = 0 follows from [53, Propositions 5.5 and 5.6]. For j € N; we find,
by applying [51, Lemma 3.6], the case j = 0 and properties of the complex
interpolation method, that

HUHW&P(R‘}HwW;X) = HM_ijuHW@vP(R‘waW;X)
< C||M‘ju||Wé,p(Ri

Wry—jip; X )

S CHM]uH[Lp(Ri7w’Y*jP§X)7Wk17p(Rivw’Y*jP§X)]£/k1

< Cllullizo @t w, i) w0102 @4 053001, -
Similar to the proof of Proposition the case kg € N; follows from the
case kg = 0 and reiteration. This completes the proof of .

STEP 2: The proof of . From now on, we abbreviate W*?(w.,)) :=
Wkop (Ri, w.; X) for notational convenience. Again, let j € Ny be such that
v € (jp—1,(j 4+ 1)p —1). As also noted in Step 1, for j = 0 the result
follows from [53, Propositions 5.5 and 5.6], so we may and will assume that
Jj=>1

STEP 2A: The case j € {1,...,ko}. We first prove the embedding in [(ii)]
for j € {1,...,ko}. Note that kg —j > 0 and v — jp € (—1,p — 1), so |53,
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Propositions 5.5 and 5.6] imply that
ko—j ko+ki—j ko+£4—j
(WHIP (wy—jp), WHTE IR ()i, — WHTTIP (wryjp).
We prove by induction on j; > 0 that

(6.1) WP (wo gy y)s WRTREITIR () ek,

ko+4+j1—35,p
=W (Wr (1))

so that for v < (ko + 1)p — 1 follows from (6.1)) with j; = j. Assume
that (6.1) holds for some j; > 0. Let

]};:k;0+j1—j and 7 :=~v+ (j1 —Jj)p.

Let u € W’;‘Fkl“’p(wiﬂ,). Then

||U”Wk+£+1p(w ) HUHWIC-I—Zp(w +p) Z Z ”MathBUHLP(w
|lal=1 |8|=k+¢

Using O M = MO} + n@?_l for n € N; and the induction hypothesis (6.1)),

we obtain

S 1Ml oy

|al=1|8|=k+¢
<> (||Maau||W,;+g,p(w&)+ > ||85M8au—Blafrlaﬂ—s—auﬂ,;p(wﬁ))
jal=1 18|+
B£1>0
< O( 32 IMO ullgisinny + Nl
|a|=1
< C( Z HM@O‘UH[Wlhc,p(w,y),wl_c+k1,p(w ek, + |lu H[Wkp )Wl_c+k1,;0(w,_y)]e/k1>
|a|=1

= CHUH[Wf““’p(w%p%W’E*kl+1’p(wa+p)]z/k1’

where the last estimate follows from the fact that for || = 1 the operators
Mo®id : WP (ws ) — WFP(ws),

(6.2)
MO® id s WEHRHFLP (s )y WRHRLP (1)

are bounded. Indeed, from Hardy’s inequality (see Lemma using v >
jip—1 > —1) it follows that the operator id in is bounded. Furthermore,
by [51, Lemma 3.6] it follows that the operator M0 with |a| =1 in is
bounded.
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Thus, we have proved

|’uHWI_€+€+17P(w,~Y+p) < Cllull [WHFHLP (w34 ) WEHRLHLP (w5 )]
we WHETL (s ),

and the induction is completed by noting that Wk+*i+1p (w54p) is dense in
the interpolation space (see [71, Theorem 1.9.3|).

STEP 2B: The case j € {ko + 1,...,ko + ¢ — 1}. Assume that ¢ €
{2,...,k1 — 1} (the case £ = 1 is covered by Steps 1 and 2c¢) and j €
{ko+1,...,ko +¢—1}. We apply Steps 1 and 2a together with Wolff in-
terpolation to prove Since v > jp—1land 1 < j—kyg<f¢—1, Step 1
implies

A ik
(IR0 (a, ) W0 0] = W32 () with A s= 220 € [0,1),
and since 7 < (j + 1)p — 1, Step 2a implies
; ko+£€—j
(W3 (), WhoHRL P ()], s WHEOHP (1)) with g1 = kﬁij € [0,1].
ot+ki—J
Wolff interpolation [33, Corollary 3] gives
¢ : p
[Wko’p(wy), Wko+k1,p(w7)]n oy Whot ,p(wv) with n 1= S

A straightforward calculation shows that n = ¢/k;.

STEP 2C: The case j > ko+£. If j > ko+{, then v > jp—1 > (ko+{)p—1,
SO follows from Step 1. m

6.2. Main results about complex interpolation of weighted spaces.
We start with the definition of weighted spaces with vanishing boundary
conditions on the half-space. Let p € (1,00) and let X be a Banach space.

Assume that the conditions |(i)H(i1)| of Definition |5.4] hold.

(i) If s >0, v € (=1,p— 1) and B is of type (p,s,v,m,Y ), then we define
for t < s,

ng(Ri,wv;X) ={f e H"[RL, w,; X): B™ f =0 if m; + WTTI < t}.
(i) Ifk € Ny, v € (—1,00)\{jp—1:j € N1} and B is of type (p, k,v,m,Y),

then we define for ¢ < k,

WP (R, wy; X) = {f € WP(RE, wy; X) : B f =0 if m; + 2 < 1},
All the traces in the above definition are well defined by Theorem We
note that if ¢,¢ < mg + WTfl, then the condition B™i f = 0 is empty for all
i € {0,...,n}, so that the spaces with and without boundary conditions
coincide.
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The following two theorems characterise the complex interpolation spaces
for weighted spaces with boundary conditions on the half-space. The proofs
of these theorems are given in Section [6.3]

THEOREM 6.4 (Complex interpolation of weighted Bessel potential spaces).
Let p € (1,00), v € (=1,p—1) and let X be a UMD Banach space. Let B
be a normal boundary operator of type (p,s,v,m,Y) as in Definition .
Assume that 0 € (0,1), sop < sp < s1 < s with sg = (1 — 0)sg + Os1 satisfy
50, 80, 81 & {mi—l—VTJf1 :0<i<n}andsy> —1+WTJf1. Then

H@ PR, wy; X) = [HYP(R], wa; X), HE P (R, wy; X)]g
= [H207P(R(-i|-v W~ X), thp(Rzi’ W~ X)]g

THEOREM 6.5 (Complex interpolation of weighted Sobolev spaces). Let
p € (1,00), v € (=1,00)\ {jp —1:j € N1} and let X be a UMD Banach
space. Let B be a normal boundary operator of type (p, k,~v,m,Y) as in Defi-
nition . Assume that ko € Nog and k1 € Ny \ {1} are such that ko+ k1 < k.
Then for £ € {1,..., k1 — 1} we have

ko+¢, ko+k1,
WBO+ p(Riv Wy X) = [kap(Ria Wrys X)v WBO+ ! p(Ria Wrys X)]E/k:l
ko, . ko+k1, .
= WP (R, wo; X), W P(RE, w3 X) o, -

As a consequence of Theorem [6.5] we can characterise the complex in-

terpolation space of weighted Sobolev spaces without boundary conditions.

One of the embeddings, which is needed in the proof of Theorem was
already proved in Proposition [6.3

PROPOSITION 6.6. Letp € (1,00), ko € No, k1 € Ny \ {1}, v € (—1,00) \
{jp—1:5eN}, Le{l,...., k1 —1} and let X be a UMD Banach space.
Then

WHHEP(RY wy; X) = WP (R wy; X), WEFRP(RE, wy; X))oy,

Proof. Note that the embedding “<=” has been proved in Proposition
6.3{(i1)} For the other embedding, let j € Ny be the smallest integer such that
ko+40<j+ VTJfl. Then by Theorem we obtain

ko+¢,
WP (R, w,; X) = Wit ™ P (RE, wy; X)
ko+k1,
= [WRP(RY 1w, X), Ward TP (R wns X) ]y
= [WFP(RE wy; X), WFTFP(RY w.,; X)]yp,. =

By standard localisation techniques, the complex interpolation results
above can be extended to smooth bounded domains. Using localisation, we
can extend the definition of the traces on the half-space and the function
space Wé’p (Ri,wv;X ) to smooth bounded domains @ C R?; we refer to
[54, Section 5.2] for details. Recall that wﬁ?o(x) = dist(z, 00)" for z € O.
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From Theorem 6.5 and Proposition [6.6]we obtain the following result. Similar
results for Bessel potential spaces on domains with v € (=1,p — 1) can be
obtained using Theorem

PROPOSITION 6.7. Assume that the conditions of Theorem [6.5] hold and
let O be a bounded C*°-domain. Then for ¢ € {1,...,k; — 1} we have
ko+4,
W80+ p(O,w’?O;X)
= [Wko’p<07 w’(?@; X)7 W[IS’CO—Fkl’p(Ov wgo; X)]K/kl
= [(WEP(0,w%; X), WP (0, w9 X))o jpy, WHEOTEP(0, w2 X))
= [WhP(0,wd%; X), W P(0,wd; X))y, -

For simplicity, we only deal with smooth domains to avoid problems with
the space-dependent coefficients in the boundary operators, although this
assumption can be weakened. In [52], we prove an interpolation result for
Dirichlet and Neumann boundary conditions, but with minimal smoothness
assumptions on the domain.

We close this section with an application of the complex interpolation
result in Proposition to derive Fubini’s property (mixed derivative theo-
rem) for weighted Sobolev spaces on the half-space. It extends the range of
weights obtained in [54, Corollary 3.19]. The Fubini property for unweighted
spaces is studied in [73, Section I.4] and some results for weighted spaces are
contained in [49] Section 5|.

PROPOSITION 6.8. Letp € (1,00),d >2, k€ Ny, v € (—1,00)\{jp—1:
j €Ny} and let X be a UMD Banach space. Then

LPRTHWRP(R,wy; X)) N WRP(RTY LP (R, wy; X))
= WFP(RL w,; X).
Proof. The embedding “<" is clear. For the other embedding, let k1, ko €

{0,...,k} with ky + ko = k. By [54, Theorem 3.18] and Proposition we
have

PR WRP(R L wy; X)) N WRP(RTY LP (R, wy; X))
— HOP(RA WA (R, w3 X)) N HEP (R V(R w,: X))
= [HOP(RITH WP (R ws; X)), HEP(RITH LP (R, 1wy X))y
= HFP (R WP (R, wey; X), LP(Ry, a5 X)] gy /1)
— WP WEP(Ry, w5 X)),
where we have used 1 — k—kl = k—k? u

6.3. The proofs of Theorems [6.4] and Using the trace theorem
for B from Section [5] we will prove Theorems [6.4] and The proofs follow



Complex interpolation of power-weighted Sobolev spaces 47

the arguments in [7, Theorems VII1.2.4.3, VIII.2.4.4 and VIII.2.4.8| for un-
weighted Bessel potential spaces. We will provide the proof of Theorem [6.5]
in full detail and afterwards indicate how the arguments should be adapted
to prove Theorem [6.4]

Proof of Theorem . First, we prove in Steps 1 and 2 that for 6 := ¢/k
we have

ko+¢, . _ , . ko+ka, .
(6.3) W' PR, wy; X) = [WHP(RL, w.y; X), Wy TP (RE, wy; X)),

For notational convenience we write W*? := W*P(R% w.; X) for k € N.
STEP 1: The embedding “—”. Note that by Proposition [6.3(ii)|
(6.4) [Whop wiothur] Sy [wkor yykothir] oy pykotte,

Now, suppose that u € [Wko’p,W§°+kl’p]g. We prove that u € Wl’;OH’p in
Steps la and 1b, i.e., u also satisfies the required boundary conditions.
We distinguish between the case where the boundary traces do not exist

(Step la), and the case where they exist and must be shown to vanish
(Step 1b).

STEP 1A. Assume that kg + ¢ < mg + %—1. Then WgOH’p = Whottp,
Therefore, the embedding

[Vvkmp7 W§O+kl’p]9 SN W§0+€,P
follows from ((6.4)).

STEP 1B. Assume that kg + £ > mg + WTTl and let ¢ < n be the largest

integer such that mi—{— < ko+£. By definition of the complex interpolation

method (see Section , there exists an f € %(WkO’p,W§°+kl’p) such
that f(0) = u. By (2.10) and (6.4) we know that the restriction f[s,, is

bounded and continuous with values in W*0+4P and is holomorphic on S(g,1)-

Therefore, if 0 < 5 < i,lthen B™ f is bounded and continuous on Sy 1) with
k0+€7m]'777

values in By ? (R471;Y;) (see Theorem i and is holomorphic on
S(p,1)- Moreover, for #(z) = 1 we have B™ f(z) = 0. By the three lines
lemma (see [9, Lemma 1.1.2]), B" f(z) vanishes identically and thus

By =B"f(0)=0 for0<j<i.
This proves that u € WgOH’p and thus [WWko-P, Wgﬁkl Ply — WgOH’p .

STEP 2: The embedding “—”. We continue with the proof of the embed-
ding “—” in . Again, we consider two cases depending on which traces
exist. In Step 2a, we consider the case where all traces exist. For u € Wgﬁﬁ’p
we explicitly construct a decomposition u = v + (u — v), where v satisfies
the boundary conditions, and u — v has vanishing traces. In this setting, we

construct a right inverse for an extended system of boundary operators C to
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find such a v. In Step 2b, we consider the case where certain traces do not
exist and the result can be deduced by reiteration.

Before proceeding with the main argument, we construct a modified
boundary operator such that its leading order coefficient is a projection.
This is a necessary preliminary step for the construction of the extended
system of boundary operators C in Step 2a.

Let 0 <4 < n and let b;,,, be the leading order coefficient of B™: for
which 07, is the right inverse from Definition Define the boundary

operator B™i := b§ 1, B- Then it is straightforward to verify that
(6.5) ker(B™) = ker(B™) for 0 < i < n.
Similar to (5.1]), we write
mg
Bmi = Zgi’j TI‘j, where Z)i,j = b(-: b

1,My; 1,5
j=0
We claim that 7, = Z)i,mi : R1 — £(X) is a projection. Indeed, for
0 < j < m;, we have
(6.6) Tmibij = i,
Moreover, implies that for ¢ € {0,...,n} we have
(6.7) Tom, B = B™,

STEP 2A. Assume that kg + k1 > m, + 2+ We start with the construc-
tion of an extended system of normal boundary operators C whose kernel
coincides with I/Vé€ otkLp,

Let a be the largest integer such that a + "’T"fl < ko + k1 and define
@ = (0,1,...,a). Moreover, by setting X = (X,...,X) with length a + 1,
we can define a normal boundary operator of type (p, ko + k1,7, a, X) by

bi m, bf

1,1

__}C o _ P .
bij = b, bij = bij.

o koky—j— 2L
C = (CO, o ’Ca) . Wko+k1,p N HBpS:_ 1=J= (Rdil;X),

(6.8) 7=0
Cj . Trj . ifj §é {mo,...,mn},
' (1—7Tj)TI'j+B] iij{mo,...,mn}.
Note that by we have
(6.9) ¢l =mB =B for j € {mg,...,mn}.
We show that
(6.10) Cv =0 if and only if Tr,uv =0 for v € Wkotkip,

Indeed, let v € Whotkip and Cv = 0, then for 0 < a < a with a ¢
{mo,...,my}, we have

(6.11) Trzv =C% = 0.
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If @ =m; € {myg,...,my} for some 0 <i < n, then by and ,
0=Cmv=(1—7m,) Trym, v+ Tm, BMv
mi—1
= Trml. U+ Z Ei’j Tl“j v
§=0
= Trp,, v+ Z l~7” Trjv
je{mo,....m;—1}
It follows that Trp,, v = C"™v = 0 and successively we obtain Tr,,, v =
C™iy =0 for 0 < i < n as well. The converse statement is trivial, so we have

proved (6.10]).

From (6.10) and the definition of W ™2 it follows that
Wk'()"!‘k'Lp Wwhotkip _ Wko+k1,p
T

Tq

By Theorem [5.6 there exists a right inverse

ko+k
exte : HBpOp 1 p (Rd L ; X) —y Whotkip

for C, which is universal with respect to kg + k1 € (a + 7“ Lkl
Let u € Wl’;OH’p = Wl’;o“’p (recall (6.5)) and we Wlll now prove that

u € [Whop, W§°+k1’p]9 with @ = £/k;. Using the extension operator ext¢ from
above, we construct a suitable v € [WWko:P, W§°+k1’p]g such that u = v+(u—v)
and all the traces of u — v vanish.

Let a1 be the largest integer such that a; + WTJfl < ko + ¢ and define for
J < a,

L Clu if j ¢ {mo,...,myu},
9= (1—m))Cou if j € {mo,...,my}.
By Lemma |5.2{ and [32, Theorem 14.4.30|, we obtain
ko+0—
QJGBP(;JF 5 (Rd LX)
k ko+k
= (B w0, BT @ x0),

Therefore, by definition of the complex 1nterpolat10n method, there exists an

ko+k1—j—

£ e%(B,’.ff;_j p (]Rd L. X), By P (Rd L X))

such that f](H) = g; for j < ay. In addition, for j < a; we define

CLh it
. (1—7Tj)fj iij{mo,...,mn},
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which satisfies the same properties as f] Then
F:=exte(fo,. s fay,0,...,0) € s(WHop jykotkip)
and
v:= F(0) = extc (fO(G),...,fal(G),O,...,0) = extc (90, -+ 5 9ar50,...,0).
Moreover, F' is bounded and continuous on {z € C: Rz = 1} with values in

Whotkip and by , properties of the right inverse ext¢ and the definition
of f;, we have for j € {mqg,...,mp},

BF(1) = m;C7 exte(fo(1), ..., fa (1),0,...,0)

[mf) =0 ] € fmo . mab, < an,
0 if j € {mg,...,mp}, a1 <j<a.

This implies F' € (Wko», Wg°+kl’p ) and thus by (6.5) we have
ko+k1,
(6.12) v=F(0) € [WhoP Wgoth?]
To continue, we prove that u—v € Wg otep, Indeed, by definition of g;,
and the fact that B/u = 0 for j € {my,...,m,}, we obtain
Cl(u—v) = Clu—C¥exte(go, - - - 5 Ga1,0,- -+, 0) = Clu — gj

g]_g]:(] ifj%{mOW")mn}?jSal;
Clu—(1—m))Clu=0 ifje€ {mo,...,mn}, j<ai.

It follows from Proposition [6.2] that

(6.13)
ko+4 ko+4 ki ko+k ko+k
U—1v€E Wco+ P W00+ P [Woo’p,WOOJr 1,p]9 N [Wko,p’WBo+ 1710]9.

Then combining (6.12)) and (6.13)) implies v = v+(u—v) € [WkoP, W§°+k1 Py
with @ = ¢/k;. This completes the proof of the embedding “—" in (6.3) if
ko + k1 > my, + T

STEP 2B. We prove the embedding “—” in (6.3)) if ko + k1 < my, + VTfl.

Fix a € Ny such that kg + a € (m,, + 774517 k]. Then by reiteration for the
complex interpolation method (see [9, Theorem 4.6.1]) and Step 2a twice,
we obtain

ko+k k
[Wko,P’ WBO+ 17p]£/k1 — [Wkom’ [Wko,p’ WBO+a7p]k1/a][/k1
ko+a, Ko+,
- [kap’ W80+a p]e/a _ WBO+ P
Combining Steps 1 and 2 completes the proof of (6.3).
STEP 3. It remains to prove for ky € Ny that
ko+e, . _ ko, ) ko+Fk1, .
VVBOJr p(Ria w’yv X) - [WBO p(R(—ii-a w’y, X)a WBO+ ! p(Ria w’yv X)]E/kq .
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Fix a € Ny such that a < k¢ and define 6, := (ko — a)/(ko + k1 — a). Then
by reiteration and (6.3)) twice, we obtain

Whe? WhRR] = e, Wiy ket
ko+k1, ko+¢,
= WP W Pl g jkyor ek = W' P
This completes the proof of the theorem. =
We conclude with the proof of Theorem
Proof of Theorem[6.4 We first prove in Steps 1 and 2 that
(6.14)  HP"(RL w; X) = [HOP(RE, wy; X), HEP(RY, w,; X,
For notational convenience we write H*P := H*P (]Rff_, wy; X).
STEP 1: The embedding “". By [53], Proposition 5.6|,
[H507P’HZS§1»P]9 s [H807P7H817P]9 = H%0P,
Thus the embedding [H*0P, Hg'*]y — H}"’ can be proved similarly to
Step 1 of the proof of Theorem

STEP 2: The embedding “—”. We adopt the same notation as in Step 2
of the proof of Theorem [6.5]

STEP 2A. Assume that s1 > m,, + 'VTfl and s1 ¢ Ng+ 'YTJfl. Note that the
second condition on s; is new compared to the proof of Theorem This
condition will be removed in Step 2b.

Let a be the largest integer such that a + WTTI < s1. The operator

a _ _LH
c=(....ct):H? » [[Bry . " (RTLX),
j=0
as defined in satisfies ) for v € H®P. Therefore, we have
Héhp Hsl’p HEYP.
We can now proceed similarly to Step 2a of the proof of Theorem [6.5] using
Proposition [6.1] to obtain (cf. (6.13))
HSG,P — H0307p — [HSOJJ Hslzp] [Hso’p, Hgl’p]e.

STEP 2B. Assume that s; > m,, + VH and there exists an ¢ € Ny such

that s; = £+ 7;1. Fix t € (s1,s] such that t ¢ No+ VTJfl. Furthermore, let

01 := (s1 — s0)/(t — so). Then by reiteration for the complex interpolation
method (see [9, Theorem 4.6.1]) and Step 2a twice, we obtain

[Hso,p Hs1,P] — [Hso,p [Hso,p Ht,p]el] — [Hso,p Ht,p]ee :ngml

STEP 2C. Assume that s; < m, + %Ll . Fixt € (m, + 7+1 ,s] and let

01 := (s1 — s0)/(t — so). Then again by relteratlon and Step 2a we obtain
[H=oP Hp'"Plg = HJP. This completes the proof of ([6.14)).
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STEP 3. It remains to prove
HPP(RL w.; X) = [HPP(RL w.; X), HEP (R w.y; X))o
Fix § < sg, with § > 0if sp > 0 and § > —1 + '%1 otherwise. Let 61 :=
(so — §)/(s1 — §). Then by reiteration and (6.14)) twice, we obtain

[Hgoyp,Hgl,P]e — [[H§,p’H21,P]017H;17P]6 —_ [H§,p’Ht531,P] — Hlsg’97p'

(1-6)6,+0
This completes the proof of the theorem. m

Acknowledgements. The author thanks Emiel Lorist, Mark Veraar
and the anonymous referee for valuable comments and suggestions leading
to improvements of the paper.

Funding. The author is supported by the VICI grant VI.C.212.027 of
the Dutch Research Council (NWO).

References

[1]| H. Abels, M. Krbec, and K. Schumacher, On the trace space of a Sobolev space with
a radial weight, J. Funct. Spaces Appl. 6 (2008), 259-276.

[2] R. Adams and J. Fournier, Sobolev Spaces, 2nd ed., Pure Appl. Math. 140, Elsevier,
2003.

[3]| S. Agmon, On the eigenfunctions and on the eigenvalues of general elliptic boundary
value problems, Comm. Pure Appl. Math. 15 (1962), 119-147.

[4]| S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of
elliptic partial differential equations satisfying general boundary conditions. I, Comm.
Pure Appl. Math. 12 (1959), 623-727.

[5]| S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of
elliptic partial differential equations satisfying general boundary conditions. II, Comm.
Pure Appl. Math. 17 (1964), 35-92.

[6] H. Amann, Linear and Quasilinear Parabolic Problems. Vol. I: Abstract Linear The-
ory, Monogr. Math. 89, Birkh&duser Boston, Boston, MA, 1995.

[7]l H. Amann, Linear and Quasilinear Parabolic Problems. Vol. II: Function Spaces,
Monogr. Math. 106, Birkhauser/Springer, Cham, 2019.

[8]| S. Bechtel and M. Egert, Interpolation theory for Sobolev functions with partially
vanishing trace on irregular open sets, J. Fourier Anal. Appl. 25 (2019), 2733-2781.

[9] J. Bergh and J. Lofstrom, Interpolation Spaces, Grundlehren Math. Wiss. 223,
Springer, Berlin, 1976.

[10]| G. Bourdaud et Y. Meyer, Fonctions qui opérent sur les espaces de Sobolev, J. Funct.
Anal. 97 (1991), 351-360.

[11] H. Bui, Weighted Besov and Triebel spaces: interpolation by the real method, Hi-
roshima Math. J. 12 (1982), 581-605.

[12]| V. Burenkov, Sobolev Spaces on Domains, Teubner Texte Math. 137, B. G. Teubner,
Stuttgart, 1998.

[13]| M. Cwikel and A. Einav, Interpolation of weighted Sobolev spaces, J. Funct. Anal.
277 (2019), 2381-2441.

|[14]| R. Denk, G. Dore, M. Hieber, J. Priiss, and A. Venni, New thoughts on old results of
R. T. Seeley, Math. Ann. 328 (2004), 545-583.


http://dx.doi.org/10.1155/2008/986720
http://dx.doi.org/10.1002/cpa.3160150203
http://dx.doi.org/10.1002/cpa.3160120405
http://dx.doi.org/10.1002/cpa.3160170104
http://dx.doi.org/10.1007/978-3-0348-9221-6
http://dx.doi.org/10.1007/978-3-030-11763-4
http://dx.doi.org/10.1007/s00041-019-09681-1
http://dx.doi.org/10.1016/0022-1236(91)90006-Q
http://dx.doi.org/10.1007/978-3-663-11374-4
http://dx.doi.org/10.1016/j.jfa.2018.11.008
http://dx.doi.org/10.1007/s00208-003-0493-y

[15]
16]
[17]
[18]
19]
120]
21]
[22]
23]
[21]
[25]
126]

127]
(28]

[29]
(30]

31]

32]

[33]
|34]

[35]

[36]

137]

Complex interpolation of power-weighted Sobolev spaces 53

H. Dong and D. Kim, On Ly-estimates for elliptic and parabolic equations with Ay
weights, Trans. Amer. Math. Soc. 370 (2018), 5081-5130.

D. Drihem, Complex interpolation of function spaces with general weights, Comment.
Math. Univ. Carol. 64 (2023), 289-320.

J. Franke, On the spaces F,, of Triebel-Lizorkin type: pointwise multipliers and spaces
on domains, Math. Nachr. 125 (1986), 29-68.

C. Gallarati and M. Veraar, Maximal regularity for non-autonomous equations with
measurable dependence on time, Potential Anal. 46 (2017), 527-567.

F. Gazzola, H.-C. Grunau, and G. Sweers, Polyharmonic Boundary Value Problems,
Lecture Notes in Math. 1991, Springer, Berlin, 2010.

G. Geymonat, Su alcuni problemi ai limiti per i sistemi lineari ellittici secondo
Petrowsky, Matematiche (Catania) 20 (1965), 211-253.

L. Grafakos, Classical Fourier Analysis, 3rd ed., Grad. Texts in Math. 249, Springer,
New York, 2014.

J. Griepentrog, K. Groger, H.-C. Kaiser, and J. Rehberg, Interpolation for function
spaces related to mized boundary value problems, Math. Nachr. 241 (2002), 110-120.
P. Grisvard, Espaces intermédiaires entre espaces de Sobolev avec poids, Ann. Scuola
Norm. Sup. Pisa Cl. Sci. Fis. Mat. (3) 17 (1963), 255-296.

P. Grisvard, Caractérisation de quelques espaces d’interpolation, Arch. Ration. Mech.
Anal. 25 (1967), 40-63.

G. Grubb, Weakly semibounded boundary problems and sesquilinear forms, Ann. Inst.
Fourier (Grenoble) 23 (1973), 145-194.

G. Grubb, Properties of normal boundary problems for elliptic even-order systems,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 1 (1974), 1-61.

D. Guidetti, On interpolation with boundary conditions, Math. Z. 207 (1991), 439-460.
Y.-S. Han and Y. Meyer, A characterization of Hilbert spaces and the vector-valued
Littlewood—Paley theorem, Methods Appl. Anal. 3 (1996), 228-234.

D. Haroske and H.-J. Schmeisser, On trace spaces of function spaces with a radial
weight: the atomic approach, Complex Var. Elliptic Equations 55 (2010), 875-896.
M. Hintermiiller, K. Papafitsoros, and C. Rautenberg, Variable step mollifiers and
applications, Integral Equations Operator Theory 92 (2020), 1-34.

T. Hytonen, J. v. Neerven, M. Veraar, and L. Weis, Analysis in Banach Spaces.
Volume I: Martingales and Littlewood—Paley Theory, Ergeb. Math. Grenzgeb. 63,
Springer, 2016.

T. Hytonen, J. v. Neerven, M. Veraar, and L. Weis, Analysis in Banach Spaces.
Volume III: Harmonic Analysis and Spectral Theory, Ergeb. Math. Grenzgeb. 76,
Springer, 2024.

S. Janson, P. Nilsson, and J. Peetre, Notes on Wolff’s note on interpolation spaces,
Proc. London Math. Soc. (3) 48 (1984), 283-299.

J. Johnsen and W. Sickel, On the trace problem for Lizorkin—Triebel spaces with mixed
norms, Math. Nachr. 281 (2008), 669-696.

R. Kaczmarek and A. Kalamajska, Density results and trace operator in weighted
Sobolev spaces defined on the half-line, equipped with power weights, J. Approx. Theory
291 (2023), art. 105896, 18 pp.

N. Kalton, P. Kunstmann, and L. Weis, Perturbation and interpolation theorems for
the H® -calculus with applications to differential operators, Math. Ann. 336 (2006),
747-801.

D. Kim, Trace theorems for Sobolev—Slobodeckij spaces with or without weights,
J. Funct. Spaces Appl. 5 (2007), 243-268.


http://dx.doi.org/10.1090/tran/7161
http://dx.doi.org/10.1002/mana.19861250104
http://dx.doi.org/10.1007/s11118-016-9593-7
http://dx.doi.org/10.1007/978-1-4939-1194-3
http://dx.doi.org/10.1002/1522-2616(200207)241:1<110::AID-MANA110>3.0.CO;2-R
http://dx.doi.org/10.1007/BF00281421
http://dx.doi.org/10.5802/aif.486
http://dx.doi.org/10.1007/BF02571401
http://dx.doi.org/10.4310/MAA.1996.v3.n2.a4
http://dx.doi.org/10.1080/17476930903276050
http://dx.doi.org/10.1007/s00020-020-02608-2
http://dx.doi.org/10.1112/plms/s3-48.2.283
http://dx.doi.org/10.1002/mana.200610634
http://dx.doi.org/10.1016/j.jat.2023.105896
http://dx.doi.org/10.1007/s00208-005-0742-3
http://dx.doi.org/10.1155/2007/471535

54

38]

[39]

140]
|41]
42]

[43]
[44]

[45]
[46]
[47]
48]
[49]
[50]

[51]

152]

/53]
[54]
/551
[56]
[57]
58]
159]

|60]

F. B. Roodenburg

K.-H. Kim and N. Krylov, On the Sobolev space theory of parabolic and elliptic equa-
tions in C* domains, STAM J. Math. Anal. 36 (2004), 618-642.

V. Kozlov and A. Nazarov, The Dirichlet problem for non-divergence parabolic equa-
tions with discontinuous in time coefficients in a wedge, Math. Nachr. 287 (2014),
1142-1165.

N. Krylov, Weighted Sobolev spaces and Laplace’s equation and the heat equations in
a half space, Comm. Partial Differential Equations 24 (1999), 1611-1653.

N. Krylov, The heat equation in Lq((0,T), Lp)-spaces with weights, SIAM J. Math.
Anal. 32 (2001), 1117-1141.

N. Krylov and S. Lototsky, A Sobolev space theory of SPDEs with constant coefficients
in a half space, SIAM J. Math. Anal. 31 (1999), 19-33.

A. Kufner, Weighted Sobolev Spaces, Wiley, 1985.

A. Kufner and B. Opic, How to define reasonably weighted Sobolev spaces, Comment.
Math. Univ. Carolin. 25 (1984), 537-554.

P. Kunstmann, A new interpolation approach to spaces of Triebel-Lizorkin type, Illi-
nois J. Math. 59 (2015), 1-19.

P. Kunstmann and L. Weis, Perturbation theorems for mazimal Ly-regularity, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4) 30 (2001), 415-435.

N. Lindemulder, Parabolic initial-boundary value problems with inhomogeneous data:
a mazimal weighted L?-LP-regularity approach, Master’s thesis, Utrecht Univ., 2014.
N. Lindemulder, Mazimal reqularity with weights for parabolic problems with inhomo-
geneous boundary conditions, J. Evol. Equations 20 (2020), 59-108.

N. Lindemulder, An intersection representation for a class of anisotropic vector-valued
function spaces, J. Approx. Theory 264 (2021), art. 105519, 61 pp.

N. Lindemulder and E. Lorist, A discrete framework for the interpolation of Banach
spaces, Adv. Math. 440 (2024), art. 109506, 75 pp.

N. Lindemulder, E. Lorist, F. Roodenburg, and M. Veraar, Functional calculus on
weighted Sobolev spaces for the Laplacian on the half-space, J. Funct. Anal. 289 (2025),
art. 110985, 69 pp.

N. Lindemulder, E. Lorist, F. Roodenburg, and M. Veraar, Functional calculus on
weighted Sobolev spaces for the Laplacian on rough domains, J. Differential Equations
454 (2026), art. 113884, 71 pp.

N. Lindemulder, M. Meyries, and M. Veraar, Complez interpolation with Dirichlet
boundary conditions on the half line, Math. Nachr. 291 (2017), 2435-2456.

N. Lindemulder and M. Veraar, The heat equation with rough boundary conditions
and holomorphic functional calculus, J. Differ. Equations 269 (2020), 5832-5899.

J. Lofstrom, Interpolation of weighted spaces of differentiable functions on RY, Ann.
Mat. Pura Appl. 132 (1982), 189-214.

J. Lofstrom, Interpolation of boundary value problems of Neumann type on smooth
domains, J. London Math. Soc. (2) 46 (1992), 499-516.

S. Lototsky, Sobolev spaces with weights in domains and boundary value problems for
degenerate elliptic equations, Methods Appl. Anal. 7 (2000), 195-204.

A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems,
Progr. Nonlinear Differential Equations Appl. 16, Birkhduser, Basel, 1995.

V. Maz’ya, Sobolev Spaces with Applications to Elliptic Partial Differential Equations,
Grundlehren Math. Wiss. 342, Springer, Heidelberg, 2011.

M. Meyries and M. Veraar, Sharp embedding results for spaces of smooth functions
with power weights, Studia Math. 208 (2012), 257-293.


http://dx.doi.org/10.1137/S0036141003421145
http://dx.doi.org/10.1002/mana.201100352
http://dx.doi.org/10.1080/03605309908821478
http://dx.doi.org/10.1137/S0036141000372039
http://dx.doi.org/10.1137/S0036141098338843
http://dx.doi.org/10.1215/ijm/1455203156
http://dx.doi.org/10.1007/s00028-019-00515-7
http://dx.doi.org/10.1016/j.jat.2020.105519
http://dx.doi.org/10.1016/j.aim.2024.109506
http://dx.doi.org/10.1016/j.jfa.2025.110985
http://dx.doi.org/10.1016/j.jde.2025.113884
http://dx.doi.org/10.1016/j.jde.2020.04.023
http://dx.doi.org/10.1007/BF01760981
http://dx.doi.org/10.1112/jlms/s2-46.3.499
http://dx.doi.org/10.4310/MAA.2000.v7.n1.a9
http://dx.doi.org/10.1007/978-3-0348-0557-5
http://dx.doi.org/10.4064/sm208-3-5

161]
|62]
163]

[64]

|65]
166]
|67]
168]
(69]
[70]
[71]

[72]
73]

[74]
[75]

[76]

Complex interpolation of power-weighted Sobolev spaces 55

M. Meyries and M. Veraar, Characterization of a class of embeddings for function
spaces with Muckenhoupt weights, Arch. Math. (Basel) 103 (2014), 435-449.

M. Meyries and M. Veraar, Traces and embeddings of anisotropic function spaces,
Math. Ann. 360 (2014), 571-606.

M. Meyries and M. Veraar, Pointwise multiplication on vector-valued function spaces
with power weights, J. Fourier Anal. Appl. 21 (2015), 95-136.

S. M. Nikol’skii, Inequalities for entire functions of finite degree and their application
in the theory of differentiable functions of several variables, Trudy Mat. Inst. Steklova
38 (1951), 244278 (in Russian).

J. Priiss and G. Simonett, Moving Interfaces and Quasilinear Parabolic Fvolution
Equations, Monogr. Math. 105, Birkhauser /Springer, 2016.

B. Scharf, H.-J. Schmeifer, and W. Sickel, Traces of vector-valued Sobolev spaces,
Math. Nachr. 285 (2012), 1082-1106.

C. Schneider, Trace operators in Besov and Triebel-Lizorkin spaces, Z. Anal. Anwend.
29 (2010), 275-302.

R. Seeley, Norms and domains of the complex powers Aj, Amer. J. Math. 93 (1971),
299-309.

R. Seeley, Interpolation in LP with boundary conditions, Studia Math. 44 (1972),
47-60.

W. Sickel, L. Skrzypczak, and J. Vybiral, Complex interpolation of weighted Besov
and Lizorkin—Triebel spaces, Acta Math. Sinica 30 (2014), 1297-1323.

H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North-
Holland Math. Library 18, North-Holland, Amsterdam, 1978.

H. Triebel, Theory of Function Spaces, Monogr. Math. 78, Birkh&user, Basel, 1983.
H. Triebel, The Structure of Functions, Monogr. Math. 97, Birkh&user/Springer,
Basel, 2001.

B. Turesson, Nonlinear Potential Theory and Weighted Sobolev Spaces, Lecture Notes
in Math. 1736, Springer, Berlin, 2000.

T. Wolff, A note on interpolation spaces, in: Harmonic Analysis, Springer, Heidelberg,
1982, 199-204.

A. Yagi, Abstract Parabolic Evolution Equations and their Applications, Springer
Monogr. Math., Springer, Berlin, 2010.

Floris B. Roodenburg

Delft Institute of Applied Mathematics
Delft University of Technology

2600 GA Delft, The Netherlands
E-mail: f.b.roodenburg@tudelft.nl


http://dx.doi.org/10.1007/s00013-014-0706-5
http://dx.doi.org/10.1007/s00208-014-1042-6
http://dx.doi.org/10.1007/s00041-014-9362-1
http://dx.doi.org/10.1007/978-3-319-27698-4_5
http://dx.doi.org/10.1002/mana.201100011
http://dx.doi.org/10.4171/zaa/1409
http://dx.doi.org/10.2307/2373377
http://dx.doi.org/10.4064/sm-44-1-47-60
http://dx.doi.org/10.1007/s10114-014-2762-y
http://dx.doi.org/10.1007/978-3-0346-0416-1
http://dx.doi.org/10.1007/978-3-0348-0569-8
http://dx.doi.org/10.1007/BFb0093288
http://dx.doi.org/10.1007/978-3-642-04631-5

	1. Introduction
	2. Preliminaries
	2.1. Notation
	2.2. Weighted function spaces
	2.3. Properties of Banach spaces
	2.4. Embeddings
	2.5. The complex interpolation method

	3. Trace spaces of Besov and Triebel–Lizorkin spaces
	3.1. The zeroth-order trace operator
	3.2. The higher-order trace operator

	4. Trace spaces of Bessel potential and Sobolev spaces
	4.1. Trace spaces of weighted spaces on the half-space
	4.2. Density results
	4.2.1. Bessel potential spaces
	4.2.2. Sobolev spaces


	5. Trace theorem for boundary operators
	6. Complex interpolation of Bessel potential and Sobolev spaces
	6.1. Interpolation results for weighted spaces
	6.2. Main results about complex interpolation of weighted spaces
	6.3. The proofs of Theorems 6.4 and 6.5

	Acknowledgements
	Funding
	References

