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The suprema of selector processes with the application to
positive infinitely divisible processes
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Witold Bednorz, Rafał Martynek and Rafał Meller

Abstract. We provide an alternative proof of the recent result of Park and Pham
[Ann. of Math. 199 (2024)] on the expected suprema of positive selector and empirical
processes, which we find useful in further generalizations we discuss. As an application,
we obtain a result concerning positive infinitely divisible processes.

1. Introduction. Recent results (see [13, 1]) show that the size of the
expected suprema of both empirical and infinitely divisible processes can be
explained by replacing the initial index set by two new index sets. Their
Minkowski’s sum contains the initial index. The size od the process defined
on the first, new index set is characterized by Talagrand’s gamma function-
als, while the process defined on the other index set is a positive process. An
understanding of the size of positive processes was lacking and some con-
jectures were made by Talagrand [12, 13]. Some of them have recently been
discussed and proved in [10].

The key new concept was the notion of a fragment, which was used in
the proof of the Kahn–Kalai conjecture [10]. We have adopted this idea and
managed to obtain a much simpler proof than the original one in [10]. Our
proof is also more amenable to further generalizations.

The primary goal which motivates an alternative proof of Park and
Pham’s result is to provide a small cover for processes (Yt)t∈T for T ⊂ Rd

+

and Yt =
∑d

i=1 tiYi, where Yi’s are non-negative, independent, but not nec-
essarily identically distributed. The case of i.i.d. variables is already a highly
non-trivial result presented in [2] (see also the end of Section 2 below for
the discussion of a result which goes beyond the i.i.d. case and is also pre-
sented in [2]). From this point of view, selector processes should be seen as a
crucial, initial case one has to understand. Interestingly, in the recent paper
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by Dubroff, Kahn and Park [3] our Key Lemma (Lemma 3.4 below) is used
to establish a result concerning the so-called expectation threshold and the
fractional expectation threshold. Moreover, they call our result the quanti-
tative strengthening of the result in [10, Theorem 1.5] and use it for a very
elegant computation in the direction of one of Talagrand’s conjectures [12,
Conjecture 6.3]

The overall goal is to relate the size of a stochastic process to the ge-
ometry of the index set. This leads to a very efficient method of chaining
and, in turn, to a characterization in terms of gamma functionals. The most
famous result in this area is the Majorizing Measure Theorem (see e.g. [13,
Theorem 2.10.1]) for Gaussian processes. One of the geometric consequences
of this result is that the construction of the partition of the index set also
provides, in a sense, “witnesses” to the size of the supremum. Let us briefly
explain this concept (cf. [13, discussion after Theorem 2.12.2 and Section
13.2]). Let (Gt)t∈T be a centered Gaussian process on some index set T . By
the Majorizing Measure Theorem one can find a jointly Gaussian sequence
(uk)k⩾1 such that for some universal constant L > 0,{

sup
t∈T

|Gt| ⩾ LE sup
t∈T

|Gt|
}
⊂

⋃
k⩾1

{uk ⩾ 1}

and ∑
k⩾1

P(uk ⩾ 1) ⩽
1

2
.

Let us emphasize that the above statement is weaker than the Majorizing
Measure Theorem in the sense that it follows relatively easily from it, but
the other direction is not at all clear. The basis of the chaining method is a
result on Sudakov type bounds, which guarantees that if the points in the
index set are well separated, then one can control the expected supremum of
the process from below. Since we do not have such a result in the context of
selector processes, chaining seems infeasible in this case. Therefore, we want
to characterize supt∈T Xt for certain nonnegative stochastic processes in the
sense of the above representation.

As mentioned before, the main motivation for simplifying the proof of
Theorem 2.1 is to find new methods of bounding E supt∈T Xt, where (Xt)t∈T
is a nonnegative process. Due to the use of multisets in [10] in the case of
empirical processes, it is difficult to imagine how this method can serve in
different settings. The main difference between our approach and the original
proof in [10] is the method of counting of so-called bad sets. In particular, we
introduce a kind of a threshold function (see Definition 3.7 and the beginning
of the proof of Lemma 5.14), which turns out to be an appropriate tool for
generalizations. As an example, we give a result for permutationally invariant
processes in the Appendix. Although the further generalizations in [2] are
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much more complicated than the proof for selector processes, an appropriate
version of the threshold function plays a crucial role there.

2. Results and motivation. The letters K,C stand for universal con-
stants. We adopt the convention that K may differ at each occurrence. As
already mentioned, the first goal is to present a simplified proof of the result
in [10] concerning a positive selector process. Consider a sequence (δi)

n
i=1 of

independent Bernoulli random variables with
P(δi = 1) = p = 1−P(δi = 0)

for some p ∈ (0, 1) and a set T of sequences t = (ti)
n
i=1 with ti ⩾ 0. We

assume that T is finite. Let

δ(T ) := E sup
t∈T

n∑
i=1

tiδi.

We use the notation [n] := {1, . . . , n}. To describe the size of δ(T ), we want
to construct “explicit witnesses” of the event{

sup
t∈T

n∑
i=1

tiδi ⩾ Kδ(T )
}

whose measure is small. To formalize this goal let us recall the notions of
up-sets and p-smallness. Let I ⊆ [n]. Then the up-set generated by I is
defined as

⟨I⟩ := {J ⊆ [n] : J ⊇ I},
and we say that a collection F of subsets of [n] is p-small if there exists a
collection G of subsets of [n] such that

F ⊆ ⟨G⟩ :=
⋃
I∈G

⟨I⟩ and
∑
I∈G

p|I| ⩽
1

2
.

We refer to G as a cover of F . We prove the following result describing the
size of δ(T ).

Theorem 2.1. The family

(1)
{
I ⊂ [n] : sup

t∈T

∑
i∈I

ti ⩾ Kδ(T )
}

is p-small. One may take K = 221.

Remark 2.2. Clearly supt∈T
∑n

i=1 tiδi ⩽ supt∈T
∑n

i=1 ti ⩽ 1
pδ(T ), so

the family in (1) is empty for K > 1/p. This shows that Theorem 2.1 is
interesting only when p is small.

We point out that the proof of Theorem 2.1 is existential, we do not con-
struct this family explicitly. This is a common situation in this field. Usually,
constructive results are derived only in some special cases. The best example
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is Talagrand’s Majorizing Measure Theorem for which an explicit construc-
tion of the majorizing measure is known only for simplexes and ellipses (and
a few exotic examples). The main new consequence of Theorem 2.1 is the
analogous result for positive infinitely divisible processes (see [13, Definition
12.3.4]). Notice that following [13, Chapter 12] we take Rosiński’s series rep-
resentation of infinitely divisible processes as their definition which uses a
Poisson point process (see e.g. [13, Section 12.1]).

Consider a finite set T and a measurable space RT , provided with the
cylindrical σ-algebra

σ({x ∈ RT : x(t) ∈ A} : t ∈ T, A ∈ B(R)),
i.e. the σ-algebra generated by the coordinate functions. Let ν be a σ-finite
measure on RT with ν(0) = 0. Assume that for any t ∈ T ,�

RT

|x(t)| ∧ 1 dν(x) < ∞,

where ∧ is the minimum of two values. The main additional assumption we
make about the measure ν is that it has no atoms. Consider a Poisson point
process (Yi)i⩾1 on RT with intensity measure ν. Then we define a positive
infinitely divisible process with Lévy measure ν as

|X|t :=
∑
i⩾1

|Yi(t)|.

The standard simplification is to consider T as a space of functions on RT

by associating to t ∈ T the function x 7→ x(t) on RT , so that we can write
t(Yi) instead of Yi(t). Thus, we have

E sup
t∈T

|X|t = E sup
t∈T

∑
i⩾1

|t(Yi)|.

Theorem 2.3. Let |X|t be a positive, infinitely divisible process with a
nonatomic Lévy measure ν, indexed by a finite set T . Then there exists a
family F of pairs (g, u), where each g : RT → R+ is measurable (with respect
to the cylindrical σ-algebra) and u ⩾ 0 such that

(2)
{
sup
t∈T

|X|t ⩾ K E sup
t∈T

|X|t
}
⊂

⋃
(g,u)∈F

{|X|g ⩾ u},

and

(3)
∑

(g,u)∈F

P(|X|g ⩾ u) ⩽
1

2
.

Obviously, by the Markov inequality, the probability of the event de-
scribed in (2) is less than 1/K. But the goal is to find “explicit witnesses”
that this event is small.
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The third setting that we work with is the one of positive empirical
processes. Although we must assume that the underlying measure µ is non-
atomic, we find it instructive to see that the result can be obtained without
the use of multisets, in contrast to [10]. We believe this makes the applica-
tion of the result for the selectors more transparent. For the result in full
generality we refer to [10].

Theorem 2.4. Let (E, ρ) be some metric space, and d > 0 be a fixed inte-
ger. Suppose µ is a probability measure on E with no atoms. Let X1, . . . , Xd

be independent random variables distributed according to µ. Let T be a finite
class of nonnegative Borel measurable functions on E. Then there exists a
family F of pairs (g, u) where each g : E → R+ is Borel measurable and
u ⩾ 0 such that

(4)
{
sup
t∈T

d∑
i=1

t(Xi) ⩾ K E sup
t∈T

d∑
i=1

t(Xi)
}
⊂

⋃
(g,u)∈F

{
1

d

d∑
i=1

g(Xi) ⩾ u

}
and

(5)
∑

(g,u)∈F

P

(
1

d

d∑
i=1

g(Xi) ⩾ u

)
⩽

1

2
.

The metric structure is irrelevant for the formulation of the theorem.
However, it is crucial for our proof. Roughly speaking, we need to decompose
a set A ⊂ E into many subsets of almost equal measure (see Step 3 of the
proof). It is not clear whether such a construction is possible in nonmetric
spaces.

As we show in [2], the assumption that the measures have no atoms is not
necessary in both Theorems 2.3 and 2.4. We also suspect that the assumption
that T is finite in Theorems 2.3 or 2.4 is redundant, but it is unclear how to
extend the results to infinite index sets.

We finish this section with a short discussion of a possible direction for
future work. In [2] we manage, by using the techniques developed in this
paper, to provide a small cover for

(6)
{
sup
f∈T

d∑
i=1

fi(Xi) ⩾ K E sup
f∈T

d∑
i=1

fi(Xi)
}
,

where X1, . . . , Xd are nonnegative i.i.d. random variables and T is a finite set
of d-tuples of nonnegative functions. We believe that this result can be of use
in some other important problems. Let us briefly discuss one of them. The
problem of finding tight bounds on the operator norm of random matrices
is of importance in probability theory and functional analysis. The most
important case of nonhomogeneous Gaussian matrices has been solved by R.
van Handel, R. Latała and P. Youssef [7]. But the equally important question
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about nonhomogeneous Rademacher matrices is still open. The task is to find
a two-sided bound for the quantities

(7) E sup
x,y∈Bn

2

∑
ij

aijxiyjεij = E sup
x∈Bn

2

√∑
i

(∑
j

aijxjεij

)2

≈
√
E sup

x∈Bn
2

∑
i

(∑
j

aijxjεij

)2
,

where aij are real numbers and εij are independent, symmetric ±1 random
variables. The quantity supx∈Bn

2

∑
i(
∑

j aijxjεij)
2 can be easily expressed

as supf∈T
∑d

i=1 fi(Xi). The existence of a small cover of the set (6) may
result in a better understanding of the problem of estimating the operator
norm of Rademacher matrices. In particular, it may lead to a counterpart of
Theorem 3.1 in this case, potentially providing new results. For a broader
discussion of estimates of (7), we refer the reader to [5, 6]; see also [9] for
the case of more general random variables.

The organization of the paper is the following. In the next three sections,
we prove, respectively, Theorem 2.1, the result on infinitely divisible pro-
cesses and on empirical processes. Two of them are present in [10] while the
one concerning positive infinitely divisible processes is our main application
of the result about selector processes. In the Appendix we present the result
for processes invariant under permutations of the index set, which aims to
show how the main argument can be adjusted for further applications.

3. Positive selector processes. Theorem 2.1 can be reformulated as
follows (see the proof of Theorem 5.3 below or [10, Section 2.1]).

Theorem 3.1. Let F be a family of subsets of [n] which is not p-small.
Suppose that for each I ∈ F we are given coefficients (µI(i))i∈I with µI(i) ⩾ 0
and

µI(I) :=
∑
i∈I

µI(i) = 1.

Then
E sup

I∈F

∑
i∈I

µI(i)δi ⩾
1

220
.

Theorem 3.1 is obvious if constant 1
220 is replaced by p, where p =

P(δi = 1) (even without the essential assumption that F is not p-small).
Thus it is interesting only for small values of p. (cf. Remark 2.2).

Remark 3.2. Obviously, the empty set does not contribute to the supre-
mum over I ∈ F , so we may assume that ∅ /∈ F . For any such family F of
subsets of [n] we have F ⊆

⋃
i⩽n⟨{i}⟩. Thus, Theorem 3.1 is trivial when
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np < 1/2 (in this case any family F is p-small). Thus, with no loss in gen-
erality, we may assume that np ⩾ 1/2.

Our goal now is to prove Theorem 3.1. To this end, we introduce a pivotal
definition.

Definition 3.3. We say that a set X ⊆ [n] is c-bad (c > 0) if

(8) sup
I∈F

µI(X ∩ I) < c.

By saying that X ⊆ [n] is random we mean that

(9) X = {i ∈ [n] : δ′i = 1},

where (δ′i)i⩽n are independent and identically distributed Bernoulli variables
with arbitrary probability of success. Notice that the distribution of X con-
ditioned on its cardinality being m is uniform over m-element subsets of [n].

We deduce Theorem 3.1 from the following.

Lemma 3.4 (Key Lemma). Let F be a family of subsets of [n] which is
not p-small. For any m ⩽ n we have

P
(
X is 1/2-bad

∣∣ |X| = m
)
⩽

n∑
t=1

(
4
np

m

)t

,

where a bad set is defined in (8).

Proof of Theorem 3.1. By Remark 3.2 we can assume that np ⩾ 1/2.
Thus we may further assume that Cnp is an integer and 9 ⩽ C ⩽ 11.
Observe that for each i we can represent δi = δ′iδ

′′
i , where (δ′i)

n
i=1, (δ

′′
i )

n
i=1 are

independent Bernoulli random variables with P(δ′i = 1) = Cp, P(δ′′i = 1) =
1/C. By Jensen’s inequality,

(10) E sup
I∈F

∑
i∈I

µI(i)δi = E sup
I∈F

∑
i∈I

µI(i)δ
′
iδ

′′
i

⩾ E sup
I∈F

∑
i∈I

µI(i)δ
′
iEδ′′i ⩾

1

11
E sup

I∈F

∑
i∈I

µI(i)δ
′
i.

Lemma 3.4 applied for m ⩾ Cnp gives

(11) E
(
sup
I∈F

∑
i∈I

µI(i)δ
′
i

∣∣∣ n∑
i=1

δ′i=m
)
⩾

1

2
P
(
X is not 1/2-bad

∣∣∣ n∑
i=1

δ′i=m
)

⩾
1

2

(
1−

n∑
t=1

(
4
np

m

)t)
⩾

1

2

(
1− np

m

4

1− 4np
m

)
⩾

1

2

(
1− 4

C − 4

)
⩾

1

10
.
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So, by conditioning,

(12) E sup
I∈F

∑
i∈I

µI(i)δ
′
i⩾

∑
m⩾Cpn

E
(
sup
I∈F

∑
i∈I

µI(i)δ
′
i

∣∣∣ n∑
i=1

δ′i=m
)
P
( n∑
i=1

δ′i=m
)

⩾
1

10
P
( n∑
i=1

δ′i⩾Cpn
)
⩾

1

20
,

where in the last inequality we have used [8] (we recall that Cnp is an
integer). The assertion follows by (10) and (12).

Remark 3.5. Theorem 2.1 implies that the event{
sup
t∈T

n∑
i=1

tiδi ⩾ 221Cδ(T )
}

is Cp-small. To see this, let δ′i, δ
′′
i be as in the proof of Theorem 3.1. Denote

δ′(T ) := E supt∈T
∑n

i=1 tiδ
′
i. By Theorem 2.1 the event{
sup
t∈T

n∑
i=1

tiδ
′
i ⩾ 221δ′(T )

}
is Cp-small and trivially{

sup
t∈T

n∑
i=1

tiδ
′
i ⩾ 221δ′(T )

}
⊃

{
sup
t∈T

n∑
i=1

tiδi ⩾ 221δ′(T )
}
.

The inequality (10) implies that δ′(T ) ⩽ Cδ(T ). Thus, we obtain{
sup
t∈T

n∑
i=1

tiδi ⩾ 221Cδ(T )
}
⊂

{
sup
t∈T

n∑
i=1

tiδ
′
i ⩾ 221δ′(T )

}
,

and the result follows.

3.1. Proof of the Key Lemma. The overall strategy for the proof is
to construct a cover of F based on the class of bad sets with fixed cardinality
and show that its measure is appropriately small. To achieve this goal we
need sets closely related to so-called fragments (cf. [10, Definition 2.3] or
[11], [4] for more context on the notion of fragment). Let Ij be the subset of
I consisting of j elements with the largest values of coefficients, i.e.

Ij =
{
il ∈ I, 1 ⩽ l ⩽ j : µI(i1) ⩾ · · · ⩾ µI(ij) ⩾ sup

i∈I\{i1,...,ij}
µI(i)

}
,

where by convention, I0 = ∅ and Ij = I for j ⩾ |I|. Also, Icj = I \ Ij .
Lemma 3.6. Let X ⊆ [n] be c-bad (recall (8)) for some c > 0 Then for

any I ∈ F there exists a number j(I,X) such that

(13) |Ij(I,X) ∩X| < c|Ij(I,X)|.
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Proof. Assume that X is nonempty; otherwise, there is nothing to prove.
Fix I ∈ F . For ε ∈ [0, 1] consider the mapping

ε 7→
∑

i∈I∩X
µI(i) ∧ ε− c

∑
i∈I

µI(i) ∧ ε

and observe that it is continuous. Moreover, for ε = 1 we see by (8) that∑
i∈I∩X

µI(i)− c
∑
i∈I

µI(i) < c− cµI(I) = c− c = 0,

and obviously ε = 0 is mapped to 0. This means that there exists the largest
value ε(I,X) ∈ [0, 1) such that

(14)
∑

i∈I∩X
µI(i) ∧ ε(I,X) ⩾ c

∑
i∈I

µI(i) ∧ ε(I,X)

and for ε > ε(I,X) the strict reverse inequality holds. Now, observe that for
sufficiently small δ > 0 we have
(15)∑
i∈I∩X

µI(i) ∧ (ε(I,X) + δ) =
∑

i∈I∩X
µI(i) ∧ ε(I,X) + δ

∑
i∈I∩X

1{µI(i)>ε(I,X)}

and

(16)
∑
i∈I

µI(i) ∧ (ε(I,X) + δ) =
∑
i∈I

µI(i) ∧ ε(I,X) + δ
∑
i∈I

1{µI(i)>ε(I,X)}.

By the definition of ε(I,X),∑
i∈I∩X

µI(i) ∧ (ε(I,X) + δ) < c
∑
i∈I

µI(i) ∧ (ε(I,X) + δ).

We combine the above inequality with (15) and (16) to get∑
i∈I∩X

µI(i) ∧ ε(I,X) + δ
∑

i∈I∩X
1{µI(i)>ε(I,X)}

< c
∑
i∈I

µI(i) ∧ ε(I,X) + cδ
∑
i∈I

1{µI(i)>ε(I,X)},

but because of (14) it follows that∑
i∈I∩X

1{µI(i)>ε(I,X)} < c
∑
i∈I

1{µI(i)>ε(I,X)}.

Let

(17) Ĩ := {i ∈ I : µI(i) > ε(I,X)} and j(I,X) := |Ĩ|.
The result follows, since obviously

(18) Ij(I,X) = Ĩ .

Since the quantities ε(I,X) and j(I,X) play a central role in our con-
struction, we introduce them in a separate definition.
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Definition 3.7. Let X ⊆ [n] be c-bad (recall (8)) for some c > 0 and
I ∈ F . Let

F (ε) =
∑

i∈I∩X
µI(i) ∧ ε− c

∑
i∈I

µI(i) ∧ ε.

We define ε(I,X) as the largest ε for which F (ε) ⩾ 0. We also define

(19) j(I,X) := |{i ∈ I : µI(i) > ε(I,X)}|.

Definition 3.8 (Witness). Fix a c-bad set X ⊂ [n]. To each I ∈ F we
associate the number j(I,X) as in Definition 3.7. Now, fix I ∈ F . Consider
sets Î ∈ F such that

(20) Îj(Î,X) \X ⊂ I \X.

Among all Î for which (20) holds we consider the ones for which j(Î , X) is
the smallest possible. Among the latter, we pick any Î such that Îj(Î,X) \X
has the minimal number of elements and denote it by I ′ = I ′(I,X). We refer
to I ′ as the (I,X)-minimal set, or simply the minimal set. We also define an
(I,X)-witness by

W (I,X) := I ′j(I′,X).

If j = j(I ′, X) and t = |I ′j \X| then it is easy to see that by Lemma 3.6
we have

(21) j ⩾ t ⩾ (1− c)j.

The cover of F we are interested in is given for a fixed c-bad X by

(22) G(X) = {W (I,X) \X : I ∈ F}.

Remark 3.9. Indeed, this is a cover of F since W (I,X)\X ⊆ I for every
I ∈ F . The sets W (I,X) \ X are analogues of fragments in [10]. However,
the notion of witness is more suitable for our proof.

Since for any X which is 1/2-bad, G(X) is a cover of F , and F is not
p-small, we have

1

2
⩽

∑
G∈G(X)

p|G|.

In addition, the number of sets X ⊂ [n] with |X| = m that are 1/2-bad is

P
(
X is 1/2-bad

∣∣ |X| = m
)(n

m

)
.

Therefore,

(23)
1

2
P
(
X is 1/2-bad

∣∣ |X| = m
)(n

m

)
⩽

∑
X is 1/2-bad

|X|=m

∑
G∈G(X)

p|G|.
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In order to bound the above double sum we need to control from above
the number of repetitions of the witnesses. This is deduced in Corollary 3.13
from the following two results.

Lemma 3.10. Take any c-bad sets X,Y and I, J ∈ F . Denote I ′ =
I ′(I,X) and J ′ = J ′(J, Y ) (the minimal sets). Assume that

(i) j := j(I ′, X) = j(J ′, Y ) (recall (19)),
(ii) Z := I ′j ∪X = J ′

j ∪ Y ,
(iii) t := |I ′j \X| = |J ′

j \ Y |.

Then ∑
i∈I′∩Y

µI′(i) ∧ ε(I ′, X) ⩾ c
∑
i∈I′

µI′(i) ∧ ε(I ′, X),

where ε(I ′, X) is defined as in (14).

Remark 3.11. By the definition, ε(I ′, Y ) is the greatest number for
which the above inequality is satisfied. This means that ε(I ′, Y ) ⩾ ε(I ′, X).
This is a key consequence of Lemma 3.10.

Proof of Lemma 3.10. Let (I ′j)
c := I ′ \ I ′j , where we recall (see (18))

I ′j = {i ∈ I ′ : µI′(i) > ε(I ′, X)}.

By the above and since Y ⊂ Z we have∑
i∈I′∩Y

µI′(i) ∧ ε(I ′, X) =
∑

i∈(I′j)c∩Y

µI′(i) +
∑

i∈I′j∩Y

ε(I ′, X)

=
∑

i∈(I′j)c∩Z

µI′(i)−
∑

i∈(I′j)c∩(Z\Y )

µI′(i) + ε(I ′, X)|I ′j ∩ Y |

=
∑

i∈(I′j)c∩Z

µI′(i)−
∑

i∈(I′j)c∩(J ′
j\Y )

µI′(i) + ε(I ′, X)
(
|I ′j ∩ Z| − |I ′j ∩ (Z \ Y )|

)
=

∑
i∈(I′j)c∩Z

µI′(i)−
∑

i∈(I′j)c∩((J ′
j\I′j)\Y )

µI′(i) + ε(I ′, X)
(
j − |I ′j ∩ (J ′

j \ Y )|
)
,

where in the last two equalities we have used assumption (ii). By (iii), the
last line is equal to∑
i∈(I′j)c∩Z

µI′(i)−
∑

i∈(I′j)c∩((J ′
j\I′j)\Y )

µI′(i) + ε(I ′, X)
(
j − t+ |(J ′

j \ I ′j) \ Y |
)

⩾
∑

i∈(I′j)c∩Z

µI′(i) + ε(I ′, X)(j − t).
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The last inequality holds because if i ∈ (I ′j)
c then by the definition of I ′j

(see (18)) we have µI′(i) < ε(I ′, X). Now, by assumption (iii) once more,∑
i∈(I′j)c∩Z

µI′(i) + ε(I ′, X)(j − t) =
∑

i∈(I′j)c∩Z

µI′(i) + ε(I ′, X)|I ′j ∩X|

=
∑

i∈I′∩X
µI′(i) ∧ ε(I ′, X) ⩾ c

∑
i∈I′

µI′(i) ∧ ε(I ′, X).

The last inequality follows again from the definition (14) of ε(I ′, X).

Lemma 3.12. Under the assumptions of Lemma 3.10 we have I ′j \ Y =
J ′
j \ Y (i.e. W (I,X) \ Y = W (J, Y ) \ Y ).

Proof. By the construction of the witness, together with assumption (ii)
of Lemma 3.10, we have

(24) J \ Y ⊃ J ′
j \ Y = (J ′

j ∪ Y ) \ Y = (I ′j ∪X) \ Y ⊃ I ′j \ Y.
Thus we must have

(25) j0 := j(I ′, Y ) ⩾ j,

otherwise we would have

I ′j0 \ Y ⊂ I ′j \ Y ⊂ J \ Y,
which would contradict the optimality of j = j(J ′, Y ). Recall (18) and sup-
pose that j0 = j(I ′, Y ) > j. The larger cardinality obviously indicates the
lower threshold, therefore we have ε(I ′, Y ) < ε(I ′, X). This, however, con-
tradicts Lemma 3.10 (see Remark 3.11); hence, we must have j0 = j. This
implies that |I ′j \Y | = |J ′

j \Y | by the construction of the witness. Since these
two finite sets have the same cardinality and one is a subset of the other
by (24), it follows that in fact I ′j \ Y = J ′

j \ Y .

Corollary 3.13. Fix m, t and Z ⊂ [n] such that |Z| = m+ t. Fix also
X ⊂ Z which is c-bad and |X| = m. Then for any t ⩽ j ⩽ n,

(26) |{W (I,X) \X : I ∈ F , |W (I,X)| = j,

Z = W (I,X) ∪X, |W (I,X) \X| = t}| ⩽
(
j

t

)
.

Proof. Fix any X, I satisfying the conditions in (26). Take any other pair
Y, J which also satisfies the same conditions. By Lemma 3.12, W (J, Y )\Y ⊂
W (I,X), so there are at most

(
j
t

)
choices for W (J, Y ) \ Y .

We are in a position to bound the expression in (23) and prove the Key
Lemma.

Proof of Lemma 3.4. We recall the notation I ′j = W (I,X), where j =
j(I,X) (cf. (17)). Recall the construction of the cover (22). Then (21) to-
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gether with Corollary 3.13 implies that

(27)
∑

X is 1/2-bad
|X|=m

∑
G∈G(X)

p|G|

=
∑
j⩾1

∑
j/2⩽t⩽j

∑
|Z|=m+t

pt|{W (I,X) \X : Z = I ′j ∪X, |I ′j \X| = t}|

⩽
∑
j⩾1

∑
j/2⩽t⩽j

∑
|Z|=m+t

pt
(
j

t

)
=

n∑
t=1

2t∑
j=t

(
j

t

)(
n

m+ t

)
pt.

Clearly
2t∑
j=t

(
j

t

)
=

(
2t+ 1

t+ 1

)
⩽

1

2
22t+1 = 4t

and (
n

m+t

)(
n
m

) ⩽

(
n

m

)t

.

Those two inequalities applied to (27) give∑
X is 1/2-bad

|X|=m

∑
G∈G(X)

p|G| ⩽

(
n

m

) n∑
t=1

(
4
np

m

)t

.

The above together with (23) implies the assertion.

4. Positive infinitely divisible processes. The following notion is an
analogue of p-smallness for an event in RT .

Definition 4.1. We say that a random event A is δ-small if there exists
a family F of pairs (g, u), where g : RT → R+ is measurable (with respect
to the cylindrical σ-algebra) and u ⩾ 0 such that

A ⊂
⋃

(g,u)∈F

{|X|g ⩾ u} and
∑

(g,u)∈F

P(|X|g ⩾ u) ⩽ δ.

In other words, Theorem 2.3 states that the event{
sup
t∈T

|X|t ⩾ K E sup
t∈T

|X|t
}

is 1/2-small.

Proof of Theorem 2.3. Note that if S = E supt∈T |X|t = ∞ then the
left-hand side of (2) is empty, so any small cover will work in this case. In
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particular, we can assume that

(28) sup
t∈T

�

RT

|t(x)| dν(x) = sup
t∈T

E
∑
i⩾1

|t(Yi)| = sup
t∈T

E|X|t

⩽ E sup
t∈T

|X|t = S < ∞.

The proof is based on successive simplifications, which ultimately allow us
to apply Theorem 2.1.

Step 1. Consider some fixed large integer N and the functions f, h :
R → R given by

f(s) = |s|1{|s|⩾2−N}, h(s) = |s|1{|s|<2−N}.

We split the process into two parts,

|X|t =
∑
i⩾1

|t(Yi)|1{|t(Yi)|⩾2−N} +
∑
i⩾1

|t(Yi)|1{|t(Yi)|<2−N} = |X|f(t) + |X|h(t).

Since |X|t ⩾ |X|f(t) we have (recall that K may differ at each occurrence)
(29){
sup
t∈T

|X|t ⩾ KS
}
⊂

{
sup
t∈T

|X|f(t) ⩾ K E sup
t∈T

|X|f(t)
}
∪

⋃
t∈T

{|X|h(t) ⩾ KS}.

Markov’s inequality implies that∑
t∈T

P(|X|h(t) ⩾ KS) ⩽
∑
t∈T

E|X|h(t)
KS

=
∑
t∈T

	
RT |t(x)|1{|t(x)|<2−N} dν(x)

KS
.

Since T is finite, by (28) we have
∑

t∈T P(|X|h(t) ⩾ KS) < 1
16 for sufficiently

large N . So by (29) and the above considerations it is enough to show that
the event {

sup
t∈T

|X|f(t) ⩾ K E sup
t∈T

|X|f(t)
}

is 7/16-small. Thus, without loss of generality, we can assume that

(30) ∀t∈T∀x∈RT t(x) = 0 or |t(x)| ⩾ 2−N .

In particular, this implies that

(31) ν({x ∈ RT : |t(x)| > 0}) ⩽ 2N
�

RT

|t(x)| dν(x) ⩽ 2NS.

Step 2. Let M := 16S|T |. For each t ∈ T denote B(t) := {x ∈ RT :
|t(x)| ⩾ M}. Since for each t ∈ T ,

{∃i |t(Yi)| ⩾ M} = {|X|1B(t)
⩾ 1},

we have{
sup
t∈T

|X|t > KS
}
⊂

{
sup
t∈T

∑
i

|t(Yi)|1|t(Yi)|⩽M ⩾ KS
}
∪

⋃
t∈T

{|X|1B(t)
⩾ 1}.



Suprema of selector processes 15

Observe that∑
t∈T

P(|X|1B(t)
⩾ 1) ⩽

∑
t∈T

E|X|1B(t)
⩽

∑
t∈T

E
|X|t
M

⩽
∑
t∈T

S

M
⩽

1

16
.

Thus, it is enough to show that the following event is 6/16-small:{
sup
t∈T

∑
i

|t(Yi)|1|t(Yi)|⩽M ⩾ KS
}
.

Step 3. The third step is to replace the measurable functions t ∈ T
(treated as functions on RT ) with the step functions. Define the following
set of sequences, indexed by T :

S := {(k(t))t∈T : ∀t∈T 0 ⩽ k(t) ⩽ M4N and ∃t∈T k(t) ̸= 0}.
Let

VN := {AN
(k(t))t∈T

: (k(t))t∈T ∈ S},
where

AN
(k(t))t∈T

:=
⋂
t∈T

{
x ∈ RT :

k(t)− 1

4N
< |t(x)| ⩽ k(t)

4N

}
.

If k(t) = 0 then (30) implies{
x ∈ RT :

k(t)− 1

4N
< |t(x)| ⩽ k(t)

4N

}
= {x ∈ RT : x(t) = 0}.

Since the sequence constantly equal to zero does not belong to S, we have

(32)
⋃

A∈VN

A =
(⋂
t∈T

{x ∈ RT : |t(x)| ⩽ M}
)
\ {x ∈ RT : ∀t∈T t(x) = 0}

⊂
⋃
t∈T

{x ∈ RT : 0 < |t(x)| ⩽ M}.

Because VN consists of disjoint sets, by using (31) we obtain

(33)
∑

A∈VN

ν(A) ⩽
∑
t∈T

ν({x ∈ RT : 0 < |t(x)| ⩽ M}) ⩽ 2N |T |S.

For each t ∈ T and A ∈ VN let k(A, t) be the unique integer such that the
number t(A) := k(A, t)/4N satisfies

(34) ∀x∈A t(A)− 1/4N < |t(x)| ⩽ t(A).

Thus, if we define

(35) Y (A) :=
∑
i⩾1

1{Yi∈A},

by (32) and (34) we obtain

sup
t∈T

∑
i

|t(Yi)|1|t(Yi)|⩽M ⩽ sup
t∈T

∑
A∈VN

t(A)Y (A).



16 W. Bednorz, R. Martynek and R. Meller

As a result,{
sup
t∈T

∑
i

|t(Yi)|1|t(Yi)|⩽M ⩾ KS
}
⊂

{
sup
t∈T

∑
A∈VN

t(A)Y (A) ⩾ KS
}
,

and it is sufficient to show that the latter set is 6/16-small.

Step 4. Let

(36) AN := {A : A ∈ VN , ν(A) > 0}, NN := {A : A ∈ VN , ν(A) = 0}.
Clearly,{

sup
t∈T

∑
A∈VN

t(A)Y (A) ⩾ KS
}

⊂
{
sup
t∈T

∑
A∈AN

t(A)Y (A) ⩾ KS
}
∪

⋃
A∈NN

{|X|1A ⩾ 1}.

Since

(37)
∑

A∈NN

P(|X|1A ⩾ 1) =
∑

A∈NN

ν(A) = 0,

it is sufficient to show that {supt∈T
∑

A∈AN
t(A)Y (A) ⩾ KS} is 6/16-small.

Observe that trivially from (33),

(38)
∑

A∈An

ν(A) ⩽ 2N |T |S.

Step 5. Denote S̄ := E supt∈T
∑

A∈AN
t(A)Y (A). Using (34) in the first

inequality below and (38) in the second we get

S=E sup
t∈T

∑
i⩾1

|t(Yi)|⩾E sup
t∈T

∑
A∈An

(
t(A)− 1

4N

)
Y (A)= S̄−

∑
A∈An

1

4N
EY (A)

= S̄− 1

4N

∑
A∈AN

ν(A)⩾ S̄− 2N |T |S
4N

⩾
S̄

2

for N large enough. So,{
sup
t∈T

∑
A∈An

t(A)Y (A) ⩾ KS
}
⊂

{
sup
t∈T

∑
A∈An

t(A)Y (A) ⩾ KS̄
}

and it is enough to prove that the latter event is 6/16-small (note that the
constant K is now different).

Step 6. The next step is to divide each A ∈ AN into subsets of equal
measure and a “little” remainder. Let (by the definition of AN , and since it
is finite, the numerator is strictly positive)

(39) p :=
min(1, S, infA∈An ν(A))

16 · 2NS|T |
∈ (0, 1).



Suprema of selector processes 17

For each A ∈ AN let m(A) := ⌊ν(A)/p⌋. Fix A ∈ AN . Since ν is atomless,
there are ν-measurable disjoint sets A1, . . . , Am(A) ⊂ A such that ν(Ak) = p.
Let also A∗ := A \

⋃m(A)
k=1 Ak. Obviously

(40) ν(A∗) ⩽ p ⩽
ν(A)

16 · 2NS|T |
.

For any A ∈ AN the sets (Ai)i⩽m(A) are pairwise disjoint. Thus,

(41) ∀A∈An

m(A)∑
i=1

1Y (Ai)>0 ⩽
m(A)∑
i=1

Y (Ai) ⩽ Y (A).

We define
BN := {Ak : A ∈ AN , k ⩽ m(A)},

and for each B ∈ BN ,

(42) t(B) := t(A) where A ∈ AN is unique such that B ⊂ A.

Since the constructed t(A), t(B) are nonnegative, and using (41), we obtain

S̄ = E sup
t∈T

∑
A∈AN

t(A)Y (A) ⩾ E sup
t∈T

∑
B∈BN

t(B)1Y (B)>0 =: S′.

By the above,{
sup
t∈T

∑
A∈AN

t(A)Y (A) ⩾ KS̄
}

⊂
{
sup
t∈T

∑
B∈BN

t(B)Y (B) ⩾ KS′
}
∪

⋃
A∈AN

{|X|1A∗ ⩾ 1}.

From (40) and (38) we get∑
A∈AN

P(|X|1A∗ ⩾1)⩽
∑

A∈AN

E|X|1A∗ =
∑

A∈AN

ν(A∗)⩽
∑

A∈AN

ν(A)

16 · 2NS|T |
⩽

1

16
.

So it is sufficient to show that the event{
sup
t∈T

∑
B∈BN

t(B)Y (B) ⩾ KS′
}

is 5/16-small.

Step 7. This step shows that the random variables Y (B) can be replaced
by independent Bernoulli variables. Let n := |BN |. Formulas (38) and (39)
(and since for all B ∈ BN we have ν(B) = p) imply

(43) np2 = p
∑

B∈BN

ν(B) ⩽ p
∑

A∈AN

ν(A) ⩽
1

16
.

Clearly,
{Y (B) > 1} = {|X|1B ⩾ 2}.
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So, we immediately obtain{
sup
t∈T

∑
B∈BN

t(B)Y (B) ⩾ KS′
}

⊂
{
sup
t∈T

∑
B∈BN

t(B)1{Y (B)>0} ⩾ KS′
}
∪

⋃
B∈BN

{|X|1B ⩾ 2}.

Since (Yi)i⩾1 is a Poisson point process, the random variables (Y (B))B∈BN

are independent (we will need this property later) Poisson r.v.’s with param-
eter ν(B) = p. Thus (recall (43)),∑
B∈BN

P(|X|1B ⩾ 2) =
∑

B∈BN

P(Y (B) > 1) = n(1− e−p(1 + p)) ⩽ np2 ⩽
1

16
.

We have reduced our task to proving that the following event is 1/4-small:{
sup
t∈T

∑
B∈BN

t(B)1{Y (B)>0} ⩾ KS′
}
.

Final Step. The random variables (Y (B))B∈BN
are i.i.d. Poisson(p)

r.v.’s (see the previous step). Thus, Theorem 2.1 ensures that the event{
sup
t∈T

∑
B∈BN

t(B)1{Y (B)>0} ⩾ KS′
}

is (1− e−p)-small. Since p ⩾ 1− e−p ⩾ p/e (recall (39)), by Remark 3.5 we
can argue that for sufficiently large K this event is (2ep)-small. This means
that there exists a family F of subsets of BN such that{

sup
t∈T

∑
B∈BN

t(B)1{Y (B)>0} ⩾ KS′
}
⊂

⋃
F∈F

⋂
B∈F

{Y (B) > 0}

and

(44)
∑
F∈F

(2ep)|F | ⩽
1

2
.

Now, for F ∈ F define
gF (x) := 1

⋃
B∈F

(x).

Note that ⋂
B∈F

{Y (B) > 0} ⊂
{∑
B∈F

Y (B) ⩾ |F |
}
= {|X|gF ⩾ |F |},

so {
sup
t∈T

∑
B∈BN

t(B)1{Y (B)>0} ⩾ KS′
}
⊂

⋃
F∈F

{|X|gF ⩾ |F |}.

Since
∑

B∈F Y (B) ∼ Poiss(p|F |), Chernoff’s inequality implies (recall that
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p < 1 so that ln p < 0)

P(|X|gF ⩾ |F |) = P
(∑
B∈F

Y (B) ⩾ |F |
)
⩽ e|F | ln pEe− ln p

∑
B∈F Y (B)

= e|F | ln pep|F |(1/p−1) ⩽ (ep)|F |.

By recalling (44) we obtain∑
F∈F

P(|X|gF ⩾ |F |) ⩽
∑
F∈F

(ep)|F | ⩽
1

4
.

Thus, we have found a witness that the event{
sup
t∈T

∑
B∈BN

t(B)1{Y (B)>0} ⩾ KS′
}

is 1/4-small.

5. Positive empirical processes. The proof of Theorem 2.4 is similar
to the one in the previous section. We want to partition E into a sequence
of appropriately small sets with respect to the measure µ, argue that it is
enough to investigate only one representative of each of the partition sets,
and therefore reduce the problem to the selector case. The main difference
is that the analogues of indicators from Step 7 are now not independent. To
deal with this fact, we first prove a version of Theorem 2.1.

Let us use the notation
(
[n]
m

)
for the class of all m-element subsets of [n].

Suppose that Y ∈
(
[n]
m

)
is chosen uniformly. We denote by PY and EY the

probability and the expectation with respect to Y .
We aim to prove the following conditional version of Theorem 3.1.

Theorem 5.1. Let F be a family of subsets of [n] which is not p-small.
Suppose that for each I ∈F we are given coefficients (µI(i))i∈I with µI(i)⩾ 0

and
∑

i∈I µI(i)⩾ 1. Let Y be uniformly distributed on
(
[n]
m

)
where m⩾ 9pn.

Then
EY sup

I∈F

∑
i∈I∩Y

µI(i) ⩾
1

10
.

Proof. Let X be given by (9). Then X conditionally on {|X| = m} has
the same distribution as Y (uniform). So by Lemma 3.4,

P(Y is 1/2-bad) ⩽
n∑

t=1

(
4
np

m

)t

⩽
∑
t⩾1

(
4

9

)t

⩽
4

5
.

Thus

EY sup
I∈F

∑
i∈I∩Y

µI(i) ⩾
1

2
P(Y is not 1/2-bad) ⩾

1

2

(
1− 4

5

)
.
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Remark 5.2. Theorems 2.1 and 5.1 are in a sense presentations of the
same result from two perspectives. Theorem 5.1 emphasizes the necessary
relation between m and n for providing a p-small cover which we need in the
application to empirical processes.

Theorem 5.3. The family

F =

{
I ∈

(
[n]

m

)
: sup
t∈T

∑
i∈I

ti ⩾ 11EY sup
t∈T

∑
i∈Y

ti

}
is m

9n -small.

Proof. Assume for contradiction that F is not m
9n -small. Let

S := EY sup
t∈T

∑
i∈Y

ti.

For any I ∈ F we can find t ∈ T such that for µI(i) := ti
11S , we have∑

i∈I µI(i) ⩾ 1, thus

EY sup
I∈F

∑
i∈I∩Y

µI(i) ⩽ EY sup
t∈T

∑
i∈Y

ti
11S

=
1

11
<

1

10
,

which contradicts Theorem 5.1.

Lemma 5.4. Let Y and Y ′ be uniformly distributed over
(
[n]
m

)
and

( [n]
km

)
respectively, where k is a natural number such that km ⩽ n. Then

EY ′ sup
t∈T

∑
i∈Y ′

ti ⩽ kEY sup
t∈T

∑
i∈Y

ti.

Proof. Let π be a permutation of [km], chosen uniformly at random. Let
y1 < · · · < ykm be the elements of Y ′. Then

S′ = Eπ,Y ′ sup
t∈T

km∑
i=1

tyπ(i)
⩽

k−1∑
l=0

Eπ,Y sup
t∈T

(l+1)m∑
i=lm+1

tyπ(i)
= kS.

Proposition 5.5. Let C ⩾ 1, Y be uniformly distributed over
(
[n]
m

)
and

S = EY sup
t∈T

∑
i∈Y

ti.

Then the family

F =

{
I ∈

(
[n]

m

)
: sup
t∈T

∑
i∈I

ti ⩾ 100CS

}
is Cm/n-small.

Proof. For any I ∈
(
[n]
m

)
we pick tI ∈ T such that

sup
t∈T

∑
i∈I

ti =
∑
i∈I

tIi .
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Then

F =

{
I ∈

(
[n]

m

)
:
∑
i∈I

tIi ⩾ 100CS

}
.

Assume that F is not Cm/n-small. Let k := ⌈9C⌉. If km > n then by
Lemma 5.4 the family F is empty, which is a contradiction. Therefore we
may assume that km ⩽ n. Take Y ′ uniformly distributed over

( [n]
km

)
. By

Theorem 5.1,

(45) EY ′ sup
I∈F

∑
i∈Y ′

tIi ⩾ 10CS.

On the other hand, by Lemma 5.4 we have

(46) EY ′ sup
I∈F

∑
i∈Y ′

tIi ⩽ EY ′ sup
t∈T

∑
i∈Y ′

ti ⩽ kS.

Trivially (45) and (46) give a contradiction, so F is Cm/n-small.

Proof of Theorem 2.4. We proceed as in the case of infinitely divisible
processes, gradually simplifying the functions t ∈ T . The proof is very similar
but less technical. This is due to the fact that we are now working with the
probability measure µ instead of the (potentially) infinite measure ν. For
example, Step 1 in the proof of Theorem 2.3 is now superfluous. Only the
last step requires a different argument. For this reason, we refer to the proof
of Theorem 2.3 in a few places, instead of repeating the technical arguments.

Throughout the proof we use the notion of δ-smallness analogous to that
from Definition 4.1, where we replace |X|g with 1

d

∑d
i=1 g(Xi). Let S :=

E supt∈T
∑d

i=1 t(Xi) and let M > 0 be a large number to be specified later.
In particular, we may assume that (since T is finite)

(47)
∑
t∈T

µ({|t| ⩾ M}) ⩽ 1

16d
.

Step 1. Fix N large enough. By repeating the argument from Step 3 of
the proof of Theorem 2.3 we construct a family VN of disjoint subsets of E,
together with coefficients (t(A))t∈T,A∈VN

such that

(48)
⋃

A∈VN

A =
⋂
t∈T

{x ∈ E : |t(x)| ⩽ M}

and for any A ∈ VN and x ∈ A,

(49) t(A)− 4−N ⩽ t(x) ⩽ t(A).

Notice the difference between (48) and (32). The reason is that µ is finite so
we do not need to take care of the behavior of the measure around 0. Let



22 W. Bednorz, R. Martynek and R. Meller

X(A) :=
∑d

i=1 1{Xi∈A}. Then (48) and (49) imply that

{
sup
t∈T

d∑
i=1

t(Xi) > KS
}

⊂
{
sup
t∈T

∑
A∈VN

t(A)X(A) > KS
}
∪

⋃
t∈T

{ d∑
i=1

1|t(Xi)|⩾M ⩾ 1
}
.

Using Bernoulli’s inequality and (47) yields∑
t∈T

P
({ d∑

i=1

1|t(Xi)|⩾M ⩾ 1
})

=
∑
t∈T

(1− µ({|t| ⩽ M})d)

⩽ d
∑
t∈T

µ({|t| > M}) ⩽ 1

16
.

So it is sufficient to show that the set {supt∈T
∑

A∈VN
t(A)X(A) > KS} is

7/16-small.

Step 2. Let AN := {A ∈ VN : µ(A) > 0} and NN := {A ∈ VN :
µ(A) = 0}. Then{

sup
t∈T

∑
A∈VN

t(A)X(A) > KS
}

⊂
{
sup
t∈T

∑
A∈AN

t(A)X(A) > KS
}
∪

⋃
A∈NN

{ d∑
i=1

1A(Xi) ⩾ 1
}
.

By the definition of NN we have
∑

A∈NN
P(

∑d
i=1 1A(Xi) ⩾ 1) = 0. Also, by

arguing as in Step 5 of the proof of Theorem 2.3,

S ⩾
E supt∈T

∑
A∈AN

t(A)X(A)

2
=:

S̄

2
.

Thus, it is enough to show that the following set is 7/16-small:{
sup
t∈T

∑
A∈AN

t(A)X(A) > KS̄
}
.

Step 3. Let

(50) p :=
min(1, infA∈AN

µ(A))

16d2
> 0.

We can divide each A ∈ AN into disjoint sets A1, . . . , Am(A), A∗, where
m(A) = ⌊µ(A)/p⌋, µ(A1) = · · · = µ(Am(A)) = p and µ(A∗) < p (we recall
that µ is atomless). Let (as before)

BN := {Ak : A ∈ AN , k ⩽ m(A)}.
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From the definition of p (and since AN consists of disjoint sets)

(51)
∑

A∈AN

P
( d∑

i=1

1A∗(Xi) ⩾ 1
)
⩽ d

∑
A∈AN

µ(A∗) ⩽ d
∑

A∈AN

µ(A)

16d2
⩽

1

16
.

Similar to Step 6 of the proof of Theorem 2.3, we show that the sets A∗ are
negligible, so it is sufficient to show that the event

(52)
{
sup
t∈T

∑
B∈BN

t(B)X(B) ⩾ KS̄
}

is 5/16-small, where (t(B))B∈BN
are defined as in (42).

Step 4. In this step we replace the variables (X(B))B∈BN
by 0-1 vari-

ables (but not independent). By construction, the sets (B)B∈BN
are disjoint

and µ(B) = p for any B ∈ BN . So, if n = |BN | we have

(53) np =
∑

B∈BN

µ(B) ⩽ 1.

Now, observe that

{X(B) > 1} =
{ d∑

i=1

1B(Xi) ⩾ 2
}
,

so (as before) for

E :=
{
sup
t∈T

∑
B∈BN

t(B)X(B) ⩾ KS̄
}
∩

⋂
B∈BN

{X(B) ∈ {0, 1}}

we have{
sup
t∈T

∑
B∈BN

t(B)X(B) ⩾ KS̄
}
⊂ E ∪

⋃
B∈BN

{ d∑
i=1

1B(Xi) ⩾ 2
}
.

Since (1− p)d ⩾ 1− pd, we obtain

(54)
∑

B∈BN

P
( d∑
i=1

1B(Xi) ⩾ 2
)
= n(1− (1− p)d − dp(1− p)d−1)

⩽ np2d2 ⩽ 1/16,

where the last inequality follows from (53) and (50). By the same argument
as in Step 6 of the proof of Theorem 2.3,

S̄ = E sup
t∈T

∑
A∈AN

t(A)X(A) ⩾ E sup
t∈T

∑
B∈BN

t(B)X(B) =: S′.

So it is enough to show that the following event is 1/4-small:

(55) E ′ :=
{
sup
t∈T

∑
B∈BN

t(B)X(B) ⩾ KS′
}
∩

⋂
B∈BN

{X(B) ∈ {0, 1}}.
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Final Step. Recall that
(BN

d

)
is the family of d-element subsets of BN .

Let Y be uniformly chosen from
(BN

d

)
and let X ∈ 2BN be a random set

defined as X := {B ∈ BN : X(B) ⩾ 1}. We claim that

(56)
8

7
E sup

t∈T

∑
B∈BN

t(B)X(B) =
8

7
E sup

t∈T

∑
B∈X

t(B)X(B) ⩾ E sup
t∈T

∑
B∈Y

t(B).

By (51), (54) and the union bound,

P (|X | ̸= d or ∃B∈BN
X(B) ⩾ 2)

⩽
∑

A∈An

P
(∑

i

1A∗(Xi) ⩾ 1
)
+

∑
B∈BN

P
(∑

i

1B(Xi) ⩾ 2
)
⩽

1

8
.

Thus,

E sup
t∈T

∑
B∈X

t(B)X(B)

⩾
7

8
E
(
sup
t∈T

∑
B∈X

t(B)X(B) | |X | = d, ∀B∈BN
X(B) ∈ {0, 1}

)
.

Now, if we take any I = {B1, . . . , Bd} ∈
(BN

d

)
and any other J ∈

(BN
d

)
, we

see that

P(X = I) =
∑

π∈Perm([d])

P(Xπ(1) ∈ B1, . . . , Xπ(d) ∈ Bd) = d!pd = P(X = J ).

Thus X conditioned on {|X | = d, X(B) ∈ {0, 1} : B ∈ BN} has the same
distribution as Y, which concludes the argument for (56).

Now, by Proposition 5.5 there exists a 4ed/n-small family G consisting
of the sets G = {B1, . . . , B|G| : Bi ∈ BN} such that{

I ∈
(
BN

d

)
: sup
t∈T

∑
B∈I

t(B) ⩾ 400eE sup
t∈T

∑
B∈BN

t(B)X(B)

}
⊂

{
I ∈

(
BN

d

)
: sup
t∈T

∑
B∈I

t(B) ⩾ 400eE sup
t∈T

∑
B∈BN

t(B)X(B)

}
⊂

⋃
G∈G

⋂
B∈G

{I : B ∈ I}

and
∑

G∈G(4ed/n)
|G| ⩽ 1/2. Then clearly (remembering the definition (55)

of E ′)

E ′ ⊂
⋃
G∈G

{X(B) = 1, B ∈ G} ∩ {X(B) ∈ {0, 1}, B ∈ BN}.
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We define gG(x) :=
∑

B∈G 1B(x) and see that

{X(B) = 1, B ∈ G} ∩ {X(B) ∈ {0, 1}, B ∈ BN} ⊂
{ d∑

i=1

gG(Xi) ⩾ |G|
}
.

Thus, it is enough to show that∑
G∈G

P
( d∑
i=1

gG(Xi) ⩾ |G|
)
⩽ 1/4.

The variables (gG(Xi))i⩽d are independent Bernoulli random variables with
success probability |G|p. Hence,

P
(∑
i⩽d

gG(Xi) ⩾ |G|
)
⩽

(
d

|G|

)
(p|G|)|G| ⩽ (edp)|G|,

so the result follows for sufficiently small p.

Appendix. The aim of this section is to show how the function F of
Definition 3.7 can be used in a more general setting. For the sake of clarity,
and since the proof steps are conceptually not far from those presented in
Section 3, we will not go into every detail of the argument.

Consider independent random variables X1, . . . , Xd valued in [n] with
the same probability distribution, that is, P(Xi = j) = p(j) > 0, j ∈ [n].
Let T ⊂ Rd

+ and let f : [n] → R+. We assume that T is permutationally
invariant, i.e., for any permutation σ : [d] → [d] and any t ∈ T we have
(tσ(i))

d
i=1 ∈ T . We are interested in

S(T ) := E sup
t∈T

d∑
i=1

tif(Xi) = E

d∑
i=1

tXi f(Xi),

where for x ∈ [n]d, tx ∈ T is defined as the point at which supt∈T
∑d

i=1 tif(xi)
is attained and tX is its random counterpart. Since T is permutationally
invariant, we see that for any permutation σ and Xσ = (Xσ(i))

d
i=1, we can

choose tXσ = tX(σ), where tXi (σ) = tXσ(i) for i ∈ [d].
For x ∈ [n]d and 1 ⩽ j ⩽ n let sxd(j) := |{i ∈ [d] : xi = j}| and let

sxd := (sxd(j))
n
j=1 be the multiset generated by x. In general, we refer to an

element of [d]n = {0, 1, . . . , d}n as a multiset. Let Md := {s = (s(j))nj=1 ∈
{0, 1, . . . , d}n :

∑n
j=1 s(j) = d}, which we refer to as the collection of multi-

sets of length d. Observe that the multiset sXd generated by X = (X1, . . . , Xd)
is the random element of Md distributed according to

(57) P(sXd = s) = d!
n∏

j=1

p(j)s(j)

s(j)!
.
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We will need the following coefficients:

µ
sxd
j :=

1

d!sxd(j)

∑
σ

d∑
i=1

txσ(i)f(j)1xσ(i)=j , j = 1, . . . , n.

The following simple observation is a starting point for our result.

Lemma 5.6. We have

S(T ) = E
n∑

j=1

µ
sXd
j sXd (j).

Proof. Indeed,

S(T ) = E

d∑
i=1

tXf(Xi) = E

n∑
j=1

1

sXd (j)

d∑
i=1

tXi f(j)1Xi=js
X
d (j)

= E

n∑
j=1

1

d!sXd (j)

∑
σ

d∑
i=1

tXσ(i)f(j)1Xσ(i)=js
X
d (j) = E

n∑
j=1

µ
sXd
j sXd (j).

Definition 5.7. Let H,G ⊂ [n]d be families of multisets. We say that G
is a cover of H if for every multiset s ∈ H there exists w ∈ G such that for
1 ⩽ j ⩽ n, w(j) ⩽ s(j).

Definition 5.8. We say that a family H of multisets is δ-small if there
exists a cover G of H which satisfies∑

w∈G
A(w) ⩽ δ, where A(w) :=

∏n
j=1(edp(j))

w(j)∏n
j=1w(j)!

.

Theorem 5.9. There exists a constant K > 0 such that the family

F̃ =
{
sxd ∈ Md :

n∑
j=1

µ
sxd
j sxd(j) ⩾ KS(T )

}
is 1/2-small.

The following result shows that A(w) is a natural quantity, which leads
to the characterization of the small cover of F̃ in terms of simple witnessing
events, which is in line with the previous results (Theorems 2.3 and 2.4). See
also the discussion in [10, p. 1310].

Theorem 5.10. Let G be the cover of F̃ from Theorem 5.9. For fixed
w ∈ G, consider the event

E = {sXd ∈ Md : w(j) ⩽ sXd (j), 1 ⩽ j ⩽ n}.

Then there is a function gw and a number uw with E⊂{
∑d

i=1 gw(Xi)⩾uw},
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where X=(X1, . . . , Xd) generates sXd ∈E. Moreover,

∑
w∈G

P
( d∑

i=1

gw(Xi) ⩾ uw

)
⩽

1

2
.

Proof. Suppose that w ∈ G. Define

gw(j) = log

(
1 +

w(j)

dp(j)

)
and uw =

n∑
j=1

w(j) log

(
1 +

w(j)

dp(j)

)
.

Then X generating sXd ∈ E satisfies

d∑
i=1

gw(Xi) =
n∑

j=1

sXd (j)gw(j) =
n∑

j=1

sXd (j) log

(
1 +

w(j)

dp(j)

)

⩾
n∑

j=1

w(j) log

(
1 +

w(j)

dp(j)

)
= uw,

so E ⊂ {
∑d

i=1 gw(Xi) ⩾ uw}. Now, we show that

P
( d∑

i=1

gw(Xi) ⩾ uw

)
⩽ A(w).

Suppose that
∑n

j=1w(j) = t. By the definition of the cover we know that
t ⩽ d. By Markov’s inequality, we obtain

P
( d∑

i=1

gw(Xi)⩾uw

)
=P

(
exp

( d∑
i=1

gw(Xi)
)
⩾euw

)
⩽ [E exp(gw(X1))]

de−uw .

Now,

e−uw = e
−

∑n
j=1 w(j) log(1+

w(j)
dp(j)

)
=

n∏
j=1

e
−w(j) log(1+

w(j)
dp(j)

)

=

n∏
j=1

(
dp(j)

dp(j) + w(j)

)w(j)

⩽
n∏

j=1

(
dp(j)

w(j)

)w(j)

and

E exp(gw(X1)) = E exp

(
log

(
1 +

w(X1)

dp(j)

))
= E

(
1 +

w(X1)

dp(j)

)
= 1 +

n∑
j=1

w(j)

dp(j)
p(j) = 1 +

t

d
.
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Putting the above together gives

P
( d∑

i=1

gw(Xi) ⩾ uw

)
⩽

(
1 +

t

d

)d n∏
j=1

(
dp(j)

w(j)

)w(j)

⩽ et
n∏

j=1

(
dp(j)

w(j)

)w(j)

=
n∏

j=1

(
edp(j)

w(j)

)w(j)

⩽ A(w),

since w(j)w(j) ⩾ w(j)!. So, by Theorem 5.9,∑
w∈G

P
( d∑

i=1

gw(Xi) ⩾ uw

)
⩽ 1/2.

To simplify notation, we write Sd for sXd . Consider SCd for some C > 0,
which we define as the multiset of length Cd generated by Y 1, . . . , Y C , in-
dependent copies of X. Clearly, SCd is distributed on MCd according to

P(SCd = s) = (Cd)!
n∏

j=1

p(j)s(j)

s(j)!
.

We aim to prove the following.

Theorem 5.11. Suppose that F ⊂ Md is not 1/2-small and that for
every s ∈ F we are given coefficients µs

j ⩾ 0 satisfying
∑n

j=1 µ
s
js(j) ⩾ 1.

Then there exists C > 0 such that

E sup
s∈F

n∑
j=1

µs
jSCd(j) ⩾

1

4
,

where SCd is distributed as above.

Proof of Theorem 5.9. Suppose for contradiction that F̃ is not 1/2-small.
Let

S̃(T ) = E sup
sxd∈F̃

n∑
j=1

µ
sxd
j SCd(j).

Consider the coefficients µ̃x
j :=

µ
sxd
j

KS(T ) . Then, for sxd∈F̃ , we have
∑n

j=1 µ̃
x
j s

x
d(j)

⩾1. Now, by the argument similar to that for Lemma 5.4, and by Theorem
5.11, we have

CS(T ) ⩾ S̃(T ) = KS(T )E sup
sxd∈F̃

n∑
j=1

µ̃x
jSCd(j) ⩾

1

4
KS(T ),

which is a contradiction for K > 4C.

From now on, we fix the family F from Theorem 5.11. We need the
following definition.
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Definition 5.12. Fix C ∈ N and c ∈ (0, 1). We say s ∈ MCd is bad if

sup
r∈F

n∑
j=1

µr(j)s(j) < c.

The proof of Theorem 5.11 is based on the following result which is an
analogue of the pivotal Lemma 3.4.

Lemma 5.13. Let c = 1/2. There exists C > 0 such that

P(SCd is bad) ⩽
1

2
.

Proof of Theorem 5.11. Conditioning on SCd being not bad gives

E sup
s∈F

n∑
j=1

µs
jSCd(j) ⩾

1

2
P(SCd is not bad) ⩾

1

4
,

where in the last inequality we use Lemma 5.13.

The rest of this section is devoted to the proof of Lemma 5.13. Observe
that without loss of generality we can normalize µs

j for every s ∈ F so that∑n
j=1 µ

s
js(j) = 1. In particular, 0 ⩽ µs

j ⩽ 1.

Lemma 5.14. Fix r ∈ F and s ∈ MCd which is bad. Then there exists
ε(r, s) ∈ [0, 1] such that

(58)
n∑

j=1

1{µr
j>ε(r,s)}s(j) ⩽ c

n∑
j=1

1{µr
j>ε(r,s)}r(j).

Proof. Define

(59) Fr,s(ε) :=

n∑
j=1

(µr
j ∧ ε)s(j)− c

n∑
j=1

(µr
j ∧ ε)r(j).

Obviously, Fr,s(0) = 0 and since s is bad we have

Fr,s(1) =

n∑
j=1

µr
js(j)− c

n∑
j=1

µr
jr(j) < c− c = 0.

Define ε(r, s) := sup {ε ∈ [0, 1) : Fr,s(ε) ⩾ 0}. Following the proof of
Lemma 3.6, we check that ε(r, s) satisfies (58).

Definition 5.15. For fixed r ∈ F and s ∈ MCd bad, we define ε(r, s)
as the largest number such that Fr,s(ε(r, s)) ⩾ 0 (recall (59)), i.e. the largest
number for which

(60)
n∑

j=1

1{µr
j>ε(r,s)}s(j) ⩽ c

n∑
j=1

1{µr
j>ε(r,s)}r(j).
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Definition 5.16 (Witness). Fix r ∈ F and s ∈ MCd bad. Let A(r, s) :=
{j ∈ [n] : µr

j > ε(r, s)} and

j(r, s) :=
∑

j∈A(r,s)

r(j).

We say that r̂ ∈ F is admissible for (r, s) if

(61) ∀j∈A(r̂,s) r̂(j)− s(j) ⩽ r(j).

Let

t(r̂, s) :=
∑

j∈A(r̂,s)

(r̂(j)− s(j))+ =
∑

j∈A(r̂,s)

max(r̂(j)− s(j), 0).

We choose from all r̂ ∈ F admissible for (r, s) one with the smallest j(r̂, s)
and then with the smallest t(r̂, s). We denote any chosen element by r∗ and
call it a witness for (r, s) (with a small abuse of notation).

Remark 5.17. In the same way as for (21), we deduce from Lemma 5.14
that

j(r∗, s) ⩾ t(r∗, s) ⩾ (1− c)j(r∗, s).

Before we present the cover of F we need some notation. For two multisets
x, y ∈ [n]d we write x+y for the multiset (x(j)+y(j))j , x−y for (max{x(j)−
y(j), 0})j , and for A ⊂ [n] we write x1A for the multiset with entries x(j) if
j ∈ A and 0 otherwise. We also write x ⩽ y if x(j) ⩽ y(j) for every j.

We construct the cover of F with multisets (r∗ − s)1A(r∗,s), where we
first fix bad s ∈ MCd and then we proceed with the construction of r∗ as in
Definition 5.16. These are analogues of the sets W (I,X) \ X of Section 3.
Define

(62) G(s) := {(r∗ − s)1A(r∗,s) : r ∈ F}.

We see that G(s) is a cover of F , because if j ∈ A(s, r∗), then

(r∗(j)− s(j))1A(r∗,s) ⩽ r(j)

by (61) and otherwise

(r∗(j)− s(j))1A(r∗,s) = 0 ⩽ r(j).

Lemma 5.18. Let s, s′ ∈ MCd be bad and let r, r′ ∈ F . Suppose that r∗
is a witness of (r, s) and that r′∗ is a witness of (r′, s′). Assume that

(a) j̃ := j(r, s) = j(r′, s′),
(b) z := s+ (r∗ − s)1A(r∗,s) = s′ + (r′∗ − s′)1A(r′∗,s

′),
(c) t := t(r, s) = t(r′, s′).

Then ε(r∗, s
′) ⩾ ε(r∗, s).
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Proof. We have to prove that Fr∗,s′(ε(r∗, s)) ⩾ 0 (recall the defini-
tion (59)). Since ε(r∗, s

′) is the largest number for which Fr∗,s′ is nonnega-
tive, we conclude that ε(r∗, s

′) ⩾ ε(r∗, s). By the definition of A(r∗, s) and
by adding and subtracting s(j) we obtain

n∑
j=1

(µr∗
j ∧ ε(r∗, s))s

′(j) = ε(r∗, s)
∑

j∈A(r∗,s)

s′(j) +
∑

j∈Ac(r∗,s)

µr∗
j s′(j)

= ε(r∗, s)
∑

j∈A(r∗,s)

(s′(j)− s(j)) + ε(r∗, s)
∑

j∈A(r∗,s)

s(j)

+
∑

j∈Ac(r∗,s)

µr∗
j (s′(j)− s(j)) +

∑
j∈Ac(r∗,s)

µr∗
j s(j)

=
n∑

j=1

(µr∗
j ∧ ε(r∗, s))s(j) + ε(r∗, s)

∑
j∈A(r∗,s)

(s′(j)− s(j))

+
∑

j∈Ac(r∗,s)

µr∗
j (s′(j)− s(j))

= I + II + III.

Notice that I ⩾ c
∑n

j=1 (ε(r∗, s) ∧ µr∗
j )r∗(j), so it is enough to show that

II + III ⩾ 0. We have

II = ε(r∗, s)
∑

j∈A(r∗,s)∩A(r′∗,s
′)

(s′(j)− s(j))

+ ε(r∗, s)
∑

j∈A(r∗,s)∩Ac(r′∗,s
′)

(s′(j)− s(j))

= A+B.

Now, assumption (b) can be written as

z = s1Ac(r∗,s) + (r∗ ∨ s)1A(r∗,s) = s′1Ac(r′∗,s
′) + (r′∗ ∨ s′)1A(r′∗,s

′).

Observe that for j ∈ A(r∗, s) ∩A(r′∗, s
′), by (b) we have

r′∗(j) ∨ s′(j) = r∗(j) ∨ s(j),

so we can write

A = ε(r∗, s)
∑

j∈A(r∗,s)∩A(r′∗,s
′)

(s′(j)− (r′∗(j) ∨ s′(j)) + (r∗(j) ∨ s(j))− s(j)).

For j ∈ A(r∗, s) ∩Ac(r′∗, s
′), by (b) we have s′(j) = r∗(j) ∨ s(j), so

B = ε(r∗, s)
∑

j∈A(r∗,s)∩Ac(r′∗,s
′)

((r∗(j) ∨ s(j))− s(j)).
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Therefore,
II = A+B

= ε(r∗, s)
∑

j∈A(r∗,s)

((r∗(j)∨s(j))−s(j))

+ε(r∗, s)
∑

j∈A(r∗,s)∩A(r′∗,s
′)

(s′(j)−(r′∗(j)∨s′(j)))

= ε(r∗, s)
∑

j∈A(r∗,s)

(r∗(j)−s(j))+−ε(r∗, s)
∑

j∈A(r∗,s)∩A(r′∗,s
′)

(r′∗(j)−s′(j))+.

Similarly, by noticing that s(j) = s′(j) whenever j ∈ Ac(r∗, s) ∩ Ac(r′∗, s
′),

by (b) we get

III =
∑

j∈Ac(r∗,s)

µr∗
j (s′(j)− s(j)) =

∑
j∈Ac(r∗,s)∩Ac(r′∗,s

′)

µr∗
j (s′(j)− s(j))

+
∑

j∈Ac(r∗,s)∩A(r′∗,s
′)

µr∗
j (s′(j)− s(j))

=
∑

j∈Ac(r∗,s)∩A(r′∗,s
′)

µr∗
j (s′(j)− s(j)).

On the set Ac(r∗, s) ∩A(r′∗, s
′), by (b) we have s(j) = r′∗(j) ∨ s′(j), so

III =
∑

j∈Ac(r∗,s)∩A(r′∗,s
′)

µr∗
j (s′(j)− s(j))

=
∑

j∈Ac(r∗,s)∩A(r′∗,s
′)

µr∗
j (s′(j)− (r′∗(j) ∨ s′(j)))

= −
∑

j∈Ac(r∗,s)∩A(r′∗,s
′)

µr∗
j (r′∗(j)− s′(j))+.

Finally,

II + III = ε(r∗, s)
∑

j∈A(r∗,s)

(r∗(j)− s(j))+

− ε(r∗, s)
∑

j∈A(r∗,s)∩A(r′∗,s
′)

(r′∗(j)− s′(j))+

−
∑

j∈Ac(r∗,s)∩A(r′∗,s
′)

µr∗
j (r′∗(j)− s′(j))+.

For j ∈ Ac(r∗, s), µr∗
j ⩽ ε(r∗, s). Hence, by (c),

II + III ⩾ ε(r∗, s)
∑

j∈A(r∗,s)

(r∗(j)− s(j))+ − ε(r∗, s)
∑

j∈A(r′∗,s
′)

(r′∗(j)− s′(j))+

= ε(r∗, s)t− ε(r∗, s)t = 0.



Suprema of selector processes 33

Lemma 5.19. Under the assumptions of Lemma 5.18,

(63) (r∗ − s′)1A(r∗,s′) = (r′∗ − s′)1A(r′∗,s
′).

Proof. In order to prove (63) we need to prove that ε(r∗, s
′) = ε(r∗, s).

Due to Lemma 5.18 it is enough to show that ε(r∗, s
′) ⩽ ε(r∗, s). Assume

for contradiction that ε(r∗, s
′) > ε(r∗, s). By the same argument as in the

proof of Lemma 3.12, we deduce that A(r∗, s
′) ⊂ A(r∗, s) and, in turn, that

j(r∗, s
′) < j(r∗, s). We have two cases to consider.

Case 1: j ∈ A(r∗, s
′) ∩ Ac(r′∗, s

′). Since A(r∗, s
′) ⊂ A(r∗, s) and by (b),

we have
r∗(j) ∨ s(j) = s′(j).

In particular, s′(j) ⩾ r∗(j), so

(r∗(j)− s′(j))+ = 0 ⩽ r′∗(j).

Case 2: j ∈ A(r∗, s
′) ∩ A(r′∗, s

′). Again, since A(r∗, s
′) ⊂ A(r∗, s) and

by (b), we have
r∗(j) ∨ s(j) = r′∗(j) ∨ s′(j).

We have two subcases. If s′(j) ⩾ r′∗(j), then r∗(j) ∨ s(j) = s′(j), so r∗(j) ⩽
r∗(j) ∨ s(j) = s′(j), and hence, as before,

(r∗(j)− s′(j))+ = 0 ⩽ r′∗(j).

If s′(j) < r′∗(j), then r′∗(j) ⩾ r∗(j), which implies that

(r∗(j)− s′(j))+ ⩽ (r′∗(j)− s′(j))+ ⩽ r′∗(j).

Consequently, for j ∈ A(r∗, s
′),

(r∗(j)− s′(j))+ ⩽ r′∗(j),

which means that r∗ is admissible for (r′, s′). Moreover, j(r∗, s′) < j(r∗, s).
But, by (a), j(r∗, s) = j(r′∗, s

′), which contradicts the assumption that r′∗ is
a witness for (r′, s′), i.e. that j(r′∗, s

′) is the smallest possible, in particular,
that j(r′∗, s

′) ⩽ j(r∗, s
′). Hence, ε(r∗, s

′) ⩽ ε(r∗, s), which together with
Lemma 5.18 gives ε(r∗, s

′) = ε(r∗, s).
The main consequence of the fact proved above is that A(r∗, s

′)=A(r∗, s).
To prove (63) we again consider two cases.

Case 1: j ∈ A(r∗, s) ∩ Ac(r′∗, s
′). Then, by (b), we have s′(j) = s(j) ∨

r∗(j) and, in turn,

(r∗(j)− s′(j))+ ⩽ (r∗(j) ∨ s(j)− s′(j))+ = 0.

Case 2: j ∈ A(r∗, s)∩A(r′∗, s
′). Then, by (b), r∗(j)∨s(j) = r′∗(j)∨s′(j)

and

(r∗(j)− s′(j))+ ⩽ (r∗(j) ∨ s(j)− s′(j))+ = (r′∗(j) ∨ s′(j)− s′(j))+

= (r′∗(j)− s′(j))+.
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So, since A(r∗, s
′) = A(r∗, s), we can deduce that

(r∗ − s′)1A(r∗,s′) ⩽ (r′∗ − s′)1A(r∗,s′)∩A(r′∗,s
′)

⩽ (r′∗ − s′)1A(r′∗,s
′).

But r′∗ provides minimal t(r′∗, s′), so we conclude that

(r∗ − s′)1A(r∗,s) = (r∗ − s′)1A(r∗,s′) = (r′∗ − s′)1A(r′∗,s
′).

Corollary 5.20. Fix a positive integer t, z ∈ MCd+t and bad s ∈ MCd

such that s ⩽ z. Then, for any j̃ ⩾ t,

(64) |{(r∗ − s)1A(r∗,s) : r ∈ F , j(r∗, s) = j̃,

z = s+ (r∗ − s)1A(r∗,s), t(r∗, s) = t}| ⩽
(
j̃

t

)
.

Proof. Consider any pair (r, s) satisfying (64) where s ∈ MCd is bad and
any other pair (r′, s′) satisfying (64) where s′ ∈ MCd is bad. By Lemma 5.19
we have

(r′∗ − s′)1A(r′∗,s
′) = (r∗ − s′)1A(r∗,s) ⩽ r∗1A(r∗,s),

so there are at most
(
j̃
t

)
such multisets.

Proof of Lemma 5.13. We are ready for the final computation. The strat-
egy is the same as in the proof of Lemma 3.4. We want to replace bad
s ∈ MCd by suitably chosen z ∈ MCd+t. Fix j̃, t, z from Lemma 5.18. Con-
sider w(r′, s′) := (r′∗−s′)1A(r′∗,s

′) and w(r, s) = (r∗−s)1A(r∗,s) for which the
parameters j̃, t, z are the same. Fix a single r(j̃, t, z) := r∗1A(r∗,s) ⩽ z. By
Corollary 5.20 we know that w(r′, s′) ⩽ r(j̃, t, z). Note that s = z−w(r∗, s).
We use the notation |w| :=

∑n
j=1w(j) for any multiset w. Recall the cover

G(s) (see (62)) of F . Since we assume that F is not small, for any bad
s ∈ MCd we have ∑

w(r,s)∈G(s)

A(w(r, s)) ⩾ 1/2

(recall Definition 5.8). Therefore, we can write

1

2
P(SCd is bad) =

1

2

∑
s∈MCd
s is bad

P(SCd = s)

⩽
∑

s∈MCd
s is bad

P(SCd = s)
∑

w(r,s)∈G(s)

A(w(r, s)).

The crucial step, which is a result of the above discussion and Remark 5.17,
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is that we have∑
s∈MCd
s is bad

P(SCd = s)
∑

w(r,s)∈G(s)

A(w(r, s))

⩽
∑
j̃⩾1

∑
(1−c)j̃⩽t⩽j̃

∑
z∈MCd+t

∑
w⩽r(j̃,t,z)

|w|=t

P(SCd = z − w)A(w).

Now, by (57), Definition 5.8 and since w ⩽ z, we get

P(SCd = z − w)A(w) =
(Cd)!

∏n
j=1 p(j)

z(j)−w(j)∏n
j=1(z(j)− w(j))!

(ed)t
∏n

j=1 p(j)
w(j)∏n

j=1w(j)!

= (Cd)!(ed)t
n∏

j=1

p(j)z(j)

(z(j)− w(j))!w(j)!
,

where we have used
∑n

j=1w(j) = t. Now, since

P(SCd+t = z) = (Cd+ t)!

n∏
j=1

p(j)z(j)

z(j)!
,

we have
n∏

j=1

p(j)z(j)

(z(j)− w(j))!w(j)!
=

1

(Cd+ t)!
P(SCd+t = z)

n∏
j=1

(
z(j)

w(j)

)
.

Because of (60), we can bound∑
j∈A(r∗,s)

z(j) =
∑

j∈A(r∗,s)

s(j) ∨ r∗(j) =
∑

j∈A(r∗,s)

(
s(j) + (r∗(j)− s(j))+

)
⩽ cj̃ + t ⩽ j̃ + t

since c = 1
2 . Using the fact that w(j) = 0 for j /∈ A(r∗, s), we get

n∏
j=1

(
z(j)

w(j)

)
=

∏
j∈A(r∗,s)

(
z(j)

w(j)

)
⩽

∏
j∈A(r∗,s)

2z(j) ⩽ 2j̃+t.

Consequently,∑
j̃⩾1

∑
(1−c)j̃⩽t⩽j̃

∑
z∈MCd+t

∑
w⩽r(j̃,t,z)

|w|=t

P(SCd = z − w)A(w)

⩽
∑
j̃⩾1

∑
(1−c)j̃⩽t⩽j̃

∑
z∈MCd+t

∑
w⩽r(j̃,t,z)

|w|=t

2j̃+t(ed)t
(Cd)!

(Cd+ t)!
P(SCd+t = z).
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Now, by Corollary 5.20, ∑
w⩽r(j̃,t,z)

|w|=t

1 ⩽

(
j̃

t

)
,

which together with the fact that (Cd)!
(Cd+t)! ⩽ (Cd)−t gives∑

j̃⩾1

∑
(1−c)j̃⩽t⩽j̃

∑
z∈MCd+t

∑
w⩽r(j̃,t,z)

|w|=t

2j̃+t(ed)t
(Cd)!

(Cd+ t)!
P(SCd+t = z)

⩽
∑
j̃⩾1

∑
(1−c)j̃⩽t⩽j̃

∑
z∈MCd+t

(
j̃

t

)
2j̃+t(ed)t(Cd)−tP(SCd+t = z)

=
∑
j̃⩾1

∑
(1−c)j̃⩽t⩽j̃

(
j̃

t

)
2j̃+t(e/C)t,

where the last equality follows since we are summing the probability mass
function of SCd+t. Now, by substituting t̄ := j̃ − t, we get∑

j̃⩾1

∑
(1−c)j̃⩽t⩽j̃

(
j̃

t

)
2j̃+t(e/C)t =

∑
j̃⩾1

2j̃2j̃(e/C)j̃
∑

0⩽t⩽cj̃

(
j̃

t̄

)
2−t̄(e/C)−t̄.

We bound
(j̃
t̄

)
⩽ 2j̃ , 2−t̄ ⩽ 1 and∑

0⩽t̄⩽cj̃

(e/C)−t̄ ⩽
(C/e)cj̃+1

C/e− 1
.

Hence,∑
j̃⩾1

2j̃2j̃(e/C)j̃
∑

0⩽t̄⩽cj̃

(
j̃

t̄

)
2−t̄(e/C)−t̄ ⩽

C/e

C/e− 1

∑
j̃⩾1

8j̃(e/C)(1−c)j̃ .

Finally, for C = [412e] and since c = 1/2 we get

1

2
P(SCd is bad) ⩽

412

412 − 2
· 8√

412 − 1− 8
⩽

1

4
.

Hence, P(SCd is bad) ⩽ 1
2 .
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