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Hermitian geometry and holomorphic curves on C∗-algebras

by

Jing Xu, Zhimeng Chen and Kui Ji

Abstract. A classical problem in Hermitian geometry, known as the equivalence
problem, is to determine when two Hermitian holomorphic vector bundles are locally or
globally equivalent. M. J. Cowen and R. G. Douglas related this problem to the issue of
unitary equivalence of operators and introduced a broad and important class of operators
denoted by Bm

n (Ω). They showed that the curvature and its covariant derivatives of the
universal complex vector bundle associated with an operator in Bm

n (Ω) serve as geometric
invariants. Subsequently, C. Apostol, M. Martin, and others developed a more extensive
approach to study this problem, providing a complete characterization of the equivalence
of holomorphic mappings related to Grassmann manifolds in the context of C∗-algebras.
A natural question arises: in this broader non-commutative setting, what are the geo-
metric quantities such as curvature and connection that correspond to these holomorphic
mappings?

This paper aims to define the curvature and its covariant derivatives for extended
holomorphic curves in the setting of C∗-algebras in the multivariable case, and to es-
tablish connections between these geometric quantities and their counterparts in complex
geometry. As applications, the results obtained are used to study the unitary classification
and similarity classification of the Cowen–Douglas class Bm

n (Ω).

1. Introduction. Given an infinite-dimensional, complex, separable
Hilbert space H, let L(H) denote the algebra of bounded linear operators
on H, and let Gr(n,H) represent the Grassmann manifold, consisting of all
n-dimensional subspaces of H. For a bounded domain Ω in m-dimensional
complex space Cm, a map f : Ω → Gr(n,H) is called a holomorphic curve if
there exist n holomorphic H-valued functions γ1, . . . , γn on Ω such that for
all λ ∈ Ω,

f(λ) =
∨

{γ1(λ), . . . , γn(λ)},

where
∨

denotes the closed linear span. Such a map naturally induces an
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n-dimensional Hermitian holomorphic vector bundle Ef over Ω, defined as

Ef = {(x, λ) ∈ H ×Ω : x ∈ f(λ)},
equipped with the projection π : Ef → Ω given by π(x, λ) = λ. Mar-
tin [27] proved that a smooth function f : Ω → Gr(n,H) is analytic if and
only if its corresponding self-adjoint projection [f ] : Ω → L(H) satisfies
(1 − [f ])∂i[f ] = 0 for 1 ≤ i ≤ m. Furthermore, Cowen and Douglas [5, 6]
established that two holomorphic curves f and f̃ are congruent if and only
if their associated vector bundles Ef and E

f̃
are locally equivalent as Her-

mitian holomorphic vector bundles. By employing the theory of involutive
algebras [2] and the concept of osculation [9], Martin [26, 27] provided a
simpler proof of this congruence theorem.

Apostol and Martin [2] employed C∗-algebraic methods to connect the
Cowen–Douglas class, defined by Cowen and Douglas [5, 6], with C∗-algebra
theory, thereby providing an algebraic characterization for these operators.
Salinas [35] extended the classical Grassmann manifold and Hermitian holo-
morphic bundle to C∗-algebras. Martin and Salinas [29] presented the dif-
ferential-geometric structure of generalized Grassmann manifolds in C∗-
algebras and later [30] investigated the congruence problem for holomorphic
curves into flag manifolds associated with C∗-algebras, subsequently apply-
ing their findings to the Cowen–Douglas theory and additionally studying
the geometric properties of flag manifolds consisting of increasing n-tuples
of projections in a C∗-algebra. Let U be a unital C∗-algebra, and let Ω be a
bounded domain in Cm. If an n-tuple P = (P1, . . . , Pn) of idempotents in U
satisfies P1 ≤ · · · ≤ Pn, then P is called an extended n-flag of U . If an n-tuple
P = (P1, . . . , Pn) is an extended n-flag of U and every entry Pi, 1 ≤ i ≤ n, is
a projection in U , then P is called an n-flag in U . Let In(U) and Pn(U) be the
set of all extended n-flags of U and all n-flags of U , respectively. Moreover,
for n = 1, the spaces I(U) and P(U) are alternatively called the extended
Grassmann manifold and the Grassmann manifold of U , respectively. Mar-
tin [28] shows that a smooth projection-valued mapping P : Ω → P(U) for
U = L(H) is holomorphic if and only if it satisfies the following equivalent
Cauchy–Riemann equations:

∂P (λ) · P (λ) = ∂P (λ), P (λ) · ∂P (λ) = 0,

P (λ) · ∂P (λ) = ∂P (λ), ∂P (λ) · P (λ) = 0, λ ∈ Ω,

where ∂ =
∑m

i=1
∂

∂λi
and ∂ =

∑m
j=1

∂
∂λj

. In particular, for Ω ⊆ C, a mapping

P : Ω → P(U) is holomorphic if and only if ∂P (λ)P (λ) = 0 for all λ ∈ Ω
(see [30]).

Martin and Salinas [31] proved that a flag manifold admits a natural
intrinsic complex structure, generalizing the result obtained by Wilkins [38]
for Grassmann manifolds. Martin [28] established complete sets of invariants
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for holomorphic mappings with values in Grassmann manifolds of Hilbert
spaces, Hermitian holomorphic vector bundles, and the Cowen–Douglas class
by using the holomorphic spectra theory.

People were surprised to discover that the similarity classification of oper-
ators and associated holomorphic vector bundles has a profound and intrin-
sic connection with the K-theory of Banach algebras. Cao–Fang–Jiang [3],
Jiang [18], Jiang–Guo–Ji [19], Jiang–Ji [20], and Ji [12] characterized the
uniqueness of decomposition and the similarity classification of Cowen–
Douglas operators by the K0-group of the commutant, and generalized the
result to holomorphic curves and extended holomorphic curves. Ji [13] de-
fined the curvature and its covariant derivatives for holomorphic curves for a
single variable on C∗-algebras, and utilized these formulas given by the con-
gruence and similarity classification theorems to study holomorphic curves
and extended holomorphic curves on C∗-algebras. These curvature formulas
can be regarded as a generalization of their counterparts in complex geom-
etry. Ji and Sarkar [17] studied the curvature, a projection formula, and a
trace-curvature formula in terms of Hilbert–Schmidt norm by geometrical
methods.

In the case where the C∗-algebra is L(H), the holomorphic mappings on
it have a natural connection to the operator-valued Corona problem. The as-
sociated geometric quantities can be used to describe sufficient conditions for
the Corona problem to hold. For Hilbert spaces E1 and E2, the well-known
operator Corona problem aims to find a necessary and sufficient condition for
a bounded analytic operator-valued function F ∈ H∞

E1→E2
(Ω) to have a left

inverse in H∞
E2→E1

(Ω), that is, an operator-valued function G ∈ H∞
E2→E1

(Ω)
such that G(λ)F (λ) ≡ I for all λ ∈ Ω, where I denotes the identity operator
on E1. Nikol’skĭı [32, 33] solved this problem by utilizing idempotent-valued
operators, i.e. extended holomorphic curves. Kwon–Treil [25] and Douglas–
Kwon–Treil [8] characterized the similarity classification of certain Cowen–
Douglas operators by using holomorphic curves built on model theorems
[1, 36] and the operator Corona problem. Hou–Ji–Kwon [10] showed that
the trace of the curvature of the Hermitian holomorphic vector bundle in-
duced by the given Cowen–Douglas operator corresponds to the holomorphic
curve mentioned earlier. The trace of the curvature serves as a similarity in-
variant for certain Cowen–Douglas operators. Furthermore, we note that
the trace of the curvature of the holomorphic curve corresponding to this
operator-valued function can be used to characterize the conditions under
which the related operator-valued Corona problem holds.

In this paper, we successfully provide definitions for algebraically defined
geometric quantities such as the curvature and the connection of holomor-
phic curves in Grassmann manifolds associated with C∗-algebras in the mul-
tivariable setting (see Definition 3.1). We demonstrate the compatibility of
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these geometric quantities with their classical counterparts and, simultane-
ously, offer an answer to the equivalence problem for extended holomorphic
curves (see Theorems 3.5, 4.1 and Proposition 4.7). The organization of this
paper is as follows. In Section 2 we introduce the notations and some pre-
liminary knowledge. Section 3 is dedicated to defining the connection, the
curvature and its covariant derivatives for multivariate extended holomor-
phic curves on C∗-algebras, and establishing the relationship between these
algebraic constructs and their classical counterparts in complex geometry. In
Section 4, we present the congruent and similarity classification of multivari-
ate extended holomorphic curves by means of the curvature and its covariant
derivatives, and implement the results obtained to the classification problem
of the Cowen–Douglas class. Section 5 studies unitary equivalence in the
class FBn(Ω) with flag structure by using the geometric properties of n-flags
formed by holomorphic curves, and further provides a new characterization
of unitary equivalence in this class.

2. Preliminaries. This section introduces the basic theory of extended
holomorphic curves and compiles relevant definitions and lemmas required
for subsequent discussions.

Throughout this paper, we fix a unital C∗-algebra U and an integer
m ≥ 1. An element P ∈ U is called an idempotent if P 2 = P . A self-adjoint
idempotent is simply referred to as a projection. Let I(U) and P(U) denote
the sets of all idempotents and all projections in U , respectively. The spaces
I(U) and P(U) are also called the extended Grassmann manifold and the
Grassmann manifold of U , respectively. Specific properties of these spaces
are discussed in [4, 27, 34, 35, 38].

Definition 2.1 ([30]). Let U be a unital C∗-algebra, and let n > 1 be
an integer.

(i) An n-tuple I = (I1, . . . , In) of idempotents in U is called an extended
n-flag of U if it satisfies

I1 ≤ · · · ≤ In.
(ii) An n-tuple P = (P1, . . . , Pn) is called an n-flag of U if it is an extended

n-flag of U and each entry Pi, 1 ≤ i ≤ n, is a projection in U .

We denote by In(U) the set of all extended n-flags of U , and by Pn(U) the
set of all n-flags of U .

To investigate the congruence problem for holomorphic mappings into
flag manifolds associated with C∗-algebras and the classification problem
for the Cowen–Douglas class, Martin and Salinas [30] introduced the def-
inition of holomorphic curves on C∗-algebras, which is more general than
the Cowen–Douglas class. Let Ω be a bounded domain in Cm, and let Zm

+
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denote the set of all m-tuples of non-negative integers. For any multi-index
I = (i1, . . . , im) ∈ Zm

+ , we set, as usual,

|I| = i1+ · · ·+ im, I! = i1! · · · im!, DI = ∂i11 · · · ∂imm , D
I
= ∂

i1
1 · · · ∂imm ,

and
∂I = ∂i11 + · · ·+ ∂imm , ∂

I
= ∂

i1
1 + · · ·+ ∂

im
m ,

where ∂i = ∂
∂λi

and ∂i =
∂

∂λi
, 1 ≤ i ≤ m, denote the holomorphic and the

anti-holomorphic partial differentiation operators, respectively. In particular,
∂ = ∂1+ · · ·+ ∂m and ∂ = ∂1+ · · ·+ ∂m. For notational simplicity, we write
0 = (0, . . . , 0) and ei = (0, . . . , 1, . . . , 0) ∈ Zm

+ , 1 ≤ i ≤ m, with 1 in the i-th
position.

Let P : Ω → P(U) be a smooth map. It follows from [28, 30] that P is
holomorphic if and only if it satisfies (2.2) below. To generalize the results on
holomorphic curves in the Grassmann manifold of C∗-algebras to the case
of extended Grassmann manifolds, Ji introduced the concept of extended
holomorphic curves in extended Grassmann manifolds for Ω ⊂ C (see [13,
Definition 2.12]). For the same purpose, we introduce the definition of ex-
tended holomorphic curves in extended Grassmann manifolds with respect
to multiple variables.

Definition 2.2. Let Ω be a bounded domain in Cm. A smooth map
I : Ω → I(U) is called an extended holomorphic curve if it satisfies the
following conditions:

(2.1)
∂I(λ) · I(λ) = ∂I(λ), I(λ) · ∂I(λ) = 0,

I(λ) · ∂I(λ) = ∂I(λ), ∂I(λ) · I(λ) = 0, λ ∈ Ω.

Moreover, the above formulas are equivalent to

∂iI(λ) · I(λ) = ∂iI(λ), I(λ) · ∂iI(λ) = 0,

I(λ) · ∂iI(λ) = ∂iI(λ), ∂iI(λ) · I(λ) = 0, 1 ≤ i ≤ m,λ ∈ Ω.

Definition 2.3. Let Ω be a bounded domain in Cm. A smooth map
P : Ω → P(U) is called a holomorphic curve if it satisfies the following
Cauchy–Riemann equations:

(2.2)
∂P (λ) · P (λ) = ∂P (λ), P (λ) · ∂P (λ) = 0,

P (λ) · ∂P (λ) = ∂P (λ), ∂P (λ) · P (λ) = 0, λ ∈ Ω.

From [30, Section 1.3] it follows that for any idempotent I ∈ I(U), there
exists a unique projection P ∈ P(U) satisfying IP = P and PI = I. Two
extended holomorphic curves I1 and I2 are said to be congruent (denoted
by I1 ∼u I2) if there exists a unitary U ∈ U such that

UI1(λ) = I2(λ)U, λ ∈ Ω.
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Analogously, I1 and I2 are called similarity equivalent (denoted by I1 ∼s I2)
if there exists an invertible X ∈ U satisfying

XI1(λ) = I2(λ)X, λ ∈ Ω.

The study of the congruence problem for holomorphic curves also orig-
inates from the Cowen–Douglas theory, pioneered by Cowen and Douglas
[5, 6]. Let H be a separable complex Hilbert space, and let L(H) denote
the C∗-algebra of all bounded linear operators on H. For two m-tuples of
commuting operators T = (T1, . . . , Tm) and S = (S1, . . . , Sm) in L(H)m, we
recall two fundamental equivalence relations: T and S are unitarily equiv-
alent (denoted by T ∼u S) if there exists a unitary operator U ∈ L(H)
such that UTi = SiU for all 1 ≤ i ≤ m; further, T and S are similar (de-
noted by T ∼s S) if there exists an invertible operator X ∈ L(H) satisfying
XTi = SiX for all 1 ≤ i ≤ m.

For any m-tuple of commuting operators T = (T1, . . . , Tm) ∈ L(H)m,
define the associated operator DT : H → H⊕ · · · ⊕ H by

DTx = (T1x, . . . , Tmx), x ∈ H.
For λ = (λ1, . . . , λm) ∈ Ω, the joint kernel of T−λ := (T1−λ1, . . . , Tm−λm)
is kerDT−λ =

⋂m
i=1 ker(Ti − λi).

Definition 2.4 ([5, 6]). For m,n ∈ N and Ω ⊂ Cm, the Cowen–
Douglas class Bm

n (Ω) consists of m-tuples of commuting operators T =
(T1, . . . , Tm) ∈ L(H)m satisfying the following conditions:

• ran DT−λ is closed for all λ ∈ Ω;
• dimkerDT−λ = n for all λ ∈ Ω;
•
∨

λ∈Ω kerDT−λ = H, where
∨

stands for the closed linear span.

For any m-tuple of commuting operators T = (T1, . . . , Tm) ∈ Bm
n (Ω),

Cowen and Douglas [5, 6] proved the existence of the associated Hermitian
holomorphic vector bundle ET of rank n over Ω, defined as

ET = {(λ, x) ∈ Ω ×H : x ∈ ker(T− λ)}, π(λ, x) = λ.

The induced map PT : Ω → Gr(n,H) given by

PT(λ) = ker(T− λ), λ ∈ Ω,

defines a holomorphic curve, as shown by Curto and Salinas [7]. Moreover,
two m-tuples T and S in Bm

n (Ω) are unitarily equivalent if and only if the
complex bundles ET and ES are equivalent as Hermitian holomorphic vector
bundles if and only if PT and PS are congruent [5, 6].

Definition 2.5 ([5, 6]). Let T ∈ Bm
n (Ω), let {Fi}ni=1 be a holomorphic

frame of ET, and let the Gram matrix be H(λ) = (⟨Fj(λ), Fi(λ)⟩)ni,j=1. The
classical connection Θ(λ) and the classical curvature KT of ET are defined
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by

Θ(λ) = H−1(λ)
m∑
i=1

(
∂

∂λi
H(λ)

)
,KT(λ) = −

m∑
i,j=1

∂

∂λj

(
H−1(λ)

∂

∂λi
H(λ)

)
.

(2.3)

Moreover, the covariant derivatives K
T,λIλ

J of KT are defined as follows:

(i) KT,λj
= ∂

∂λj
(KT),

(ii) KT,λi
= ∂

∂λi
(KT) +

[
H−1 ∂

∂λi
H,KT

]
, λ ∈ Ω.

Remark 2.6. In Definition 2.5, for any integer m ≥ 2, we derive the
following identity:

((KIT)λk
)λl

− ((KIT)λl
)λk

= ∂k(H
−1∂lH)∂(h−1∂H)− ∂(H−1∂H)∂k(H

−1∂lH), 1 ≤ l, k ≤ m.

This implies that the order of partial differentiation for the covariant deriva-
tives KIT,λI ,λ

J is in general non-commutative, that is, their values depend
on the order of the multi-indices I and J .

In classical complex geometry, the curvature KT and its covariant deriva-
tives K

T,λIλ
J defined for ET have been proven in [5, 6] to be unitary in-

variants of T ∈ Bm
n (Ω). Uchiyama [37], Kwon–Treil [25], Douglas–Kwon–

Treil [8], Kwon [24], Hou–Ji–Kwon [10], and Ji–Ji–Kwon–Xu [14] have char-
acterized the similarity classification of special Cowen–Douglas operators
using model theorems and the Corona problem.

Definition 2.7. Let B be a unital C∗-algebra. The Hilbert B-module
l2(N, B) is defined as

l2(N, B) :=
{
(ai)i∈N : ai ∈ B and

∑
i∈N

∥ai∥2 <∞
}
,

where ∥ · ∥ denotes the norm on B.
Let U := L (l2(N, B)) denote the C∗-algebra of all bounded linear op-

erators on l2(N, B). Consider the operator-valued holomorphic functions
F,G : Ω → L (Cn, l2(N, B)) defined by

F (λ)(w1, . . . , wn) =

n∑
i=1

wiFi(λ), G(λ)(w1, . . . , wn) =

n∑
i=1

wiGi(λ)

for (w1, . . . , wn) ∈ Cn and λ ∈ Ω, where each function Fi, Gi : Ω → l2(N, B),
1 ≤ i ≤ n, is holomorphic.

The mapping I : Ω → I(U) given by

(2.4) I(λ) = F (λ)(G∗(λ)F (λ))−1G∗(λ)
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defines an extended holomorphic curve in the sense of Definition 2.2 (as
established in Proposition 2.8 below) and satisfies ranF (λ) = ran I(λ). We
denote by In(Ω,U) the set of all such mappings.

Proposition 2.8. The mapping I = F (G∗F )−1G∗ : Ω → I(U) as de-
fined in Definition 2.7 is an extended holomorphic curve.

Proof. Since I2 = [F (G∗F )−1G∗][F (G∗F )−1G∗] = F (G∗F )−1G∗ = I, it
follows that I(λ) is an idempotent for all λ ∈ Ω. Note that

∂iG
∗ = 0, ∂iF = 0, ∂i(G

∗F )−1 = −(G∗F )−1∂i(G
∗F )(G∗F )−1,

and ∂i(G∗F )−1 = −(G∗F )−1∂i(G
∗F )(G∗F )−1 for all 1 ≤ i ≤ m. We further

have
∂iII = [∂iF (G

∗F )−1G∗ + F∂i(G
∗F )−1G∗][F (G∗F )−1G∗]

= ∂iF (G
∗F )−1G∗ + F∂i(G

∗F )−1G∗ = ∂iI,
I∂iI = [F (G∗F )−1G∗][∂iF (G

∗F )−1G∗ + F∂i(G
∗F )−1G∗]

= F (G∗F )−1∂i(G
∗F )(G∗F )−1G∗ + F∂i(G

∗F )−1G∗ = 0,

I∂iI = [F (G∗F )−1G∗][F∂i(G
∗F )−1G∗ + F (G∗F )−1∂iG

∗]

= F∂i(G
∗F )−1G∗ + F (G∗F )−1∂iG

∗ = ∂iI,
∂iII = [F∂i(G

∗F )−1G∗ + F (G∗F )−1∂iG
∗][F (G∗F )−1G∗]

= F∂i(G
∗F )−1G∗ + F (G∗F )−1∂i(G

∗F )(G∗F )−1G∗ = 0.

Thus, I satisfies all conditions of Definition 2.2, as expected.

Example 2.9. Let Ω be a bounded domain in C2, and let U = M3(C2)
denote the space of 3 × 3 matrices over C2. Define the mapping I : Ω →
M3(C2) by

I(λ) = 1

1 + 2|λ1|2 + 4|λ2|2

 1 λ1 λ2

2λ1 2|λ1|2 2λ1λ2

4λ2 4λ1λ2 4|λ2|2

 , λ ∈ Ω.

Set

F (λ) =

 1

2λ1

4λ2

 , G(λ) =

 1

λ1

λ2

 , F ∗(λ) = (1, 2λ1, 4λ2), G
∗(λ) = (1, λ1, λ2),

where F ∗(λ) and G∗(λ) denote the adjoint vectors of F (λ) and G(λ), respec-
tively. A direct computation shows that G∗(λ)F (λ) = 1 + 2|λ1|2 + 4|λ2|2,
which is a non-zero complex scalar for all λ ∈ Ω. Thus, we see that the
inverse (G∗(λ)F (λ))−1 is well-defined, and

I(λ) = F (λ)(G∗(λ)F (λ))−1G∗(λ), λ ∈ Ω.

Furthermore, I is an extended holomorphic curve.
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For any I = F (G∗F )−1G∗ ∈ In(Ω,U), the dimension of
∨

λ∈Ω ran I(λ)
can be either finite or infinite. Example 2.9 provides a case in which this di-
mension is finite. Using the frame of Hermitian holomorphic vector bundles,
we show that every Cowen–Douglas tuple T ∈ Bm

n (Ω) induces an extended
holomorphic curve IT of the form given in Definition 2.7. Let T ∈ Bm

n (Ω)∩
L(H)m, and let {Fi}ni=1 and {Gi}ni=1 be holomorphic frames of the Hermi-
tian holomorphic vector bundle ET and an auxiliary Hermitian holomorphic
vector bundle E, respectively. Let F = (F1, . . . , Fn) and G = (G1, . . . , Gn),
and define the mapping IT : Ω → I(L(H)) as follows:

IT(λ) := F (λ)(G∗(λ)F (λ))−1G∗(λ).

Then IT : Ω → I(L(H)) is an extended holomorphic curve, and IT(λ) is
the matrix representation of an idempotent operator from H onto kerDT−λ.
By Definition 2.4, we have ∨

λ∈Ω
ran IT(λ) = H,

so the dimension of
∨

λ∈Ω ran IT(λ) is infinite.

3. The curvature of extended holomorphic curves onC∗-algebras.
In this section, we mainly construct the curvature and its covariant deriva-
tives for multivariate extended holomorphic curves on C∗-algebras, with a
particular focus on establishing the connection between these algebraic con-
structs and their classical counterparts in complex geometry.

Definition 3.1. Let I = F (G∗F )−1G∗ ∈ In(Ω,U) be an extended
holomorphic curve. We define the connection and the curvature of I as
(3.1) ΘΘΘ = (∂F )H−1G∗ − ∂I and K (I) = ∂I∂I,
respectively, where H(λ) = G∗(λ)F (λ). The covariant derivative KI,J(I) of
K (I) is defined as follows:

KI+el,J(I) = K∑
p̸=l ipep,J

(I) + I
(
∂l(Kilel,J(I))

)
, ip ̸= 0,(3.2)

KI,J+ek(I) = KI,
∑

q ̸=k jqeq(I) +
(
∂k(KI,jkek(I))

)
I, jq ̸= 0,(3.3)

where I = (i1, . . . , im), J = (j1, . . . , jm) ∈ Zm
+ and ei = (0, . . . , 1, . . . , 0) ∈ Zm

+ ,
1≤ i≤m, with 1 in the i-th position.

Remark 3.2. For any extended holomorphic curve I = F (G∗F )−1G∗ ∈
In(Ω,U), from Definition 3.1 we have

K0+el,ek(I) = I(∂l(K0,ek)) = ∂k∂I∂l∂I − ∂I∂lI∂kI∂I − ∂kI∂lI∂I∂I,
Kel,0+ek(I) = (∂k(Kel,0))I = ∂k∂I∂l∂I − ∂I∂lI∂kI∂I − ∂I∂I∂kI∂lI,

for 1 ≤ l, k ≤ m. This shows that the covariant derivative KI,J(I) of the
curvature K (I) associated with I ∈ In(Ω,U) depends on the order of I
and J .
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To sum up Remarks 2.6 and 3.2, both the covariant derivative KI,λIλ
J

(Definition 2.5) of the classical curvature KI in the complex geometry of
extended holomorphic curves and the covariant derivative KI,J(I) (Defi-
nition 3.1) of the curvature K (I) in the C∗-algebra depend on the order
of I and J . Moreover, we find that the covariant derivatives of these two
curvatures admit decompositions, as shown in Lemmas 3.3 and 3.4 below.

Lemma 3.3. Let I ∈ In(Ω,U) be an extended holomorphic curve. Then
KI,J(I) has the following properties:

(i) KI,0(I) =
∑

ip ̸=0 Kipep,0(I) for any I =
∑m

p=1 ipep ∈ Zm
+ \ {0};

(ii) K0,J(I) =
∑

jq ̸=0 K0,jqeq(I) for any J =
∑m

q=1 jqeq ∈ Zm
+ \ {0};

(iii) KI,J(I) =
∑

ip,jq ̸=0 Kipep,jqeq(I) for any I =
∑m

p=1 ipep, J =
∑m

q=1 jqeq
∈ Zm

+ \ {0}, where the order of partial differentiation on the right-hand
side corresponds to that on the left-hand side, and ep = (0, . . . , 1, . . . , 0)
∈ Zm

+ with 1 in the p-th position.

Proof. By Remark 3.2, KI,J(I) depends on the order of partial differ-
entiation specified by I and J . Let I = ep1 + ep2 with 1 ≤ p1 ̸= p2 ≤ m,
where the partial differentiation order of KI,0(I) is first with respect to λp1 ,
then λp2 . By (3.2), we have

Kep1+ep2 ,0
(I) = Kep1 ,0

(I) + I(∂p2(K (I))) = Kep1 ,0
(I) + Kep2 ,0

(I).

Without losing generality, assume that for some K ∈ Zm
+ \ {0}, property (i)

holds for all I with 0 < I ≤ K. For I + el, 1 ≤ l ≤ m, by (3.2), we deduce
that

KI+el,0(I) = K∑
ip ̸=0, p̸=l ipep,0

(I) + I(∂l(Kilel,0(I)))

=
∑
ip ̸=0
p ̸=l

Kipep,0(I) + K(il+1)el,0(I),

where el = (0, . . . , 1, . . . , 0) ∈ Zm
+ with 1 in the l-th position. By induction,

property (i) holds for all I ∈ Zm
+ \ {0}. Similarly, property (ii) holds.

For property (iii), let I = ep1 + ep2 , J = eq1 + eq2 , where 1 ≤ p1, p2, q1, q2
≤ m. The covariant derivative KI,J(I) has the partial differentiation order
λp1 , λq1 , λp2 , λq2 . By Definition 3.1,

K0+ep1 ,0
(I) = I(∂p1(K (I))) and Kep1 ,0+eq1

(I) = (∂q1(Kep1 ,0
(I)))I.

If p1 ̸= p2, we have

Kep1+ep2 ,eq1
(I) = Kep1 ,eq1

(I) + I(∂p2(K0,eq1
(I)))

= Kep1 ,eq1
(I) + Kep2 ,eq1

(I).
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Then, for q1 ̸= q2,

KI,eq1+eq2
(I) = KI,eq1

(I) + (∂q2(KI,0(I)))I
= Kep1 ,eq1

(I) + Kep2 ,eq1
(I) + Kep1 ,eq2

(I) + Kep2 ,eq2
(I),

and for q1 = q2,

KI,eq1+eq2
(I) = (∂q2(Kep1+ep2 ,eq1

(I)))I
= (∂q2(Kep1 ,eq1

(I) + Kep2 ,eq1
(I)))I

= Kep1 ,2eq1
(I) + Kep2 ,2eq1

(I).

If p1 = p2, we obtain Kep1+ep2 ,eq1
(I) = K2ep1 ,eq1

(I). Then, for q1 ̸= q2,

KI,eq1+eq2
(I) = KI,eq1

(I) + (∂q2(KI,0(I)))I = K2ep1 ,eq1
(I) + K2ep1 ,eq2

(I),

and for q1 = q2,

KI,eq1+eq2
(I) = (∂q2(Kep1+ep2 ,eq1

(I)))I
= (∂q2(K2ep1 ,eq1

(I)))I = K2ep1 ,2eq1
(I).

Without loss of generality, assume that KI,J(I) =
∑

ip,jq ̸=0 Kipep,jqeq(I) for
some K ∈ Zm

+ \ {0} and any I, J ≤ K, where the order of partial differ-
entiation on the right-hand side corresponds to that on the left-hand side.
Therefore, by Definition 3.1, for KI+el,J(I) and KI,J+ek(I), 1 ≤ l, k ≤ m,
we have

KI+el,J(I) = K∑
ip ̸=0, p ̸=l ipep,J

(I) + I(∂l(Kilel,J(I)))

=
∑

ip,jq ̸=0
p ̸=l

Kipep,jqeq(I) + I
(
∂l

(∑
jq ̸=0

Kilel,jqeq(I)
))

=
∑

ip,jq ̸=0
p ̸=l

Kipep,jqeq(I) +
∑
jq ̸=0

K(il+1)el,jqeq(I),

and

KI,J+ek(I) = KI,
∑

jq ̸=0
q ̸=k

jqeq(I) + (∂k(KI,jkek(I)))I

=
∑

ip,jq ̸=0
q ̸=k

Kipep,jqeq(I) +
(
∂k

(∑
ip ̸=0

Kipep,jkek(I)
))

I

=
∑

ip,jq ̸=0
q ̸=k

Kipep,jqeq(I) +
∑
ip ̸=0

Kipep,(jk+1)ek(I).

Thus, property (iii) holds for all I, J ∈ Zm
+ \ {0}.
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For an extended holomorphic curve I = F (G∗F )−1G∗ ∈ In(Ω,U), by
Definition 2.5, the metric is given by H(λ) = G∗(λ)F (λ). The classical con-
nection Θ(λ) and the classical curvature KI of I are defined by

Θ(λ) = H−1(λ)

m∑
i=1

(
∂

∂λi
H(λ)

)
, KI(λ) = −

m∑
i,j=1

∂

∂λj

(
H−1(λ)

∂

∂λi
H(λ)

)
.

Moreover, the covariant derivatives KI,λI ,λ
J of KI are defined as follows:

(i) KI,λj
= ∂

∂λj
(KI),

(ii) KI,λi
= ∂

∂λi
(KI) +

[
H−1 ∂

∂λi
H,KI

]
, λ ∈ Ω.

According to this definition, KI,λI ,λ
J for I ∈ In(Ω,U) also has a decompo-

sition expression similar to Lemma 3.3. The proof is omitted here.

Lemma 3.4. Let I ∈ In(Ω,U) be an extended holomorphic curve. Then
KI,λI ,λ

J has the following properties:

(i) KI,λI =
∑

ip ̸=0KI,λipep for any I =
∑m

p=1 ipep ∈ Zm
+ \ {0};

(ii) KI,λJ =
∑

jq ̸=0KI,λjqeq for any J =
∑m

q=1 jqeq ∈ Zm
+ \ {0};

(iii) KI,λI ,λ
J =

∑
ip,jq ̸=0KI,λipep ,λ

jqeq for any I =
∑m

p=1 ipep, J =
∑m

q=1 jqeq

∈ Zm
+ \ {0}, where the order of partial differentiation on the right-hand

side corresponds to that on the left-hand side, and ep = (0, . . . , 1, . . . , 0)
∈ Zm

+ with 1 in the p-th position.

The following theorem is the main result of this section. It establishes a
relationship between the curvature and its covariant derivatives, and their
classical counterparts for multivariate extended holomorphic curves on C∗-
algebras.

Theorem 3.5. Let I = F (G∗F )−1G∗ ∈ In(Ω,U) be an extended holo-
morphic curve. Then for all λ ∈ Ω and I, J ∈ Zm

+ ,

KI,J(I)(λ)F (λ) + F (λ)KI,λI ,λ
J (λ) = 0,

where F,G : Ω → L (H, l2(N, B)) are operator-valued holomorphic func-
tions.

Proof. Let H = G∗F ; then I = FH−1G∗. We compute

(3.4) ∂I∂I = ∂(FH−1G∗)∂(FH−1G∗)

= F (∂H−1G∗ +H−1∂G∗)(∂FH−1 + F∂H−1)G∗

= F∂(H−1∂H)H−1G∗.

By (2.3), (3.1) and (3.4), we obtain K (I) = F (−KI)H
−1G∗, and then

(3.5) K (I)F + FKI = 0.
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Since I is an extended holomorphic curve, by Definition 2.2 we have

∂l∂I = ∂lI∂I − ∂I∂lI.

Then

Kel,0(I) = I(∂l(K (I)))
= I(∂l∂I∂I + ∂I∂l∂I)
= I(∂lI∂I∂I − ∂I∂lI∂I) + I∂I∂l∂I = ∂I∂l∂I

and

∂I∂l∂I = ∂(FH−1G∗)∂l(∂(FH
−1G∗))

= F (∂H−1G∗ +H−1∂G∗)

× (∂∂lFH
−1 + ∂F∂lH

−1 + ∂lF∂H
−1 + F∂∂lH

−1)G∗

= F (−∂l(KI) + ∂H−1∂H∂lH
−1H +H−1∂∂H∂lH

−1H

− ∂lH
−1∂∂H − ∂lH

−1∂H∂H−1H)H−1G∗

= F (−∂l(KI)− [H−1∂lH,KI ])H
−1G∗ = F (−KI,λel )H−1G∗

for any 1 ≤ l ≤ m. Thus,

(3.6) Kel,0(I)F + FKI,λel = 0, 1 ≤ l ≤ m.

Similarly,

(3.7) K0,ek(I)F + FKI,λek = 0, 1 ≤ k ≤ m.

Note that

K0,ek(I) =
(
∂k(K0,0(I))

)
I = [∂k∂I∂I+∂I(∂I∂kI−∂kI∂I)]I = ∂k∂I∂I,

−KI,λek = ∂k(∂(H
−1∂H))

= ∂k∂H
−1∂H+∂H−1∂∂kH+∂kH

−1∂∂H+H−1∂∂k∂H.

We have

(3.8) K0+el,ek(I) = I
(
∂l(K0,ek(I))

)
= −∂I∂lI∂kI∂I − ∂kI∂lI∂I∂I + ∂k∂I∂l∂I,

and

−(KI,λek )λel

= −(∂l(KI,λek ) + [H−1∂lH,KI,λek ])

= ∂l(∂k∂H
−1∂H + ∂H−1∂∂kH + ∂kH

−1∂∂H +H−1∂∂k∂H)

+H−1∂lH(∂k∂H
−1∂H + ∂H−1∂∂kH + ∂kH

−1∂∂H +H−1∂∂k∂H)

− (∂k∂H
−1∂H + ∂H−1∂∂kH + ∂kH

−1∂∂H +H−1∂∂k∂H)H−1∂lH
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= ∂l∂k∂H
−1∂H + ∂k∂H

−1∂l∂H + ∂l∂H
−1∂∂kH + ∂H−1∂l∂∂kH

+ ∂l∂kH
−1∂∂H + ∂kH

−1∂l∂∂H +H−1∂l∂∂k∂H +H−1∂lH∂k∂H
−1∂H

+H−1∂lH∂H
−1∂∂kH +H−1∂lH∂kH

−1∂∂H − ∂k∂H
−1∂HH−1∂lH

− ∂H−1∂∂kHH
−1∂lH − ∂kH

−1∂∂HH−1∂lH −H−1∂∂k∂HH
−1∂lH,

and

(3.9) F (−(KI,λek )λel )H−1G∗

= ∂k∂I∂l∂I + F (∂l∂H
−1∂∂kH + ∂l∂kH

−1∂∂H +H−1∂lH∂H
−1∂∂kH

+H−1∂lH∂kH
−1∂∂H − ∂l∂kH

−1∂HH−1∂H −H−1∂l∂H∂kH
−1∂H

− ∂H−1∂lH∂kH
−1∂H + ∂lH

−1∂kH∂H
−1∂H)H−1G∗

= ∂k∂I∂l∂I + F (∂l∂H
−1∂∂kH + ∂l∂kH

−1∂∂H +H−1∂lH∂H
−1∂∂kH

+H−1∂lH∂kH
−1∂∂H + ∂l∂kH

−1H∂H−1∂H + ∂lH
−1∂H∂kH

−1∂H

+ ∂l∂H
−1H∂kH

−1∂H + ∂lH
−1∂kH∂H

−1∂H)H−1G∗

= ∂k∂I∂l∂I + F (∂(∂lH
−1H)∂k(H

−1∂H)

+ ∂k(∂lH
−1H)∂(H−1∂H))H−1G∗

= ∂k∂I∂l∂I + F (−∂(H−1∂lH)∂k(H
−1∂H)

− ∂k(H
−1∂lH)∂(H−1∂H))H−1G∗

= ∂k∂I∂l∂I − ∂I∂lI∂kI∂I − ∂kI∂lI∂I∂I.
Therefore, by (3.8) and (3.9), we conclude that

I (∂l(K0,ek(I)))F + F (KI,λek )λel = 0.

Similarly,
(∂k(Kel,0(I)))IF + F (KI,λel )λek = 0.

Thus,

(3.10) Kel,ek(I)F + FKI,λel ,λ
ek = 0, 1 ≤ l, k ≤ m.

By (3.5)–(3.7) and (3.10), we see that Kilel,jkek(I)F + FKI,λilel ,λ
jkek = 0

for all 0 ≤ il, jk ≤ 1. Proceeding by induction, assume that Kilel,jkek(I)F +
FKI,λilel ,λ

jkek = 0 for certain il, jk ≥ 0. As Kilel,jkek(I) = Kilel,jkek(I)I, we
have

Kilel,jkek+ek(I)
= (∂k(Kilel,jkek(I)))I = ∂k(−FKI,λilel ,λ

jkekH
−1G∗)I

= −F (∂kKI,λilel ,λ
jkekH

−1G∗ +KI,λilel ,λ
jkek (∂kH

−1 +H−1∂kHH
−1)G∗)

= −FKI,λilel ,λ
jkek+ekH

−1G∗,
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and

Kilel+el,jkek(I) = I(∂l(−FKI,λilel ,λ
jkekH

−1G∗))

= −F (∂lKI,λilel ,λ
jkek + [H−1∂lH,KI,λilel ,λ

jkek ])H
−1G∗

= −FKI,λilel+el ,λ
jkekH

−1G∗.

This means that Kilel,jkek(I)F+FKI,λilel ,λ
jkek = 0 for any il, jk ≥ 0. Hence,

by Lemmas 3.3 and 3.4, we obtain, I, J ∈ Zm
+ \ {0},

KI,0(I) =
∑
il ̸=0

Kilel,0(I) = −
∑
il ̸=0

FKI,λilelH
−1G∗ = −FKI,λIH−1G∗,

K0,J(I) =
∑
jk ̸=0

K0,jkek(I) = −
∑
jk ̸=0

FKI,λjkekH
−1G∗ = −FKI,λJH−1G∗,

and

KI,J(I) =
∑

il,jk ̸=0

Kilel,jkek(I) = −
∑

il,jk ̸=0

FKI,λilel ,λ
jkekH

−1G∗

= −FKI,λI ,λ
JH−1G∗.

Hence, KI,J(I)F + FKI,λI ,λ
J = 0 for all I, J ∈ Zm

+ .

Corollary 3.6. Let T = (T1, . . . , Tm) ∈ Bm
n (Ω). Then for all λ ∈ Ω

and I, J ∈ Zm
+ ,

traceKI,J(IT)(λ) = − traceKIT,λI ,λ
J (λ).

Corollary 3.7. Let T = (T1, . . . , Tm) ∈ Bm
n (Ω). The classical curvature

KT of ET and its covariant derivatives K
T,λI ,λ

J are similar across different
holomorphic frames. Moreover, their traces traceK

T,λI ,λ
J for all I, J ∈ Zm

+

are invariant, meaning they do not depend on the choice of holomorphic
frames.

The above results reveal a relationship between the curvature K (I) and
the classical curvature KI for an extended holomorphic curve I ∈ In(Ω,U).
Additionally, the corresponding connection ΘΘΘ and classical connection Θ
exhibit a similar relationship.

Proposition 3.8. Let I = F (G∗F )−1G∗ ∈ In(Ω,U). The connection ΘΘΘ
and the classical connection Θ of I satisfy

ΘΘΘ(λ)F (λ) = F (λ)Θ(λ) and ΘΘΘ(λ)I(λ) = ΘΘΘ(λ), λ ∈ Ω.

Proof. Since (∂I)I = ∂I, we have

ΘΘΘI = [(∂F )H−1G∗ − ∂I]I = (∂F )H−1G∗ − ∂I = ΘΘΘ
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and

ΘΘΘF = [(∂F )H−1G∗ − ∂I]F = ∂F − [(∂F )H−1G∗ + F (∂H−1)G∗]F

= −F∂H−1H = FΘ.

Intuitively, the covariant derivatives of the curvature as defined in Defi-
nition 3.1 on C∗-algebras exhibit greater symmetry compared to their coun-
terparts in complex geometry (Definition 2.5). For Hermitian holomorphic
vector bundles, the classical curvature and its covariant derivatives (Defini-
tion 2.5) form unitary invariants of the Cowen–Douglas class. Motivated by
this result and Theorem 3.5, one may employ the curvature and its covariant
derivatives (Definition 3.1) in the algebraic setting to investigate the con-
gruence and similarity classification of more general multivariate extended
holomorphic curves on C∗-algebras.

4. Classification of extended holomorphic curves over C∗-al-
gebras. In this section, we focus on investigating the congruence and sim-
ilarity classification of multivariate extended holomorphic curves on C∗-
algebras. Our approach centers on the intrinsic structure of the curvature
and its covariant derivatives as analytical tools, from which we derive the
corresponding classification criteria. Subsequently, we apply these results to
the study of the unitary and similarity classification of the Cowen–Douglas
class.

Theorem 4.1. Let I1, I2 ∈ In(Ω,U). If I1 ∼u I2, then

KI,J(I1) ∼u KI,J(I2)

for all I, J ∈ Zm
+ .

To prove the above theorem, which is the main theorem of this section, we
need to establish the following three lemmas. They reveal the intrinsic struc-
ture of the curvature and its covariant derivatives for multivariate extended
holomorphic curves on C∗-algebras. For I = (i1, . . . , im), J = (j1, . . . , jm) ∈
Zm
+ , we write I ≥ J if ik ≥ jk for all 1 ≤ k ≤ m. For I ≥ J , we define(

I

J

)
=

I!

J !(I − J)!
=

i1!i2! · · · im!

j1!j2! · · · jm!(i1 − j1)!(i2 − j2)! · · · (im − jm)!
.

Lemma 4.2. Let I = F (G∗F )−1G∗ ∈ In(Ω,U) with H = G∗F . Then for
any 1 ≤ i, j ≤ m and I, J ∈ Zm

+ , the following properties hold:

(i) DII =
∑

0≤I1≤I

(
I
I1

)
DI1FDI−I1H−1G∗;

(ii) DejDII = DIIDejI−DejIDII−
m∑
p=1

∑
ep≤I1≤I−ep

(
I
I1

)
DI−I1IDejIDI1I;
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(iii) DJI =
∑

0≤J1≤J

(
J
J1

)
FD

J1H−1D
J−J1G∗;

(iv) DJ
DeiI = DeiIDJI−DJIDeiI−

m∑
p=1

∑
ep≤J1≤J−ep

(
J
J1

)
D

J−J1IDeiIDJ1I.

Proof. For any ei = (0, . . . , 1, . . . , 0) ∈ Zm
+ , where 1 ≤ i ≤ m and the

non-zero entry 1 is in the p-th position, we have
DeiI = Dei(FH−1G∗) = DeiFH−1G∗ + FDeiH−1G∗,

which implies that property (i) holds for I = ei. Without loss of generality,
assume property (i) holds for some I ∈ Zm

+ , that is,

DII =
∑

0≤I1≤I

(
I

I1

)
DI1FDI−I1H−1G∗.

Then for any 1 ≤ l ≤ m, we have

DI+elI = Del

[ ∑
0≤I1≤I

(
I

I1

)
DI1FDI−I1H−1G∗

]
=

∑
0≤I1≤I

(
I

I1

)
(DI1+elFDI−I1H−1 +DI1FDI−I1+elH−1)G∗

= FDI+elH−1G∗

+
∑

0<I′<I+el

[(
I

I ′ − el

)
+

(
I

I ′

)]
DI′FDI−I′+elH−1G∗ +DI+elFH−1G∗

=
∑

0≤I′≤I+el

(
I + el
I ′

)
DI′FD(I+el)−I′H−1G∗.

It follows that property (i) holds for all I ∈ Zm
+ .

Since I is an extended holomorphic curve, we know that DeiI ·I = DeiI
and DejI · I = 0. Thus,

D
ej (DeiI) = D

ej (DeiI · I) = (D
ejDeiI)I + (DeiI)(DejI)

= (DeiI)(DejI)− (D
ejI)(DeiI).

Hence, property (ii) holds for I = ei. Without loss of generality, assume
property (ii) holds for some I ∈ Zm

+ . For any el, ej , ep ∈ Zm
+ with 1 ≤ l, j, p ≤

m and p ̸= l, we have

(4.1) DIIDejIDelI +DelIDejIDII

+
∑

el≤I1≤I−el

(
I

I1

)
(DI+el−I1IDejIDI1I +DI−I1IDejIDI1+elI)

=
∑

el≤I′≤I

(
I + el
I ′

)
(DI+el−I′IDejIDI′I)
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and

(4.2)
∑

ep≤I1≤I−ep

(
I

I1

)
(DI+el−I1IDejIDI1I +DI−I1IDejIDI1+elI)

=
∑

ep≤I′≤I+el−ep

(
I + el
I ′

)
(DI+el−I′IDejIDI′I).

Therefore, by (4.1) and (4.2), we obtain

D
ejDI+elI
= Del(D

ejDII)

= Del

(
DIIDejI −D

ejIDII −
m∑
p=1

∑
ep≤I1≤I−ep

(
I

I1

)
DI−I1IDejIDI1I

)
= DI+elIDejI −D

ejIDI+elI −DIIDejIDelI −DelIDejIDII

−
m∑
p=1

∑
ep≤I1≤I−ep

(
I

I1

)
(DI+el−I1IDejIDI1I +DI−I1IDejIDI1+elI)

= DI+elIDejI −D
ejIDI+elI

−
m∑
p=1

∑
ep≤I′≤I+el−ep

(
I + el
I ′

)
(DI+el−I′IDejIDI′I).

This completes the proof of property (ii).
Properties (iii) and (iv) can be shown similarly.

Let Ω ⊂ Cm be a bounded domain, and let I = F (G∗F )−1G∗ ∈ In(Ω,U).
For any λ0 ∈ Ω, there exists an open neighborhood Ω0 ⊂ Ω of λ0 such that

I(λ) =
∑

I,J∈Zm
+

DID
JI(λ0)
I!J !

(λ− λ0)
I(λ− λ0)

J , λ ∈ Ω0.

This implies that the set {DID
JI : I, J ∈ Zm

+} uniquely determines the
extended holomorphic curve I. In [30, Section 2.10] it is shown that ev-
ery derivative DID

J
P of the holomorphic curve P = F (F ∗F )−1F ∗ can be

expressed as a sum of monomials of the form

±(D
J1P )(DI1P ) · · · (DJt

P )(DItP ), ±(DI1P )(D
J1P ) · · · (DItP )(D

Jt
P ).

The following result demonstrates that this property also holds for I.

Lemma 4.3. Let I ∈ In(Ω,U). Then, for any I, J ∈ Zm
+ , the derivative

DID
JI(λ) can be expressed as a sum of terms of the form

(4.3) ±(DI1I)(DJ1I) · · · (DItI)(DJtI),
where I1 + · · ·+ It = I and J1 + · · ·+ Jt = J .
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Proof. From IDII = D
II and DII · I = DII, together with properties

(ii) and (iv) of Lemma 4.2, we conclude that the present lemma holds for
DID

ejI and DeiD
JI, where I, J ∈ Zm

+ and 1 ≤ i, j ≤ m. Without loss of
generality, assume that for some I, J ∈ Zm

+ ,

DID
JI = (DI1I)(DJ1I) · · · (DItI)(DJtI),

where I1 + · · ·+ It = I and J1 + · · ·+ Jt = J . If I1, Jt ̸= 0, by property (iv)
of Lemma 4.2, for 1 ≤ l ≤ m, we obtain

DI+elD
JI

= Del(DID
JI)

=
t∑

r=1

[(DI1I)(DJ1I) · · · (DIr+elI)(DJrI) · · · (DItI)(DJtI)]

+
t∑

r=1

[(DI1I)(DJ1I) · · · (DIrI)(DelD
JrI) · · · (DItI)(DJtI)]

=
t∑

r=1

[(DI1I)(DJ1I) · · · (DIr+elI)(DJrI) · · · (DItI)(DJtI)]

−
t∑

r=1

m∑
p=1

∑
ep≤J ′

r≤Jr−ep

(
Jr
J ′
r

)
[(DI1I)(DJ1I) · · · (DIrI)(DJr−J ′

rIDelIDJ ′
rI)

· · · (DItI)(DJtI)]

− [(DI1I)(DJ1I) · · · (DIrI)(DJrI) · · · (DItI)(DJtI)(DelI)],
which satisfies the conclusion of the present lemma. If I1 = Jt = 0 and
J1, It ̸= 0, then

DI+elD
JI

= Del [(D
J1I)(DI2I) · · · (DJt−1I)(DItI)]

=

t∑
r=2

[(D
J1I)(DI2I) · · · (DIr+elI)(DJrI) · · · (DItI)]

−
t−1∑
r=1

m∑
p=1

∑
ep≤J ′

r≤Jr−ep

(
Jr
J ′
r

)
[(D

J1I)(DI2I) · · · (DIrI)(DJr−J ′
rIDelIDJ ′

rI)

· · · (DItI)],
which also satisfies the present lemma. Similarly, for the cases where I1 = 0

and Jt ̸= 0, or I1 ̸= 0 and Jt = 0, DI+elD
JI can also be expressed as a sum

of terms of the form given in (4.3). The same argument works for DID
J+elI

with 1 ≤ l ≤ m.
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Based on the formal decomposition of the covariant derivatives of the
curvature for an extended holomorphic curve given in Lemma 3.3, together
with Lemmas 4.2 and 4.3, the covariant derivative KI,J(I) of the curvature
K (I) of an extended holomorphic curve I ∈ In(Ω,U) can also be expressed
as a sum of monomials of a certain type.

Lemma 4.4. Let I ∈ In(Ω,U). For any I, J ∈ Zm
+ , the covariant deriva-

tive KI,J(I) can be expressed as a sum of monomials of the form

± (D
J1IDI1I)l1 · · · (DJrIDIrI)lr · · · (DJtIDItI)lt ,

Ir, Jr ∈ Zm
+ \ {0}, 1 ≤ r ≤ t,

where Ir = sr,pep+nr,lel, Jr = sr,qeq+nr,kek, sr,p, sr,q ≥ 0, nr,l, nr,k ∈ {0, 1},
l1|I1|+· · ·+lt|It| = |I|+1, l1|J1|+· · ·+lt|Jt| = |J |+1, and 1 ≤ p, q, l, k ≤ m.

Proof. By Lemma 3.3, KI,J(I) can be expressed as a sum of terms of
the form Kipep,jqeq(I). Thus, it suffices to show that Kipep,jqeq(I) is a sum
of terms of the form

±(D
J1IDI1I)l1 · · · (DJrIDIrI)lr · · · (DJtIDItI)lt .

Since I∂k∂lI = −∂kI∂lI and ∂k∂lI = ∂lI∂kI − ∂kI∂lI, by the proof of
Theorem 3.5 we have

K (I) = ∂I∂I =
∑

1≤l,k≤m

(D
ekIDelI),

Kep,0(I) = ∂I∂p∂I =
∑

1≤l,k≤m

(D
ekIDep+elI),

K0,eq(I) = ∂q∂I∂I =
∑

1≤l,k≤m

(D
eq+ekIDelI)

and

K0+ep,eq(I) = I
(
∂p(K0,eq(I))

)
=

∑
1≤l,k≤m

(D
eq+ekIDep+elI −D

ekIDepD
eqIDelI −D

eqIDepIDekIDelI),

Kep,0+eq(I) = (∂q(Kep,0(I)))I

=
∑

1≤l,k≤m

(D
eq+ekIDep+elI −D

ekIDepD
eqIDelI −D

ekIDelIDeqIDepI).

This implies the lemma for Kipep,jqeq(I), where ip, jq ∈ {0, 1}.
Assume the lemma holds for some Kipep,jqeq(I). We need to show it also

holds for Kipep+ep,jqeq(I) and Kipep,jqeq+eq(I). Without loss of generality, let

Kipep,jqeq(I) := (D
J1IDI1I)l1 ,
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where I1 = s1,pep+n1,lel, J1 = s1,qeq+n1,kek, n1,l, n1,k ∈ {0, 1} and l1|I1| =
ip + 1, l1|J1| = jq + 1. By property (iv) of Lemma 4.2, we have

(4.4) Kipep+ep,jqeq(I)

= I(∂p(Kipep,jqeq(I))) = I(Dep(D
J1IDI1I)l1)

= I
l1−1∑
r=0

[(D
J1IDI1I)r(DepD

J1IDI1I +D
J1IDI1+epI)(DJ1IDI1I)l1−1−r]

=

l1−1∑
r=0

[(D
J1IDI1I)r(DJ1IDI1+epI)(DJ1IDI1I)l1−1−r]

−
l1−1∑
r=0

[
(D

J1IDI1I)r
∑

eq≤J ′
1≤J1−eq

J1!

J ′
1!(J1 − J ′

1)!

× (D
J1−J ′

1IDepIDJ ′
1IDI1I)(DJ1IDI1I)l1−1−r

]
.

It follows that the lemma holds for Kipep+ep,jqeq(I). Similarly, it holds for
Kipep,jqeq+eq(I) as well.

Proof of Theorem 4.1. Since I1 ∼u I2, there exists a unitary U ∈ U such
that UI1(λ) = I2(λ)U for all λ ∈ Ω. It follows that

UDilel+kpepI1(λ) = Dilel+kpepI2(λ)U,

UD
jkek+nqeqI1(λ) = D

jkek+nqeqI2(λ)U,
for all non-negative integers il, kp, jk and nq. This implies that

UD
jkek+nqeqI1(λ)Dilel+kpepI1(λ) = D

jkek+nqeqI2(λ)Dilel+kpepI2(λ)U.
By Lemma 4.4, for any I, J ∈ Zm

+ , the covariant derivative KI,J(I) is a sum
of monomials of the form

±(D
J1IDI1I)l1 · · · (DJrIDIrI)lr · · · (DJtIDItI)lt ,

where Ir = sr,pep + nr,lel, Jr = sr,qeq + nr,kek and 1 ≤ r ≤ t. Thus,

UKI,J(I1)(λ) = KI,J(I2)(λ)U, λ ∈ Ω.

As established in Theorem 4.1, the congruence of extended holomorphic
curves in In(Ω,U) implies the unitary equivalence of the covariant deriva-
tives of the curvature on C∗-algebras. In complex geometry, however, the
covariant derivatives of the classical curvature do not exhibit unitary equiv-
alence, but instead satisfy the following pointwise similarity equivalence.

Corollary 4.5. Let I1, I2 ∈ In(Ω,U). If I1 ∼u I2, then there exists an
invertible operator Yλ depending on λ such that

YλKI1,λI ,λ
J (λ) = KI2,λI ,λ

J (λ)Yλ.
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Proof. If I1 ∼u I2, there exists a unitary operator U ∈ U such that
UI1(λ)= I2(λ)U for all λ∈Ω. By Theorem 4.1, it follows that UKI,J(I1)(λ)
=KI,J(I2)(λ)U for all I, J ∈Zm

+ . Set

I1(λ) = F1(λ)H
−1
1 (λ)G∗

1(λ) and I2(λ) = F2(λ)H
−1
2 (λ)G∗

2(λ),

where Hi(λ) = G∗
i (λ)Fi(λ) for i = 1, 2. From Theorem 3.5, for any λ ∈ Ω

and I, J ∈ Zm
+ , we have

U(F1(λ)KI1,λI ,λ
J (λ)H−1

1 (λ)G∗
1(λ)) = (F2(λ)KI2,λI ,λ

J (λ)H−1
2 (λ)G∗

2(λ))U.

Therefore,

H−1
2 (λ)G∗

2(λ)UF1(λ)KI1,λI ,λ
J (λ) = KI2,λI ,λ

J (λ)H−1
2 (λ)G∗

2(λ)UF1(λ).

Define

Yλ := H−1
2 (λ)G∗

2(λ)UF1(λ) and Zλ := H−1
1 (λ)G∗

1(λ)U
∗F2(λ),

so that YλZλ = ZλYλ = In. Hence, Yλ is an invertible operator depending
on λ and satisfies YλKI1,λI ,λ

J (λ) = KI2,λI ,λ
J (λ)Yλ.

The following demonstrates that the covariant derivatives of the curva-
ture for extended holomorphic curves on C∗-algebras can be used to describe
the similarity classification of these curves, and can find specific applications
in the similarity classification of the Cowen–Douglas class.

Lemma 4.6. Let I1, I2 ∈ In(Ω,U). Then I1 ∼s I2 if and only if there
exists an invertible operator X ∈ U such that

XDII1(λ)D
JI1(λ) = DII2(λ)D

JI2(λ)X, λ ∈ Ω, I, J ∈ Zm
+ .

Proof. On the one hand, if I1 ∼s I2, there exists an invertible operator
X ∈ U such that XI1(λ) = I2(λ)X for all λ ∈ Ω. For any λ ∈ Ω and
I, J ∈ Zm

+ , it follows that

XDII1(λ) = DII2(λ)X and XD
JI1(λ) = D

JI2(λ)X.

Thus, XDII1(λ)D
JI1(λ) = DII2(λ)D

JI2(λ)X.
On the other hand, suppose there exists an invertible operator X ∈ U

such that for all λ ∈ Ω and I, J ∈ Zm
+ ,

XDII1(λ)D
JI1(λ) = DII2(λ)D

JI2(λ)X.
By Lemma 4.3, for each k = 1, 2 and any I, J ∈ Zm

+ , the mixed derivative
DID

JIk can be expressed as a sum of terms of the form

±(DI1Ik)(D
J1Ik) · · · (DItIk)(D

JtIk),
where I1 + · · ·+ It = I and J1 + · · ·+ Jt = J . By induction on the order of
derivatives, we conclude that XDID

JI1(λ) = DID
JI2(λ)X for any λ ∈ Ω

and I, J ∈ Zm
+ . Now, fix λ0 ∈ Ω. Since Ik is holomorphic in Ω, there exists
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an open neighborhood Ω0 ⊂ Ω of λ0 such that Ik admits the power series
expansion

Ik(λ) =
∑

I,J∈Zm
+

DID
JIk(λ0)
I!J !

(λ− λ0)
I(λ− λ0)

J

for all λ ∈ Ω0 and k = 1, 2. Applying X to both sides of the expansion for I1
and using the commutativity of X with all mixed derivatives of I1 and I2,
we obtain that XI1(λ) = I2(λ)X for all λ ∈ Ω0. Since Ω is connected and
Ω0 is open, this equality extends to all λ ∈ Ω by analytic continuation. Thus,
I1 ∼s I2.

Proposition 4.7. Let T,S∈Bm
n (Ω)∩L(H)m. If IT∼s IS, then T∼s S.

Proof. If IT ∼s IS, there exists an invertible operator X such that
XIT(λ) = IS(λ)X for all λ ∈ Ω. Recall that IT(λ) and IS(λ) are idempo-
tent operators, with

IT(λ) : H → kerDT−λ and IS(λ) : H → kerDS−λ.

By XIT(λ) = IS(λ)X, taking any ξ ∈ kerDT−λ, we have
Xξ = XIT(λ)ξ = IS(λ)(Xξ) ∈ kerDS−λ.

This implies Xξ ∈ kerDS−λ, so X(kerDT−λ) ⊆ kerDS−λ. Since X is in-
vertible, its inverse X−1 satisfies X−1IS(λ) = IT(λ)X−1, which similarly
implies X−1(kerDS−λ) ⊆ kerDT−λ. Thus, X−1(kerDS−λ) = kerDT−λ for
all λ ∈ Ω. Note that ∨

λ∈Ω
kerDT−λ = H =

∨
λ∈Ω

kerDS−λ,

where
∨

denotes the closed linear span. Hence, XT = SX.
Example 4.8. Let T,S ∈ Bm

1 (Ω) be the adjoints of the multiplication
tuples on Hilbert spaces HK and H

K̂
with reproducing kernels K and K̂,

respectively. Assume that

K(ω, λ) =
∑
I∈Zm

+

a2Iω
Iλ

I and K̂(ω, λ) =
∑
I∈Zm

+

b2Iω
Iλ

I
,

where aI , bI > 0 and ω, λ ∈ Ω. If IT ∼s IS, then there exist constants c
and C such that

0 < c ≤ bI
aI

≤ C <∞, I ∈ Zm
+ .

Proof. Let α(λ) := K(·, λ) and β(λ) := K̂(·, λ). Define
IT(λ) = α(λ)(γ∗(λ)α(λ))−1γ∗(λ), IS(λ) = β(λ)(β∗(λ)β(λ))−1β∗(λ),

where H(ω, λ) =
∑

I∈Zm
+

b4I
a2I
ωIλ

I and γ(λ) = H(·, λ) for ω, λ ∈ Ω. Then IT
and IS are extended holomorphic curves, and γ∗(λ)α(λ) = β∗(λ)β(λ). If
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IT ∼s IS, by Lemma 4.6, there exists an invertible operator X such that

XDIIT(λ)D
JIT(λ) = DIIS(λ)D

JIS(λ)X

for all λ ∈ Ω and I, J ∈ Zm
+ . By Lemma 4.2, it follows that

XDIα(λ)D
J
γ∗(λ) = DIβ(λ)D

J
β∗(λ)X.

Taking λ = 0, we have

DIα(0)D
J
γ∗(0) =

aIb
2
J

aJ
I!J !eI,J and DIβ(0)D

J
β∗(0) = bIbJI!J !eI,J ,

where eI,J denotes the infinite matrix with 1 in the (I, J)-th entry and
0 elsewhere. Let ((xI,J)) be the matrix form of the bounded invertible oper-
ator X. Without loss of generality, assume x0,0 ̸= 0, then ((xI,J))

aIb
2
J

aJ
eI,J =

bIbJeI,J((xI,J)). We conclude that

xI,I =
bIaI+ei

aIbI+ei

xI+ei,I+ei , I ∈ Zm
+ , 1 ≤ i ≤ m,

which implies x0,0 = b0aI
a0bI

xI,I . Consequently, there exist constants c and C

such that 0 < c ≤ bI
aI

≤ C for all I ∈ Zm
+ .

5. The flag structure of the class FBn(Ω). To investigate the geomet-
ric properties of increasing n-tuples of projections in a unital C∗-algebra U ,
Martin and Salinas [30] introduced the notion of flag manifolds on U . Ji,
Jiang, Keshari, and Misra [15, 16] defined a subclass FBn(Ω) of B1

n(Ω) with
a flag structure, proving that the curvature together with the second funda-
mental form constitutes a complete set of invariants. Furthermore, FBn(Ω)
is norm dense in B1

n(Ω) (see [21]). Inspired by these results, in this section we
decompose the holomorphic curve induced by operators in FBn(Ω), derive
the flag structure on the holomorphic curve, and ultimately use this flag
structure to characterize the unitary classification of FBn(Ω).

Definition 5.1 ([15, 16]). Let FBn(Ω) be the set of all operators T ∈
B1
n(Ω) of the form

T =


T0 S0,1 · · · S0,n−1

0 T1 · · · S1,n−1

...
...

. . .
...

0 0 · · · Tn−1

 ,

where {Ti}n−1
i=0 ⊆ B1

1(Ω), Si,i+1 are non-zero operators and TiSi,i+1 =
Si,i+1Ti+1 for 0 ≤ i ≤ n− 2.
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Lemma 5.2 ([16]). Operators T and T̃ in FBn(Ω) are unitarily equivalent
if and only if there exists a unitary operator U = diag{U0, . . . , Un−1} such
that UT = T̃U .

Lemma 5.3 ([5]). Operators T and T̃ in B1
1(Ω) are unitarily equivalent

if and only if KT = K
T̃
.

Let T ∈ B1
n(Ω)∩L(H), and let {γ0, γ1, . . . , γn−1} be a holomorphic frame

of the Hermitian holomorphic vector bundle ET . Set α = (γ0, γ1, . . . , γn−1)
and PT (λ) = α(λ)h−1(λ)α∗(λ), where h(λ) = α∗(λ)α(λ) is the metric of ET .
Then PT : Ω → P(L(H)) is a holomorphic curve, and PT (λ) is the projection
operator from H onto ker(T − λ).

Lemma 5.4. Let T, S ∈ B1
n(Ω)∩L(H). Then T ∼u S if and only if there

exists a unitary operator U ∈ L(H) such that UPT (λ) = PS(λ)U for all
λ ∈ Ω.

Proof. If T ∼u S, there exists a unitary operator U ∈ L(H) such that
UT = SU . For any λ ∈ Ω and x ∈ ker(T − λ), we have

SUx = UTx = U(λx) = λUx,

which shows Ux ∈ ker(S − λ). Thus,

U ker(T − λ) ⊆ ker(S − λ).

Since dimker(T − λ) = dimker(S − λ) = n and U is unitary, it follows that

U ker(T − λ) = ker(S − λ).

Now, let x = x1 ⊕ x2 ∈ H, where x1 ∈ ker(T − λ) and x2 ∈ [ker(T − λ)]⊥.
Then

UPT (λ)x = Ux1 ∈ ker(S − λ).

For any y ∈ ker(S−λ), there exists x̂ ∈ ker(T −λ) such that y = Ux̂. Hence,

⟨y, Ux2⟩ = ⟨Ux̂, Ux2⟩ = ⟨U∗Ux̂, x2⟩ = ⟨x̂, x2⟩ = 0,

which implies Ux2 ∈ [ker(S − λ)]⊥. Therefore,

PS(λ)Ux = PS(λ) (Ux1 ⊕ Ux2) = Ux1 ⊕ 0 = UPT (λ)x

for any x ∈ H. We conclude that UPT (λ) = PS(λ)U for all λ ∈ Ω.
Conversely, suppose there exists a unitary operator U such that UPT (λ)

= PS(λ)U for all λ ∈ Ω. For any x ∈ ker(T − λ), we have

PS(λ)Ux = UPT (λ)x = Ux,

which implies Ux ∈ ker(S − λ). Thus, U ker(T − λ) ⊆ ker(S − λ). Since
dimker(T − λ) = dimker(S − λ) = n and U is unitary, it follows that
U ker(T − λ) = ker(S − λ), and consequently UT = SU .



26 J. Xu, Z. Chen and K. Ji

Let E be an Hermitian holomorphic line bundle over a bounded domain
Ω ⊂ C, and let γ be a non-vanishing holomorphic cross-section of E. Sup-
pose that the derivatives γ(λ), γ(1)(λ), . . . , γ(k)(λ) are linearly independent
for each λ ∈ Ω. Then the associated k-jet bundle Jk(E) is the holomor-
phic vector bundle of rank k + 1 with holomorphic frame {γ, γ(1), . . . , γ(k)}
(see [5, 23] for details). The following presents a decomposition formula
for the holomorphic curve PT : Ω → P(L(H)) induced by the operator
T =

(
T0 S
0 T1

)
∈ FB2(Ω), thus yielding the 2-flag P = (PT0 , PT ) as described

in Definition 2.1.
Lemma 5.5. Let T =

(
T0 S
0 T1

)
∈ FB2(Ω) ∩ L(H). Then the projection

operator PT (λ) : H → ker(T − λ) admits the following decomposition:

PT (λ) = (I − θ(λ))

(
PT0(λ) 0

0 PT1(λ)

)
+ θ(λ)

(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)
.

where PT0(λ) and PT1(λ) are projections onto ker(T0 − λ) and ker(T1 − λ),
respectively.

Moreover, the operator
(

FPT
(λ) SPT

(λ)

S∗
PT

(λ) 0

)
: J1(t0)(λ) → ker(T − λ) is an

isomorphism and satisfies(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)(
t0(λ)

0

)
=

(
t0(λ)

0

)
,

(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)(
t′0(λ)

0

)
=

(
t′0(λ)

t1(λ)

)
,

where t1 is a non-vanishing holomorphic cross-section of ET1, t0 = −St1,
J1(t0)(λ) =

∨
{t0(λ), t′0(λ)}, θ∥t1∥2 + (1 + θ)KT0∥t0∥2 = 0, and θ is the

second fundamental form (see [16]).
Proof. Let t1 be a non-vanishing holomorphic cross-section of ET1 and

let t0=−St1. By [16, Proposition 2.4], {γ0= t0, γ1= t′0 − t1} forms a holo-
morphic frame of ET , which allows us to express the projection PT (λ) as

PT (λ) = (γ0(λ) γ1(λ))

(
⟨γ0(λ), γ0(λ)⟩ ⟨γ1(λ), γ0(λ)⟩
⟨γ0(λ), γ1(λ)⟩ ⟨γ1(λ), γ1(λ)⟩

)−1(γ∗0(λ)
γ∗1(λ)

)

=
h0(λ)h1(λ)

h0(λ)h1(λ)−KT0(λ)h
2
0(λ)

(
t0(λ)h

−1
0 (λ)t∗0(λ) 0

0 t1(λ)h
−1
1 (λ)t∗1(λ)

)

− KT0(λ)h
2
0(λ)

h0(λ)h1(λ)−KT0(λ)h
2
0(λ)

(
v11 v12

v21 v22

)

:= (1− θ(λ))

(
PT0(λ) 0

0 PT1(λ)

)
+ θ(λ)

(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)
,
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where h0(λ) = ∥t0(λ)∥2, h1(λ) = ∥t1(λ)∥2, θ(λ) = − KT0
(λ)h2

0(λ)

h0(λ)h1(λ)−KT0
(λ)h2

0(λ)
,

and

v11 =
−t0(λ) ∂2

∂λ∂λ
h0(λ)t

∗
0(λ) + t0(λ)

∂
∂λh0(λ)t

′∗
0 (λ)

KT0(λ)h
2
0(λ)

,

+
t′0(λ)

∂
∂λ
h0(λ)t

∗
0(λ)− t′0(λ)h0(λ)t

′∗
0 (λ)

KT0(λ)h
2
0(λ)

,

v12 =
t0(λ)

∂
∂λh0(λ)t

∗
1(λ)− t′0(λ)h0(λ)t

∗
1(λ)

KT0(λ)h
2
0(λ)

,

v21 =
t1(λ)

∂
∂λ
h0(λ)t

∗
0(λ)− t1(λ)h0(λ)t

′∗
0 (λ)

KT0(λ)h
2
0(λ)

,

v22 = 0.

Direct computation shows that(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)(
t0(λ)

0

)

=


t0(λ)

[
− ∂2

∂λ∂λ
h0(λ)t∗0(λ)t0(λ)+

∂
∂λ

h0(λ)t′∗0 (λ)t0(λ)
]

KT0
(λ)h2

0(λ)

+
t′0(λ)

[
∂
∂λ

h0(λ)t∗0(λ)t0(λ)−h0(λ)t′∗0 (λ)t0(λ)
]

KT0
(λ)h2

0(λ)

t1(λ)
[

∂
∂λ

h0(λ)t∗0(λ)t0(λ)−h0(λ)t′∗0 (λ)t0(λ)
]

KT0
(λ)h2

0(λ)


=

(
t0(λ)

0

)
,

and(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)(
t′0(λ)

0

)

=


t0(λ)

[
− ∂

∂λ
h0(λ)t∗0(λ)t

′
0(λ)+

∂
∂λ

h0(λ)t′∗0 (λ)t′0(λ)
]

KT0
(λ)h2

0(λ)

+
t′0(λ)[

∂
∂λ

h0(λ)t∗0(λ)t
′
0(λ)−h0(λ)t′∗0 (λ)t′0(λ)]

KT0
(λ)h2

0(λ)

t1(λ)
[

∂
∂λ

h0(λ)t∗0(λ)t
′
0(λ)−h0(λ)t′∗0 (λ)t′0(λ)

]
KT0

(λ)h2
0(λ)


=

(
t′0(λ)

t1(λ)

)
,

and θ(λ)∥t1(λ)∥2 + (1− θ(λ))KT0(λ)∥t0(λ)∥2 = 0 for all λ ∈ Ω.
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In Lemma 5.5, the operator FPT
(λ) acts as the identity on J1(t0)(λ) =∨

{t0(λ), t′0(λ)}, satisfying

FPT
(λ)t0(λ) = t0(λ) and FPT

(λ)t′0(λ) = t′0(λ)

for all λ ∈ Ω. Consequently, FPT
(λ) acts as the identity on J1(t0)(λ), and

the projection PT (λ) admits the refined decomposition

PT (λ) = (I − θ(λ))

(
PT0(λ) 0

0 PT1(λ)

)
+ θ(λ)

(
IPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)
,

where IPT
(λ) denotes the identity operator on J1(t0)(λ). For the class

FB2(Ω), Theorems 2.10 and 2.11 in [16] establish a complete classifica-
tion criterion for the unitary equivalence of such operators via the curva-
ture and the second fundamental form. Theorem 4.8 in [11] describes the
similarity classification of holomorphic vector bundles induced by Cowen–
Douglas operators using holomorphic curves. Building upon Lemmas 5.4 and
5.5 above, we have further obtained several equivalent characterizations of
unitary equivalence for operators in FB2(Ω) in terms of holomorphic curves
and 2-flags on C∗-algebras.

Theorem 5.6. Let T =
(
T0 S
0 T1

)
, T̃ =

(
T̃0 S̃

0 T̃1

)
∈ FB2(Ω)∩L(H). Suppose

t1 and t̃1 are non-vanishing holomorphic cross-sections of the line bundles
ET1 and E

T̃1
, respectively, with t0 := −St1, t̃0 := −S̃t̃1. Then the following

statements are equivalent:

(i) the holomorphic curves PT and P
T̃

are congruent;
(ii) T ∼u S;
(iii) KT0 = K

T̃0
(or KT1 = K

T̃1
) and ∥St1∥2

∥t1∥2 = ∥S̃t̃1∥2
∥t̃1∥2

;
(iv) there exists a unitary operator U = diag{U00, U11} ∈ L(H) such that(

FPT
SPT

S∗
PT

0

)
= U∗

(
FP

T̃
SP

T̃

S∗
P
T̃

0

)
U.

Proof. The equivalences (i)⇔(ii) and (ii)⇔(iii) follow from the n = 2
case of Lemma 5.4 and from [16, Theorem 2.10], respectively.

(iii)⇒(iv). If KT0 =K
T̃0

, and for non-vanishing holomorphic cross-sections
t1 and t̃1 of ET1 and E

T̃1
, respectively, the equality

∥St1∥2

∥t1∥2
=

∥S̃t̃1∥2

∥t̃1∥2
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holds, then we have ∥t0(λ)∥
∥t1(λ)∥ = ∥t̃0(λ)∥

∥t̃1(λ)∥
for all λ ∈ Ω. Therefore,

h0(λ)h1(λ)

h0(λ)h1(λ)− h20(λ)KT0(λ)
=

h̃0(λ)h̃1(λ)

h̃0(λ)h̃1(λ)− h̃20(λ)KT̃0
(λ)

,

h20(λ)KT0(λ)

h0(λ)h1(λ)− h20(λ)KT0(λ)
=

h̃20(λ)KT̃0
(λ)

h̃0(λ)h̃1(λ)− h̃20(λ)KT̃0
(λ)

,

where hi(λ) = ∥ti(λ)∥2 and h̃i(λ) = ∥t̃i(λ)∥2 for i = 0, 1. Since T ∼u S,
by Lemmas 5.2 and 5.4, there exists a unitary operator U = diag{U00, U11}
such that UPT (λ) = P

T̃
(λ)U for all λ ∈ Ω, that is,(

U00 0

0 U11

)[
h0(λ)h1(λ)

h0(λ)h1(λ)− h20(λ)KT0(λ)

(
PT0(λ) 0

0 PT1(λ)

)

− h20(λ)KT0(λ)

h0(λ)h1(λ)− h20(λ)KT0(λ)

(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)]

=

[
h̃0(λ)h̃1(λ)

h̃0(λ)h̃1(λ)− h̃20(λ)KT̃0
(λ)

(
P
T̃0
(λ) 0

0 P
T̃1
(λ)

)

−
h̃20(λ)KT̃0

(λ)

h̃0(λ)h̃1(λ)− h̃20(λ)KT̃0
(λ)

(
FP

T̃
(λ) SP

T̃
(λ)

S∗
P
T̃
(λ) 0

)](
U00 0

0 U11

)
,

where U00PT0(λ)=P
T̃0
(λ)U00 and U11PT1(λ)=P

T̃1
(λ)U11. Hence, for λ∈Ω,(

U00 0

0 U11

)(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)
=

(
FP

T̃
(λ) SP

T̃
(λ)

S∗
P
T̃
(λ) 0

)(
U00 0

0 U11

)
.

(iv)⇒(iii). Let U = diag{U00, U11} be a unitary operator satisfying

U

(
FPT

SPT

S∗
PT

0

)
=

(
FP

T̃
SP

T̃

S∗
P
T̃

0

)
U.

Then, for any λ ∈ Ω, we have

(5.1)
(
U00 0

0 U11

)(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)(
t0(λ)

0

)

=

(
FP

T̃
(λ) SP

T̃
(λ)

S∗
P
T̃
(λ) 0

)(
U00 0

0 U11

)(
t0(λ)

0

)
.

Assume that U
(

t0(λ)
0

)
= ϕ(λ)

(
t̃0(λ)
0

)
+ ψ(λ)

(
t̃′0(λ)

t̃1(λ)

)
for some holomorphic
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functions ϕ, ψ ∈ Hol(Ω). By Lemma 5.5, we obtain(
U00t0(λ)

0

)
= U

(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)(
t0(λ)

0

)

=

(
FP

T̃
(λ) SP

T̃
(λ)

S∗
P
T̃
(λ) 0

)
U

(
t0(λ)

0

)

=

(
ϕ(λ)t̃0(λ)

0

)
+

(
ψ(λ)t̃′0(λ) + ψ(λ)SP

T̃
(λ)t̃1(λ)

ψ(λ)t̃1(λ)

)
.

This implies ψ ≡ 0, and thus U00t0(λ) = ϕ(λ)t̃0(λ). By (5.1) and Lemma 5.5,
we have

U

(
t′0(λ)

t1(λ)

)
= U

(
FPT

(λ) SPT
(λ)

S∗
PT

(λ) 0

)(
t′0(λ)

0

)

=

(
FP

T̃
(λ) SP

T̃
(λ)

S∗
P
T̃
(λ) 0

)(
ϕ′(λ)t̃0(λ) + ϕ(λ)t̃′0(λ)

0

)

=

(
ϕ′(λ)t̃0(λ)

0

)
+

(
ϕ(λ)t̃′0(λ)

ϕ(λ)t̃1(λ)

)
,

which implies U11t1(λ) = ϕ(λ)t̃1(λ). Therefore,

∥St1(λ)∥2

∥t1(λ)∥2
=

∥t0(λ)∥2

∥t1(λ)∥2
=

∥U00t0(λ)∥2

∥U11t1(λ)∥2
=

∥ϕ(λ)t̃0(λ)∥2

∥ϕ(λ)t̃1(λ)∥2

=
|ϕ(λ)|2∥t̃0(λ)∥2

|ϕ(λ)|2∥t̃1(λ)∥2
=

∥t̃0(λ)∥2

∥t̃1(λ)∥2

=
∥S̃t̃1(λ)∥2

∥t̃1(λ)∥2
.

Moreover, U00 ker(T0 − λ) = ker(T̃0 − λ) and U11 ker(T1 − λ) = ker(T̃1 − λ)

for all λ ∈ Ω. Since Ti, T̃i ∈ B1(Ω) for i = 0, 1, it follows that Ti ∼u T̃i. By
Lemma 5.3, we conclude that KT0 = K

T̃0
and KT1 = K

T̃1
.

Let

T =


T0 S0,1 · · · S0,n−1

0 T1 · · · S1,n−1

...
...

. . .
...

0 0 · · · Tn−1

 ∈ FBn(Ω).
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For i = 0, 1, . . . , n− 1, define

T (i) =


T0 S0,1 · · · S0,i

0 T1 · · · S1,i
...

...
. . .

...
0 0 · · · Ti

 .

From the holomorphic curves PT (i) induced by the operators T (i), we then
construct the n-tuple P (T ) = (PT (0), . . . , PT (n−1)). By Theorem 5.6, for
operators T, T̃ ∈ FBn(Ω), we have T ∼u T̃ if and only if P (T ) ∼u P (T̃ ).
Let {γ0, . . . , γn−1} be a holomorphic frame of ET . An operator T ∈ FBn(Ω)
is quasi-homogeneous as defined in [22] if there exist complex numbers ϕi,j ,
0 ≤ i < j ≤ n − 1, and positive real numbers {ui}n−1

i=0 , Λ, α such that
{γ0, . . . , γn−1} has the form

γ0 = t0, γ1 = ϕ0,1
∂

∂w
t0 + t1,

...

γj = ϕ0,j
∂j

∂wj
t0 + ϕ1,j

∂j−1

∂wj−1
t1 + · · ·

+ ϕi,j
∂j−i

∂wj−i
ti + · · ·+ ϕj−1,j

∂

∂w
tj−1 + tj ,

...

γn−1 = ϕ0,n−1
∂n−1

∂wn−1
t0 + ϕ1,n−1

∂n−2

∂wn−2
t1 + · · ·

+ ϕi,n−1
∂n−1−i

∂wn−1−i
ti + · · ·+ ϕn−2,n−1

∂

∂w
tn−2 + tn−1,

where ti(w) ∈ ker(Ti,i−w) and ∥ti(w)∥2 = µi

(1−|w|2)α+iΛ for 0 ≤ i ≤ n−1. Let
Jk(ET0) denote the k-jet bundle of ET0 . We thus obtain two holomorphic
vector bundles equipped with flag structures:

J0(ET0)(λ) ⊆ J1(ET0)(λ) ⊆ · · · ⊆ Jl(ET0)(λ) ⊆ · · · ⊆ Jn−1(ET0)(λ)

and

ET (0)(λ) ⊆ ET (1)(λ) ⊆ · · · ⊂ ET (l)(λ) ⊆ · · · ⊆ ET (n−1)(λ).

By Theorem 5.6, we define an n-tuple J = (J0, . . . , Jl, . . . , Jn−1) of bundle
maps, where each map Jl : Jl(ET0) → ET (l) satisfies the condition

Jl(λ)(t
(k)
0 (λ)) = ϕ0,kt

(k)
0 (λ) + ϕ1,kt

(k−1)
1 (λ) + · · ·+ ϕk−1,kt

′
k−1(λ) + tk(λ)



32 J. Xu, Z. Chen and K. Ji

for 0 ≤ k ≤ l ≤ n− 1 and makes the following diagram commute:

J0(ET0)

J0
��

I // J1(ET0)

J1
��

I // · · · I // Jl(ET0)

Jl
��

I // · · · I // Jn−1(ET0)

Jn−1

��
ET (0)

I // ET (1)
I // · · · I // ET (l)

I // · · · I // ET (n−1)

where I denotes the identity operator.

Proposition 5.7. Let T, T̃ ∈ FBn(Ω) ∩ L(H) be quasi-homogeneous
operators. Then ET ∼u ET̃

if and only if there exist bundle maps Jl and J̃l
such that the diagram

(5.2)

Jl(ET0)

U(0)

��

Jl // ET (l)

U(l)

��
Jl(ET̃0

)
J̃l // E

T̃ (l)

commutes for all l = 0, . . . , n− 1, where U(l) = U0 ⊕ · · · ⊕ Ul is a diagonal
unitary operator on H0 ⊕ · · · ⊕ Hl and H = H0 ⊕ · · · ⊕ Hn−1.

Proof. For sufficiency, it is enough to consider the case l = n − 1 in
the commutative diagram (5.2). For necessity, assume ET ∼u E

T̃
. By [5,

Theorem 1.14], this implies T ∼u T̃ . Since T and T̃ belong to FBn(Ω), by
Lemma 5.2 there exists a diagonal unitary operator U = U0 ⊕ · · · ⊕ Un−1 ∈
L(H) such that UT = T̃U . Thus, T (i) ∼u T̃ (i) and UiTi = T̃iUi for all i =
0, . . . , n−1. Moreover, there exist non-vanishing holomorphic cross-sections ti
of ETi and t̃i of E

T̃i
such that Uiti(λ) = t̃i(λ), and thus Uit

(j)
i (λ) = t̃

(j)
i (λ)

for all j ≥ 1 and λ ∈ Ω. Since T and T̃ are quasi-homogeneous, there exist
complex numbers {ϕi,j}n−1

i,j=0 such that holomorphic frames for ET and E
T̃

can be represented as

{γj = ϕ0,jt
(j)
0 + · · ·+ ϕi,jt

(j−i)
i + · · ·+ ϕj−1,jt

′
i−1 + tj}n−1

j=0

and
{γ̃j = ϕ0,j t̃

(j)
0 + · · ·+ ϕi,j t̃

(j−i)
i + · · ·+ ϕj−1,j t̃

′
i−1 + t̃j}n−1

j=0 ,

respectively. We therefore define the bundle mappings Jl : Jl(ET0) → ET (l)

and J̃l : Jl(ET̃0
) → E

T̃ (l)
by

Jl(t
(k)
0 ) = ϕ0,kt

(k)
0 + ϕ1,kt

(k−1)
1 + · · ·+ ϕk−1,kt

′
k−1 + tk,

J̃l(t̃
(k)
0 ) = ϕ0,k t̃

(k)
0 + ϕ1,k t̃

(k−1)
1 + · · ·+ ϕk−1,k t̃

′
k−1 + t̃k,
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respectively, for 0 ≤ k ≤ l ≤ n− 1. Setting U(l) = U0 ⊕ · · · ⊕ Ul, we have

U(l)Jl(t
(k)
0 ) = U(l)[ϕ0,kt

(k)
0 + ϕ1,kt

(k−1)
1 + · · ·+ ϕk−1,kt

′
k−1 + tk]

= U0(ϕ0,kt
(k)
0 ) + U1(ϕ1,kt

(k−1)
1 ) + · · ·+ Uk−1(ϕk−1,kt

′
k−1) + Uktk

= ϕ0,k t̃
(k)
0 + ϕ1,k t̃

(k−1)
1 + · · ·+ ϕk−1,k t̃

′
k−1 + t̃k

= J̃l(t̃
(k)
0 ) = J̃lU(l)(t

(k)
0 ),

then U(l)Jl(t
(k)
0 ) = J̃lU(l)(t

(k)
0 ) for any 0 ≤ k ≤ l ≤ n − 1. It follows that

U(l)Jl = J̃lU(0) for all 0 ≤ l ≤ n− 1.
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[33] N. K. Nikol’skĭı, Treatise on the Shift Operator: Spectral Function Theory,
Grundlehren Math. Wiss. 273, Springer, Berlin, 1986.

[34] H. Porta and L. Recht, Minimality of geodesics in Grassmann manifolds, Proc. Amer.
Math. Soc. 100 (1987), 464–466.

[35] N. Salinas, The Grassmann manifold of a C∗-algebra, and Hermitian holomorphic
bundles, in: Special Classes of Linear Operators and Other Topics (Bucharest, 1986),
Operator Theory Adv. Appl. 28, Birkhäuser, Basel, 1988, 267–289.

[36] B. Sz.-Nagy and C. Foiaş, Harmonic Analysis of Operators on Hilbert Space, North-
Holland, Amsterdam; American Elsevier, New York, and Akadémiai Kiadó, Budapest,
1970.

[37] M. Uchiyama, Curvatures and similarity of operators with holomorphic eigenvectors,
Trans. Amer. Math. Soc. 319 (1990), 405–415.

[38] D. R. Wilkins, The Grassmann manifold of a C∗-algebra, Proc. Roy. Irish Acad. Sect.
A 90 (1990), 99–116.

http://dx.doi.org/10.1016/j.jfa.2016.12.019
http://dx.doi.org/10.1007/s40879-018-0297-y
http://dx.doi.org/10.4153/CJM-2004-034-8
http://dx.doi.org/10.1016/j.jfa.2004.12.008
http://dx.doi.org/10.1016/j.aim.2007.03.015
http://dx.doi.org/10.4171/jncg/503
http://dx.doi.org/10.1016/j.jfa.2017.06.015
http://dx.doi.org/10.1007/s11785-014-0361-7
http://dx.doi.org/10.7900/jot.2015sep19.2079
http://dx.doi.org/10.5565/PUBLMAT_53209_06
http://dx.doi.org/10.1007/BF01159182
http://dx.doi.org/10.1007/s11785-022-01238-3
http://dx.doi.org/10.1007/978-3-0348-8779-3_12
http://dx.doi.org/10.1007/978-3-642-70151-1
http://dx.doi.org/10.1090/S0002-9939-1987-0891146-6
http://dx.doi.org/10.2307/2001351


Hermitian geometry and holomorphic curves on C∗-algebras 35

Jing Xu
School of Mathematics and Science
Hebei GEO University
Shijiazhuang, Hebei, 052161, China
E-mail: xujingmath@outlook.com

Zhimeng Chen, Kui Ji
School of Mathematical Sciences

Hebei Normal University
Shijiazhuang, Hebei, 050016, China
E-mail: chenzhimeng2020@163.com

jikui@hebtu.edu.cn


	1. Introduction
	2. Preliminaries
	3. The curvature of extended holomorphic curves on C*-algebras
	4. Classification of extended holomorphic curves over C*-algebras
	5. The flag structure of the class FB_n(Ω)
	Funding
	References

