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Hermitian geometry and holomorphic curves on C*-algebras
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JING XU, ZHIMENG CHEN and Kur J1

Abstract. A classical problem in Hermitian geometry, known as the equivalence
problem, is to determine when two Hermitian holomorphic vector bundles are locally or
globally equivalent. M. J. Cowen and R. G. Douglas related this problem to the issue of
unitary equivalence of operators and introduced a broad and important class of operators
denoted by B;'(£2). They showed that the curvature and its covariant derivatives of the
universal complex vector bundle associated with an operator in B}, ({2) serve as geometric
invariants. Subsequently, C. Apostol, M. Martin, and others developed a more extensive
approach to study this problem, providing a complete characterization of the equivalence
of holomorphic mappings related to Grassmann manifolds in the context of C*-algebras.
A natural question arises: in this broader non-commutative setting, what are the geo-
metric quantities such as curvature and connection that correspond to these holomorphic
mappings?

This paper aims to define the curvature and its covariant derivatives for extended
holomorphic curves in the setting of C*-algebras in the multivariable case, and to es-
tablish connections between these geometric quantities and their counterparts in complex
geometry. As applications, the results obtained are used to study the unitary classification
and similarity classification of the Cowen—Douglas class B, (£2).

1. Introduction. Given an infinite-dimensional, complex, separable
Hilbert space H, let L(H) denote the algebra of bounded linear operators
on H, and let Gr(n,H) represent the Grassmann manifold, consisting of all
n-dimensional subspaces of H. For a bounded domain {2 in m-dimensional
complex space C™, a map [ : £2 — Gr(n,H) is called a holomorphic curve if
there exist n holomorphic H-valued functions ~1,...,7y, on 2 such that for
all A € £2,

f(>‘) = \/{'71(>‘)7 e 7'7n(>‘)}7

where \/ denotes the closed linear span. Such a map naturally induces an
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n-dimensional Hermitian holomorphic vector bundle Ef over {2, defined as
Ef={(z,\) e Hx 2:2 € f(N)},

equipped with the projection = : Ey — (2 given by 7w(x,\) = X. Mar-
tin [27] proved that a smooth function f : 2 — Gr(n,H) is analytic if and
only if its corresponding self-adjoint projection [f] : 2 — L(H) satisfies
(1 —[fDOs[f] = 0 for 1 < i < m. Furthermore, Cowen and Douglas [5, 6]
established that two holomorphic curves f and f are congruent if and only
if their associated vector bundles E; and E7 are locally equivalent as Her-
mitian holomorphic vector bundles. By employing the theory of involutive
algebras [2] and the concept of osculation [9], Martin [26] 27] provided a
simpler proof of this congruence theorem.

Apostol and Martin [2] employed C*-algebraic methods to connect the
Cowen-Douglas class, defined by Cowen and Douglas [5] 6], with C*-algebra
theory, thereby providing an algebraic characterization for these operators.
Salinas [35] extended the classical Grassmann manifold and Hermitian holo-
morphic bundle to C*-algebras. Martin and Salinas [29] presented the dif-
ferential-geometric structure of generalized Grassmann manifolds in C*-
algebras and later [30] investigated the congruence problem for holomorphic
curves into flag manifolds associated with C*-algebras, subsequently apply-
ing their findings to the Cowen—Douglas theory and additionally studying
the geometric properties of flag manifolds consisting of increasing n-tuples
of projections in a C*-algebra. Let U be a unital C*-algebra, and let {2 be a
bounded domain in C™. If an n-tuple P = (P4, ..., P,) of idempotents in U
satisfies Py < --- < P,, then P is called an extended n-flag of U. If an n-tuple
P =(P,...,P,)is an extended n-flag of U and every entry P;, 1 <i < n, is
a projection in U, then P is called an n-flag inU. Let Z,,(U) and Py, (U) be the
set of all extended n-flags of U and all n-flags of U, respectively. Moreover,
for n = 1, the spaces Z(U) and P(U) are alternatively called the extended
Grassmann manifold and the Grassmann manifold of U, respectively. Mar-
tin [28] shows that a smooth projection-valued mapping P : 2 — P(U) for
U = L(H) is holomorphic if and only if it satisfies the following equivalent
Cauchy—Riemann equations:

OP(A) - P(\) =0P(\), P(\)-0P(\) =0,

P(M\)-OP(\) = 0P()\), OP(\)-P(\) =0, \e€ 4,
where 0 =", 8%1 and 0 = Py % In particular, for 2 C C, a mapping
P : 2 — P(U) is holomorphic if and only if AP(A\)P()\) = 0 for all A € 2
(see [30]).

Martin and Salinas [31I] proved that a flag manifold admits a natural
intrinsic complex structure, generalizing the result obtained by Wilkins [38]
for Grassmann manifolds. Martin [28] established complete sets of invariants
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for holomorphic mappings with values in Grassmann manifolds of Hilbert
spaces, Hermitian holomorphic vector bundles, and the Cowen—Douglas class
by using the holomorphic spectra theory.

People were surprised to discover that the similarity classification of oper-
ators and associated holomorphic vector bundles has a profound and intrin-
sic connection with the K-theory of Banach algebras. Cao—Fang—Jiang [3],
Jiang [18], Jiang—Guo-Ji [19], Jiang—Ji [20], and Ji [12] characterized the
uniqueness of decomposition and the similarity classification of Cowen—
Douglas operators by the Ky-group of the commutant, and generalized the
result to holomorphic curves and extended holomorphic curves. Ji [I3] de-
fined the curvature and its covariant derivatives for holomorphic curves for a
single variable on C*-algebras, and utilized these formulas given by the con-
gruence and similarity classification theorems to study holomorphic curves
and extended holomorphic curves on C*-algebras. These curvature formulas
can be regarded as a generalization of their counterparts in complex geom-
etry. Ji and Sarkar [17] studied the curvature, a projection formula, and a
trace-curvature formula in terms of Hilbert—Schmidt norm by geometrical
methods.

In the case where the C*-algebra is £L(H), the holomorphic mappings on
it have a natural connection to the operator-valued Corona problem. The as-
sociated geometric quantities can be used to describe sufficient conditions for
the Corona problem to hold. For Hilbert spaces Fy and Es, the well-known
operator Corona problem aims to find a necessary and sufficient condition for
a bounded analytic operator-valued function I' € Hg® . (§2) to have a left
inverse in Hg, ,p ({2), that is, an operator-valued function G € Hg, ,p (£2)
such that G(A\)F(\) = I for all X\ € (2, where I denotes the identity operator
on Ej. Nikol’skir [32, [33] solved this problem by utilizing idempotent-valued
operators, i.e. extended holomorphic curves. Kwon—Treil [25] and Douglas—
Kwon—Treil [8] characterized the similarity classification of certain Cowen—
Douglas operators by using holomorphic curves built on model theorems
[1, B6] and the operator Corona problem. Hou-Ji-Kwon [I0] showed that
the trace of the curvature of the Hermitian holomorphic vector bundle in-
duced by the given Cowen—Douglas operator corresponds to the holomorphic
curve mentioned earlier. The trace of the curvature serves as a similarity in-
variant for certain Cowen—Douglas operators. Furthermore, we note that
the trace of the curvature of the holomorphic curve corresponding to this
operator-valued function can be used to characterize the conditions under
which the related operator-valued Corona problem holds.

In this paper, we successfully provide definitions for algebraically defined
geometric quantities such as the curvature and the connection of holomor-
phic curves in Grassmann manifolds associated with C*-algebras in the mul-
tivariable setting (see Definition . We demonstrate the compatibility of
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these geometric quantities with their classical counterparts and, simultane-
ously, offer an answer to the equivalence problem for extended holomorphic
curves (see Theorems and Proposition . The organization of this
paper is as follows. In Section 2] we introduce the notations and some pre-
liminary knowledge. Section [3] is dedicated to defining the connection, the
curvature and its covariant derivatives for multivariate extended holomor-
phic curves on C*-algebras, and establishing the relationship between these
algebraic constructs and their classical counterparts in complex geometry. In
Section [d] we present the congruent and similarity classification of multivari-
ate extended holomorphic curves by means of the curvature and its covariant
derivatives, and implement the results obtained to the classification problem
of the Cowen—Douglas class. Section [5] studies unitary equivalence in the
class FB,(§2) with flag structure by using the geometric properties of n-flags
formed by holomorphic curves, and further provides a new characterization
of unitary equivalence in this class.

2. Preliminaries. This section introduces the basic theory of extended
holomorphic curves and compiles relevant definitions and lemmas required
for subsequent discussions.

Throughout this paper, we fix a unital C*-algebra U/ and an integer
m > 1. An element P € U is called an idempotent if P> = P. A self-adjoint
idempotent is simply referred to as a projection. Let Z(U) and P(U) denote
the sets of all idempotents and all projections in U, respectively. The spaces
Z(U) and P(U) are also called the extended Grassmann manifold and the
Grassmann manifold of U, respectively. Specific properties of these spaces
are discussed in [4}, 27, 134, [35, [38].

DEFINITION 2.1 ([30]). Let U be a unital C*-algebra, and let n > 1 be
an integer.

(i) An n-tuple Z = (Zy,...,Z,) of idempotents in U is called an extended
n-flag of U if it satisfies

(ii) An n-tuple P = (Py,..., P,) is called an n-flag of U if it is an extended
n-flag of U and each entry P;, 1 <14 < n, is a projection in U.

We denote by Z,,(U) the set of all extended n-flags of U, and by P, (U) the
set, of all n-flags of U.

To investigate the congruence problem for holomorphic mappings into
flag manifolds associated with C*-algebras and the classification problem
for the Cowen—Douglas class, Martin and Salinas [30] introduced the def-
inition of holomorphic curves on C*-algebras, which is more general than
the Cowen—Douglas class. Let {2 be a bounded domain in C™, and let ZT
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denote the set of all m-tuples of non-negative integers. For any multi-index

I=(iy,...,0m) € Z, we set, as usual,
I| =i+ +im, Il=iyl - vipl, DI=0"...0m D =3..5",
and A .

=0+ 40im, 7 =4I,

where 0; = W and 0; = 8 , 1 < ¢ < m, denote the holomorphic and the
anti- holomorphlc partial dlfferentlatlon operators, respectively. In particular,
0=01+--+0, and 0 = 01 + - - - + Op. For notational simplicity, we write
0= (O,..., 0) and ¢; = (0,...,1,...,0) € 71, 1 <i < m, with 1 in the i-th
position.

Let P : 2 — P(U) be a smooth map. It follows from [28] B0] that P is
holomorphic if and only if it satisfies below. To generalize the results on
holomorphic curves in the Grassmann manifold of C*-algebras to the case
of extended Grassmann manifolds, Ji introduced the concept of extended
holomorphic curves in extended Grassmann manifolds for 2 C C (see [13]
Definition 2.12|). For the same purpose, we introduce the definition of ex-
tended holomorphic curves in extended Grassmann manifolds with respect
to multiple variables.

DEFINITION 2.2. Let 2 be a bounded domain in C™. A smooth map
Z: 82 — ZU) is called an extended holomorphic curve if it satisfies the
following conditions:

OL(N) -Z(N) =0Z(N), Z(\)-0Z(\) =0,
Z(\)-0Z(\) = 0Z()), OZ(N)-Z(\) =0, €.
Moreover, the above formulas are equivalent to
OL(A)-Z(N\) =090Z(N), Z(\)-0,Z(\) =0,
I\ - 0;Z(N\) = ;Z(N), OZ(\)-Z(\) =0, 1<i<m,\E€I
DEFINITION 2.3. Let {2 be a bounded domain in C™. A smooth map

P : 2 — PU) is called a holomorphic curve if it satisfies the following
Cauchy—Riemann equations:

(22) OP(A) - P(A\) =0P(\), P(X\)-0P(\) =0,
' P()\)-OP(\) =dP()\), OP(\)-P(\) =0, Xen.
From [30}, Section 1.3| it follows that for any idempotent Z € Z(U), there
exists a unique projection P € P(U) satisfying ZP = P and PZ = Z. Two

extended holomorphic curves Z; and Z, are said to be congruent (denoted
by Z; ~y I2) if there exists a unitary U € U such that

UIl()\) = IQ()\)U, A€ (2.

(2.1)
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Analogously, Z; and Zy are called similarity equivalent (denoted by Zy ~ Z3)
if there exists an invertible X € U satisfying

XIl()\) :IQ()\)X, A E S

The study of the congruence problem for holomorphic curves also orig-
inates from the Cowen—Douglas theory, pioneered by Cowen and Douglas
[5, [6]. Let H be a separable complex Hilbert space, and let £(#) denote
the C*-algebra of all bounded linear operators on H. For two m-tuples of
commuting operators T = (T1,...,Ty,) and S = (S1,...,Sp,) in L(H)™, we
recall two fundamental equivalence relations: T and S are unitarily equiv-
alent (denoted by T ~, S) if there exists a unitary operator U € L(H)
such that UT; = S;U for all 1 < i < m; further, T and S are similar (de-
noted by T ~; S) if there exists an invertible operator X € L(H) satisfying
XT,=5;X forall1 <i<m.

For any m-tuple of commuting operators T = (T1,...,Tn) € L(H)™,
define the associated operator o : H — H S --- B H by

Yrr = (The, ..., Typx), x€H.
For A = (A1,...,A\m) € 2, the joint kernel of T—X := (Th—A1,...,Tn—Am)
is ker Zp_\ = iz, ker(T; — \i).
DEFINITION 2.4 ([5, [6]). For m,n € N and £ C C™, the Cowen-

Douglas class B)'(£2) consists of m-tuples of commuting operators T =
(Th,...,Ty) € L(H)™ satisfying the following conditions:

e ran Yr_ is closed for all A € (2;
o dimker Z_) = n for all A € (2;
o \/yepker Zp_ = H, where \/ stands for the closed linear span.

For any m-tuple of commuting operators T = (T1,...,T,,) € Bl'(12),
Cowen and Douglas [5], [6] proved the existence of the associated Hermitian
holomorphic vector bundle Et of rank n over {2, defined as

Er={(\2)e2xH:xzecker(T-N}, w(\z)=A
The induced map Py : 2 — Gr(n,H) given by
Pr(\) =ker(T—X), M€,
defines a holomorphic curve, as shown by Curto and Salinas [7]. Moreover,
two m-tuples T and S in B]'({2) are unitarily equivalent if and only if the

complex bundles Er and Eg are equivalent as Hermitian holomorphic vector
bundles if and only if Pr and Ps are congruent |5, [6].

DEFINITION 2.5 (|5, 6]). Let T € B)*(£2), let {F;}"_; be a holomorphic
frame of E, and let the Gram matrix be H(A) = ((F}()), Fi(A)));=1- The
classical connection O(X) and the classical curvature K of Er are defined
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by

(2.3)
/0 0 )

O\ =H () H\ |, Kr(\) = — —(H YN =—H) ).
;(mi > T 2 aAJ( OX; )

1,j=1

Moreover, the covariant derivatives K 7 of K are defined as follows:

() K, = & (k).
(i) Ko, = 52 (K1) + [H 5% H, Kx], A € 2.

REMARK 2.6. In Definition for any integer m > 2, we derive the
following identity:

(Kzz)x, )n — (Kzp)x )y,

= O0p(H 'O H)O(h '0H) — 0(H '0H)0x(H '9,H), 1<1,k<m.
This implies that the order of partial differentiation for the covariant deriva-

tives /CI N is in general non-commutative, that is, their values depend
T

on the order of the multi-indices I and .J.

T\

In classical complex geometry, the curvature Kt and its covariant deriva-
tives ICT7 5 defined for Er have been proven in [5, 6] to be unitary in-
variants of T € B)'(£2). Uchiyama [37], Kwon-Treil [25], Douglas-Kwon—
Treil [§], Kwon [24], Hou—Ji-Kwon [10], and Ji-Ji-Kwon—Xu [I4] have char-
acterized the similarity classification of special Cowen—Douglas operators
using model theorems and the Corona problem.

DEFINITION 2.7. Let B be a unital C*-algebra. The Hilbert B-module
I2(N, B) is defined as
(N, B) := {(ai)iEN ta; € B and Z llas]|? < oo},
1€EN
where || - || denotes the norm on B.
Let U := Z(1*(N, B)) denote the C*-algebra of all bounded linear op-

erators on [2(N, B). Consider the operator-valued holomorphic functions
F,G: 02— £(C" I*(N,B)) defined by

F\)(wi, .. own) = > wiFi(A),  GA)(wi, ..., wa) = > wGi(A)
=1 =1

for (w1, ..., w,) € C*and A € £2, where each function F;, G; : £2 — [*(N, B),
1 <1 < n, is holomorphic.
The mapping Z : {2 — Z(U) given by

(2.4) Z(A) = FO)G*NFO\) TG ()
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defines an extended holomorphic curve in the sense of Definition (as
established in Proposition below) and satisfies ran F'(A) = ranZ(\). We
denote by Z,(£2,U) the set of all such mappings.

PROPOSITION 2.8. The mapping T = F(G*F)~'G* : 2 — IT(U) as de-
fined in Definition 18 an extended holomorphic curve.

Proof. Since I? = [F(G*F)'G*|[F(G*F)"'G*] = F(G*F)"'G* =T, it
follows that Z(\) is an idempotent for all A € 2. Note that

%G =0, O, F=0, (GF)'=—(GF)o(GF)(G'F)!,
and 0;(G*F)~ ! = —(G*F)~10;(G*F)(G*F)~! for all 1 < i < m. We further
have

OIT = [0;F(G*F)"'G* + FO,(G*F)"'G*|[F(G*F)~'G*
= 0;F(G*F)~'G* + Fo,(G*F)™'G* = 9;Z,
T0,T = [F(G*F) 'G¥|[0;F (G*F)'G* + Fo;(G*F)~'G¥]
= F(G*F) '0,(G*F)(G*F)"'G* + Fo,(G*F)~'G* = 0,
0L = [F(G*F) 'G*][FO,(G*F)'G* + F(G*F)~'9,G"]
= F0;(G*F)'G* + F(G*F)19,G* = 9/Z,
0,11 = [FO,(G*F)"'G* + F(G*F)~'0,G*][F(G*F)~'G*]
= FO,(G*F)™'G* + F(G*F)™10;(G*F)(G*F)~'G* = 0.
Thus, Z satisfies all conditions of Definition [2.2] as expected. u

EXAMPLE 2.9. Let {2 be a bounded domain in C2, and let U = M3(C?)
denote the space of 3 x 3 matrices over C?. Define the mapping Z : 2 —
M3(C?) by

1 AL A2
2\ 2|)\1|2 2)\1X2 s A€ .
4y A de 4hof?

1
I\ =
() L4 2[A1]2 + 4] \o[?

Set,
1 1
FN) =20 ], GO = | M |, FF(N) = (1,2X1,4X2), G*(A\) = (1, A1, \2),
4o o

where F*(\) and G*(\) denote the adjoint vectors of F'(A) and G(A), respec-
tively. A direct computation shows that G*(\)F(A\) = 1 + 2|\1]? + 4|\2|?,
which is a non-zero complex scalar for all A\ € (2. Thus, we see that the
inverse (G*(A\)F(\))~! is well-defined, and

IZ(A) = F)(G*NFN)TIGF(N),  Ae .

Furthermore, Z is an extended holomorphic curve.
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For any T = F(G*F)"'G* € Z,(2,U), the dimension of \/,., ranZ(\)
can be either finite or infinite. Example [2.9) provides a case in which this di-
mension is finite. Using the frame of Hermitian holomorphic vector bundles,
we show that every Cowen-Douglas tuple T € B]"*(£2) induces an extended
holomorphic curve Zt of the form given in Definition Let T € B*(£2)N
L(H)™, and let {F;}?_; and {G;}}_; be holomorphic frames of the Hermi-
tian holomorphic vector bundle Et and an auxiliary Hermitian holomorphic
vector bundle E, respectively. Let F' = (F1,...,F,) and G = (G1,...,Gy),
and define the mapping Z : 2 — Z(L(H)) as follows:

Tr(A) == F)(G(NFW) TG ().

Then Zr : 2 — Z(L(H)) is an extended holomorphic curve, and Zt(A) is
the matrix representation of an idempotent operator from H onto ker Zp_».
By Definition 2.4 we have

\/ ranZt(\) = H,

AER
so the dimension of \/, ., ran Zt () is infinite.

3. The curvature of extended holomorphic curves on C*-algebras.
In this section, we mainly construct the curvature and its covariant deriva-
tives for multivariate extended holomorphic curves on C*-algebras, with a
particular focus on establishing the connection between these algebraic con-
structs and their classical counterparts in complex geometry.

DEFINITION 3.1. Let T = F(G*F)™'G* € Z,(2,U) be an extended
holomorphic curve. We define the connection and the curvature of Z as

(3.1) 6 = (OF)H 'G* -9 and #(I)= 0I0L,

respectively, where H(\) = G*(A)F(\). The covariant derivative 7 5(Z) of
H(Z) is defined as follows:

(3.2) Hterd (L) = A5 ipep (L) + L(0(Hipe,, s (D)), ip #0,
(3'3) <%/I,J+€k (I) = %,Zq?&k Jq€q (I) =+ (gk(‘%/lyjkek (I)))Iv jq 7é 0,

where I = (i1,...,%m), J = (j1,-.-,Jm) € Z] and e; = (0,...,1,...,0) € Z7",
1 <i<m, with 1 in the i-th position.

REMARK 3.2. For any extended holomorphic curve Z = F(G*F)™1G* €
Z,(82,U), from Definition [3.1| we have

Hoseren(T) = T(0(Hp e, ) = OROLOOT — OLOTORIOT — 0, IO, TOTIT,
Hey oren(T) = (04(Hey 0))T = 0,0L0,0T — DL, LOLIOT — OLOTOLIO,T,

for 1 < I,k < m. This shows that the covariant derivative J¢7 ;j(Z) of the
curvature 7 (Z) associated with Z € Z,,(£2,U) depends on the order of I
and J.
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To sum up Remarks and both the covariant derivative K_ 1
(Definition [2.5)) of the classical curvature Kz in the complex geometry of
extended holomorphic curves and the covariant derivative .27 j(Z) (Defi-
nition [3.1)) of the curvature .#(Z) in the C*-algebra depend on the order
of I and J. Moreover, we find that the covariant derivatives of these two

curvatures admit decompositions, as shown in Lemmas [3.3] and [3.4] below.

LEMMA 3.3. Let Z € Z,(2,U) be an extended holomorphic curve. Then
H1.7(I) has the following properties:

(i) H10(Z) =3, 270 Hipep0(L) for any I = ZZZ Lipep € ZT\ {0};
(i) o (Z) = Z]q;éo K0 jgeq(I) for any J = 37004 jeeq € Z\ {0}
(iil) A7,4(Z) = Zip,jﬂéo Hipepjoeq (L) for any I = Zp:l ip€p, J Zq:l Jqq
€ 2 \ {0}, where the order of partial differentiation on the right-hand
side corresponds to that on the left-hand side, and e, = (0,...,1,...,0)
€ Z" with 1 in the p-th position.

Proof. By Remark 7.7(Z) depends on the order of partial differ-
entiation specified by I and J. Let I = e,, + ep, with 1 < p; # p2 < m,
where the partial differentiation order of J¢7 o(Z) is first with respect to Ay,

then \,,. By , we have
Hep, tep, 0(T) = Hey, 0(T) + L(0p, (A (1)) = e

€p1> €py,0

o(Z) + e, 0(T).

Without losing generality, assume that for some K € Z7"\ {0}, property (i)
holds for all I with 0 < I < K. For [ +¢;, 1 <1 <m, by (3.2), we deduce
that

00D = H52, o iepo@) + L@ Hie 0(2)))

Z ipep,0 + <%/(Zl+1)el, (I)

ip7#0
p#l

where ¢ = (0,...,1,...,0) € Z with 1 in the [-th position. By induction,
property (i) holds for all Ie Zm \ {0}. Similarly, property (ii) holds.

For property (iii), let I = e,, +ep,, J = €q, +€qy, Where 1 < p1,p2,q1,¢2
< m. The covariant derivative #7 ;(Z) has the partial differentiation order
Aprs Agts Apgs Ago. By Definition

Horey, 0(L) =L(0p (H () and e, 0te,, (I) = (9g, (He,, 0(T)))T.
If p1 # pa, we have
jgepl+ep2,eq1( )

‘%/8;01 »€q1 (I) + 1(8172 (%7eq1 (I)))
Hoy e (D) + Koy o0 (D).

€p1-€q1
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Then, for ¢1 # g2,
f/ni/l,eql—l—eq2 (I) = eqq (I) + (6q2 (%,O(I)))I

= %Pl €q1 (I) + ‘%/emveql (Z) + ‘%/6171 €qo ( ) + ‘%/epz €q2 ( )
and for g1 = qo,
%,6[11 +6q2 ( ) (5(]2 ( €p1 +€p2 »€q1 (I)))I
(8‘12( €p1,€q1 ( ) + ‘%/epg s€q1 ( )))I

= %Pl’zeql ( ) + fjl/VeIQ,Qeql ( )
If p1 = p2, we obtain %Pl +ep27eq1 (I) = ‘)5/26191 7€q1( ) Then’ fOI' T # 92,

‘%/Iveql teqy (I) = =%/I,eq1 (I) + (5‘12 (‘%/170 (I)))I = ‘%/26171 Caqq (I) + ‘%/Zem €az (I)’
and for ¢; = qo,

Heqy+eay (L) = (g (Hey, tepy g, (T)))T
(8q2 (%epl 7€q1( )))I = %eplﬁeql (I)
Without loss of generality, assume that #7,;(Z) = 3_; .o Hiyep,jqe, (L) for
some K € ZT \ {0} and any I,J < K, where the order of partial differ-
entiation on the right-hand side corresponds to that on the left-hand side.
Therefore, by Definition for #iie,s(Z) and K7 jie, (), 1 < I,k < m,
we have

Kot (D) = A5, o igepd () + L@ (Hiey 1 (T)

= S Hiepinea +I(6Z(Z%lel,jqeq(1)>)

74pJq7éO Jq#0
= Z zpepgqeq ) + Z <%/(il+1)el,jqeq (I)v
ip,Jq7#0 Jq#0
p#l

and

Hraver (L) = K15, giaed( D) + Ok(H e, (T))T

a7k
E : ’Lpepdqeq <8k<§ : 'Lpepvjkek ))I
117:3!17&0 ip#0
E 1pep,]qeq E ipep,(jr+1)ek I)
ip,Jq7#0 ip7#0
a7k

Thus, property (iii) holds for all 1, J € Z" \ {0}. =
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For an extended holomorphic curve Z = F(G*F)"'G* € Z,(2,U), by
Definition the metric is given by H(\) = G*(\)F(\). The classical con-
nection ©(A) and the classical curvature Kz of Z are defined by

O\) = H7 () Z(Jiﬂ@)), Kr(h) =->" ai <H1()\) 8?\}[()\)).
2 ¥l X2

i=1 ij=1

Moreover, the covariant derivatives I  , —s of Iz are defined as follows:

A\
(i) Kzx, = i(’CI)
(i) Kz = 7% (Kz) + [H V5 H, K1), A€ 2
According to this definition, I X] for 7 € Z,,(§2,U) also has a decompo-
sition expression similar to Lemma [3.3} The proof is omitted here.

LEMMA 3.4. Let T € Z,,(2,U) be an extended holomorphic curve. Then

/CZ NS has the following properties:

() Kzar =22 20Kz piven for any I =371, ipe, € 2\ {0};

(ii) ICLXJ =D .40 ,CI7queq forany J =370, jeeq € 2\ {0};
(iii) ICLAI;J = D i a0 ICIAipep’queq forany I =371 ipe,, J =300 dgeq
€ Z \ {0}, where the order of partial differentiation on the right-hand

side corresponds to that on the left-hand side, and e, = (0,...,1,...,0)
€ Z" with 1 in the p-th position.

The following theorem is the main result of this section. It establishes a
relationship between the curvature and its covariant derivatives, and their
classical counterparts for multivariate extended holomorphic curves on C*-
algebras.

THEOREM 3.5. Let T = F(G*F)™1G* € Z,,(2,U) be an extended holo-
morphic curve. Then for all X € 2 and I,J € Z',

A (DNFN) + K, 500 =0,
where F,G : 2 — Z(H,12(N, B)) are operator-valued holomorphic func-
tions.
Proof. Let H = G*F; then Z = FH~'G*. We compute
(3.4) 0TI = O(FH'G*)O(FH™'G*)
= F(OH'G* + H'0G*)(0FH™' + FOH 1)G*
= Fé( “loHH'G*.
By ( . and , we obtain # (Z) = F(—Kz)H'G*, and then
(3.5) H(L)F + FKz = 0.
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Since Z is an extended holomorphic curve, by Definition 2.2 we have

0,0 = 0,I0T — 0ZO,T.

Then
Heo(I) =Z(0(A(1)))
= T(Q,0Z0T + 0I0,0T)
= (O, ZOTOT — OTO,ZOT) + LOIO,0T = 010,0T
and

0TO,0T = O(FH'G*)oy(0(FH'G*))
= FOH'G* + H'9G")
X (0O FH™ ' + 0FOH™ ' + O FOH ™ + FOO,H 1)G*
= F(-0(Kz) +0H '0HOH'H + H'00HO,H ' H
— OH'00H — o,H '0OHOH 'H)H'G*
= F(-0/(Kz7) — [H'0,H,K7))H'G* = F(~Kz 1) H 'G*
for any 1 <1 < m. Thus,

(36) L%/eljo(I)F + FK:L/\Q =0, 1<l <m.
Similarly,
(37) ‘%7€k (I)F + F,CI,X% = 0, 1 S k S m.
Note that

13

%,ek (I) = (5]&%@(1)))1 = [5k5161+51(815k1—ng({“)I)]I = 5@182,

—Kp xev = Ok(O(H'OH))
= 0xOH 'OH +OH 00, H+0y H '00H +H '00,0H.
We have
(38) Hoteper(T) = T(01(Ho.e,,(T)))
= —0L19 10,0 — 0L, Z0LIT + 8,019,07,

and
—(Kz3er )rer

= —(O(Kyzen) + [H 'O H, Ky xen))

= 0)(0,OH1OH + OH 00, H + 0, H '00H + H'90,0H)

+ H '9,H(0,0H '0H + 0H 100, H + 0, H *00H + H '00,,0H)
— (0rOH'0H + 0H '00yH + 0, H '00H + H '00,0H)H 'o,H
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= 0,0,0H '0H + 0,0H '0,0H + 8,0H ‘00, H + 0H 9,00, H
+ 0,0, H 100H + 0,H '9,00H + H '9,00,0H + H '9,H0,,0H '0H
+ H '9,HOH'00,H + H '0,HO,H '00H — 0,0H *0HH '9,H
—OH '900,HH '9,H — 0, H '00HH '9,H — H '00,0HH '6,H,
and
(3.9)  F(=(Kgzeu)aa)H G
= 0ROLO,0T + F(0,0H 00, H + 8,0, H '00H + H '0,HOH 00, H
+ H '9,HO,H '900H — 8,0,H '0HH ‘0H — H '9,0H0,H '0H
— OH 'O,HOL,H '0H + ,H ‘0, HOH '0H)H 'G*
= 0LOLO,0T + F(9,0H 00, H + 0,0, H '00H + H '0,HOH 00, H
+ H '0,HO,H '90H + 0,0,H 'HOH '0H + o,H '0HO0,H '0H
+ 0,0H *HO H '0H + 0,H "0, HOH '0H)H ' G*
= 0,0L9,0T + F(0(O,H *H)0,(H '0H)
+ Op(OQH ' H)O(H 'oH))H1G*
= 0, OLO0T + F(—0(H *0,H)0x(H 10H)
— Op(H ‘o, H)o(H 'oH))H'G*
= 0,0I0,0T — 010,20, Z0T — 0,LO,Z0TOL.
Therefore, by and , we conclude that
Z(0i(H0,e, (1)) F + F(K75er)aer = 0.

Similarly,

(gk(%ho(Z)))ZF + F(’Czy)\el )Xek =0.
Thus,
(3.10) Heyen(D)F + F/CI’AEI e =0, 1< Ik <m.

By * and , we see that e, j.en (Z)F + FICI)\,L-Zel,Xjkek =0

for all 0 <y, ji, < 1. Proceeding by induction, assume that ¢, j,e, (Z)F +
FICI = 0 for certain i, jp > 0. As Hie, jver (L) = Hiye, jrern (L)L, we

have

%zez Jkektex (I)
= (8k(‘%/ilel7jkek (I)))I = ak(_FK:

= —F(0:K H'G*+K
=—FK H G,

. —jpe
PULIY k¢k

H™'G"T
(OxH '+ H 19, HH HG")

I)\ilel Xjkek
K b

. 7‘7 e . 7] e

T el N k€k T AHEL N k€k

i ~Jkerte
T \ue 7)\Jk kT
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and
Hirerrerjren (L) = I(al(_F’CL)\ilel;jkekHilG*))
= _F(allcz,x'mjjkek + [H_lalHa ’CI’M'lel’Xjk%])H_lG*
= —FK H'G*.

T aHerter 7X]'kek
This means that e, j, e, (I)F‘FFICLM@Z ke = 0 for any i;, jr > 0. Hence,
by Lemmas 3.3 m and [3.4] H, we obtain, I, J € ZT \ {0},

‘%]0 Z‘%/Zleh _ZFICI7>\il5lH_1G* — _FICI’)\IH_lG*,

4 #0 4 #0
—1 % —1 =

Hoa(T) =) Hojuer (D) =~ Y FK e H'G" = ~FK, 5/ H'G*,

Jk#0 Jk#0
and
'%/IJ Z %lel jkek - - Z Flcl-y)\ilehxjkekHilG*
11,670 11,7k 70

=—FK, s H" la=.

Hence, 7 j(I)F + FICI Novin 0 forall 1,J € ZT}.

COROLLARY 3.6. Let T = (T1,...,T,,) € B'(£2). Then for all A € 2
and I,J € 77",

trace #7,j(Zt)(\) = — trace ICIT AL

COROLLARY 3.7. Let T = (T1,...,Ty) € Bl (£2). The classical curvature

Kt of B and its covariant derivatives K Ty e similar across different
holomorphic frames. Moreover, their traces tracelC Iy for all I,J € Z

are invariant, meaning they do not depend on the chozce of holomorphic
frames.

The above results reveal a relationship between the curvature J#(Z) and
the classical curvature Kz for an extended holomorphic curve Z € Z,,(£2,U).
Additionally, the corresponding connection © and classical connection ©
exhibit a similar relationship.

PROPOSITION 3.8. Let T = F(G*F)~'G* € Z,(2,U). The connection ©
and the classical connection @ of I satisfy

ONF(A\)=F(AN)O(\) and ONI(N)=6(N), Ief
Proof. Since (0Z)Z = 0Z, we have
61 = [(0F)H'G* - 9ZI)T = (OF)H'G* - 9L = 6
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and
OF = [(0F)H'G* — 0I|F = OF — [(0F)H'G* + F(0H )G*|F
= _—FOH 'H=FO. u

Intuitively, the covariant derivatives of the curvature as defined in Defi-
nition [3.I]on C*-algebras exhibit greater symmetry compared to their coun-
terparts in complex geometry (Definition . For Hermitian holomorphic
vector bundles, the classical curvature and its covariant derivatives (Defini-
tion form unitary invariants of the Cowen—Douglas class. Motivated by
this result and Theorem [3.5] one may employ the curvature and its covariant
derivatives (Definition in the algebraic setting to investigate the con-
gruence and similarity classification of more general multivariate extended
holomorphic curves on C*-algebras.

4. Classification of extended holomorphic curves over C*-al-
gebras. In this section, we focus on investigating the congruence and sim-
ilarity classification of multivariate extended holomorphic curves on C*-
algebras. Our approach centers on the intrinsic structure of the curvature
and its covariant derivatives as analytical tools, from which we derive the
corresponding classification criteria. Subsequently, we apply these results to
the study of the unitary and similarity classification of the Cowen—Douglas
class.

THEOREM 4.1. Let 71,75 € T,(2,U). If Ty ~y To, then
H1,7(ITh) ~u H1,5(I2)
forall1,J €Z.

To prove the above theorem, which is the main theorem of this section, we
need to establish the following three lemmas. They reveal the intrinsic struc-
ture of the curvature and its covariant derivatives for multivariate extended
holomorphic curves on C*-algebras. For I = (i1,...,4m),J = (j1,.--,Jm) €
717, we write I > J if i, > jj, for all 1 < k < m. For I > J, we define

<I>_ n Qi) iy
J JUT =) gilga!l - dm! (i — 50) (2 — J2)! - (i — Jm)!
LEMMA 4.2. Let T = F(G*F)~'G* € Z,(2,U) with H = G*F. Then for
any 1 <i,5 <m and I,J € Z'!, the following properties hold:
(i) D'z= Y (})DhFD'-hH-'Gx
0<h<I

(i) D“D'T=D'IDI-DYID'T-), Y  (})D'"hIDYID"T;

p=1lep<1<I—ep



Hermitian geometry and holomorphic curves on C*-algebras 17

i) D’z= ¥ (/) FD"H D" "ar;
0<n<s
p— J— p— m pE— S J—
(iv) D’pT = poID’T-D'ID"IT-%. Y (J)D' "zD“ID”'1.
p=le,<Ji<J—ep

Proof. For any e; = (0,...,1,...,0) € Z7', where 1 < i < m and the

non-zero entry 1 is in the p-th position, we have
DYT = D%(FH™'G*) = D“FH'G* + FD“H'G*,

which implies that property (i) holds for I = e;. Without loss of generality,
assume property (i) holds for some I € Z'7', that is,

D'T= )" <II

)DleDf—hH—lc;*.
o<h<I V1

Then for any 1 <[ < m, we have
D]+elz' — Del Z I DleDI—Ilﬂ—lG*
L
o< <I

_ Z <I>(Dll+elFD111H1 +D11FD1711+61H71)G*
I

0<IL<I
= Fpteg-igr
I I / /
DI FDI*I +61H71 * DI+elFH71 *
2 G 0) @i
0<[’<I+€l

0<I'<I+¢;

It follows that property (i) holds for all I € Z.

Since 7 is an extended holomorphic curve, we know that D“Z-7 = D“T
and D7 -Z = 0. Thus,

DY(D%T) =DY(D%T -T) = (D’ D“IT)I + (D%I)(DT)
= (D%T)(DYT) — (DY TI)(D%T).

Hence, property (ii) holds for I = e;. Without loss of generality, assume
property (ii) holds for some I € Z'. For any e, e;,e, € Z1 with 1 <1, j,p <
m and p # [, we have

(4.1) D'IDYIDYT + D“IDID'T
I e I
+ > <I>(D”€lhID "IDNT + D'hIDY DIt
1
e <1 <I—¢

I ;I _ —e. ’
— Z ( +/€l> (Dl+6l*1 IDe]IDl I)
e <I'<I
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I . o
(4.2) Z ( )(D“_el_hIDeJIDhI—{—DI_IlIDeJIDIH'elI)

= Y (I * el) (D"+e=I'IDYIDT).

I/
ep<I'<I+e;—ep

Therefore, by (4.1)) and (4.2)), we obtain
DY plitar

= D%(DY D'T)

m
o I .
= Do (DIIDeJI -DYID'T->" ) ( )DIITD@JIDIII>
5L
p=1ep<I1<I—eyp
= D"*%7D“1 — DYID"T — D'IDYID“T — D“IDID'T
m
> > (I> (D'e~hIDYIDNT + D'hIDYIDhTAT)
p=1ep<I1<I—ep Il
_ DI-‘rell‘EejI _ ﬁejIDI-‘relI
m
I Y —— ’
_Z Z < _;Iel>(D1+elIIDeJIDII).
p=1ep<I'<I+e;—ep

This completes the proof of property (ii).

Properties (iii) and (iv) can be shown similarly. =

Let £2C C™ be a bounded domain, and let T = F(G*F)~1G* € T,,(2,U).
For any Ag € {2, there exists an open neighborhood 2y C {2 of Ay such that

—J
N = Y M(A ) A =X)!,  Ae .

nJ!
1,Jezr

This implies that the set {Dlﬁjl : I,J € Z7'} uniquely determines the
extended holomorphic curve Z. In [30, Section 2.10] it is shown that ev-

ery derivative DD’ P of the holomorphic curve P = F(F*F)~1F* can be
expressed as a sum of monomials of the form

+(D" P)yD"P)-- (D" P)(D"P), +D"P)YD"P)---(D"P)D”"P).

The following result demonstrates that this property also holds for Z.
LEMMA 4.3. Let T € I,(2,U). Then, for any I,J € Z1, the derivative

DlﬁJI()\) can be expressed as a sum of terms of the form

(4.3) +(D' 1) (D7) - - (DT)(D"T),

where [ +---+ L =1 and J1 +---+ Jy = J.
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Proof. From ID'T =D'7T and D'T-7=D'T , together with properties
(ii) and (iv) of Lemma we conclude that the present lemma holds for
D'DYT and D*D’T, where I,J € Z7 and 1 < i,j < m. Without loss of
generality, assume that for some I,.J € Z,

D'D’'1 = (Dh1) (D7) - - (D"T)(D"7T),

where Iy +---+ ;=T and Jy +---+ Jy = J. If I, J; # 0, by property (iv)
of Lemma[4.2] for 1 < < m, we obtain

p+eD'1
— D(D'D’1)

= Z (DM T)(D" 1) (D" D) (D" T) - (DT) (D™ T))
r=1

+Y (DhT)(D”'T) - (D" T)(D“D”'T) - (D"T)(D” 1))

t m
J, — g o

S S SR (3 [ e 1%

r=1p=1e,<J/.<Jr—ep r 7 —J
- (DMI)(DT))

I (7t I\ (/" I (7t e

(D)D" T)-- - (DTI)(DTI) - (D'I) (D I) (D),
which satisfies the conclusion of the present lemma. If I; = J; = 0 and
J1, Iy # 0, then

pep’r
= D[(D"1)(D"1) - (D" 1) (D" T)]

= Z [(EJl_'Z)(DbI) - (D1r+elI)(EJrz-) o (DItI)]
r=2

t—1 m
a Z Z Z <j7> [(ﬁhz)(DbI) .. (DITI) (5JT—J;,IDQIEJT,‘I)

r=1p=1e,<J/<Jr—ep " - (D)),

which also satisfies the present lemma. Similarly, for the cases where I; =0
and J; #0,or [y #0and J;, =0 DI+ D77 can also be expressed as a sum

of terms of the form given in 1) The same argument works for D! Dltar
withl1<I<m. =
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Based on the formal decomposition of the covariant derivatives of the
curvature for an extended holomorphic curve given in Lemma [3.3] together
with Lemmas and the covariant derivative #7 ;(Z) of the curvature
A (Z) of an extended holomorphic curve Z € Z,,(£2,U) can also be expressed
as a sum of monomials of a certain type.

LEMMA 4.4. Let I € Z,(£2,U). For any I,J € Z", the covariant deriva-
tive X1,7(Z) can be expressed as a sum of monomials of the form

+ (D" zph1)h .. (D" IDI T .. (DT I DT,
I, J, € ZP\ {0}, 1 <r <t

where I, = Sr,p6p+nr,leb Jr = Sr,qeq+nr,keka Sr,ps Sr,q >0, Nyl Mk € {07 1};
Wi+ Al = [T+, I | Jo |+ -+ | S| = [J]+1, and 1 < p,q,1,k <m.

Proof. By Lemma 1 .7(Z) can be expressed as a sum of terms of
the form 7 ¢, j.e,(Z). Thus, it suffices to show that J; ., j.e,(Z) is a sum
of terms of the form

+(DzDhT) . (D" ZDT) - (D"TD T,

Since Z0,0, T = —0,Z0,Z and 0,0, = 0,20, T — 0,ZO,Z, by the proof of
Theorem [3.5 we have

H(I)=0I0L = > (D*IDI),

1<l,k<m
‘%F,O(I) = gzapaz- = Z (EekIDEP“relI)’
1<l,k<m
%7611 (I) = gqaZ@I = Z (ESQ+6’“IDGZI)
1<l,k<m

and
%+€p7€q (I) = I(ap(‘%/oyeq (I)))
— (D" D+ — D*ID*DIDYT — D“ID*ID*IDT),

Heyo+e,(I) = (9g(He,0(T))T
= Y (D“"*zpteI - D*ID*D“IDYI — D*ID“IDIDT).
1<l,k<m

This implies the lemma for J# ¢, j e, (Z), where iy, j, € {0,1}.
Assume the lemma holds for some % ¢, j.e,(Z). We need to show it also
holds for 7 ¢ e, .jyeq (L) and J ¢, jocote, (Z). Without loss of generality, let

K (I) := (D' ZD" 1),

p€psJq€q
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where I = s1pep+n1 €1, J1 = 51,46+ 11 k€%, N1, N1k € {0,1} and 11 |I1] =
ip + 1, l1]J1| = jq + 1. By property (iv) of Lemma [4.2, we have

(4'4) ‘%/ipeerep’jqeq (I)
= T(0y(Hryep e, (1)) = T(D* (D IDIT)1)

p€p-Jqeq
l1—1
=7 Z [(EJIIDllz)T(DepEle'Dllz'+EJ11D11+€1)I)(EJIIDllz')ll—l—r]
r=0
l1—1
= Z [(5J1IDI1Z)T(EJ1IDI1+epI)(EleDhI)ll_l_r]

r=0
s [ J Jp!

B D[S p
r=0 eq<J1<J1—eq Jl'(Jl B Jl)

« (D" izpeTp’iTDhT) (D I T .
It follows that the lemma holds for JZ ¢, te,.j,e,(Z). Similarly, it holds for
Hipep jaeqteg (L) as well. m

Proof of Theorem[{.1]. Since Zy ~,, Ty, there exists a unitary U € U such
that UZ;(X) = Zo(A)U for all X € 2. It follows that

UD"theer Ty (N) = DU Th(A)U,
Uﬁjkek‘f‘”q@qzl ()\) _ Ejkek'f‘nqquQ(/\)U
for all non-negative integers ;, kp, ji and ng. This implies that
UEjk@k"rﬂqqul ()\)Dilel—l-kpepz'l ()\) _ bjkek—i_nqeql.g(A)Dilel+kpep1.2(A)U.
By Lemma for any I,J € ZT, the covariant derivative J£7 ;(Z) is a sum
of monomials of the form
+(D"zphT)h . (D" ZDT) - (D"ID"T)",
where I, = s, pe, +npger, Jr = spg€q +np e and 1 < r <. Thus,
U%J(Il)()\) = %J(IQ)()\)U, A€ () u
As established in Theorem the congruence of extended holomorphic
curves in Z,(£2,U) implies the unitary equivalence of the covariant deriva-
tives of the curvature on C*-algebras. In complex geometry, however, the

covariant derivatives of the classical curvature do not exhibit unitary equiv-
alence, but instead satisfy the following pointwise similarity equivalence.

COROLLARY 4.5. Let I1,Zy € Z,,(2,U). If Iy ~,, Lo, then there exists an
invertible operator Yy depending on A such that

Vi, (N =Ky o pr (WA,



22 J. Xu, Z. Chen and K. Ji

Proof. If 77 ~,, 1o, there exists a unitary operator U € U such that
UZi(XN) =T2(M\)U for all A € 2. By Theorem[4.1], it follows that U7 7(Z1)(A)
=1,7(Z2)(N)U for all I, J € ZT}. Set

TN = FOVHT NG and To(\) = Fa(\) Hy (NG5 (M),

where H;(A) = G} (N\)F;(X) for ¢ = 1,2. From Theorem. 3.5 for any A € 2
and I, J € Z', we have

VRN, 0 3 WHT NGEO) = (BOK, |, 50 (VN H; (NG5 (A)U.

Therefore,

H (NG NUE (WK, |, () =K
Define

Yy = Hy 'O)GS(NUFL(N)  and  Zy = H{ (V)G NUFy()),

so that Y \Z, = Z,Y\ = I,,. Hence, Y, is an invertible operator depending
on \ and satisfies Y)\ICZL)\I7XJ (N = KIQ,A’,XJ (N)Y). =

The following demonstrates that the covariant derivatives of the curva-
ture for extended holomorphic curves on C*-algebras can be used to describe

the similarity classification of these curves, and can find specific applications
in the similarity classification of the Cowen—Douglas class.

LEMMA 4.6. Let 71,Zy € Z,(2,U). Then Iy ~s Iy if and only if there
exists an invertible operator X € U such that
XD'T(WND'Ti(\) = D'L(WD (X, Aen, I,Jezm.
Proof. On the one hand, if Z; ~; 7o, there exists an invertible operator
X € U such that XZ;(A) = Zo(N)X for all A € 2. For any A € 2 and
I,J €7, it follows that
XD'Ty()\) = D'T,(WX and XD'T;(\) = D'T,(\)X.

Thus, X D'T;(\)D’Ti(\) = D' T,(\) D' Th(\) X.

On the other hand, suppose there exists an invertible operator X € U
such that for all A € 2 and I,J € Z7",

XD'T,(\)D'Ti(\) = D'T,(\)D (V) X.
By Lemma for each k = 1,2 and any I,J € Z?, the mixed derivative
D! EJIk can be expressed as a sum of terms of the form
+(D"T)(D" Tp) - (D" T (D7 T,

where Iy +---+ I; =1 and J; + --- + J; = J. By induction on the order of

derivatives, we conclude that X Dlﬁjl'l()\) = DIﬁJZ2()\)X for any A € 2
and I, J € Z'!'. Now, fix A\g € 2. Since Z}, is holomorphic in {2, there exists

ot 37 VH T NGENUF (V).
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an open neighborhood 2y C {2 of )¢ such that Z; admits the power series
expansion

—J
L= Y PP I s)

nJ!
1,Jezr

for all A € 29 and k = 1, 2. Applying X to both sides of the expansion for 7;
and using the commutativity of X with all mixed derivatives of Z; and Zo,
we obtain that X7;(\) = Zo(\)X for all A € (2. Since 2 is connected and
{29 is open, this equality extends to all A € {2 by analytic continuation. Thus,
I~y m

PROPOSITION 4.7. Let T, S € B]*(2)NL(H)™. If It ~s g, then T ~S.

Proof. If Ty ~4 Ig, there exists an invertible operator X such that
XZr(A) =Zg(N)X for all A € 2. Recall that Zp(\) and Zg(\) are idempo-
tent operators, with

Ir(A) : H —> ker Zp_) and Zg(\):H — ker Zs_,.
By XZt()\) = Zs(\) X, taking any & € ker Z1_», we have
XE&=XIr(N)E =Zsg(N\)(XE) € ker Dg_ .
This implies X¢ € ker Zg_», so X (ker Z_)) C ker Zg_,. Since X is in-
vertible, its inverse X ! satisfies X "!Zg(\) = Zp(A\)X !, which similarly
implies X ~!(ker Z5_») C ker Z7_». Thus, X !(ker Zs_)) = ker Zp_ for
all A € £2. Note that
\/ ker Pr_\=H = \/ ker Dg_»,
Aen? AES

where \/ denotes the closed linear span. Hence, XT = SX. =

EXAMPLE 4.8. Let T,S € B{*(£2) be the adjoints of the multiplication

tuples on Hilbert spaces Hy and Hp with reproducing kernels K and K ,
respectively. Assume that

= Z a%wlxl and K (w,\) = Z b%wlxl,
Iezp rezm
where ay,b;y > 0 and w,\ € 2. If It ~4 Zg, then there exist constants ¢
and C such that

b
0<e< 2L <0 <o, Iez?.
ar

Proof. Let a(X) := K(-, )and B(A) := K(-, ). Define
Ir(A) = a(A) (" (Ma(A )) YA Zs(N) = BONBTNBMN)) BT,
where H(w,\) = Zjezm —éw Y and y(\) = H(-, A) for w, A € 2. Then Zp

"(Na(d) = B (NBA). If

and Zg are extended holomorphlc curves, and 7y
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It ~s Is, by Lemma [£.6] there exists an invertible operator X such that
XD'Tp(\D’Zr(\) = D'Zs(\) D T (N X
for all A € 2 and I, J € Z'. By Lemma @, it follows that
XD'a(ND’v*(\) = DIBND’ B*(\) X.
Taking A = 0, we have

_ b2 _
Dloz(O)DJv*(O):aCIL IT\Jle;; and D!B0YD’B*(0) = bybsI1Ies
J

where e; ; denotes the infinite matrix with 1 in the (I, .J)-th entry and
0 elsewhere. Let ((x7,7)) be the matrix form of the bounded invertible oper-
a1b3

ator X. Without loss of generality, assume z o # 0, then ((x7 s)) ery =

ag
brbyer.s((zr,r)). We conclude that
brase, .
rrr = e Llte; I+e;s Ie ZT: 1<:< m,
arbyye,
which implies x99 = %x 1,1- Consequently, there exist constants ¢ and C

suchthat0<c§Z—IISCforaHIGZT.-

5. The flag structure of the class 7B, (f2). To investigate the geomet-
ric properties of increasing n-tuples of projections in a unital C*-algebra U,
Martin and Salinas [30] introduced the notion of flag manifolds on U. Ji,
Jiang, Keshari, and Misra [15, [16] defined a subclass FB,,(£2) of BL(§2) with
a flag structure, proving that the curvature together with the second funda-
mental form constitutes a complete set of invariants. Furthermore, FB,,({2)
is norm dense in B} (§2) (see [21]). Inspired by these results, in this section we
decompose the holomorphic curve induced by operators in F15,,(§2), derive
the flag structure on the holomorphic curve, and ultimately use this flag
structure to characterize the unitary classification of FB5,,(12).

DEFINITION 5.1 ([15] 16]). Let FB,(£2) be the set of all operators T €
BL($2) of the form

To Soi - Son—1
0 T - Sipa

T = . . . . )
0 0 - T,

where {Ti}?z_ol C Bi(£2), Sii+1 are non-zero operators and T;S; ;41 =
Siit1Ti41 for 0 <@ <n —2.
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LEMMA 5.2 ([16]). Operators T and T in FBy,(£2) are unitarily equivalent
if and only if there exists a unitary operator U = diag{Uy,...,Up—1} such
that UT =TU.

LEMMA 5.3 ([5]). Operators T and T in Bi(£2) are unitarily equivalent
if and only if Kr = K5.

Let T € B (2)NL(H), and let {79,71,- - -,Yn_1} be a holomorphic frame
of the Hermitian holomorphic vector bundle Ep. Set o = (70,71, -+ Yn—1)
and Pr(A\) = a(A)h~1(A\)a*()\), where h()\) = a*(\)a(])) is the metric of Er.
Then Pr : 2 — P(L(H)) is a holomorphic curve, and Pr(\) is the projection
operator from H onto ker(T' — \).

LEMMA 5.4. Let T, S € BL(2)NL(H). Then T ~, S if and only if there
exists a unitary operator U € L(H) such that UPr(X\) = Ps(A\)U for all
A€ (2.

Proof. If T' ~, S, there exists a unitary operator U € L£(H) such that
UT = SU. For any X\ € 2 and = € ker(T — \), we have

SUx =UTx =U(Mx) = \Uxz,
which shows Uz € ker(S — A). Thus,
Uker(T — \) Cker(S —\).
Since dimker(7 — \) = dimker(S — \) = n and U is unitary, it follows that
Uker(T — \) =ker(S — \).
Now, let © = 21 @ x5 € H, where x1 € ker(T — \) and 3 € [ker(T — )]+,
Then
UPr(N)x = Uz € ker(S — ).
For any y € ker(S —\), there exists € ker(7'— \) such that y = UZ. Hence,
(y,Uxe) = (UZ,Uxq) = (U*UZ, x2) = (T, z2) = 0,
which implies Uz € [ker(S — A)]*. Therefore,
Ps(A\) Uz = Ps(A\) (Uzy ®Ux2) =Ux1 ®©0=UPr(\z

for any « € H. We conclude that UPr(\) = Pg(A)U for all A € 2.
Conversely, suppose there exists a unitary operator U such that U Pp())
= Pg(A\)U for all A € (2. For any x € ker(T — \), we have

Ps(\)Uz = UPr(N)x = Uz,

which implies Uz € ker(S — A). Thus, Uker(T — A) C ker(S — A). Since
dimker(T' — X\) = dimker(S — A) = n and U is unitary, it follows that
Uker(T — \) = ker(S — A), and consequently UT = SU.
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Let E be an Hermitian holomorphic line bundle over a bounded domain
2 C C, and let v be a non-vanishing holomorphic cross-section of E. Sup-
pose that the derivatives v(\),y(A),...,7*)()\) are linearly independent
for each A € (2. Then the associated k-jet bundle Ji(E) is the holomor-
phic vector bundle of rank k& + 1 with holomorphic frame {7,7(1), e ,v(k)}
(see [0, 23] for details). The following presents a decomposition formula
for the holomorphic curve Pr : 2 — P(L(H)) induced by the operator
T= ( o T1) € FBy(£2), thus yielding the 2-flag P = (Pr,, Pr) as described
in Definition 2.1

LEMMA 5.5. Let T = (%0 ,1,%) € FBa(82) N L(H). Then the projection
operator Pp(X) : H — ker(T — ) admits the following decomposition:

N )

where Pr,(\) and Pr,(\) are projections onto ker(Ty — A) and ker(Ty — \),
respectively.
Moreover, the operator (nggi; SPT ) Ji(to)(A) = ker(T' — A) is an

isomorphism and satisfies

(00 ")) ()
)

<FPT(A SPT(/\)> <t6(A)> _ (%(M)
Sp,. () 0 0 t1(\))’
where t1 4s a non-vanishing holomorphic cross-section of Er,, tg = —St1,

Ji(to)(N) = V{to(N),to(N)}, 0t + (1 + 0)Kpplltol|* = 0, and 6 is the
second fundamental form (see [16]).

Proof. Let t; be a non-vanishing holomorphic cross-section of Er, and
let to=—St;. By [16, Proposition 2.4, {vo=to, 11 =t( — t1} forms a holo-
morphic frame of Ep, which allows us to express the projection Pp(\) as

1 "
Pr(\) = (vo(\) 71()\))(@0()\)7’70()\» (71()\),70()\))> (70()\)>

(oM n) () i)
_ ho(A)hi (M) (towh ) 0 )
ho(NAL(N) — Ky (VA3 0 BT )

Kz, (M)hg (M) <V11 V12>
ho(Mh1(N) = Kz, (AM)BAG(A) \var  vao

=a-oon (MY e () S ),
I Pr
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where ho(A) = [[toW) %, b1 (3) = I, 00 = — o b e e
and
_ Mgt W) + to(A) FrhoN)ig (A)
e K, (RSN |
(N o (V15 (A) — th(Mho(N)1 (V)
! K, )30 |
_ fo) W) — oW oV ()
e K, (VA3 |
_ )&M) — iR ()
e K, (NA3) |
voo = 0.

Direct computation shows that

(FPT(A) SPT(A)> (to(A)>
Sp.(A) 0 0
to(N) [ 52 ho (N5 (Vo (V) +Zho(W e Wto (V)]

Kz, VRZ(N)
_ Y [ 2 hoN) 5 (Nto(N)—ho(Nt (Vo (V)]
Ky VA2
t1(0) [ Zho (V5 (Vo (V) —ho (Nt (Mto(V)]
Ky (MR

and

(5 )%

toN) [~ ZhoNE (V) (V) + 25 oW Nt (V]

Kry(Mh3(N)
_ +t5(x>[%ho(A)tawta(m—ho(x)ta*<A)ta<A)]
- Ky (Whg ()

1) ZhoWE (Nt () —ho (N (W)t (A)]

) <t6()\)> Ky (Ahg(N)
W/’

and O(N)|[t1 (V)12 + (1 — 0Kz, (V) [to(M)||> =0 for all A € £2. »
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In Lemma the operator Fp,(\) acts as the identity on Ji(to)(A) =

VA{to(A), t5(N)}, satisfying
Fp(Mto(A) =to(A) and  Fp (Mtg(A) = t5(A)

for all A € £2. Consequently, Fp,(\) acts as the identity on Ji(to)(A), and
the projection Pr(A) admits the refined decomposition

reoy=a=oon(M ) re(g )
1 Pr

where Ip,()\) denotes the identity operator on Ji(to)(A). For the class
FBa(£2), Theorems 2.10 and 2.11 in [16] establish a complete classifica-
tion criterion for the unitary equivalence of such operators via the curva-
ture and the second fundamental form. Theorem 4.8 in [I1] describes the
similarity classification of holomorphic vector bundles induced by Cowen—
Douglas operators using holomorphic curves. Building upon Lemmas[5.4] and
above, we have further obtained several equivalent characterizations of
unitary equivalence for operators in FBs({2) in terms of holomorphic curves
and 2-flags on C*-algebras.

THEOREM 5.6. Let T = (0 1), T = (FTVO S) € FBa(2)NL(H). Suppose

t1 and t; are non-vanishing holomorphic cross- sections of the line bundles
Er, and Ez X respectively, with tg := —Stq, to == —Stl Then the following
statements are equivalent:

(i) the holomorphic curves Pr and Pz are congruent;
(i) T~y S;
Sty]2 i |?
(111) ’CTO ~0 (07” ’CTl = ICTI) and H”t 1||H2 = ||t11H”2 ;
) there exists a unitary operator U = diag{Upo, U11} € L(H) such that

(5 %)y
Sp, 0 S}Sf 0

Proof. The equivalences (i)<(ii) and (ii)<(iii) follow from the n = 2
case of Lemma and from [16, Theorem 2.10], respectively.

(iil)=(iv). If g, = K,
t1 and t; of Ep, and Eg 7 respectively, the equality

(iv

and for non-vanishing holomorphic cross-sections

IStall” _ 151
[l a2
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holds, then we have Ht?Ei;H = H%’Ei;“ for all A € 2. Therefore,
ho(A)h1(X) _ hg()\)hl()\)
ho(Mhi(A) = R§NKT () ho(Aha (V) = h3(VK7, (V)
h2(\)Kp () h3(NKz (V)
ho(Nh1 (V) — BE(VKR () o\ (V) — h(NKz, (N

where h;(A) = |[t:(A)||2 and hs(X) = |[G(A)||? for i = 0,1. Since T ~, S,
by Lemmas and there exists a unitary operator U = diag{Uyo, U11}
such that UPr()\) = Px(A\)U for all A € §2, that is,

(Uoo 0 ) [ ho(A)h1 () <PT0<A> 0 >
0 Ui hO()\)hl()‘) - h%(A)KTO(A) 0 PT1 (>‘)

(/\)/CTO(/\) <FPT(A) SPT(/\)>]
~ ho(WN)hi(A ) WML M SN 0

_hoW (M) PT )

B h%()\)lCTO()\ (Fp \) Spf()\)ﬂ <Uoo o>

TR () — BBONKZ, (W) \Sp. () 0 0 Uy

where UOOPTO ()\) :Pfo (A)UOU and UHPT1 ()\) :Pﬁ ()\)UH. Hence, for A e Q,
<Uoo 0 > (FPT()\) SPT()\)> B (FPT(A) SPf()\)) (Uoo 0 )
0 Uu/\Sp () 0 J \Sp.(\) 0 0 Un/

(iv)=-(iii). Let U = diag{Upo, U11} be a unitary operator satisfying

U<FPT SPT>:<FPT SPT>U
Sp. 0 Sp. 0 '

Then, for any \ € £2, we have
(5.1) (Ugo Ui) (;}: Eii SPTO <A>> <toé)\)>
s 0w

Assume that U(to[()’\)) = ¢(N) (to(()A)> + 1/1()\)<t~‘;()‘)) for some holomorphic
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functions ¢, € Hol(£2). By Lemma we obtain
<U007g)(/\)> <§Pz 8; SPB()\>> <toé)\)>
() W)

(

_< P(A )éo A)) ( (VA );r(;ﬂ)(tlzi;( )t (/\)>.

This implies ¥ = 0, and thus Upgto(A) = ¢(M)to(N). By (5.1) and Lemma

we have
) )
<

0 PNt (A)
which implies Uy1t1(\) = ¢(M\)t1()\). Therefore,
ISt _ oI _ 1TootoMI* _ I o)1
(YO T YCN I E A RTON B PPN I OVIE
_ 6P MWIP _ o]
[P ([ (AP
_15a( I
£ (V)]

Moreover, Upg ker(Ty — A) = ker(Tp — A) and Uy ker(T) — A) = ker(T} — A)
for all A\ € £2. Since T;,T; € B1(2) for i = 0,1, it follows that T; ~,, T;. By
Lemma @ we conclude that g, = ICTO and Kp, = ICT]' "

Let
To Sox -+ Son-1
0 Tv - Sipna
T= . . . . € -FBn(“Q)

0 0 - T,
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For¢=0,1,...,n — 1, define

To Son So,i

0 T S1
(i) = . ’

0 0 T;

From the holomorphic curves Pr(;) induced by the operators T (i), we then
construct the n-tuple P(T) = (Pry,-- -, Prn—1)). By Theorem for
operators T,T € FBp(£2), we have T ~, T if and only if P(T) ~, P(T).
Let {70,-..,vn—1} be a holomorphic frame of E7. An operator T € F15,,({2)
is quasi-homogeneous as defined in [22] if there exist complex numbers ¢; ;,
0 <i< j < mn-—1, and positive real numbers {ui}?:_ol, A, « such that
{10,-..,7m-1} has the form

0
Y =to, M= €Z50,1fa to + 11,
w

j Hi-1
Vi = ¢0,jwto + d)l,jmtl + -
i P
toigg gttt dinig ti-1 H
n—1 n—2
-1 = Po,n—1 %to + ¢1,n71%t1 +---
8717171' o
+ Qbi,nflwti +-- 4 ¢n72,n71%tn72 +tn-1,

where t;(w) € ker(T;; —w) and ||t;(w)|]* = (l_‘w"‘% for 0 <i<n-—1.Let
Jr(Er,) denote the k-jet bundle of E7,. We thus obtain two holomorphic
vector bundles equipped with flag structures:

Jo(Ery)(A) € T1(Ery)(A) € -+ € Ti(EBr)(N) € -+ € T (B ) (V)

and

Er@)(A) € Eray(A\) € -+ C Epgy(A) € -+ € Epgp—1)(A).

By Theorem we define an n-tuple J = (Jy,...,J;,...,Jn—1) of bundle
maps, where each map J; : Jj(Er,) — Er( satisfies the condition

k)

T -

() = G0t () + d1at V) + -+ G ath (V) + te(N)
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for 0 < k <1 <n—1 and makes the following diagram commute:

Jo(Bry) —= Ji(Br) —— - 1> Gi(Bp) - —1> Juoi(Bmy)

Jol Jll Jll iJ

Erq) Erq L Erm-1

where I denotes the identity operator.

PROPOSITION 5.7. Let T,T € FB,(£2) N L(H) be quasi-homogeneous
operators. Then Er ~y, Ez if and only if there exist bundle maps J; and J;
such that the diagram

J
Ji(Er,) — Er()

(5.2) U(O)l lU(l)
Ji

Ji(Eq) — Bz

commutes for alll =0,...,n— 1, where U(l) = Uy @ --- @ U; is a diagonal
unitary operator on Ho® - O H; and H=Ho D -+ D Hp—1.

Proof. For sufficiency, it is enough to consider the case I = n — 1 in
the commutative diagram (.2). For necessity, assume Er ~, Ez. By [5,

Theorem 1.14], this implies T ~, T Since T and T belong to .FB (12), by
Lemma [5.2] there exists a dlagonal unitary operator U = Uy @ --- @& Up—1 €
L(H) such that UT = TU. Thus, T(i) ~, T(i) and U;T; = T;U; for all i =
0,...,n—1. Moreover, there exist non-vanishing holomorphic cross-sections ¢;
of B, and #; of Ez. such that Ut;(\) = £;()), and thus Ut (\) = £7())
forall 7 > 1 and A € (2. Since T and T are quasi-homogeneous, there exist
complex numbers {¢; ;}:" e 0 such that holomorphic frames for Er and Ez
can be represented as

{15 = b0ty + -+ dugt! )+ Syt + 415
and
{%:‘bO,jZ(() "‘@,JAEJ Z)"‘ @) ljz 1+tﬂ] 0’
respectively. We therefore define the bundle mappings J; : Ji(Er,) — Er()
and Jj : \%(Ef ) — E:;(l) by
T(t$) = dorty) + o1tV o e athy + b
TA) = Go ity + o1 all ™V - dpawdhy + D,
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respectively, for 0 < k <1 <n — 1. Setting U(l) = Uy @ - - - ® U, we have
U@t = UM bosty” + ot + -+ o1ty + 1]
= Uo(¢0,kt(()k)) + U1(¢1,k:t§k71)) 4 oo+ Up—1(Pr—1tp—1) + Ukt
= dosts” + StV o Pl + T
= D7) = U ) ),

then U(l)Jl(ték)) = le(l)(ték)) for any 0 < k <[ < n — 1. It follows that
Ul)J; =JiU@O) forall0<I<n-—1.u
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