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ON ZERO-SUM SUBSEQUENCES OVER FINITE ABELIAN GROUPS
OF LENGTH NOT EXCEEDING A GIVEN NUMBER

BY

KEVIN ZHAO and STAO HONG

Abstract. Let G be a finite abelian group and let k be an integer with k& € [exp(G),
D(G) — 1], where exp(G) and D(G) are the exponent and the Davenport constant of G,
respectively. Denote by s<x(G) the smallest positive integer [ € NU {400} such that each
sequence of length [ over G has a nontrivial zero-sum subsequence of length at most k.
We prove that s<p(g)—2(G) < D(G) + 2 for all finite non-cyclic abelian groups except for
C3, C3 and Co & Coy,. For some classes of p-groups G, we show that s<x(G) < 2D(G) — k
for k = c1p™™! € [%, D(G)] with ¢1 € [0,p — 1] and ¢ > 0. In addition, some lower
bounds are obtained.

1. Introduction and the main results. Let (G,+,0) be a finite
abelian group and G* = G \ {0}. It is well-known that either |G| = 1 or
G=0C,&Ch&---®C,,, where r € Nand 1 < ny|na|---|n,. Then
r(G) := r is called the rank of G and exp(G) = n, is called exponent of G.
Let

S=g1-..9

be a sequence with terms from G. We say S is a zero-sum sequence if g +
-+-4+g; = 0. Let .# (@) denote the monoid of all sequences over G. Let Z(G)
denote the monoid of all zero-sum sequences over (G, and denote by 1 the
identity element of #(G), i.e., the trivial sequence over G. The Davenport
constant D(G) of G is defined as the smallest positive integer ¢ such that
every sequence S over G of length ¢ has a nontrivial zero-sum subsequence.
Set

D*(G) =1+ (ni—1).
i=1
A simple construction shows that D(G) > D*(G).
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In zero-sum theory, people often consider the following two problems:

The direct zero-sum problem is to find the smallest integer ¢ € N such
that every sequence S over G of length |S| > ¢ has a zero-sum subsequence
with prescribed length.

The inverse zero-sum problem asks about the structure of the sequence S
over G without zero-sum subsequences of prescribed length.

Let L C N be a nonempty subset and let s;(G) be the smallest inte-
ger £ € N U {oo} such that every sequence S over G of length |S| > ¢
has a zero-sum subsequence T' of length |T'| € L. Thus D(G) = sn(G),
N(G) = S1,exp()](G): S(G) = S{exp(6)}(G), and Sk exp(6) (G) = S{kexp(a)} (G);
where n(G), the Erdds-Ginzburg-Ziv constant s(G), and the generalized
Erdés—Ginzburg—Ziv constant Skexp(g)(G) are all classical zero-sum invari-
ants. The invariant sz, (G) is also investigated for various other sets L (see
e.g. (15, 17-19, 29, 38). The readers may want to consult one of the surveys
or monographs (14, 20-22, 24).

In 2001, Delorme, Ordaz and Quiroz [6] systematically investigated the
invariant sz (G) for the case L = [1, k]. We denote

s<k(G) :==spu(G) forall k€ N.

It is easy to see that s<x(G) = D(G) if k£ > D(G), s<x(G) = D(G) + 1 if
= D(G) — 1, s<kx(G) = n(G) if k = exp(G), and s<x(G) = 0 if 1 <k <
exp(G). Thus it suffices to consider s<x(G) for k € [exp(G), D(G) — 2].

The invariant s<;(G) is a variant of the Erdds-Ginzburg-Ziv constant
s(@), one of the most investigated invariants in zero-sum theory. For more,
one can see [34]. The invariant s<;(G) also has a close connection with other
invariants. In [I5] 16], Gao et al. studied sy cxp(@)(G) and conjectured that
Skexp(G) (G) = S<pexp(@)(G) +kexp(G) — 1. Bhowmik and Schlage-Puchta [I]
used s<(G) to study the Davenport constant D(G). For more results related
to the Davenport constant, one can see 2] [0]. Freeze and Schmid [10] used
s<i(G) to study the kth Davenport constant Dy (G), which is the smallest
¢ € N such that every sequence S over G of length |S| > ¢ has k disjoint
nontrivial zero-sum subsequences. In [4], Cohen and Zémor pointed out a
connection between s<;(G) and coding theory.

Even though the direct and inverse zero-sum problems of s<;(G) have
been widely studied, those problems are still widely open. Freeze and
Schmid [10] obtained the exact value s<3(C%) = 1 + 271, Lindstrom [30]
studied s<4(C%) when r — oco. In [32], Luo proved that for a finite abelian
p-group G with a large exponent,

S<exp(@) = n(G) = 2D(G) - exp(G).
For rank 2 groups G, Wang and Zhao [39] proved that
s<x(G) =2D(G) —k  when k € [exp(G),D(G) — 1].
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For finite abelian p-groups G with a large exponent, Roy and Thangadu-
rai [33] showed that

s<;x(G) < 2D(G) —k  under mild conditions on k.

Recently, Zhang [40] continued to study this problem for abelian groups
of rank 3. For the inverse problem, few results are known. Davydov and
Tombakis [5] studied the inverse problem by using the methods from coding
theory. Recently, the inverse problem of s<;(G) for rank-2 groups has also
been completely solved (8, 25-27).

Most of the known results are for finite abelian p-groups. In this paper,
we study the invariant s<;(G) for general finite abelian groups.

THEOREM 1.1. Let G be a finite abelian group with r(G) > 2. If G % C3,
C3, Ca® Cay, then s<p(c)—2(G) < D(G)+2. In particular, if D(G) = D*(G)

and exp(G) > D(GQ)_I, then s<p(g)—2(G) = D(G) + 2.

REMARK. For G = C3, we have D(G) = 4 and s<3(G) = 8. For G = (3,
we have D(G) = 5 and s<3(G) = 23+1 = 9. These follow from Lemmaiii).

For abelian p-groups, we have the following results.

THEOREM 1.2. Let G be a finite abelian p-group and k — 1 = c1ptt! €

[D(C’;)H,D(G) — 1] with t > 0 and ¢; € [1,p — 1]. Then s<x—1(G) <

2D(G) — k + 1 provided that either

(1) p>2and ¢; < 2L, or
2) p=2

THEOREM 1.3. Let G be a finite abelian p-group. Then s<i_1(G)
2D(G) — k + 1 provided that either

IN

(1) G§C’§ and k —1=2p withp > 5, or
(2) Gécg andk—1=(d—-1)p €| ,D(Cg)].

REMARK. Theorems and improve greatly some known results

given in Lemmas [2.2] and

The paper is organized as follows. In Section 2, we recall some basic no-
tions and collect several known results and some lower bounds of s<;(G).
We give the proof of Theorem in Section 3. In Section 4, we consider
the problem when there exists a nontrivial zero-sum subsequence of length
bounded by k for zero-sum sequences over finite abelian p-groups. By con-
sidering this problem, we obtain the upper bound s<;(G) < 2D(G) k for
some classes of p-groups G in Section 4, and we prove Theorems [I.2] and [1.3]
in Section 5.
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2. Preliminaries. Throughout the paper, let N denote the set of posi-
tive integers, and No = NU {0} and N>, = {n € N: n > k} for any k € N.
For real a < b, we let [a,b] = {x € Z : a < x < b} be the discrete inter-
val. Let W denote the union of pairwise disjoint sets. We consider sequences
as elements of the free abelian monoid .#(G) over G and our notation and
terminology coincides with [14] 22 [24].

Let
5291'---'932 Hgvg(a)
geG

be a sequence over G, where v,4(S) € Ny is called the multiplicity of g in
Sand [S| =€ =} c5vg(S) € No is called the length of S. The sum of
elements in S is denoted by o(S) = Zle 9i = D geq Vg(S) - g € G, and the
maximal multiplicity of a term in S is denoted by h(.5).

A sequence S is called a zero-sum sequence if Zle gi = 0 € G. We say
that T is a subsequence of S if v4(S) > vy(T) for all g € G, and write T'| S.
In particular, if T' is a subsequence of S and T # S, then we say that T is a
proper subsequence of S. If T is trivial, then we denote T'= 1 € £(G). We
say that S is zero-sum free if it contains no nontrivial zero-sum subsequence.
If S is a zero-sum sequence and each proper subsequence is zero-sum free,
then S is called a minimal zero-sum sequence.

We denote by supp(S) the subset of G consisting of all elements with
vg(S) > 0 and by (supp(S)) the subgroup generated by supp(S). If T" =
ngG g™9(T) is a subsequence of S for some n € N, then we denote by ST
the sequence obtained from S by deleting T". Moreover, we let

X(S)=A{o(T):T|S, T#1}.
Now we collect some results for the direct zero-sum problem of s<(G).

LEMMA 2.1 (|39, Lemma 8|). Let G be a finite abelian group with r(Q)
Z 2. Then SSD(G)*I(G) = D(G) + 1.

LEMMA 2.2 ([]). We have s_sp-1 (C) < (6p — 4)p?> + 1 for d > 3,
=773
SSQp(Cg) < (6p —4)p?=* 4+ 1 for d > 4 and Sg(d—l)p(cg) < (d-1)p.
LEMMA 2.3. We have

(i) s<3(C3) = 17, s<4(C5) = 10, s<5(C3) = 9, s<6(C3) = 8, s<7(C3) =
D(C3) =7 (|2));

(ii) s<5(C5) = 33, s<6(C3) = 24, s<7(CF) = 19, 5<5(C5) = 18, 559(CY) =
17, 5<10(C3) = 15, s<11(CF) = 14, s<12(C3) = 14, s<13(CF) = D(C3)
13 ([37));

(111) S<2(Cz) = 2T S<3(C§) =2 1—|—1 S<4( 2) S 2 (d+1) /2+1 S<p— k(C2)
r + 2 for allr —k € HQTH],T]; s<om(C3) < (m + 1) + (ml2r)t/m
(|10, 30, 139]);
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(iv) s<kx(G) = 2D(G) — k for a finite abelian group G with r(G) = 2 and
k € [exp(G),D(G)] ([39]);

(v) s<p(@)—2(G) = D(G) + 1 for G = C with 3 <1 < p; s<pa)—p(G) =
D(G) +p" for G = Cg’n with p odd prime ([40]).

LEMMA 2.4 (|33, Theorem 1.1|). Let H be a finite abelian p-group with
exponent exp(H) = p™ for some integer m > 1 and for a prime number
p > 2r(H). Suppose that D(H) — 1 = kp™ +t for some integers k > 1 and
0<t<pm—1. Let G = Cpn ®© H be a finite abelian p-group for some integer
n satisfying p™ > 2(D(H) — 1). Let £ be any integer satisfying £ = ap™ + t'
for some integer a satisfying 0 < a < k—1 and for some integer t' satisfying
0<t <t. Then

S<exp(@)+£(G) < 2D(G) —exp(G) — £

LEMMA 2.5 (|32, 36]). Let p be an odd prime and let G be a finite abelian
p-group with exp(G) =n and D(G) < 2n — 1. Then

2D(G) — 1< n(G) +n—1<s(G) < D(G)+2n — 2.

Furthermore, if D(G) = 2n — 1, then s(G) = n(G) +n —1 = 4n — 3; if
G' = G & Cy, where k is a positive integer not divisible by p, then n(G') =
2D(G") — exp(G’).

Here, we list some results for the inverse zero-sum problem for
sSk(Cn@Cn).

LEMMA 2.6 ([8,25] 26, 27]). Letn > 2, let G = C,,&C,,, let k € [2,n—2],
and let S be a sequence of terms from G of length |S| = D(G) + k —1 =
2n — 2 + k having no nontrivial zero-sum subsequence of length at most
D(G) — k =2n—1—k. Then there exists a basis (e1,e2) for G such that

S =l (e) 4+ en)h.
We also collect some results on the groups G with D(G) = D*(G).

LEMMA 2.7. Let G be a finite abelian group. Then D(G) = D*(G), pro-
vided that one of the following holds:

(a) r(G) <2 (J20, Theorem 4.2.10] or [22, Theorem 5.8.3]);

(b) G is a finite abelian p-group ([20, Theorem 2.2.6] or [22, Theorem 5.5.9]);

(¢) G =K & Ckp, where K is a p-group with D(K) < m and m is a power
of p (J20, Corollary 4.2.13]);

(d) G =Cy & Cop ® Cop, with m|n (11, 13]);

(e) G=C5® Com ® Cqp, with m|n (11}, 13]);

(f) G=Coyed® Copp @ Cope with a < b < ¢ being nonnegative integers, and
p being a prime ([11]);

(8) G = C3 & Cay (ILI);
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(h) G = C3 @ Cyy, with n > 70 and n even ([35, Theorem 5.8|);
(i) G =C3® Oy withn > 149 and n even. (J41, Theorem 2]).

We first get some lower bounds of s<x(G).

LEMMA 2.8. Let G = C}, withn,r € N>y and k € [0,n—1] be an integer.
Then S<2n—1—k(G) > 2" 1(7”L — 1) + 14+ k.

REMARK. By Lemma - —(iv), one can easily see that the lower
bound is sharp for n =2 or r = 2

Proof of Lemma 2.8. By induction on r, we can show that there exists a
sequence S = T, SL_I gt over CT of length 2" ~1(n — 1) + k such that each zero-
sum subsequence of S has length > 2n — k. If r = 2, then Lemma implies
our result. Assume that we have proved the results for cases < r—1 and that
Sh=g7 g™k is the sequence over C7 ! of length 27 2(n — 1) + k
such that each zero-sum subsequence of S} has length > 2n — k. Set CI =
Cr=t @ (e,). Let Sy = g7~ Lo ..g" gk be a sequence over C! obtained by
attaching 0 to each element of S} as the rth entry. Obviously, each zero-sum
subsequence of 57 has length > 2n — k. Let

S =51(S195" +er) =g H Ygi +e)" L

It is easy to see that each nontrivial zero-sum subsequence T' in S must have

the form
o [T o0 T (o + e,
1€lq i€l
where ko € [0,k], I, Io C [1,m], and u;,v; € [1,n — 1]. It suffices to prove
that |T| > 2n — k.

Obviously, > .., u; = 0 mod n. In addition,

/_90 Hg H

S ISP

icls

is zero-sum and has the form
T/nT/ ko

with v, (T5gt°) < n for any g|Tj. Tt is easy to see that o(T'}) = 0 and
Téggo | S1. Hence, TZ’g0 is a zero-sum subsequence of S; of length |T2gk°| <
|T'| = |T|. Combining this with the structure of S; shows that either |T'| >
\Téglgo\ >2n—k or Téglgo is empty. If the former holds, then we are done. If
the latter holds, then kg = 0 and

=[Ia [[g =17

i€l ISP
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As ug,v; € [1,n — 1] we must have I) = Iy = [ and u; +v; = n for any i € I.

Hence,
7 o [T+ e
iel el
with I C [1,m], w; € [1,n—1], > ,;c;u; =0 mod n and |T'| = [I|n. If |I| > 2,

then we are done. If |I| = 1, then T = g “(g; + e,)" for some ¢ € [1,m],
where u; € [1,n — 1] and u; = 0 mod n. Obviously, this is impossible. So
Lemma is proved. =

LEMMA 2.9. Let G be a finite abelian group with r(G) > 2. If exp(G) <
D*(G) — k < 2exp(G) — 1, then s<p+()-x(G) > D*(G) + k.

In particular, if G is a finite abelian p-group with r(G) > 2 and D(G) <
2exp(G) — 1, then s<;x(G) > 2D(G) — k for exp(G) < k < D(G).

REMARK. By the above result one can easily see that s<pq)—(G) =
D(G) + k in Lemma [2.4]

Proof of Lemma 2.9. Set
G=H®C, =Cp @& ®Cy,_, ®Cy, =(e1) D D (er—1) D (er),

where 1 < nj| -+ |ny—1|n, and ord(e;) = n;. Let
r—1
S=er H e?ifl(er — ei)"ifl
i=1

be a sequence over G of length D*(G) 4+ k — 1. Since exp(G) < D*(G) — k <
2exp(G) — 1, we have k +1 < D*(H) < exp(G) + k and

z =S| - Z 2(n; — 1) = exp(G) + k — D*(H) € [0,exp(G) — 1].

Obviously, each nontrivial zero-sum subsequence T of S has the form
T =¢el He?(er — )",
i€l
where 1 € [0,2], v; € [I,n; — 1] and I C [1,7 — 1]. Since o(T) = (z1 +
Yier vi)er =0, we have nr’(:cl + > ier UZ'), which implies that

|T’ =T -I-ZQUZ' = 2(1‘1 +Zvi> — I > 2nr — X
i€l el
=2n, — (n, +k—D"(H)) =D"(G) — k+ 1.
Hence, s<p-(g)—k(G) > |S|+1 = D*(G) + k and the first assertion is proved.
The second assertion follows immediately from the first. m
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3. Proof of Theorem In this section, we prove Theorem In
the proof, we use a technique from [2§].

LEMMA 3.1 ([22]). Let G be a finite abelian group and S be a minimal
zero-sum sequence over G of length D(G). Then X (S) = G.

LEMMA 3.2 (|22]). Let G be a cyclic group of order n and S be a sequence
over G of length n. If S is minimal zero-sum, then S = g", where g is a
generator of G.

By the above we can easily see that the following result holds.

COROLLARY 3.3. Let G be a cyclic group of order n and S be a sequence
over G of length > n. If every zero-sum subsequence of S has length > n,
then S = ¢85!, where g is a generator of G.

Let G be a finite abelian group and let A be a finite nonempty subset
of G. The stabilizer of A is defined by Stab(A) ={g€ G:g9+ A= A}.

LEMMA 3.4 (|22]). Let G be a finite abelian group, and let A and B be
finite nonempty subsets of G. If B C Stab(A), then (B) is a subgroup of
Stab(A).

Furthermore, the following statements are equivalent:

() B C Stab(A).
(b) A= A+B.
(¢) A= (g1 + (B)U---U(gr + (B)) for somer €N and gi,...,g, € A.

LEMMA 3.5. Let G be a finite abelian group with r(G) > 2 and suppose G
is not isomorphic to Cy ® Cop, for any m > 2. Let S be a sequence over G of
length D(G) + 1. If every zero-sum subsequence of S has length > D(G) — 1,
then the rank of (supp(S)) is at least 2.

Proof. Assume to the contrary that the rank of (supp(S)) is 1. Thus
(supp(S)) = Cy. Since r(G) > 2, (supp(S)) is a proper subgroup of G, which
implies that D(G) > n + 1. It follows that every zero-sum subsequence of S
has length > D(G) — 1 > n. By Corollary we have § = PO+ where
g is a generator of (supp(S)). Obviously, S has a zero-sum subsequence of
length n. Hence, n > D(G) —1 > n, i.e.,, D(G) = n+ 1. By a simple analysis,
we must have G = Cy & C,, with 2| n, where C,, = (supp(S)) = (g), contrary
to assumption. m

LEMMA 3.6. Let G be a finite abelian group with r(G) > 2 and suppose
G is not isomorphic to Cy ® Coyp, for any m > 2. Let S = Tg? be a sequence
over G of length D(G) + 1, where T is a zero-sum subsequence of length
D(G) — 1. Then S has a zero-sum subsequence of length at most D(G) — 2.

Proof. Assume to the contrary that every zero-sum subsequence of S
has length > D(G) — 1. For any ¢ | S with g1 € {g,2¢}, we have J(ngl) =
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o(T)+29—g1 = 29— g1 # 0. Since [Sg;*| = |S| —1 = D(G) and every zero-
sum subsequence of Sg; ! has length > D(G)—1, every zero-sum subsequence
of Sg;' must have length D(G) — 1. Tt follows that Sg; ' has an element
o(Sg;") =29 — g1. Hence g1(29 — g1) | S.

We claim that every zero-sum subsequence of S’ := S(g1(29 — g1)) '¢?
has length > D(G) — 1 for any ¢1 | S with g1 & {g,2¢9}. As g1 & {g,2g}, we
know that g; and 2g — g; are not equal to g. Hence,

S'=8(91(29 — 91)) 719" = T(91(29 — 91)) 'g".
It follows that every zero-sum subsequence T of S’ has the form 77 = T} g¢"
with T} | T(g1(29 — ¢1)) ! and x < 4. If z < 2, then T”| S, which implies
that |[T'| > D(G) — 1. If x = 3 or 4, then T" = T{g* = (T]g*)g*? with 1 <
z—2 < 2and 0(T{g%) = o(T1g1(29—g1)). Obviously, T1g1(29—¢1)¢"*| T'g?
and o(T7g1(29 — g1)g*?) = o(T") = 0. Hence

19129 — 91)9" % = [(T19%)g" %] = |T"| = D(G) — 1.

For any ¢; | S with g1 € {g,2g}, we may repeat the replacement procedure
S(g91(29 — g1))"'¢?. Finally, we can obtain a sequence S; = ¢g%(2g)? with
|S1] = |S| = D(G) + 1 such that every zero-sum subsequence of S; has
length > D(G) — 1. Obviously, r((S;)) = 1, contradicting Lemma 3.5 =

LEMMA 3.7. Let G be a finite abelian group with r(G) > 3. Let S =
Tg19293 be a sequence over G of length D(G)+2, where g1, g2, g3 are pairwise
distinct and T is a zero-sum subsequence of length D(G) — 1. If every zero-
sum subsequence of S has length > D(G) — 1, then S must have each of the
following forms:

¢
(3.1) S =[] ailor+ g2 — ai)(g1 + 92)" 919295

i=1

¢
= H bi(g1 + g3 — bi)(g1 + 93)° 919293
=1

¢
= [[ o2+ g5 — i) (g2 + 93)" 919293,
=1

D(G)—1-0c

5 and

with all elements of S pairwise distinct, c = 0 or 1, £ =
9; + 9k & {9i,29:} for {i,j,k} = {1,2,3}.
Proof. Since r(G) > 3, G is not isomorphic to Cy @ Cyyy, for any m > 2.
By the assumption , it is also easy to see that T is minimal zero-sum.
Cram 1. Let i,j € {1,2,3} and i # j. For any g|T with g & {9, 95,
9i + g;} we have g(gi + g5 — 9)| T and g # gi + gj — g
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Obviously, every zero-sum subsequence of T'g~1g;g; has length > D(G)
— 1, |Tg " gigj| = D(G) and o(Tg"'gigj) = gi + g; — g # 0. Thus every
zero-sum subsequence of T'g~ 1 g; g; must have length D(G) —1, which implies
that o(T9~'gig;) = gi + 9; — 91 Tg ™" gig;. Since g & {3, g5, 9i + g}, we see
that g; +g; — g & {9i, 9;}. Hence, gi +g; —g|Tg™", i.e,, g(gi + 95 — 9) | T
If g =g; +g; — g, then

S =Tgi1g293 = Trg(gi + g; — 9)919293 = (119:9;9°) 9

where {i, j,k} = {1,2,3}. Obviously, T1g;g; is a zero-sum subsequence of S
of length D(G) — 1 and every zero-sum subsequence of T1g;g;g* has length
> D(G) — 1. By Lemma [3.6] this is impossible and the claim is proved. =

CLAIM 2. gj + gk € {9i,29:} for {i,j, k} = {1,2,3}.

Without loss of generality, we can let i = 1, j = 2 and k = 3. If 2¢g; =
g2 + g3, then consider the sequence T'g3. Note that 7' is minimal zero-sum.
Thus any zero-sum subsequence T’ of T'g? has one of the following forms:
(1) T; (2) Tig1, where T1 | T with o(T1) = —g1; (3) Teg?, where Ty | T with
o(Tz) = —2¢1. If (1) holds, then |T"| = |T| = D(G) — 1. If (2) holds, then
obviously Th¢1 | S, which implies that |T"| = |T1g1| > D(G) — 1. If (3) holds,
then 2g1 = go + g3 implies that o(Tag?) = 0(Tagags) = 0, and Tagags is a
zero-sum subsequence of S of length > D(G) — 1, whence |T'| = |Thgi| =
|T2g293] > D(G) — 1. Hence, every zero-sum subsequence of T'g? has length
> D(G) — 1. This is impossible by Lemma [3.6]

If g1 = g2 + g3 and there exists some ¢ |7 with g &€ {g1, g2, g3}, then by
Claim 1 we know that g(g2 + g3 — g) | T" and

S =Tg19293 = 9(92 + 93 — 9)T" 9295(g2 + g3)

with o(T") = —go — g3. Thus T'(g2 + g3) is a zero-sum subsequence of S of
length |T] — 1 = D(G) — 2 < D(G) — 1, a contradiction.

If g1 = go + g3 and supp(T) = {g1, 92,93}, then set T = g~ 'gb~ g5
with a, b, ¢ being positive integers, so that S = g¢g5g5. If a — 1 > 0, then as
g1 = g2 + g3 we find that T'g; Lgog3 is a zero-sum subsequence of S of length
IT| + 1 = D(G). Obviously, Tg; 'gags is minimal zero-sum, since otherwise
Tg, 4593 has a nontrivial zero-sum subsequence of length < D(G) — 1. By
Lemma X(Tgy g293) = G, whence r({supp(S))) = r(G) > 3. This is
impossible since r((supp(S))) = r({g1, 92,93)) = r({g2 + g3, 92,93)) < 2. If
b—1>0andc—1>0, then T(g293) g1 is a zero-sum subsequence of S of
length |T| — 1 = D(G) — 2 < D(G) — 1, a contradiction. If either a — 1 = 0,
b—1=0o0ra—1=0,¢—1=0,then T = 912;—1 or g§_1 is minimal zero-sum
of length D(G) — 1. Thus D(G) — 1 = ord(g2) or ord(gs). It follows that G
must be isomorphic to Cy @ Cy,, for some positive integer m and Coy, = (go)
or (g3). This contradicts r(G) > 3 and the claim is proved. m
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CLAIM 3. g1,92,931T.

Assume to the contrary that there exists some i € {1,2,3}, say i = 3,
such that g3 | T. By Claim 2 we have g1 +g2 # g3. Since g1, g2, g3 are pairwise
distinct, we see that g3 & {g1, 92,91 +g2}. This together with Claim 1 shows
that gs(g1 + g2 — g3) | T. Thus

S =Tg19295 = T1g3(91 + g2 — 93)919293 = (T1919293)(g1 + 92 — 93)

with o(T1) = —g1 — g2. It follows that T3 g1 g2 is a zero-sum subsequence of S
of length D(G) — 1 and every zero-sum subsequence of T1g1g293 has length
> D(G) — 1. By Lemma [3.6] this is impossible and we obtain the result. =

CrAM 4. For any g|T', we have vy(T) = 1.

Assume to the contrary that there exists some g |7 with v4(7") > 2. By

Claim 3 we know that g € {g1, 92,93} If g # g1+g2, then g € {g1, 92, 91+ g2}
and Claim 1 implies that g(g1 + g2 — ¢) | T and g # g1 + g2 — g. Thus

S =Tg19293 = 9(g1 + 92 — 9)T" 919293 = (T"9192)9(91 + 92 — 9)93

with g | T" and o(T") = —g1 —g2. Obviously, T g1 g2 is a zero-sum subsequence
of S of length D(G) — 1. By Lemma g,91 + g2 — g, g3 must be pairwise
distinct, since otherwise S has a subsequence of the form (77g1g2)g? and
(T'g192)g2 has a zero-sum subsequence with length at most D(G) — 2. By
Claim 3 we have g 1 T"g1g2, which contradicts ¢g|7”. Hence, vy(T) = 1
for any ¢|T with g # g1 + g2. Similarly, vo(T) = 1 for any g|7T with
g & {g1 + 93,92 + g3}. Since g1, g2, g3 are pairwise distinct, we find that
g1+ 92 € {91+ 93,92+ g3}. Hence, vy, 44,(T) =1 if g1 + g2 | T. The claim is
proved. =

By the above claims, we can easily see that S must have each of the
following forms:
4y
S =TJailor + 92 — ai)(91 + 92) 919295
i=1
lo
= [ 091 + g5 — i) (g1 + 93)* 919295
i=1
l3
= H ci(92 + 93 — ¢i)(92 + 93)7° 919293,
i=1
with all elements of S pairwise distinct, and each o; being 0 or 1. Since
|S|=2014+01+3=20+02+3=203+03+3=D(G)+2and o; =0 or 1,
one can easily see that 0 := 01 =09 =03 =0o0r 1l and £ :=/{; =l = {3 =

w. Thus Lemma is proved.
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LEMMA 3.8. Let G be a finite abelian group. Then D(G) — 2 < exp(G)
if and only if either G is cyclic or G is isomorphic to Cy & Coy, for some
positive integer m.

Proof. Set G = Cy, ® Cpy, & --- @& Cp, with 1 < ny|ng|--- |n,. If
D(G) — 2 < exp(G), then since D(G) > D*(G), we have
r—1
ny+12>D(G) > D*(G) = (n;— 1) +n,.
i=1

It follows that Z::_ll (n; — 1) <1, ie., either r =1 or r = 2, n; = 2. Hence,
either G is cyclic or G is isomorphic to Cy ® Cay, for some positive integer m.
By Lemma[2.7|(a), the converse is obvious. m

Proof of Theorem[I.1l If r(G) = 2, then by Lemmas and [2.3|(iv) we

are done. Hence we can suppose that r(G) > 3.
CrLAaM 1. D(G) > 6 and ord(g) < D(G) — 2 for any g € G.
Since D(G) — 2 > exp(G) > 2, we have D(G) > 4. If D(G) = 4, then

exp(G) = 2 and G ~ C3, a contradiction. If D(G) = 5, then by a simple
analysis, we find that either r(G) < 2 or G = (3, a contradiction. Hence,
D(G) > 6. If there exists some g € G such that ord(g) > D(G) — 1, then

D(G) — 1 < exp(G) < D(G) — 2, a contradiction. The claim is proved. =

Let S be a sequence over G of length D(G) + 2. It suffices to prove
that S has a zero-sum subsequence of length < D(G) — 2. Assume to the
contrary that every zero-sum subsequence of S has length > D(G) — 1. Since
s<p(@)-1(G) = D(G) +1 < |S], S has a zero-sum subsequence T" of length
D(G) — 1. Thus we can set

S =Tg19293,

where T' is a minimal zero-sum subsequence of S of length D(G) — 1. By
Lemma [3.6] g1, g2, g3 are pairwise distinct. It follows from Lemma[3.7] that S
must have the form witho =0or 1and |S| = 20+0+3 = D(G)+2 > 8,
which implies that ¢ > 2.

Claim 2. ¢ = 0.

Assume to the contrary that ¢ = 1. Since g1, g2, g3 are pairwise distinct,
91 + 92,91 + g3, g2 + g3 are pairwise distinct elements in S. By (3.1)) we can
suppose that g1 + g3 = a1, go + g3 = b1, g1 + g2 = c1, which implies that
T contains g1 + g2 —a1 = g2 — 93, g1 +93 — b1 = g1 — g2, g2 + g3 —c1 =
g3 — g1. By Lemmawe have g; + gi # 2g; for {i,j,k} = {1,2,3}. Thus
91— 92,92 — g3, 93 — g1 are pairwise distinct. Hence, (g1 —92)(92 —93) (93 — g1)
is a zero-sum subsequence of S of length 3 < D(G) — 2, a contradiction. m
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Since 0 = 0, by (3.1)) all elements of T" are pairwise distinct, and 7' can
be viewed as a subset of G.

CraM 3. T has the form
S

t
T = U{UI+91+H77UI+91+H}U U(ey+gl+H)7
=1 y=1

where H = (g1 — g2, 91 — g3) is a subgroup of Stab(T), 2v, € H and ey € G
with ord(ey) < 2. In particular, if s > 0, then H is of even order.

Since gj+gr—g € T and g # gj+gr —g for any g € T and j, k € {1,2,3}
with j # k, we have
{91 +92,91 +93,92+ 93} —T =T.
It follows that

T={g1+92,91+9g3,92+93} =T
=1{91+92,91 +93,92 + 93} — {91 + 92,91 + 93,92 + g3} — T)
={gi—g;:1,5€{1,2,3}} +T.
Thus

Stab(T) 2 (gi — g5 : 4,5 € {1,2,3}) = (91 — 92,91 — g3) = H.
By Lemma there exist some t' € N and wq,...,wy € T — g1 such that
y
T=T+H=J(wi+g+H).
i=1
Note that g1 + H = go+ H = g3 + H. For any h € H, i € [1,t] and
J, k€ {1,2,3} with j # k, we have

9+ 9k — (Wi + g1+ h)=—w;i+g;+ (g — 91— h)

€-wi+gi+(gp—g+H)=-w+gj+H=—-w+g +H.
Note that g; + g» —g € T for any g € T and j,k € {1,2,3} with j # k.
Hence, we can set

t s
T=J{vetq+H—vetg+HUJ (uy+ g1+ H),

r=1 y=1
where 2v, ¢ H and 2u, is in H. Since each 2u, is in H, there must exist some
ey € G of order < 2 such that u, + H = e, + H and we obtain the structure
of T. Since H = (g1 — g2,91 — 93), we find that g; + gr — (ey + g1 + h) €
ey + g1+ H for any h € H and j,k € {1,2,3} with j # k. Note that
ey+g1+h # gj+9ix — (ey + 91 + h). Thus |H| is even and the claim is
proved. m
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Denote by Hi the set of elements of order < 2 in H. Thus there exists
A C H such that H = Hi W AW (—A), where Hy, A and —A are pairwise
disjoint sets. Since T is minimal zero-sum of length D(G) — 1, by Claim 3

we have
|T| =2t|H|+ s|H| =D(G) — 1

and
t
T =[] [] (e + 91+ 1)+ (—vz + g1 — b))
r=1heH
T T ey + 91+ 8) + (ey + 91 — HZ (ey +91+h)
y=1hecA y=1heH;

= (2g;) Il H > (ey+g1+h)

y=1heH;

is minimal zero-sum. Since H = (g1 — g2, 91 — g3), we have r(H) < 2. This
together with |H| even (if s > 0) shows that H; =2 C or C7 if s > 0. Hence,

(2g1)!1H] if s =0,
(3.2) T =< (2011514129, +¢)*  if s >0 and Hy = (e) = Oy,
(2g1)t1H1+s14l (497 if s> 0and H; = C3,

is minimal zero-sum.

CramM 4. If t|H| + s|A] > 0, then ord(g;) = ord(2¢g1) = D(GQ)_l is
odd, and for any i € [1, %}, there exists L | T’ of length < i such that
o(L) = i(291).

If Hy = (¢) & Cy and 21 s, then |A] = ML — 1122 59

o(T') = (t1H| + s|Al + 5)(2g1) + e = (t + 5/2)|H|(291) + € = 0,
whence e = (t + s/2)|H|(2g1). Since 2t|H| + s|H| = D(G) — 1, we have 2e =
(2t|H| + s|H|)(2g1) = (D(G) — 1)(2g1), which implies that ord(2g;) | (D(G)
—1). Since T" = (2¢g;)115141(2g; 4 €)* is minimal zero-sum, the sequence

(2g1) 15141 (29, 4 )51 = (2gl)t|H|+#—5(291 4oy
is zero-sum free. Since t|H | +3|A] > 0 and 2t|H|+ s|H| = D(G) — 1, we have
2(T') o {i(2g1) = i € L t|H| + s|H[/2 - 1]}

- {i(le) pi € [1'3(0;_}} 2 0.

It follows that ord(2g;) > D(G) 3 By Claim 1 we have ord(2¢;) < D(G) —
Since ord(2g1) | (D(G) — 1), w e must have

D(G) — 1

ord(2¢g1) =
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Since 0 € X(T"), it follows that
D -1
(T > {z‘(le) i€ [1, (GZ)} }

From the structure |D of T", it is easy to see that for any i € [1, D(G;)_l],
there exists L|T" of length < i such that o(L) = i(2¢1).
If s =0or Hy = (e) = Cy with 2| s or H; 2 C2, then it follows from (3.2)
that the sequence
(2gl)t|H\+S|A| if s = 0,
T" := { (291115141 (4g1)2  if s > 0 and Hy = (e) = Cy with 2] s,
(2g1)H1HI+5141(4g1)  if s > 0 and H; = C3,
is minimal zero-sum. Since t|H|+ s|A| > 0 and 2¢t|H| + s|H| = D(G) — 1, by
a simple calculation we find that

(1) > (1) = {2’(291) Lie [1, D(G)_l] }

2

This together with the minimality of 7" yields
D(G) -1
—
From the structure |D of T", it is easy to see that for any 7 € [1, %},
there exists L|T" of length < i such that o(L) = i(2¢g1).

Since ord(2g1) = % |ord(g1) and ord(g1) < D(G) — 1 (by Claim 1),
we must have ord(g;) = ord(2¢g1) = %. It follows that % is odd
and we obtain the result. »

ord(2¢g1) =

In the following, we will distinguish two cases to complete our proof.

CaseE 1: t|H| + s|A| > 0. Since t|H| + s|A] > 0, Claim 4 implies

that ord(gl) = ord(2¢g1) = D(GQ)fl is odd, and there exists L|T" of length

< D(G4) such that o(L) = D(G) PLE=394,). Since any element of T” is the sum
of at most four elements in 7', there must exist a subsequence T} | T of length
< % x4 = D(G) — 3 such that o(T7) = D(G) 3(291) Since S = T'g19293
and ord(g1) = %, we find that o(T1¢1) = D( 4) (291) + g1 = 0. Hence,
T1¢1 is a zero-sum subsequence of S with |T1¢g1| < D(G) —3+1 < D(G) —

a contradiction.

CASE 2: t|H| + s|A| = 0. Since t|H| + s|A| = 0 and 2t|H| + s|H| =
D(G) — 1, we must have s > 0 and ¢t = |A| = 0, which implies that H = H;
and 2t|H| + s|H| = s|H1| = D(G) — 1. If H; = (e) = Cs, then H = H; =
(91 — g2, 91 — g3) = (e). Since g1, g2, g3 are pairwise distinct, it follows that
g1 — g2, g1 — g3 are both distinct and nonzero. This is impossible. Hence H =
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— — (G-t
Hy 2 C3 and s = % %. It follows from 1} that 77 = (4¢g;)~ 4
is minimal zero-sum. Thus ord(4g;) = % = s, and by Claim 3, we have

S
T=\J(ey+g+H).
y=1
It is easy to see that

D(G) -1

4

since otherwise ord(g;) = 2ord(2g1) = 4ord(4g:) = D(G)—1, a contradiction
to Claim 4. Since H = (g1 — g2, 91 — g3) = C3, and g1 — g2, g1 — g3 are both
distinct and nonzero, we see that e; := g1 — go and ey := g1 — g3 are of
order 2 and constitute a basis of H. Combining the structures of T yields

ord(4g1) = = s is odd,

S = g19293T
=g1(g91 +€1)(g1 + €2)

S

ey + 90)(ey + 91+ e1)(ey + g1+ €2)(ey + g1 + €1 + €2)
y=1
with s = % > 2 odd (since D(G) > 6). Since ord(4g1) = % |ord(g1)
and ord(g;) < D(G) — 1 (by Claim 1), we have
ord(g1) = D(Gi -1 or D(GQ) - 1'

If ord(g1) = %, then since s > 2 is odd, we have 0 < 252 < s — 1
and

(91 +e1)(g1 +e2)(es +g1)(es + g1 +e1)(es—1 + g1)(€s—1 + g1 + €2)

s—3
2

ey +91)(ey + g1+ er)(ey + g1+ e2)(ey + g1 + €1 + €2)
y=1
is a zero-sum subsequence of S of length 2s = % < D(G) — 1. This is a

contradiction.
If ord(g1) = D(GA‘)A and s = % = 1 mod 4, then s > 5 and

g1(g1 +e1)(g1 +e2)(es + g1 +e1)es + g1 +e2)

s—5
4

ey +91)(ey + 91+ ex)(ey + g1 + e2)(ey + g1 + €1+ e2)
y=1

is a zero-sum subsequence of S of length s = % < D(G) —1. This is a
contradiction.



ZERO-SUM SEQUENCES OF LENGTH NOT EXCEEDING A GIVEN NUMBER 17

If ord(g1) = % and s = % = 3 mod 4, then s > 3 and

(g1 +e1)(es+g1)(es + 91 +e1)

s—3
=N
ey +91)(ey + 91+ ex)(ey + g1 + e2)(ey + g1 + €1+ e2)
y=1
is a zero-sum subsequence of S of length s = % < D(G)—1. Thisis a

contradiction which completes the proof of the first assertion.

The second assertion immediately follows from the first assertion and
Lemma [2.91

4. The upper bound of s<;(G). In this section, to obtain our upper
bound, we first study the problem of when there exists a nontrivial zero-
sum subsequence of length bounded by k for zero-sum sequences over finite
abelian p-groups. For this problem, one can also see [9, 32].

We will use the following lemmas repeatedly.

LEMMA 4.1 (Lucas’ Theorem, [31]; see also 7] and 23], p. 271]). Let a, b
be positive integers with a = a,p™+---+ai1p+ag and b = byp™+---+b1p+by
being the p-adic expansions, where p is a prime. Then

a\ _ (an) (an-1 a) 1
b) = \bw) \buer) " \bg ) PO
For any k € Ny, g € G, and a sequence S over GG, we denote by

NE(S) = [{1 € [11S1: > g = 0,111 = k|
el

the number of subsequences T of S having sum ¢(7") = g and length |T'| = k
(counted with the multiplicity of their appearance in S). Denote by N;(S )
(resp. N (S)) the number of subsequences T" of S of even (resp. odd) length
having sum o(T") = g (each counted with the multiplicity of its appearance
in §). If g = 0, we also write N§(S) as N¥(95).

LEMMA 4.2 ([22, Proposition 5.5.8|). Let p be a prime, let G be an abelian
p-group, and let S = g1 +...-g0 € F(G). If ¢ > D(G), then N;‘(S) =

N, (S) mod p for all g € G. In particular, Ng (S) = Ny (S) mod p.

LEMMA 4.3. Let x be an integer and c, k, w1, us, A be positive integers. Let
1+ 1 1 R |

R IGERGENGY

(3 () (3 I/
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Then by some row transformations, A can be transferred to the form
(0) + (D)% x () (%) ('2“)

(P +EDex () () 6)

A= (+ED2x () (%) ()

() + 1P x 5 () () ()

Proof. We make some row transformations of A (executed from top to
bottom each time by using (%) — (@_1) = (”fl)). It is easy to see that

(TG e (T ) e ()
G A G A G ()

A=Ay =

+ + +k
S N G B G (%)
Multiplying the first row of Ag o by —1 and then adding it to the second row
of Agp yields

o yre Co) Co) - ()
Aoy = 111)_55 ( f ) ( 1 ) (1)
(%) () () (%)

Repeat this process A — 1 times, i.e., for 1 < i < A —1 multiply the (i + 1)th
row of Ap; by —1 and then add it to the (i +2)th row of Ag ;. It follows that

(c+161—1)+(_1 T (c+u2 1) (C—H(e)—l) (661)
(c+u11—1)+(_1 x (c+u2 1) (c—H;—l) (c;l)
Agy = (c+u21—1)+(_1 " (c+u2 1) (c—l—l;—l) (051)
(c+tﬁ\171)._|_(_1)>\x (c+u)\2—1) (c+k 1) (cil)
(TG F D x (o) (TET) (C*’S’z) (‘")
(TF AN () (TR () e ()
= | (TE) AP () () (“2)
(D Q) () () ()

Multiplying the first row of Ag y by —1 and then adding it to the second row
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of Ay yields

(e (% x (o) (TG (6 e ()
(C""“ll_z)—l—(—l)lxx(%) (c+u12—2) (c+l{—2) (c;2)
A= | (TR HED%R Q) (TET) (RT) e ()

tu—1 A A +ug—1 +h—1 -1

(YT HED e () (TRT) (R) e (N
Repeat this process A — 1 times, i.e., for 1 <147 < A — 1 multiply the (i 4+ 1)th
row of A;; by —1 and then add it to the (i +2)th row of A; ;. It follows that

(TG + (D% x ) (TR (TRT) e ()

(c+u1172) + (71)13j % @) (c+u2 2) (c+k 2) (cz2)

A1,>\ _ (c—&-u21—2) + (_1)2:6 > (g) (c+u 2) (c+k 2) . (c;2)
(c+u)\1—2) + (_.1))\:5 « (Aj\rl) (c+u/\2—2) (c+l)€\72) ‘ (Ci2)

Again repeating the above row transformations [ — 1 (1 < < ¢) times, one
obtains

R+ () (T () e ()
(R D () (T () ()
Acua= | TR ) () () ()

(R () (TR ) ()

(6) + (=0 x () (7)) (o)
(7)+ Dt () (7)) ;)
Ai=Aeipn=| () +EDx (D) (3) () () |-

A Ae—1 k
(%) + (=02 (57 (%) ()
We now give some conditions for a zero-sum sequence 1" over a p-group
G of length |T'| > 2k to have a zero-sum subsequence of length <k —1 .

LEMMA 4.4. Let p be a prime and k be a positive integer. Let G be a
finite abelian p-group and T be a zero-sum sequence over G of length |T'| >
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2k > D(G) + 2. If there exists some i € [1,2k — D(G)] such that

(T =k (T =k+i—1
al'_<k—i +(—1) b1 # 0 mod p,

then T has a nontrivial zero-sum subsequence of length < k — 1.

Proof. Note that a; = 0. Assume to the contrary that each zero-sum
subsequence of T has length > k. Since o(T) = 0 and |T'| > 2k > D(G) + 2,
T is not minimal zero-sum and each proper zero-sum subsequence of 1" has
length < |T'| — k. Hence,

NY(T)=0 forie[l,k—1U[|T|—k+1,]T|—1].
It follows from Lemma that
(41) 14 (=DPNFT) + -+ (=D)T=ENITI=R () 4 (=) ITINITL ()
= (14 (D) + (~1)ENF(T) + -+ (= 1)TI=ENITI=R(T) = 0 mod p,
and for any 71 | T with |Th| € [D(G), |T| — 1],
1+ (=D)FNE(T) 4 -+ (=D)TIENITI=R (7)) = 0 mod p.
Thus for 1 <t < |T| - D(G),

ST (U CDENET) + o (<) TENITIR(T)) = 0 mod p.
T|T, |Th|=|T |-t

Analyzing the number of times each subsequence is counted, we obtain

02 () + 0"y v

4t (,1)\T|—k <||11:1| __ ((||11:|’ :Z))) N|T|—k(T)

_ ('f’) ; (—1)’“(’T't_ k) NH(T)
Foe ot (=1)TIR @) NI7I=%(T) = 0 mod p.

Set X := (1, (—1)ka(T),. ,(—1)|T|_kN|T|_k(T))T and

()4 (0 (T

GO TR (o BT
A= @ 0

(|T|—TD|(G)) (|T|\T—|5(kc)) Y (\T|—IE(G))
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On the one hand, it can be deduced from (4.1]) and (4.2) that
AX =0 mod p.

Since |T'| > 2k > D(G) + 2, Lemma implies that by some row transfor-
mations, A can be transformed into

yas (An A12> _
Agr Ag

(65 + (D= () (T ()

(U + DD (T ()

("5 + D2 I G I (2)

: | : : :
IO A G e AR I = S U
(\T‘E;k]fi—l) + (_1)|T‘72k+1(_1)m (\T‘\Z:‘;k]fl—l) | (\T‘Tlngil) T (\T\—OQIH—l)
(‘T“T_‘;kﬁﬁ + (_1)|T‘72k+2(_1)m (‘gtzkkt.lz) | (\T‘Tlngiz) e (\T\fozkjLz)
|

(JTI=E )+(_1)\T|—D(é)(_1)\T|(|T|—D<G>+k—1)

|T|-D(G) |T|-D(G) (\T‘ﬂ_ofé')) (\T\foD(G))

Since ( =0 for j < |T'| -2k +1, each element in Ags is 0. Obviously,

(71 =bk4i)
A'X = 0mod p.

For the ith component of Asy, we have

IT| -k iTl—2kti; 1l (1T —k+i—1
-1 (-1
<|T|—2k+z’ +(=1) S Y

_ <|1};|—ik) . (_1)i<|:ry —kkjli = 1> e

al 0

Thus

(Ag; Ag) X = Ay =

mod p.

A2k—D(G) 0
This contradicts the existence of some i € [1,2k — D(G)] such that a; # 0
mod p, completing the proof. m

In the following results, we obtain some values of ¢ such that a; # 0
mod p.

LEMMA 4.5. Let p be a prime and k = c1p'™ + d be a positive integer
with t > 0, d € [0,p — 1] and ¢1 € [1,p — 1]. Let G be a finite abelian
p-group and T be a zero-sum sequence over G of length |T'| > 2k. Suppose
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that |T| — k = wip™ + vy with v € [0,p™ — 1], uy € [1,p — 1] and
u1 + ¢ + 1 # 0 mod p.

(1) If2k —D(G) > p+d —wv, then aprq—y # 0 mod p.
(2) Ifd=1 and 2k — D(G) > 2, then as # 0 mod p.

Proof. Set vi = ugp 4+ v with v € [0,p — 1]. Since |T'| > 2k, we have
IT|— k= wup™t Fugp+v >k =eptt + 4,
which implies that
(4.3) p—1>wu; >c1 > 1.

CLAIM. (Cluil) + (—l)l(ul;l) # 0 mod p for any integer I.
If [ is odd, then

uy up +1 uy up +1 uy
<01—1)+(_1)l( c1 >:<01—1>_< c1 )Z_(01>¢0m0dp’

u
C

(a1 fur+1 U1 U1 up +1
-1 = .
<Cl—1>+( ) ( C1 > <Cl—1)+<01—1) C1

1
:< E )'uﬁw + 0 mod p,

where ( 11) Z 0mod p since p—1 > uy > ¢; > 1. If [ is even, then

61—1 C1

where ( ”il) % 0 mod p because p—1 > u; > ¢; > 1, and %ﬁl“ % 0 mod p

Cc1

because u; +¢1 +1#Z0 modpandp—1>¢; > 1. u

(1) Since 2k — D(G) > p+d — v, by the definition of a; in Lemma [4.4] we

have
IT| -k dv (1T —k+(p+d—v)—1
— —1)ptd=y
ptd (k—(p+d—v) +(=1) k—1

_ urp™ + ugp + v b (—1yprd up™t +usp+p+d—1
aptl —p+w apttl+d—1

uipt +u uipt +ug + 1
- 1pt 2) 4 (_1)p+d_v 1p t2 mod .
ap'—1 c1p

The last congruence follows from Lemma .1 If ¢ = 0, then uy = 0 and by
the Claim we have

1
Uptd—v = ( “ ) + (=1)ptdv <u1 + ) # 0 mod p.

cp—1 c1
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Now suppose that t > 1. If us € [0, p — 2], then

t i
_ (wp tu td—y [WP" Fug + 1
iy = (0T 4 capri (M

= (o)) e () ()
o (M) 2omodp (b >.

t
uip’ + us _ u1p + uz +
ptd—n = < P ) + (—1)p+d 'u< )

W1+1ﬂﬁ—1)+w_lyﬂivCuy+lp>

<
()@ e ()
(

“ ) + (=1)pFdv <u1 + 1) Z0modp (by the Claim).

1

(2) Since 2k — D(G) > 2, by the definition of a; in Lemma [4.4] we have
|T| — k o IT| —k+1
- 1
2 < koo )TED
_ (wp™ 4o N wp™ o +1
C \aptt -1 cip't! '
If v € [0,p!T! — 2], then v1 + 1 € [1,p'*! — 1], and by Lemma

0 — urp™ + vy " uip™ o +1
2= cipttl — 1 crpttl

w1 v1 ur) (vi+1
()G ()
= <u1> % 0 mod p,
C1

where (ul) # 0 mod p because p — 1 > u; > ¢; > 1. If v; = p!*! — 1, then
by Lemma [4:1] we have

0 = urp'™ 4 vy n upttt +op +1
27 ettt -1 cpttt

_ (Ul + 1)pt+1 -1 N (Ul + 1)pt+1
C1pt -1 Clpt+1
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Uy pitl—1 N up +1\ /0
cp—1)\pttl -1 c1 0

= ( b ) + <u1 + 1) Z0mod p (by the Claim). =

61—1 C1

In the following, we will prove the upper bound s<;(G) < 2D(G) — k for
some classes of p-groups G by using Lemmas [£.4] and [£.5] In our proofs, the
following lemma is important.

LEMMA 4.6. Let G be a finite abelian p-group and k € [exp(G)+1,D(G)]
be a positive integer. Let S be a sequence over G of length 2D(G) — k + 1.

Suppose that (2@?) # 0mod p. If N¥(S) = 0 for i € [D(G) +1,]|S|], then S
has a nontrivial zero-sum subsequence T with |T| < k — 1.

Proof. Assume to the contrary that each zero-sum subsequence of S has
length > k. Since N%(S) = 0 for i € [D(G) + 1,|5]], by Lemma the
following congruence holds for any T'| S with |T'| € [D(G), |S]]:

1+ (—D*NF(T) + -+ + (=1)PEONPE(T) = 0 mod p.
Thus for 0 <t < |S| — D(G),

> (L EDINHD) + -+ (“)PEONPENT)) = 0 mod p.
T|S, |T|=|S|—t

Analyzing the number of times each subsequence is counted, one obtains

69 ()~ 0 ()M

(5B

D(
- () (S ks)Nk(S)
b (—1)P©) (’S’ t G>> NP()($) = 0 mod p.

Set X := (1,(—=1)*Nk(S),..., (~1)PENPE) (8))T and

(\gl) (ISH) .. (ISIfOD(G))
PO D I G IR G )
S| |S|—k ... (I8]-D(G)

(|S|—D(G)) (\S|—D(G)) (|S|—D(G)) (15]—D(G)+1)(D(G)—k+2)

On the one hand, it can be deduced from (4.4]) that
AX =0 mod p.
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It follows from Lemma [4.3] that by some row transformations, A can be
transformed into

CE) O )
A — ((1)) ((1)_) (1)
D .G) D(é —k 0
(|S\—D(G)) (|S\—D(G)) (\S\—D(G)) (1S|-D(G)+1)(D(G)—k+2)
and

AX = A’X =0 mod p.
Since |S| = 2D(G) —k+1, we have |S| —D(G)+1 = D(G) — k+ 2. It follows
that A’ is a square matrix and |S| — D(G) > D(G) — k. Note that (}) =0 if
0 <a < b. We have

(,Eff)&é)) T <|S| —OD<G>> -0
Thus

((|5|Iz(g()a)> (|2|(?3>Z£)) (|S|—0D(G)>)X
B D(G) ~ (D(G)\ _
_(|S|—D( ))_<k_1>:0m0dp.

This contradicts (?g(—(i)) Z 0mod p. =
By Lemma [£.6] we can obtain the following result.

THEOREM 4.7. Let G be a finite abelian p-group and k = cip'™ +d €
lexp(G) + 1,D(G)] with d € [0,p — 1], t > 0 and ¢; € [1,p —1]. Let S be
a sequence over G of length 2D(G) — k + 1. Suppose that (2@3) % 0 mod p
and 2k —D(G) > p+d —v withv € [0,p — 1].

If either

(1) p>2and 2D(G) —k+1 < (p—1)p'tt, or
(2) p=2 and 2D(G) — 2k 4+ 1 < p'*2,

then S has a nontrivial zero-sum subsequence T" with |T'| < k — 1.

Proof. If N(S) = 0 for i € [D(G) + 1,]|S|], then by Lemma we are
done.

Now suppose that S has a zero-sum subsequence T' of length |T'| €
[D(G) + 1,|S]|]. If |T| < 2k, then since T is a zero-sum subsequence of S of
length |T'| > D(G) + 1, by the definition of D(G) we find that 7' has proper
zero-sum subsequences T1, TTy . Obviously, min{|Ty|, |TT; |} < k—1, and
we are done.
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Suppose that |T| > 2k.

(1) Since p > 2 and |T| < |S| = 2D(G) —k +1 < (p — 1)p!™! with
k=cip™t+d, de[0,p—1],t>0and ¢; € [1,p— 1], we have

T —k>k=cp™ +d>pT

and
T|—k<|S|-k<(p-1p" = (cp™ +d) = (p—1—c)p™ —d <p™?
Hence, we can set |T| — k = upp*t! + v1 with w3 € [1,p — 1] and v, €
[0,p'T! — 1]. Since 2k — D(G) > p + d — v, by Lemmas and 1), it
suffices to prove that

u1 +¢1 +1 % 0 mod p.
Since

IT|=|T|—k+Ek=up™ +v +eip™ +d = (ug +c1)p™ +0v1 +d
< ‘S’ < (p_ 1)pt+17

we have u; 4+ ¢; < p — 1, which implies that

up +c1+ 1% 0 mod p
as required.

(2) Since p =2 and |T| < |S| = 2D(G) — k + 1, 2D(G) — 2k + 1 < p'*
and k = c1p't! +d with d € [0,p — 1], t > 0 and ¢; € [1,p — 1], we have
Cc1 = 1,

‘T|_k2k:2t+1+d22t+l
and
IT| —k <|S| -k =2D(G) — 2k +1 < 21+2,
Hence, we can set |T| — k = u12! 4+ vy with w3 = 1 and v; € [0,207! — 1],
Since 2k — D(G) >p—|—d—v and u1 +c1+1 =3 0 mod 2, by Lemmas
and [L.F[1), we get (2). m

Similarly, we can also obtain the following result.

THEOREM 4.8. Let G be a finite abelian p-group and k = ciptt! +1 €
[exp(G) + 1,D(G)] with t > 0 and ¢; € [1,p — 1]. Let S be a sequence over
G of length 2D(G) — k + 1. Suppose that D(G) < p'*2 and 2k — D(G) > 2.

If either
(1) p>2and 2D(G) —k+1 < (p— 1)p'*L, or
(2) p=2 and 2D(G) — 2k + 1 < pt*2
then S has a nontrivial zero-sum subsequence T" with |T| < k — 1.

Proof. Since k = c1p't! 4+ 1 < D(G) < p'*? with ¢; > 1, we can set
D(G) = ap*t' +bwithp—1>a>c¢ >1andbec [0,p* —1]. Thus

Y -2 - ()0 (2) o
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where (c“) % Omod p because p — 1 > a > ¢; > 1. This together with
Lemma [4.6/ shows that if N¢(S) = 0 for i € [D(G) +1,|S]], then we are done.

Now suppose that S has a zero-sum subsequence T of length |T'| €
[D(G) + 1,|S]|]. Then by imitating the proof of Theorem we get the
assertion. m

5. Proofs of Theorems [1.2] and [1.3|

Proof of Theorem . Let S be a sequence over G of length 2D(G)—k+1.
It suffices to prove that S has a nontrivial zero-sum subsequence T' with
T < k—1.

(1) Since ¢; < % and k — 1 = e;pttl € [%, D(G) — 1] with ¢t >0
and ¢; € [1,p — 1], we have

1
D(G)<2(k—1)—1=2c;p —1< 2prf+1 1
2 2 t+1 t+2
e R I
3]) 3]) p
2%k — D(G) > 2k — (2k —3) =3 > 2,

-1
QD(G)—k‘Fl§2(2k—3)—k+1:3c1pt+1—2§3prt+1_2
< (p—l)ptH.

By Theorem [4.§[(1), we get (1).

(2) Since p = 2, we have ¢; = 1. Since k — 1 = 2t+1 > D(G)+1 with ¢t > 0,
we have

%—D«nzuggﬂil+n—D¢n:3>z

D(G) <2(k—1)—1=2"2 1< 22

2D(G) — 2k +1 < 2(2k —3) — 2k + 1 =2k — 5 =21T2 — 3 < 2t+2,
By Theorem [1.§)(2), we deduce (2). u

Proof of Theorem [1.3 Let S be a sequence over G of length |S| =
2D(G)—k~+1. In the following, we will prove that S has a nontrivial zero-sum
subsequence of length < k — 1. If there exists some ¢ € [D(G) + 1,2k — 1]
such that N?(S) # 0, then S has a zero-sum subsequence T of length
|T| € [D(G) + 1,2k — 1]. By the definition of D(G), T has proper zero-sum
subsequences Ty, TT, . Obviously, min {|T3|,|TT; |} < k — 1 and we are
done. Hence we can suppose that

(5.1) N'(S)=0 foric [D(G)+ 1,2k — 1]
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(1) Since D(Cg) =4p—3and k—1=2p, by Lemmawe have

D(CY)\ _ (4p—3\ _ (3\(p—3\ _
(k—l =g )T )y )= 37F0modp,
because p > 5. If N/(S) = 0 for i € [D(Cy) + 1,]S]] = [4p — 3,6p — €],

then by Lemma [4.6| we are done. If there exists some i € [D(Cy) + 1,15]] =
[4p—3,6p— 6] such that N¥(S) # 0, then since 2k = 4p+2 > D(C’g)—i-l,
implies that S has a zero-sum subsequence 7" of length |T'| € [4p + 2, 6p — 6].
Thus |T| > 4p+2=2k and |T| — k € 2p+ 1,4p — T7].

If3p—1¢2p+1,4p—7],ie., p=05,then |T|—k € [2p+1,3p —2]. Set
|T| — k = 2p + vy with v1 € [1,p — 2]. Thus by Lemma [1.1] we have

0 — |T| — K n T —k+1 _(2p+ v n 2p+v1 +1
27 k-2 k-1 ) \2p—1 2
o 2 V1 2 U1+1 N
(02 Q) = eoms

If3p—1€2p+1,4p— 7], i.e., p > 6, then set |T| — k = uip + v1 with
up =2or 3and vy € [0,p—1]. If |T| — k # 3p — 1, then v; € [0,p — 2]. This
together with Lemma [4.1] yields

o — |T| — k n T|—k+1\  (wip+wn n uip+vp +1
27\ k-2 E—1 ) \2p—1 2

up vy ur) (vi+1\  (w

(1)) () (07) = (3) omns

If |T| —k=3p—1, then
(T -k T —k+1\ (3p—1 3p
a2_<k—2 U o )T o) Ty
_(2\(p-—-1 3\ (0
= ()G + () () -5 zomoar

because p > 6. Since 2k — D(Cg) =5 > 2, by Lemma S has a zero-sum
subsequence of length < k — 1, proving (1).

(2) Since D(CZ) = (p—1)d+ 1 and k —1 = (d—1)p € [p,D(CH)], we
have (p — 1)d+1 > (d—1)p > p, ie, 2 < d < p+ 1. It follows that
p—d+1¢€[0,p— 1]. This together with Lemma yields

B - () ()
=1 %0 mod p.

If N'(S) = 0 for i € [D(CY) + 1,|S]] = [(p — 1)d + 2,(d + 1)p — 2d + 2],
then by Lemma we are done. If there exists some i € [D(Cg) + 1,15 =
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[(p—1)d+2,(d+ 1)p — 2d + 2] such that N¥(S) # 0, then since
2k—(D(CH+1)=2(d—1)p+2—(p—1)d—2=(d—2)p+d >0

(as d > 2), (5.1) implies that S has a zero-sum subsequence T' with |T'| €
[2(d—1)p+2, (d+1)p—2d+2]. It follows that 2(d—1)p+2 < (d+1)p—2d+2.
It is also easy to see that

2d—1)p+2—((d+1)p—2d+2) = (d—3)p+2d >0

if d > 3. Hence d = 2. Note that SSP(CI%) =3p—-2= 2D(C’5) — p and the
proof is complete. m

6. Concluding remarks and a conjecture. We close the paper by
making the following conjecture for finite abelian groups G. Obviously, this
conjecture covers most of the results in Theorems[T.THI.3Jand LemmasZ.THZ.5]

CONJECTURE 6.1. Let G be a finite abelian group with r(G) > 2 and
D(G) = D*(G). Let k be a positive integer such that k € [exp(G),D(G)]. If
k> %, then

s<i(G) < 2D(G) — k.
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