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Abstract

The nonhomogeneous Navier-Stokes equations are examined in a cylindrical domain in R3
parallel to the x3-axis, with large inflow and outflow at the top and bottom of the cylinder.
Additionally, slip boundary conditions are applied to the lateral surface of the cylinder. This
paper establishes the long time existence of regular solutions under the condition that the inflow
and outflow are close to homogeneous, and that the norms of the derivatives with respect to x3
of both the external force and the initial velocity are sufficiently small. A key point of this study
is to demonstrate that the x3-component of the velocity remains positive.
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1. Introduction

We analyze motions of the nonhomogeneous Navier—Stokes equations in cylindrical do-
mains with large inflow and outflow. By “nonhomogeneous,” we mean a density-dependent
system. Our objective is to establish the existence of long time strong solutions without
imposing smallness restrictions on the velocity and flux. In our proof, we utilize concepts
and techniques from [RZI]. We introduce Cartesian coordinates (21, o, r3). Let Q C R3
be a cylindrical domain parallel to the x3-axis. The boundary of €2, denoted as .S, consists
of two parts: S; and Ss. Here, Sy is parallel to the x3-axis, while S is perpendicular to
it. Furthermore, So can be expressed as Sa(—a) U Sa(a), where a € R is specified. The
parts Sa(a;) intersect the zs-axis at points a; for ¢ = 1,2, with the conditions a1 = —a
and ag = a. Lastly, S; and S3(a;) meet along a curve L(a;) for each i = 1,2.

Let T > 0 be given. We consider the following initial-boundary value problem in the
domain Q7 = Q x (0,7):

o(vy +v-Vu) —divT(v,p) = of in Q7
divo =0 in QT
ot +v-Vo=0 in Q7

v-n=20

on S{ =51 x (0,7),

vit -D(v) - To +70 7o =0, a=1,2 on ST,

v-n=—di, di >0 on S¥(—a), (1.1)
v-n=dy, doy>0 on S (a),

0=01 on S (—a),

a-Dw) To=0, a=1,2 on S7,

V]t=0 = vo in €,

olt=0 = 0o in Q,

where ¢ = o(x,t) € R! denotes the density of the fluid, v is the velocity with v(x,t) =
(v1(z,1),vo(z,t),v3(2, 1)) € R®, p = p(z,t) € R! denotes the pressure, f = f(x,t) =
(fi(z,1), fo(z,t), f3(x,t)) € R? the external force field, x = (1,22, x3) are the Cartesian
coordinates. We denote by v > 0 the constant viscosity coefficient and by v > 0 the slip
coefficient; moreover, 7 is the unit outward normal vector to the surface S. The vectors
Ta, where a = 1,2, are tangent vectors to S. Additionally, I represents the unit matrix,
while D(v) is the dilatation tensor, expressed as

D(v) = {vi,z; + Vju, bij=1,23
[5]
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Furthermore, the stress tensor T (v, p) is defined as follows:
T(v, p) = vD(v) - pI.

Utilizing Cartesian coordinates and considering a constant ¢y, we describe a suffi-
ciently smooth closed curve in the plane through the equation ¢o(x1,22) = c¢g, with
x3 = const € (—a, a). This leads to the following definitions:

Q= {2 cR®: py(x1,22) < cp,—a < x3 < a},

51z{xeR?’:<p0(x1,x2)=co,—a<x3<a}, (1.2)
So(—a) = {x € R®: pg(x1,12) < co, 3 = —a}, '
So(a) = {x € R® : @o(x1,12) < ¢, 23 = a}.

To facilitate the description of inflow and outflow, we note the following relations:

di = —v-7|gy(—a), d2 =7 7|g,0a), (1.3)

where d; > 0 for ¢ = 1,2, and n signifies the unit outward normal vector to Ss.

In light of the consideration of incompressible motions, the following compatibility
condition must be satisfied:

| ddsa= | d2dss, (1.4)
Sz(fa) SQ(G)

We now present our main result regarding the long time existence of regular solutions
to problem . To do this, we first prove the existence of local regular solutions, as noted
in the theorem referenced below and as previously established in [RZ3]. Subsequently, we
derive a long time estimate for these solutions. By standard methods, we can extend the
local solutions over time, contingent upon the validity of the long time estimate.

THEOREM 1.1 (Local existence, see [RZ3]). Assume the following:

(1) (Parameters) Let s,o,r satisfy s € (0,1), 2 <o, 2 <r, and o <.
(2) (Data functions)

~ The initial density oo € W}(Q) and 01 € W}H1(SL(—a)).
The initial velocity vy € W3+37%(Q)-

The inflow dy € W3+3_%’1+%_%(S§(—G))-

The outflow dy € WngSi%’lJr%ii(Sé(a)).

— The external force f € W;%(Qt)

(3) (Constants) There exist positive constants dy, do, dso, by, b1, by, and by such that

v (0)>d0, ddeoo,Z:LQ,

> 3
bo > 0(0) > by, by > 01 > by.
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(4) (Finite quantities) The following quantities are finite:

c1 = |dilso,st(~a) (|01, ]r 58 (—a) + 01,¢lr52(—a))
+ 02 (0)[|z,. ) (1 + [[0(0) lw1(a));
2
Co = Hf”W,f’sm(Qt) + Z Hdl’||W3+371/a,1+s/271/2a(Sé(ai))
=1
Hlerllwr s sy—ay + llvollyzee-2/e ()

Then there exists a local solution (v, p, ) to the nonhomogeneous Navier—Stokes prob-
lem such that

v e WZHIHR(QY), vy e Wit e WL,

Moreover, the density remains bounded:

_ bibg
0s

= < t) < by + by = 0"
b1+bo_g(m,)_ o+b1 =0

The velocity and pressure satisfy
”UHW(erS«l*S/?(Qt,) + ”Vp”ijS/?(Qt) < ¢(data),

where the data are described by assumptions (1)—~(3), ¢ is an increasing positive function,
and t <T with T sufficiently small.

Finally, the x3-component of the velocity is positive, as there exists a positive constant
d. = d.(do, Czo7 C1,C2,dxo, Hf3||L1(0,t;Loc(Q))) such that

V3 Z d*
ASSUMPTIONS 1. Assume that

L fewy™2(@Qt), de witsmVolts2120 gty 0 e W2HT217(Q), d = (dy, dy),

2. 1(0) = vo.0, € Wals (), g € La(Q), h =y, ¢ = Pryy 9 = fay.

3. 00€ Loo(), 01 € Loo(S%(—a)), 1/00 € Lo (), 1/01 € Loo(S4(—a)), 1/dy € Lo (S5(—a)),
1/ds € Loo(S5(a)).

4. The domain €2 contains edges L, Lo such that S1NSy e {L1,Ls}. On the edges the
following compatibility conditions hold:

vnadiz, +7di =0 on L;, i=1,2,

when 7i = (n1,ng) is the normal vector to Sj.
5. Compatibility conditions:

| dias,= | dyds,,
S2(—a) S2(a)
O0giv3ols, = Opid|i—o, a=0,1,2.

x!



8 J. Renctawowicz and W. M. Zajaczkowski

6. The following quantities are finite:

c1 = ||dillpo (sy—ay (o1 ||z, (sy—a)) + 01t (55(=a)))
+ ||QO,9:

|Lr(ﬂ)v
2

Cy = ||f||W;’S/2(Qt) + Z ||d1'||Wa2+s—1/m1+s/2—1/20(S;(ai))
i=1
+ ||Q1||W7}’1(S§(—a)) + HUO”WU2+572/U(Q)'
7. We define finite parameters:

A = [|dar | Ly 0,62 (82)) T 190 | Lo 0,8:22(52)) + I1del| Lo (0,11 (50))

+ 1 f3 122006524 j5(52)) | fas Ity x' = (21, 22),
Ay = As(r) = o1,
+ [l20,2]

Lo(s4(—a)) T 01t L, (sg(—a))

L () (1.5)

L) + oot

2
As(4) = Y ldja,

ij=1
A=A+ Ay + A3(4) + [[vo,es | Lo ()

WI/T/8 (8 (ay) + ||g||L4(Qt) + ||h(0)||w43/2(9)7

that need to be small.

THEOREM 1 (Upper and lower estimates for density). Let s € (0,1), 3/s < o, 5/s <,
o < r and Assumptions[l] hold. Let

1

)

Ox =
HEIOHLOO(Q) + H9711||L0C(S§(7a))

0" = lle1llzoo(sy(—a)) + ool (@)-
Then
0« < o(z,t) < 0" (1.6)
THEOREM 2 (Positivity of v3). Lets € (0,1),3/s < 0,5/s <r, o <r and Assumptions[l]

hold. Let dy, do, doo, d be positive constants with dy > v3(0) > do, doo < d; < d, i = 1,2.
Assume f3 € L1(0,t; Loo(2)).

Then there exists a positive constant d, such that
v3 > dy (1.7)
where d. = d.(do, do, c1, 2, dos, || f3]| 11(0.6:1 (2)))-
THEOREM 3 (Energy estimate for v). Assume that s € (0,1), 3/s <o, 5/s<r, o<,

and Assumptions hold. Let ¢, € Loo(SY), di € Lg(0,t; L3(S2)), f € Ly(0,; Le5(S2)),
vo € L2(Q). Suppose that d; is an extension of d;, i = 1,2, such that di|s,(,) = di, and
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assume d; € Lo (0,4 W3 o (2)) N L2(0,£; Wi (), dis € La(0,¢; We)5(Q)). Then

101% . 0,620 + IVIIT 500y = [0l ey < AT
and A7 = &([lo1llpo. 5 141l La(0,t5L(Sa(—a)))s €5 04)
: {¢(Sltlp ldllwz _ (@) Q*)[||d||2Lz(o,t;W§m(Q))

712 2 * 2
+ HdtHLz(O,t;Wsl/s(Q)) I IZ 00,6525 )] T €7 ll00llZ, )}
where d denotes either dy or dy and ¢ is an increasing positive function.

THEOREM 4 (Long time estimate and existence). Let s € (0,1), 3/s < o, 5/s < r, and
o < r. Suppose Assumptions|l| hold. Define

D = “f||W§’S/2(Qt) + Hd”W3+571/6,1+5/271/20(S£)
+lvollyz+e-2/e (@) + 1 fasllos a@e) + I lliyz/sormo gy
+ ||UO,IS||W://;(Q) + ||f2,561 - fl,I2||L2(07t;L6/5(Q)) < 0.

For sufficiently small A, solutions to problem (L.1)) exist and satisfy the following estimate,
provided that t < co and a > 0:

||UHW3+Sv1+S/2(Qt) + ||Vp||W§’5/2(Qt) + ||UI3 HWf*l(Qt)
L 1
+ Hp$3”L4(O,t;W{1(Q5)) < ¢)<Q ) EaAlv D)a (19)

* 1 a
lloxllno 0.0, ) + llotll 0,60, ) < ¢<Q ,Q7A1,D,> 1A,

REMARK 1.2. We define Sobolev and other spaces in Section [2] The norms that appear
in the above theorems are somewhat atypical, so we refer to Definitions and [2:3] for
the concepts of W, WL and W, .

REMARK 1.3. In the theorems mentioned above, we do not prove global existence because
we cannot approach the limit A = 0 as ¢ — oo without assigning a value of zero to some
initial data. This is explained in more detail in Remark [T1.3]

This paper aims to demonstrate the existence of long time regular solutions to problem
for arbitrarily large flux and fluid motion velocities. To establish such a result, we
require certain smallness conditions. Specifically, in order to prove the existence of long
time regular solutions to , we need the following quantities to be small in some
norms, denoted by the smallness parameter A:

V0,235 di,x/y di,ty 1= 1727 f37 fx3790,x7 Qo,t, O1,z's 01t

where ' = (x1,x2), f represents the external force, vy is the initial velocity, and gg is
the initial density. Problem describes the coupling between the Navier—Stokes equa-
tions and the continuity equation for density. It is important to note that the continuity
equation is hyperbolic, which means the density must also be prescribed for the inflow
part of the domain under consideration.
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In Section |5} we derive an estimate for the derivatives of density, which relies on the
norms of 09 4, 00+, 01,2/, 01,+- This implies that g, and p; are small. However, to establish
this bound, we require the velocity component along the x3-axis, denoted as vz, to be
positive. The estimate for vz from below is provided in Section [6] and takes the form:

I'= cexp[=([Ipas |y (0.6:Lc @) + 1fsllLy 0,620 )]
To keep the quantity I positive we have to know that
||px3 ||L1(0,t;LOQ(Q)) is finite for all ¢.

We show in Section [I0] that
P25 21 (0,: L0 (2)) < OA, (1.10)

where ¢ is an increasing positive function of ¢ and A is a small parameter. The bound
means that for small A, time can be assumed large. Passing with A to zero we
conclude that ¢ tends to infinity.

Now, we will briefly explain how the long time estimate for regular solutions of
has been achieved. To do this, we utilize the energy estimate in the following norm:

2 2 2
[ullV @y = 170,200 T 1VUllT, 00

In Section we derive the energy inequality for solutions to (|1.1]) based on the initial

data. In Section 4l we establish an energy estimate for solutions to (2.6) concerning the

quantities h = vy, and ¢ = p,,, as described in (4.19). The resulting estimate takes the
form

||hHV(Qt) S d)(t‘_‘||v||W3+s,1+5/2(Qt))A, (111)

where a > 0,s € (0,1),0 > 3/s. The inequality suggests that we have to look for long
time regular solutions to problem 1' such that v € Wa s/ ().
In Section [5] we establish the estimate for the derivatives of the density:

loall o 0ts2o(2) + 0t L0652 (2) < SN[Vl 2bser2 g0y ) A (1.12)
To validate (1.12)), it is essential to meet the requirement given in Section @
vg 2 exp[=(llgllz, 0.6 ) + 1f ]|y 0.6 ()] > 0 (1.13)

In order to determine a bound for ||¢| 1, 0,1, (), it is necessary that h € W),
This estimate is derived in Section specifically in ((10.9):

a2 ey + lallzo,ewr@) < @ [0l yyarenisrz gu)A. (1.14)

Furthermore, it is required that v € W3+s’l+s/2(9t). In Section [7} we address the
problem described in (2.8]) for y = rotgv. Subsequently, in (7.11), we arrive at

||X||V(Q*) < ¢(D)(||U/||W21v1/2(ﬂt) + ||UI||LOO(0¢;W25/6(Q)))
+¢(ta||UHW3+511+5/2(Q¢))A+Da (115)

where D represents data that may not be small.
The main idea to demonstrate the long time estimate is to verify the inequality

||/U||W3+s,1+s/2(ﬂt) S qﬁ(tﬁ||’U||W3+s,1+s/2(ﬂt))/\ + D (116)
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which for sufficiently small t*A eventually implies
||v||W3+Sv1+S/2(Qt) S ¢(D) (117)

However, the first two terms on the r.h.s. of (1.15) are not of the form of the r.h.s. of
(1.16]), so in order to absorb them, we use the elliptic problem

. ’
V2,1 —Vigzy, = X 1N Q )
. ’
Vi,zy T V2,2, = —hz in ', (1.18)
o'’ =0 on S,

where x3 is treated as a parameter, ' is the cross-section of €2 with the plane perpendic-
ular to the x3-axis and passing through the point z3 € (—a,a), and S is the cross-section
of Sy with the same plane. Then Sj is the boundary of . Derivation of estimates for
solutions to makes it possible to increase regularity and absorb norms of v/ in
(L.15). It is described at the beginning of Section [9}

Implementing the notation

X = |vllygzreasare oy + VDllyarz go + 10wz ) + lallLio,swi @0
the following inequality is attained in Section [T1] through complicated calculations:
X <¢(X)t"A+D, a>0,
which for sufficiently small °A implies the bound
X < ¢(D).

The estimate enables us to substantiate the long-term existence of regular solutions.

Subsequently, we shall present a thorough comparison of the results shown here with
those found in our earlier studies, [RZI1]-|[RZ4]. As previously mentioned, this paper
demonstrates the existence of regular solutions in Besov spaces. Specifically, the velocity
v, pressure p, and density g are associated with special Besov spaces, namely, Sobolev—
Slobodetski spaces:

ve W22l vpe Wi 2(Qh), hewpi(Qh),
q € La(0, W} (92Y), 02,01 € Loo(0,; Ly (),

and s € (0,1),2 <o, 2 <ro<r

To achieve the long time estimate, we require smallness assumptions on some data
functions, mainly on derivatives with respect to x3. Then, to prove existence, we use a
step-by-step procedure, which is based on local-in-time existence.

This work is a continuation of [RZ3], where we have shown local-in-time existence
using the method of successive approximations. Since the existence time was small, we
could apply it as the smallness parameter. Thus, we did not have to make any restrictions
on data functions. Spaces applied in both papers are similar, except that in [RZ3] we have
lower regularity, thus third derivatives with respect to x3 are not used:

v e WZEHIH2(Qh), Vpe W (), o€ Wi ().

We now discuss [RZ2]. In that paper, we considered the Navier—Stokes system in
QT the same as in this article, but without flux and homogeneous, with no density.
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We showed the existence of regular solutions with v and p belonging to Sobolev spaces,
v e W2HOT), h € W2HQT),Vp € Ly(Q7),Vq € L,(Q7),5/3 < 0 < 3, through the
Leray—Schauder fixed point theorem.

The paper [RZ4], describing solutions to homogeneous Stokes system with no flux,
also serves as an auxiliary one to the current paper. Actually, in Section we extend
results to the nonhomogeneous Stokes system, since establishing the existence to the

2ts, 1+S/2(QT) is crucial. In [RZ4], we showed for the

2+s, 1+s/2(QT)

Stokes system in Besov spaces Wy
homogeneous Stokes system that the velocity belongs to W5 and the gradient
of the pressure to Wy’ S/2(QT) where o € (1,00), s € (0,1).

We also refer to the book [RZ1], where we discussed the homogeneous Navier—Stokes
system with large flux. We established the existence in Sobolev spaces, with h,v €
W22 ’1(QT), by using the Leray—Schauder fixed point theorem. Let us examine in de-
tail the similarities and differences with the existing work. In Section [} we discover an
energy estimate for the solutions to problem , specifically in . It can be noted
that even though in we are dealing with density and the estimate relies on this
variable, more precisely, on its lower and upper bounds, the estimate is similar to the
one presented in [RZI]. In both papers, we utilize sophisticated weighted estimates for
the Neumann problem related to the Poisson equation. In the following step, we must
establish an energy estimate for h = v,, as provided in . Once more, the approach
is akin to that outlined in [RZI1]; however, we require estimates for |0,z (0.t:25(9))
as demonstrated in (5.15). Additionally, to estimate the norms of g, it is essential to
establish that vz is distinct from zero in €, as described in Section [§] Furthermore, the
relation in depends on ||v¢||z, (0,1 (2))- To overcome this difficulty, in Lemma
we utilize the embedding

||UtHL1(0 t:Loo () S HU||W2+S,1+S/2(Qt), g > 3/8 S € (0 1)

In view of this inequality, we can close estimates for solutions to ([1.1)) by demonstratlng
the existence of solutions to the Stokes system in the Besov spaces W2+s Ats/ 2(Qt)
proved in [RZ4]. Therefore, the estimates for derivatives of o, construction of the lower
bound for v3 and solvability of the Stokes system in Besov spaces render the proof in this
paper much more complicated than that presented in [RZ1]. We emphasize that to avoid
the Besov spaces it would be necessary to look for solutions to problem with

ve W3R, he W, 2.
Then the calculations in this paper would be far more complex and longer.
The idea of enhancing the regularity of weak solutions is analogous to the one in

[RZ1]. By utilizing the energy estimate for h (see (4.19)) and for y = (rot v) (see (7.11))
and applying the elliptic problem 1) we show that v € VV2 ! (QY) (see Next we

apply the Stokes system once more to obtain an estimate for v E I/VQ2 1(Qt), as indicated
in (9.22)). Note that estimates in [RZI] could be closed already for W' (Q). Namely, in
[IRZ1], we deduced the estimates

)

o,Qt < @1(data)7 5/3 <oc< 10/3,
2,0t < @2(data),

||hHW62*1(Qt

||UHW22*1(Qt
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for sufficiently small parameter depending on norms of some data functions:
fl’37 f3a v(),:rga di,zH di’h 1= 172

In the present paper, we prove estimates in Wg/é(ﬂt), see 1l Furthermore, we get
an estimate for v € Wg,’l(Qt), where 5 < 5, but arbitrarily close to 5. Finally, employing

the smallness of some parameter A, we attain an estimate

”U”Wf‘*'sv“'s/?(gt) + ||vp||W;’S/2(Qt) + Hh”Wf*l(Qt) + HqHL4(O,t;W41(Qt)) < ¢(D)

As previously stated, the following quantities, represented by the smallness parameter
A, must be small in certain norms in order to demonstrate the long time estimate for

solutions to (1.1)):
fz37 f?n V0,235 di,a:’7 di7t7 1= 1527 00,z, Q0,t, O1,x', O1.t,

where 2’ = (x1,x2), f represents the external force, vy is the initial velocity, and gy is
the initial density.

We had no restrictions regarding the magnitude of 7', the finite time of existence in
[RZ1] for solutions such that v € W3 (Q7) and h € W3 (QT). We also demonstrated
global existence using a step-by-step approach. By dividing time into intervals (KT, (k +
T), k € Ng = NU {0}, with a sufficiently large T', we show the following inequalities:

[o((k + D)D) () < vkl (0,
[h((k + D)) < [h(ED) 1m0,

for the solutions where
h,v € Wit (Q x (KT, (k + 1)T)),

with initial conditions at ¢ = KT. Thus, the corresponding norms do not escalate with
increasing k. This was established through the application of the energy method at the
level of H'-functions. In the current paper, it was not feasible to prove global existence,
as discussed in Remark [[.3

We now discuss some other results related to the global or long-term existence of
regular solutions to nonhomogeneous Navier-Stokes equations. In [DZ], the global exis-
tence and uniqueness of solutions to the nonhomogeneous Navier—Stokes system in the
half-space R’ (n > 2) have been established. This applies when the initial density is
bounded and close enough to a positive constant, the initial velocity belongs to a certain
critical Besov space, and certain smallness conditions are met. Specifically, the L., norm
of the inhomogeneity and the critical norm of the horizontal components of the initial
velocity are assumed to be very small compared to the exponential norm of the vertical
component of the initial velocity.

In the paper [DM], the boundary value problem for the incompressible inhomogeneous
Navier—Stokes equations in the half-space is analyzed under small data with critical reg-
ularity, specifically in dimensions n > 3. It is shown that if the initial density is close
to a positive constant in Lo, N W} (R}) and the initial velocity is sufficiently small with
respect to the viscosity in the homogeneous Besov space 3271(R’}r), then the equations
have a unique global solution.
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In [Z3], the author considered the equations in a bounded cylinder under boundary slip
conditions. Assuming that the derivatives of the density, velocity, and external force with
respect to the third coordinate are sufficiently small in certain norms, the existence of long
time regular solutions in Sobolev spaces has been proven, specifically v € H5t2:5/ QY
for s € (1/2,1).

In [LS], Ladyzhenskaya and Solonnikov obtained existence results for nonhomogeneous
Navier—Stokes equations with v € WqQ’l, Vp € L, (where ¢ > n), and p € C! for small
times with arbitrary vg and f, as well as for any given time interval with sufficiently small
v and f. This problem was analyzed in a bounded domain in R™ with boundary S € C?
and condition v|gr = 0.

We also refer to some papers concerning nonhomogeneous magnetohydrodynamics
equations; for more on Navier-Stokes equations and magnetohydrodynamics, see [Z],
[CLX], and [BWY].

1.1. Sketch of proofs of Theorems 1-4

Proof of Theorem 1. The lower and upper bounds for density, as outlined in (|1.6)), are
established in Lemma [2:4] We emphasize that this result can be independently verified,
and the density in Theorem 1 is bounded by the data alone. m

Proof of Theorem 2. Positivity of v3 is analyzed and proved in Lemma m

Proof of Theorem 3. The global energy estimate presented in Section [3]is formally estab-
lished in Theorem In demonstrating this theorem, we draw upon the fact that the
density is constrained by both lower and upper bounds, specifically denoted as ¢* and
0+, as outlined in Theorem 1. =

Proof of Theorem 4. The long time existence of problem is proved step by step in
time using local existence: by the standard argument we can extend in time local regular
solutions as long as the long time estimate holds, under the assumption that vs > d. > 0.
As we can see, the energy estimate does not give enough regularity to accomplish such
a goal; thus, we have to study derivatives of the velocity and find appropriate bounds
and inequalities in order to establish a long time estimate . Therefore, we consider
h = v, which is a solution to problem 7 and we derive Corollary 4.3 and inequality
(14.19):

I1hllv ety < cplox, 0, D1, Vi, A1) A1 + 1|05 | Lo (0,652 ) ([ fl Lot
+llvellza@n) + 10llzw 020 @) + 1A(0) |2y (),
where D1 = D1 = ||di][L,(0.6:L5(52))> V1 = [[V]|L,(0,5w3 () are introduced in Lemma 4.2

and the norm V in Definition 2.1. A new difficulty arises: we have some norms of the
velocity v to deal with but also g,,. Fortunately, we can use the continuity equation

0t + V3025 + Va0z, = 0,

where a = 1,2 and the summation convention with respect to repeated « is assumed, to

conclude
1

_Uig(gt + Uagxa)

Qx5 =
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as long as the condition : vy > d, > 0 holds, in accordance with Theorem 2. In
Section 5, specifically in Lemma we find the following density relation with =’ =
(z1,22):

(lowr (D%, @) + 12T, @) <é(v) - Il (sz)Ae-

where ¢(v) = ¢(|[vllL (), 1Vl 0,600 @), Vel Ly (0,62 (2))) and Ag is a small param-
eter defined in (L.5]).

We apply some embeddings for norms of v in ¢(v). Let ¢y be a given positive number
and t > tg. Then

||U||Loo(9t) < ngp ||UHW62+S_2/”(Q) < Ctl/g ||UHW62+Sv1+S/2(Qt)7 g <2+ 5

t

, 1/o
Pl ity < 77 (FIoe@)F g dt')
0

t

1/0’ n|o / Ve 1/0’ 3
<t (S\|v(t)||w§+s(ﬂ)dt) <AtV ol yareisr gy, S <1,
0
t

’ 1/‘7
Foellzs o < 877 (V)17 o @) (1.19)
0
t

e Vo 3
< ct'l (S 1o () 15y () dt’) < ct'/e [ollyzeosorzige, = <
o o O’
0
t

1/0’ n|o ’ Ve
||p933 ||L1(()A’t;L(x,(Q)) <t (S ||pw3 <t )HLw(ﬂ) dt )
0

t
’ 1/‘7 ’ 3
< Ctl/a (S le’z (t/)”%V;‘(Q)dt/) < Ctl/U ||p963 HW;’S/Q(Qt)) ; <s,
0

where 1/0 4+ 1/0’ = 1. Given these facts, we can prove that (see (5.15)

1 " .
oz oty < - (1 10 Los@r)) (low ()17, ) + e, )"
1
< LA llza@)@lvllaeees o dilloasy-ap e,

where v' = (v1,v2).
In order to increase the regularity of v, we consider the third component ofthe vor-
ticity, x = V2,5, — V1,45, and the following elliptic rot-div problem relating x and v':

. !
U2,a:1 - 1}17$2 = X mn Q )

. /
Viz + V23, =—h3 in (1.20)
v =0 on Sy,

where x3 is treated as a parameter, ' is the cross-section of €2 with the plane perpendic-
ular to the x3-axis and passing through the point x5 € (—a,a), and S is the cross-section
of S1 with the same plane. Then S] is the boundary of Q'. In Section |7, we analyze x
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and we come up with the following estimate:

Ixllvar < ¢>(t&||U\\W3+sv1+s/2(9t))(1 +D3)A2

* / /
+ ¢(1/Q*7 Y 7A1ad)(HU HWZ}‘l/Q(Qt) + HU HLOO(O,t;W;/G(Q))

+ 12l 2o 0,4:25(2)) + Do), (1.21)
where d is a bound for d = (dq,ds) defined in Theorem 2, Dy = Do, D3 = D3 are constants
defined in , depending on data: f, xo, initial data for x, F' = (rot f)s, the r.h.s. in
X problem, and Ay, the estimate for ||v][y (o) defined in with the V' norm given by
Definition .11

Then, in Section |§|, we utilize the rot-div problem to address v’ terms, conclud-
ing with the estimate for v’ in higher norms (see Definition :

||UI||V1(Qf) < 9?—5' [”v,”Lg(Q;Hl/?(O,t)) + ||h||Loo(0,t;L3(Q))
+ Dy + (1 + D3)¢(t&||UHWG2+S'1+S/2(Qt))A]7 (122)

where ¢ = (;5(@%7 0", A1, D1, d, HUOHLOQ(Q)> ”fHLz(Q‘))'

We emphasize that on the r.h.s. of only the terms [[v'[|.,q;m1/2(0,4)) and
121l 2 (0,t:L5(02)) are possibly multiplied by large parameters, whereas other norms of v
and p are multiplied by a small parameter A. For the h term, we postpone the discussion
(briefly, we estimate this through norms of v at the end). For the v’ term, we can employ
interpolation:

1 1720 < =0l e + e(1/2)As

and deal with the VV;}3 norm instead.
To estimate ||11||W2/,1 @ and to enhance regularity, we will apply the regularity theory
5/3
for the Stokes problem

ovy — divT(v,p) = —gv' - Vv — guzh + of in Q7

diveo =0 in Q7

v-n=0, vi D) To+yw T =0, a=1,2 on S}, (1.23)
v.in=d, n-Dw) To=0, a=1,2 on ST,

V|i=0 = Vg in Q,

where p is considered as given.

The coefficients we are dealing with depend on the density ¢ and are therefore are not
constants. Consequently, in the case of a variable g, we must consider Holder continuity.
Suitable estimates for solutions to the Stokes system can be found in Appendix A. To
demonstrate the Holder continuity of o, we require that o lies in W', (Q) for r > 3 and
utilize the embedding

lellea(ary < llelles@n < lellwz @
(@) [ (929)

which is valid for 2 + o < 1. The estimate for o in the Sobolev space norm HQHW&,’;(Qf)
is established in Section [Bl

For a constant density ¢ = const, this problem was addressed in [RZ4]. In that paper,
we established estimates and proved the existence of solutions in Besov spaces. It is
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evident that we can also demonstrate the existence of solutions in anisotropic Sobolev

spaces.
Regarding the norm of v in W:/é(Qt), we show in Lemma (see 1) that

lollwe 2y + P lca g0 < eH + D)
+ é : ¢(taHU||Wg+Sv1+S/2(Qt)» ||VP||W§»S/2(Qt))A7
with
H = ||h[|L0,t:15(2)) + 1Bl L10,5000) + [RO)]| 25 (0)-

Additionally, Dy = Dy + Dy, as defined by formula , is a constant that depends on
the norms of f, d, and vg.

We proceed to increase the regularity in Lemmas|9.3 and derive similar inequalities
for the following norms:

||UHW22‘1(Qt)a ”Vp”Lz(Qt) in " with Dy, Ds,
ollwz 30 VPl oy in @28)  with Dr,
||UHW52’1(Qt)7 IVpllLs @t in (9.32) with Ds,
where D5 and Dg are constants depending on norms of f,d, vy, and D; additionally

depends on norms of xo, F' = (rot f)3 and A;. Finally, (9.34) in Lemma [9.6] yields

||’U||W3+S»1+S/2(Qt) + ||Vp||W:>S/2(Qt,)
< C(H, D5) + $¢(ta||v||wf+svl+s/2(gt)a Hp”W‘fvS/Q(Qt)) R\ (124)
with D5 = Dy depending on norms of f,d,vy. Since
H < CHh”Ws"‘/*;(Qt)a
we get as well the relation with h = v,,,q = py, and Dg(g,d, ho) = D1o, § = fus, given

in (10.6) in Lemma [10.2}
||h||W52/§(Qt) + ||Vq||L5/3(Qt)
< CID6¢§¢({I”UHW(’;’JFSJJFS/?(QQ7taHVplles/z(Qt)7
t*1qll Ly 0.4w7 (2)) ||hHW52/’;(Qt)> lqllLs,500)) - A (1.25)
By employing the localized problem and a partition of unity, we can also infer
[l 21 ey + llall 2y 0.6wr )
< ot X1, gl Ly 0,6 ()0 1l La(0.1:La())A + cAs(4),  (1.26)

with a small parameter A3(4) defined in (10.10)).
Let

X () = Nollyzen sz ey + 190l o2y + Mol

+ HhHijl(gt) + IVall, 5t + el Lo,6wi )
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Consequently, f imply (refer to Remark

X < o(X)t*A + ¢(1/ 04, 0", D1, ),

D7 = D5+ De + || fo,u1 — [1,22|12(0.6:L6 5 (2)) + A1,
Moreover, for t*A sufficiently small, as established in Lemma we arrive at

X < ¢(1/0x, 0", D7, ¢).

Furthermore, applying (1.9]), we can extend local solutions to long time solutions, for
arbitrarily large, finite time. This completes the proof. m

2. Notation and auxiliary results

First we introduce simplified notation.

e We denote by ¢ and ¢y, where k € N, increasing positive functions depending on
quantities and norms of data that are not assumed to be small, and ¢ contains some
constants denoted by c.

e Dyi, k € N, depends linearly on norms of data that are not assumed to be small.

e The parameters A1, Ay, and A are small and depend on norms of data that are assumed
to be small.

e By dot - we represent multiplication of functions.

e The exponent @ > 0 may vary from one formula to another.

e The functions @) and ¢} are used solely in proofs and serve a temporary, auxiliary
purpose.

DEFINITION 2.1. Let @ be either 2, S C 99, or R3. For Lebesgue and Sobolev spaces
(for general theory see [A]), we set the notation

[ullz, @ = lulp.os  llullL, @y = lu
lull 2, 0,62,@) = [tlp,q.qt
where p, q € [1,00], Q' = Q x (0,t).
Let W (Q2), where s € N and Q C R3, denote the Sobolev space characterized by the

following finite norm:
1/p
lullwyeoy = (3 §IDgufdz) ™
lal<s @

p,Q%s

where Dg is defined as 99105205, | represents the sum a; + ag + a3, and «; belongs
to Ng = NU {0} for ¢ = 1,2, 3. The parameter p belongs to [1, co].
Furthermore, we identify H*®(2) with W35 (Q). Consequently, we denote the norms as
follows:
[ullze ) = llulls,o0 llullwg@) = llullspo-
In order to define W5 (), it is necessary to have a suitable partition of unity.
We have

H(Q) = La(Q), W, (Q) = Ly().
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We also apply the notation
lullz,0.6wr @) = lullkp.aqt
HUHLq(o,t;Hk(Q)) = [|lullk,q,qt

and utilize these norms for density:

lullwzrgey = llullL.@n + luallr, @) + lluellz, @),
where 1 € [1,00] and @Q is either  or S. Additionally, we define

||u||Wy},’sl(Qt) = HUHLS(O,t;LT(Q)) + ||quLs(07t§Lr(Q)) + ||ut||Ls(Oat5Lr(Q))’

where 7,5 € [1, 00].

19

Finally, we introduce spaces that are suitable for energy-type estimates for solutions

to the Navier—Stokes equations:

||U||Vk(szt) = ”u”Loo(O,t;Hk(Q)) + HVUHLQ(O,t;H"(Q))a
where VO(Q!) = V(Q2!) and

[ullv @ty = llull Lo 0,622 (02)) + VUl Ly 0t)-

DEFINITION 2.2. The anisotropic Sobolev-Slobodetskii spaces WS (QT), k,l e Ry, p €

[1,00], are defined by setting

HUHW:*Z(QT) = ”U”ijo(QT) + HUHWS"(QT)

and

T

1/p

lullwrory = (§ e lwg@ dt)
0
§|

1/p
e ary = (§ lu@)lwio.r dz) ™

Next, we have (the theory of Besov spaces can be found in [BIN| [G] [N, [Tr1])

lullwer o) = Z Dz ullz, @
la|<[k]

|Du(x, t) — D2u(a’, t)|P NP
T ( >0 lw — 7 [P r e TRD dvdr
QQ

and

lullwyor = 3 185ullz,0.m)

<[]

where s = dim 2, [m] is the integer part of m, Dy = 991 ...09¢, a = (aq,...

T

multiindex. The following definition yields homogeneous spaces:

el gy = htors

, Q) is a
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By C*(Q1), a € (0,1), we denote the Holder space with the norm
ua, t) — u(a’, 1))

||U|\Ca(QT) = Sup

@3t |z — a'[™
|u($7t) - u($7t/)‘
+ sup, =7 + [t 0,007,

and we consider anisotropic homogeneous Hoélder spaces with

lu(z’,t) — u(z”,t)| lu(z, t') — u(z, t")|
I A A T T

Next, we introduce weighted spaces.
Let o = min;eqy 2y dist {x, S2(a;)}. Then the weighted spaces L, ,(£2) and VPQM(Q) are
defined by

1/p
e, o = (§ulPo™ dz) ™, pe(1,00), peR,
Q

and
2,1p PP P, —2p\ Pl 1/p
lullvz, @ = (OV2u? + [ul? o™ + ul?o™2) o dx )

Q

DEFINITION 2.3. The anisotropic Lebesgue spaces L o (2) and anisotropic Sobolev
spaces W;oo(Q), where p € (1, o0], are defined by the following finite norms:

1/p
lullzy @ = (s | Ju(@ )P aa)
z3€(—a,a) S (x3)

Here, Sa(x3) denotes the cross-section of the domain 2 by the plane x3 = const for z3 in
(—a,a), and =’ = (x1, z2) represents the coordinates in the cross-section plane.
Moreover,

1/p
lullwy oy = sup (- § (u(@’sws)? + [Vue!,ws)) da’)
; z3€(—a,a) S (x3)

We investigate the problem
ot+v-Vo=0 inQ7,
oli=o = 0o,
0lsy(—a) = 01 On Sy, (2.1)
dive=0 in Q7,
v-f| =—dy, di >0 on Sy(—a).
LEMMA 2.4. Assume that 09 € Loo(2) and 01 € Loo(S4(—a)). Let o represent a solution

to . Then
l0(t)]00,2 < [01]00,58(—a) T [00]oc,0 = 0" (2.2)
Furthermore, suppose that 1/09 € Loo(Q) and 1/01 € Lo (S5(—a)). Then
1 inf p; - inf gg

. = = - - <o. 2.3
ool /o5y for +inf g 23)

0
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Proof. We multiply equation (2.1)); by o|o[?~2, where p € R, and subsequently integrate
over the domain 2. This yields

d
£|Q|§’Q + S’U - V|o|P dz = 0.
Q

Considering the properties of the velocity v as well as the boundary conditions applicable
to o, it follows that

d
Zlelha< | dilei dse.
Sg(fa)
Upon integrating this inequality with respect to time, we obtain
oo < | diloiP dSydt’ + |ool? o
S3(—a)

Therefore,
1/p
lo(t)]p,0 < ( S di|01]? dS> dt/> + leo

Si(-a)

»,Q2

1
< |d1|0é?sé(_a)|91 p.St(—a) T |00lp.0-

Taking the limit as p — oo leads to the conclusion in (2.2)).
Next, we multiply (2.1); by o|e| =2, where p € R, and integrate over . This results
in

d|1f? 1P
dt’ < | da|—| ds.
Olp.0 S(—a) 01
Integrating with respect to time provides
1 p 1 p p
‘ < | d|—| dSpat' +|—
2lp0 St(—a) 01 00 |p 0

Taking the 1/p power yields

§(§d1

S3(—a)

0

1 1 p 1/17
‘ dSs dt’) +
©o

o

P,Q2 P,Q2

1

01

1

00

<|di|" +

00,55 (—a)

p,S3(—a) ,Q

Taking the limit as p — oo leads to
ilooxlz

01

1

Qo

<

00,2

Y

+

00,55 (—a)

This gives (2.3)) and completes the proof. m

00,2

LEMMA 2.5 (The Korn inequality (see [SS])). Assume that

Eo(w) = |D(w)|§g < oo, divw=0, w-n|g=0.
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Furthermore, assume that the domain  is not azially symmetric. Then there exists a
constant ¢, independent of w, such that
[w[|F1 0y < cBa(w). (2.4)
In order to demonstrate the existence of solutions to problem with large data,

we adopt the methods established in [RZI|, [RZ2|, |Z1], and [Z2]. To elucidate these
techniques, we introduce the quantities

h:ngv q:pxen g:fzcw X: (I‘Otv)?ﬂ F: (I‘Otf)3. (25)
LEMMA 2.6. Let (o, v, p) represent a solution to problem . Then (o, h,q) is a solution

to the problem

ohy — divT(h, q)
= 0w -Vh4+h-Vv—g) = 0w, (v +v-Vo—f) inQF,

divh =0 in O,

h-n=0, vi-T(h,q) Ta+7vh-Ta =0, a=1,2 on ST, (2.6)
hi=—dig,, i=1,2, hss =ANd on S (—a),
hi=—dsg, i=1,2 hys=ANd on 8 (a),

Blimo = h(0) e

where A' =92 + 92, and ¢ is a solution to .

Proof. (2.6)1 23,6 directly follows from (1.1)); 2348 by differentiation with respect to x3.
To show (2.6)4,5, we recall that

v3|Sz(—a) = dla (vi,ﬂcs + U3,fﬂ7‘,) Sa(—a) — 07 1= 1,2,

U3lgy(a) = d2,  (Viws +V3.2,)|5,a) =0, @ =1,2.
Hence v; 4,|5,(a;) = —dj .25 3,5 = 1,2. Then
v3,9€3$3|52(a]‘) = _(Ulﬂﬁlms + U2,$2$3)‘Sz(a,~) = djﬂ?ﬂl + djﬂ?ﬂ?z = Aldjv Jj=12.

Therefore, (2.6])4,5 holds. This ends the proof. m

To create a problem for y, we introduce

_ tho _ VLQUO _ _
= =, == = 0’071 = s
s, Vol Tils: VLol Tl = )=é

; 2.
ﬁ|52(aj) = (_1)]637 j = 1727 ay = —a, a2 = a, ( 7)

7__1|5'2(aj) = (13030) = ey, 7_—2|Sz((1j) = (07170) = éo.

LEMMA 2.7. Let o, v and h be specified parameters. Then x represents the solution to
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the problem
o(xt +v-Vx) —vAx = o(F + xh3 — v32,h2 + v32,h1)
+ 05, (Vog +v- Vg + fo) — 0y (V1 +v- Vo + f1) in T,

X = Vi(Niz,; T1j + Trie; M) U - T1(T12,00 — T11,20)

2.8
+ ngle = Xx on ST, (28)
X,z =0 on SQT,
Xlt=0 = x(0) in Q.

In the following, it is understood that the summation convention applies to the indices
that are repeated.

Proof. By applying the two-dimensional rotation to the first two equations of ([L.1f);, we
derive (2.8));. The boundary condition (2.8))5 is demonstrated in [Z1]. To establish (2.8))3,
we calculate

(112@1 - 01,12)7% = Vlgy5 — Vl,zoms = Qxpzy — d@ﬂz =0,

where (1.1)g and v3|g,(a,) = d|s,(a;) = di; @ = 1,2. This concludes the proof. m
Consider the problem

Ap=f inQ, A Ve|s=0, Sgodxzo. (2.9)
Q

LEMMA 2.8 (see |RZI]). Assume that f € Ly, () for p € (1,00) and p € Ry. Then

@ € V2, (). Furthermore, |[V2¢llL, () < cllfllz, ), where ¢ is a constant.

3. Energy estimate for solutions (v, p, o) to
problem (1.1

In this section, we define and analyze weak solutions to derive an energy-type estimate
for the solutions to problem . To achieve this, we need to perform integration by
parts, which necessitates that the function v satisfies homogeneous Dirichlet boundary
conditions. Consequently, to make homogeneous, we introduce the Hopf function

1, 0<o<xe V/e=r,
n(ose, ) =4 —elnZ, r<o<z, (3.1)
0, n < o< 0.
We find the derivative
d , 0, O0<o<m,
5277(0;5,%)2 -2, r<o<,

0, n <o <00,
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so that [n'(c; ¢, )| < £. We define local functions 7; in an internal neighborhood of S
according to the expression

771‘:77(01'%57%)» L= ]-727

where o; represents a local coordinate specified in a small neighborhood of the relevant

region:
Sa(ar, ) ={r € Q: 23 € (—a,—a+ )}, (3.2)
Sa(ag, ») ={z € Q: z3 € (a — »,a)}, .
01 = —x3, 3 € (—a,—a + ), and o9 = x3, v3 € (a — »,a). Hence, 0, i = 1,2, are
positive. We extend the functions d; and ds with the condition that
Cii|52(ai) = di7 1= 1,2, ap = —a, az = a. (3.3)
Subsequently, we establish that
2
o = Zdiniv b= Ozég, e3 = (0, 0, 1) (34)
i=1
Next, we set
u=1v—b. (3.5)
Then
divu=—divb=—a,, inQ, u-nlg=0.

Therefore, the boundary conditions for uw are homogeneous, but u is not divergence-free.
To address this issue, we define ¢ as a solution to the Neumann problem for the Poisson
equation

Ap =—divb in Q,

n-Vp= on S, (3.6)
S pdr =0
Q
Additionally, we set
w=u—Vo=v—(b+Vyp)=0v-24. (3.7)
Thus, w is divergence-free and w|s = 0.
As a result, for a given density o, a pair (w,p) is a solution to the problem
o(wg +w-Vw~+w-Vi+§-Vw) —divT(w, p)
=of —o0(6; +6-V6) +vdivD(s) = F(f,0,0,t) inQT,
divw =0 in Q7
w-n=20 on ST,
- - - - - - (3.8)
vii-D(w) - To +yw - To = =Vt - D(§) - Top — Y0 * T
= B1,(0), a=1,2 on ST,
i - D(w) - 7o = =71 - D(J) - 7o = Baa(d), a=1,2, on ST,

wli=o = v(0) — 6(0) = w(0) = wy in €,
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We have used the fact that divd = 0. Furthermore, we have

(@O,xN(pO,msz) (_900,9127800@170)

nls, = T Tils, = - =,
NZ NI 5
Tols, = (0,0,1) = €3, 7ils,(—a) = —€3,

Nsy(a) = €35 Tilsu(a;) = €15 T2lsy(ay) = €2, J=1,2,

where a1 = —a, ay = a, &1 = (1,0,0) and e; = (0,1,0).
Since Dirichlet boundary conditions for w are homogeneous and w is divergence-free,
we can define weak solutions to problem (|3.8)).

DEFINITION 3.1. We call w a weak solution to problem (3.8]) if for any sufficiently smooth
function v such that

diVlMQ:O, ’(/J-ﬁ|5=0,

the following integral identity holds:

S o(we+w- -Vw+w-Vi+4§-Vw)-pdedt+v S D(v) - D(¢) dx dt

QT QT
2 2
+7y S W Tat) T dSydt — S Byt - 7o dS, dt = S F o drdt.
a=1 ST a,0=1 S?; T

Exploiting ideas from [RZ1l, Ch. 3|, we get

LEMMA 3.2. Assume (w, o) is a solution to (@, and there are constants g, 0%,
0 < 0. < 0% such that p. < o < p*. Let 01 € Loo(St), d1 € Lg(0,t; L3(S2)), d = (d1,d2) €
Loo (0,8, W3 () N Lo (0,5, W3 (Q)), di € Lo(0,6; Wi 5(2), f € La(0,; Lg/5()),
w(0) € Ly(Q), t < T.

Then, for some increasing positive functions ¢1, ¢ and t < T, the following a priori
inequality holds:

v _
o-lw®) 5.0+ JIlw®)IF o.00 + 1w - Tall g

< ¢1(lo1]so,s15 Ida

3,6,5%> Q*){¢(||d||Lm(0,t;W31m(Q)), 0")
Ml 06wz oy T ||dt||2Lz(o,t;W§/5(Q)) 1L 0,655 ()]

+ 0*w(0)[3,0}- (3.10)

Proof. We multiply (3.8)); by w and integrate over Q. Then

Sg(wt~w+w-Vw-w+w~V§-w+5-Vw-w)dx
Q
—\divT(w+6,p) - wde = | (f = 0(6: +5-V5)) - wdz.  (3.11)
Q Q
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Taking into account problem ([2.1)) we obtain

Sg(wt—l—w-Vw—l—(S-Vw)-wdx:Sg(wt—l—v-Vw)-wdx

Q Q

d S 9
— \ ow“ dzx
dtQ

N |

(00yw? + ov - Vw?) dx =

N | =
N = D=

1
S 01v - iw? dSs + 3 S ov - nw? dSs
Sa(a)

1
S Q1d1w2 ng + 5 S gd2w2 dSQ
Sa(—a) Sz(a)

+
Sa(—a)

1d 9 1
=-— do — =
3 ) T = 5
Q
We have to examine the following term from the first term on the Lh.s. of (3.11)):
ow -V wdz

gw-Vb-wdaH—Sgw-V2<p'wdeI;3—|—I4.
Q

n=\
Q
-
In order to estimate I3 and 14, we introduce the sets
Sy(ar,r,2) ={x€Q: 23 € (—a+r, —a+ x)},
So(ag,r,2) ={x e Q: a3 € (a—xa—71)}.
In view of and the Hardy inequality, we have

2
S ow -V Y (dim)ws dz
) i=1
2 B 03# 1/3
< o' luloalvas i o |s( X | 1GP %y o)

=18, (a;,r,sx)

wsL, (@)
L3,u(9)

2
VY din

i=1

< 0"|wls 0

|I3] =

2

~ . 1/3
+ <Z S |d; 2| |0 2" das) } =I.

=15, (a;,)

Since () is bounded, we have

2 * 3u 1/3
I’ < * 2 d@ 3d / [ d :
pserlulial) (w0 § idfw | e

i=1 z3 S (as,s)

2 . * 1/3
1 S CTIN R A
i=1 3 Sz(ai,%) 0

2 2
<ce|wlf} o {5%”_2/3 Z sup |di3,s, (a,) + c5¢* T/ Z sup |d; |3,Sz(a7‘,)}
i=1 3

: T
i=1 "3

= co"[lwl} o E* (e, %),

(3.12)

(3.13)
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where o; = dist {S2(a;),x}, s € Sa(ay, »). Consider Iy,

1] = | §ow- V2 wda| < o' wlsallullsa, )| V3lILs . c0) = I
Q

where ¢ is a solution to problem ({3.6). In view of Lemma and the Hardy inequality,
I < co*||wlf3p (] divbls 0 = I3 (3.14)
Employing the definition of b and the properties of 7, we have

2 B O'?’M 1/3
||divb||L3’H(Q)<cs<Z S ;2 e dx)

i=1 Sa(ag,r,s) v

2 - 1/3
H(X ) MmPlo@pea)” = 5

=1 S5 (a;,)

Repeating the considerations in (3.13]) implies
I5 < cE*(e, »). (3.15)
In view of boundary conditions (3.8))4,5, the second integral on the Lh.s. of (3.11)) can be

rewritten as follows:

—SdiVT(w—l—(S,p) cwdr = —Sdiv[u]D)(w—i—(S) —pl] - wdz
Q Q

=— S diviyD(w + 9)] - wdz + S Vp-wdx
Q Q
=v S D;j(w+ 0)w; », de —v S Oz, [Dij(w + 0)w;] d + S div(pw) dz
Q Q Q
The first term in [ equals
v
31 Dii()l5.0 +v | Dij(0)w;, de, (3.16)

Q
where the summation over repeated indices is assumed. By the Green theorem, the second
term in I takes the form

-V S njDij(w + 5)wl dSl -V S ’I’LjDij(’LU + (S)U}Z dSQ
Sl S2

=-v S n; Dij(w + 0)(wr, Tai + wnni) dSy
S1
-V S njD'ij (w + 5)(w7'a7—(li + wnni) dSs
Sa
=7 S (|w7a‘2+w7a67a)dsl7 (317)

S1

where w;, =w - Ty, a =1,2, w, = w -7, and conditions (3.8])4 5 were used.
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Applying estimates (3.12)) through (3.17) to (3.11)), together with the Korn inequality

and the condition that
2 3 2 3
Zsup |di|3,52(ai) + Z Sup |di,933 |3,S2(¢li) < o9,

: T ; T
i=1 "3 i=1 "3

for sufficiently small values of € and s, the following inequality is established:

2
1d _
> dt S ow? dz + vljwlf o +’YZ lw-Tal3 s,
Q a=1
<L S gdwzdel S odsw? dS
=9 141 2 9 2 2
52(—0.) SQ((I.)

2
+ o' wllf g o572 3 sup |dils, 5,0,

: T
i=1 "3

2 2
+ 5Ty supldi s saa0) + ¢ D10 Talds, + DO g
i—1 T8 a=1

+‘§l(fg(5t+5oV5))~wdxH.

According to [RZ1}, (3.17)], we have

62

2
- 2 3
— 12 2 S 2
Z |5 . Ta|2751 < CHd||1,3/2,Q + CW eXp(?)E) b;lsp |d|3/2752.

a=1

The following estimate is presented in [RZ1], (3.18)]:

2 2
~ E ~
DOBa<e (Il a0+ S supldl s,
T3

i=1

Estimating the last integral on the right-hand side of (3.18) leads to

Sg(f—ét —6-Vi) - wdx < 51|w\279
Q

o+ e(1/20)(@ V1 B + 100 5.0l + | § 06 - V6 - w s
Q

Based on [RZ1 (3.19)], we can derive

~ 6 ~
10¢l6/5,0 < lldtll1,6/5,0 + ¢ 7% e/ sup \di|6/5,5,-
4 T3

Finally, we examine (see [RZ1}, (3.20)])

[0 V6 wds] < calult o+ c(1/22)(2?
Q

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

et ~
1o+ =€/ sup |d|§,52>. (3.23)
> z3

Finally, we review the findings of [RZIl (3.20)]. By applying (3.19)—(3.23)) in (3.18]), we
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obtain

2

d _

ot de vty Y lw-ralis, < | adiw?ds,
Q a=1 Sa(—a)

2
— | edaw?dSy + co|[wl]f ole 2 45N YT dilRy o)
Sa(a) =1

2 2
~ 5 e ~
+CZ< ill? ;61/ ||di||3,oo,g)
=1
to(o')? [|f|6/m+(1+ 1/66)Z||dm||16/m}

gt 2
+ C(Q*)Q (1 + 262/5)
- i=1

In light of the conditions that u > 2/3 and s < 1, we can derive

(3.24)

e 2B B < oy g
Furthermore, assuming that both ¢ and s are sufﬁciently small, we can assert that

o (e + )l oy < 5,

where d is defined as (dl, Jg). This leads to

v

4co* ”d”Wim(Q)
v

dee*|ldllwy (o)

)

(3.25)

We arrive at
2

d _
Vet drtvulio+y ) lw-alis,
Q a=1

< S 01dyw? dSy — S odow? dSs
Sg(fa) Sz(a)
+ ollldllwz (e, 0") - (||dH€V31_x(Q) + ”dtH?,ﬁ/E),Q + |f|§/5,sz)a (3.26)

where ¢ is an increasing, positive function.
To estimate the first term on the right-hand side of (3.26]), we have

S o1diw® dSa < |01os,5(—a)|d1 3,5, (—a) [ W]3 5,0y = I
Sg(—a)
By the interpolation
|w|§,52(—a) < El/g‘vw@,n + 0575/3|w|§79
we find
I <e|Vul3 g+ c(l/e)lorls s, (—a)ldis,
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Applying (3.26]) and assuming that ¢ is sufficiently small, we derive

2

d v _

p S ow® dx + §Hw||i§z +7 Z lw - Tal3,s,
[9) a=1

< do1l% sy —ay |3 5y oy w30
+ olldllwz 0, 0") - (ldllwz o) + IdellF 650 + [ f1§/5.0)-  (3:27)

Fix T > 0. Our objective is to derive an energy-type estimate in the time interval
(0,T). To achieve this, we note that

1
S lw|? dx < S £|w|2dx < — S olw|? dz.
Q Q O« O« o

Applying this to (3.27)) results in

2

14 _
S ow? dz + 5”“’”%9 +7 Z lw - 7al3.s,
(9] a=1

=

<ol sy —ald]3 5, (—a) S olwl* dzx
O

+ QS(”C?”W:;OO(Q)v o) (||CZHW3{M(Q) + ||C?t||i6/5,n + |f|§/5,9)- (3.28)

Next, we analyze (3.28) over (0,7). We have

t
d v c
dt{ | ou? dmexp Lt S L ] dtf} }
Q * 0

< ¢(|\d~||wg}m(ﬂ)a 0°)- (||CZ||W3{°O(Q) + di]

?,G/S,Q + \f|§/5,9)

t
v C
- €xp Lt T S 0112 55 (—ayldn
*o

S Sa(—a) dt’} . (3.29)

Integrating (3.29) with respect to time gives

t

Joyuw(®)? dz < exp {1011 s, oyl 5, oy '
Q 0
t
Notldlwy @) dlwy o + 14613 6750 + 1 F135,0) 4t
0

v

t
Cc
C Sl s, bl o o] § 20002 d (330
*0

+exp[
Q

for t < T. Finally, by integrating (3.28)) with respect to time from 0 to ¢ < T and applying
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(3.30]), we conclude that

2
J o) dz + Tl o0+ Y - 7l g
Q

a=1

t/
<

C C
o1l s, dt {supexp | < o1/% s, 15,07
Ox 0 t' <t O«

0
¢

Nty .09 (1l

ot ”gtH?,G/B,Q + |f|§/5,sz)d7
0

v & |
+eXp[—+

1t S|ngo,52(—a)d1|g,5'2(—a)d7—:| SQ(O)U}(O)Q dx}
Q
t
+S¢ |d\|w1 L(©@)07)" (Hdel @ + l1dell? 6s5.0+IFl5/5.0) dt’
0
+ el
O

0(0 (3.31)
By simplifying (3.31)), we arrive at
y 2
o lw(t)3a+ oty Y lwTal} g
a=1
1(lerloo, g 1da 3,6,55 0+) {6 (sup Idllwz @) o)
[||d||L2(0,t;W3{w(Q)) + ||dt||1,6/5,2,m + ‘f|6/5,2,Qt] + 0" w(0)5q}, t<T (3.32)

The above inequality implies ([3.10) and completes the proof of Lemma
In conclusion, we provide an energy estimate for the triplet (v, p, o)
LEMMA 3.3. Under the assumptions of Lemma any solution (v,p, ) corresponding
to the equations in satisfies
[0]1F ) < @1(lo1]oo,s5, dils 6,57 055

9*){¢(SI§P Idllw; () €")
: [||d||2L2(o,t;W§m(Q))

+ ||dt||i6/5,2,m + |f|§/5,2,ﬂt] + 0*[v(0)3.0},

(3.33)
where g, < 0 < p* and g., o* are described in Lemma [2.4]
Proof. We have to estimate the norm
”UH%/(Qt) < ||w||%/(9t) + ||5||\2/(Qt)7 (3.34)

where the first norm on the r.h.s. has already been specified in Lemma[3.2] so

1817 @y < Il o) + IVl (0

< b e +1VO 0 + [V s e + V2013 0 (3.35)
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To estimate norms of functions on the r.h.s. of (3.35), we turn to [RZ1l (3.40)]. Then
181 @) < ¢(1d oo 0 + Il

Tooar + ||d||ioo(o,t;ws{oo(n))
- exp (csgp HfiIILw(m;W;mm)))) 0,62 e 00

+sup [d(t')]3 0,0- (3.36)

<t
From (3.34), (3.36)), and (3.10), we get (3.33). This completes the proof. m
In summary, we present the theorem regarding weak solutions.

THEOREM 3.4 (see Lemma. Assume that

o there exist constants o., 0*, 0 < g« < 0* such that o, < o < o%,

® 01 € Loo(S1) di € Lg(0,t; L3(S2(—a))), ~ L N

e d; is an extension of d; into Q, i = 1,2, and d = (d1,d2), d € Loo(0,; W4 ,(Q)) N
Lo (0,1 W4 (), d; € LQ(O,t;Wé/5(Q)), [ € L2(0,t;Lg5(2)), t < T, and v(0) €
Ly(Q).

For the solutions to (L.1)), there exist positive increasing functions ¢ and ¢1 that satisfy

HU”%/(Q‘) < ¢1(l01]00,51: 136,55 (—a)s 05 €F)
: {¢(||d||Loo(o,t;W3{&(Q)))[||d|\%2(o,t;w3{x(9))

+ ||Jt||%76/572,9‘ + |f|§/5,279t] + |U(O)‘§7Q} = A3 (3.37)

REMARK 3.5. It is important to stress that no limitations are imposed on the time T

4. Energy estimate for solutions to (h,q) problem (2.6))

In this section, we examine the function h = v,, as well as the equations governing h,
specifically those in . To derive an energy-type estimate for the solutions to problem
, it is necessary to render the Dirichlet boundary conditions 4)5 homogeneous.
To achieve this, we construct a function h such that, as in [RZ1l (4.14)],

divh =0 in Q,

h=0 on Sy,

N (4.1)
hi =—dy,, i=1,2 on Ss,

iLB =0 on 52-

LEMMA 4.1 ([RZI, Lemma 4.3]). Assume that d = (d1,dz), dy € W;(Sg), dyry € LU(~SQ),
o € (1,00). Then there exists a solution to problem (4.1) such that h € WX(Q), hy €
L, (), and

Bl o0 < el 1.5 )
|ht|cr,Q S C|dz’t|a',5'23
where ¢ does not depend on h. Define

k=h-—h. (4.3)
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Then k is a solution to the problem

ok — divT(h,q) = —o(v - Vh+ h-Vv) — ohy + 0g

— Ozg(ve+v-Vo—f) =G in QF,
divk =0 in QF,
~ ~ ~ ~ T (4.4)
n-k=0, vi-D(h) To+vh -To =0, a=1,2 on Sy,
ki=0, i=1,2, h3,, =Ad on S,
k|i—o = h(0) — h(0) = k(0) in Q,
where g = f,, A =02 + 8§2, and v is a solution to problem (L.1)).
Given the decomposition (4.3]), we formulate problem (4.4)) as
ok: + ov - Vk —divT(h,q) = —Q(k‘-VU—i—irVU—l—v-Vﬁ)
— 0hy + 09 — 0w, (Vi +v-Vo—f) =G in QT
divk =0 in Q7
(4.5)
n-k=0, v -D(h) - To +vh-Ta =0, a=1,2 on ST,
ki =0, i=1,2, hza, =Ad on ST,
kle=0 = k(0) in Q.
Projecting div k£ on Sy yields
div k|52 = k‘37I3 |52 =0. (4.6)

LEMMA 4.2. Assume that d, € LQ(O,t;Wsl(SQ)), di € Lg(o,t; Wzl(Sz)), f3 € L2(07t;
L4/3(52))7 g€ L2(Qt); CAS L2(07t; ng(Q)), vt € L2<Qt)7 CAS LOO(O7t;LOO(Q>)7 O« < 0 <
0*, where o., 0* are positive constants from Lemma . Assume 0.4 € Loo(0,t; L3(2)),

Let Ay = ||dm'||1,3,2,s; + |dm/|2,oo,s§ + ||dt||1,2,s; + |f3|4/3,2,s; +gl2.0t, D1 = |d1|3,2,55,

Vi = |v|l1,3,2,0t and A1 is defined in (3.37). Then
1&llv(at) < cplox, 0%, D1, Vi, A1) [A1 + |05 3,000t ([Ve]2,00 + | fl2,00
+ [Vloo,00,0¢) + [£(0)]2,0]- (4.7)
Proof. Multiply (4.5); by k, utilize problem (2.1]), and integrate over  to get
1 d 2 . 2 .
3 dq S ok” dx + S div(pvk®) dx — Sle']T(h,q) -k dx
Q Q Q
:—Sgk-vu-kdx—Sgﬁ-vu-kdx—ggv-vﬁ-kdx
Q Q Q
- S ohy - kdx + S 09 - kdr — S Ozs (Ve +v-Vo—f) - kdx = Sdem. (4.8)
Q Q Q Q

According to the Green theorem, the second term on the L.h.s. of (4.8)) equals
— | adikBdS,+ | odok? dSs,
S2(—a) S2(a)
where the boundary condition (4.5))4 is used.
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By integrating by parts, the third term on the left-hand side of (4.8) becomes

2
~\ 7 T(hg) kds; - | ﬁ-qr(h,q)-kd52+gSD(h)-D(k)dxzfl+12+13,
S1 i=1 Sy (a;) Q

I]Z_SﬁT(hyq)?ak?adS]_:fyShi—ak,fadSl

S1 S1
=k a3, + v | BTk TadSy,
S1
2 2
Z S T33 h q)k’3 ng Z S (2Vh3)I3 — q)kg dSQ
1=1 85 (as) =1 S5 (as)
2

S (2vA'd; — q)ks dS, = I + I3.

i=1 Sa (az)

To examine the last integral, we use the third component of (1.1)); projected on Sy. On
Sa(—a) we have

o1di ¢+ oV - V'dy + g1dihs — 01 f3 = 2vA'dy — g,
where v = (v1,v2), V' = (0s,, 0s,)-
Hence,
=\ (codiitafksds— | ovdiksdS— | edik3ds,
Sz(*(l) Sg(fa) SQ(*G)
where we utilized that hs|s, = 0.
We estimate the first term in I3 using
erlksli s, +c(1/e1)(0)*(Idrel3/s.5, + |f313/3.5,)s
the second with
e2lkslis, +c(1/e2)(e1)*|v']i s, ld1ar 3 s,
and the last one as follows (see [BIN| Ch. 2, Sect. 10]):

S o1d1k3 dSa < ofldis,s,1ksl3 5, < (73| Vhs|3.q + e/ |ks[3 o) 0 |da s,
SQ(—CL)

—5/3/ %
< &5/*|VhsfR o + =5 ™ (0])°ld § s ka0
To evaluate I3, we compute
(2vA'dy — q)|s, = odit + ov" - V'dy + odaks — ofs.

Subsequently,

B= | (—odos+ofs)ksdSa— | ov'dsurksdSy— | odsk3 dS.
Sa(a) Sa(a) Sz (a)
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To estimate 2, we invoke Lemma As in the estimate of I3, the first term in I3 is
bounded by
54|k’3|421,s2 + 0(1/54)(Q*)2(\d2,t|421/3,52 + \f3|121/3752)a
the second by
eslksli s, +c(1/e5)(0")? VI3 5, 200 3.5,
and finally the last one by
eq " [Vhalo + ez ™ (0")|delf s, KB o

Employing the above estimates in (4.8) with e;—¢ sufficiently small, using the Korn
inequality (see Lemma [2.5)) and exploiting the notation d = (d1, ds), we arrive at

d
- Vok?de+ vkl g +lk - 7alds, < | ik} dS,
Q S2(—a)

+clh- fa@,sg + C‘D(E)@,Q + C(Q*)2(|dt|421/3,sz + |f3|2/3,52
P sl ls,) + o)l s, koo +| G kda.  (19)
Q

where we incorporated o7 < ¢* and d = (dy,d>).
The first term on the r.h.s. of (4.9) can be estimated by the same bound as the third
terms in I3, I3. In the context of Lemmal4.1] the second and the third terms on the r.h.s.

of (4.9) are bounded by
cllda |17 2,5,
Employing the above estimates in (4.9) yields
d _ x
=\ ok da + vl|k|3 g + A1k Faldsos < c(@)°ldlS s, ks 0

dt
Q

+elldar | 2,5, + c(0*)?(ldeliys s, + 1 fsli/,5, + V'35, 1der[3.5,)
|G- kdx|. (4.10)
Q

Finally, we shall estimate the last term on the r.h.s. of (4.10). To this end we utilize the
r.h.s. of (4.8). Specifically, we bound the first term by

0" | IVulk? dz < e1[k[3 o + c(1/21)(0")?[ Vo
Q
and the second term by

ealklf o +c(1/e2)(0")?[Vol3 alhl3 0 < ealklf o + c(1/e2) ()2 Vol3 aldw 3 s,
where Lemma was applied.
Continuing, we estimate the third term by
e3lklf o+ c(1/e3) (0[50l VA o < eslklE o + c(1/e3) (0" Alldur 17 5.5,
where Lemmas [3.3] and [£.1] were applied.
Further, the fourth term is controlled by

ealkl3 0 + ¢/ea(@")?Ihul3 o < ealkl3 o + c/ea(0”)?|durel3 s,

+

%,Q|k|§7ga
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and the last but one term by
55\k|§,9 + 0/55(9*)2\9@,9-
Finally, the last term on the r.h.s. of (4.8)) is bounded by
VU@,Q + |f|g,9)-

By applying the preceding estimates with appropriately small e1—£¢ in (4.10]), we get

56|k|(25,9 + c(1/e6)|0xs 3,9(|Ut %Q + |U|ZO,Q

d _ *
T S ok? dx + vk} o + 71k - Tal3s, < c((0%)°%|d1]3.s,
)

+ Vol a)lkl3 0+ c(@*)(IVol3 o + [V[1s,)|dar |35,
+ e (1 + ADlldar |17 5,5, + 1dellT 2,5, + [ f313/3.5, + |915.0]
+ C|Qz3\§,a(|vt|§,ﬂ + |f|g,9) + C|QI3|§,Q|U|C2>O,Q|VU|3,Q' (4.11)

Let 11 = v/p*. Then (4.11) implies the inequality

d *
2 Vo de v § ok de — 0(o. o) (I[85, + V] .0) | 0 de
Q Q Q

< c(@)?|lvll¥ 5.0ldor 3 s,
+ () (L + Aot 17 5,5, + ldelli 2,5, + | f3l3/3,5, + 19130
+ C|QI3‘§,SZ(|vtI§,Q + |f|§,sz) + C|Q$3|123,Q|v|go,52|vv|g,ﬂ' (4.12)
Define
Di(t) = |dilsz2,s5,  Va(t) = [[v]l13,2,06- (4.13)
Consequently, (4.12)) can be expressed as

[ ok drexp(at — (0,0 (D3(0) + V2(0))]

dt
< c{(0)?Ivli 5.0ldar 3.5,
+ (0?1 + AD[lldw 15,5, + 1delT 0.5, + |f3|421/3,s2 + g
+ [0z, 3,9(|Ut|§,9 + |f|§,9) + |Q$3|§,Q|U|c2>o,9|vv|g,ﬂ}
~explvit — d(ow, 0*) (DY (t) + V(1)) (4.14)
By integrating with respect to time from 0 to ¢ < T and using the notation

2.0l

A =M(t) = |dorlli3,2.5; + [der|2,00,51 + 1 dell1,2,51 + [ f3lay3,2,51 + 19l2,00 (4.15)

we derive

| ok? da < ¢(or, o) (V2(t) + 1 + A3) - expl@(o., o) (DS(¢) + V(1))
Q
ATE) + 0as B sorcae (0113 0 + [ £13.0) + 1025 13 00,0¢ 10 12% .20 AT
+expl—vat + d(ox, 0) (DI (1) + V2(£)] | 0(0)4?(0) da (4.16)
Q
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Further, by integrating (4.11]) over time from 0 to ¢ < T" and applying (4.16|) we infer
kI ) < 6(ors @) (DS + V(1 + V2 + AD) {explé(en, ) (DS + V)]
AT+ |Q$3|§,oo,ﬂt(|vt|%,ﬂt +1f g,Qf + |v|§o,oo,QtA%)]

+expl-nt + 6(o., 0") (DY + V)] | (0)k(0) da}
Q

+ | 0(0)k*(0) da. (4.17)
Q

Simplifying (4.17)) results in
KIS ey < chlows 0%, D1y Vi, A)AT + (00 3 oo e (V]300
1B + [0 c0.00) + [(0)]3 0] (4.18)
The inequality (4.18) leads to (4.7]) and completes the proof of Lemma "

COROLLARY 4.3. Given that
”BHV(W) < e(|darl2,00,51 + ldar[l1,2,51)
7(0)|2,0 < cldar (0)]2,5, < c|dy

2,00,5%

from ({.7), we derive
[hllv oty < colox, 0, D1, Vi, A1) [A1 + |04 ]3,00,0¢ ([0t]2,00
+ [ flz,00 + [V]o0,00,00)] + [R(0) 2,0 (4.19)

5. A priori estimates for first derivatives of p

Let 2’ = (21, 22) and X, (t) = (0w ()|, + |0¢(£)]7.0)"/" for o the solution to (2.1).
LEMMA 5.1. Assume that X, (0) < oo, r € (1,00). Suppose that

l01,2/ .58 (—a) T+ [01,t]r,58(—a) < 00,

v € Loo(), ve,ve € L1(0,t; Loo(R)), di € Loo(Si(—a)), t < T, and there emists a
positive constant d, satisfying vs > d, > 0. Then there is a positive increasing function

¢ such that the solutions to (2.1) fulfill

Xr(t) S (b(‘,ULX),Qta |Ua:|oo,1,Qt7 ‘Ut|oc,1,ﬂt)
' [|d1|oo7S§(|Q1,x’|T,S§(—a) + |QLt|r,S§(—a)) + XT(O)] (51)

Proof. Differentiate (2.1); with respect to z,, o = 1,2, multiply by 0, |0.. |72, 7 > 2,
and integrate over €2 to get
1d 1 -
~—loa,lra+ 3 é“ Vloa, | dz + év% Voor,los, [ Tdr =0, (52)
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Using that v is divergence-free, the second term in (5.2)) equals

. ’ 1 , 1 .
Sdlv(v|g%|)dx:—; S di|o1,2, | dS2+; S da|os,|" dSs.

Q Sa(—a) Sa(a)
The last integral in (5.2) has the form

2

Z S VB,2q Oxg 024 |0z, ‘T_2 dx + S V3 2., Oy O, | O |r—2 de.
B=1Q o

S| =

In view of the above expressions, we deduce from ([5.2)) the inequality

2
1d 1 —
soleslio <= N dilora, 7S+ Y gl o, oz, |7 da
Saz(—a) B=1Q
+ {30 Lz, | oz, " da, (5.3)

Q
where o = 1, 2.
Introduce the notation
o' = (21,72), 0ot = (0u1>022); 02| = 0i| +102al, V' = (v1,02),
Vi = (VL1 s Uleas V2,005 V2,00)s V| = [V10 | + V10| + V2,0, | 4 02,0, ]-

Then (5.3 can be written in the form

1d . 1 .
Solewlia <= dileral” Sy + | olew|ro
Sg(fa)
+ ‘U&w’|00,Q|9x3|r,9|9:1?’|:,?21' (5.4)
Differentiate (2.1)); with respect to ¢, multiply by o¢]0:|" =2, and integrate over ) to get
1d 1 1 _
Calela= N dilen dSat— | dslel” dSt | v-Voorlo P de = 0. (5.5)

Sa(—a) Sa(a) Q

Simplifying, we write (5.5)) in the form
1d
rdt

1 _
lotlr.0 < - S di]o1,¢|" dS2 + |Vi]so,0l 00 r,Q|Qt|:,Ql

SQ(—CL)

+ [03,t]0c.02]0zs | r0l 0t (5.6)

Inequalities (5.4) and ([5.6) result in

1d

1
Soileslia tledia) < - | dilens " +lewd") dS:

Sa(—a)

+ |U;c/|oo,ﬂ|9x’|:,9 + |3, 00,0 02| r.02] 027 :,?21

+ || 00,0202 [r.02| 04 :51 + |v3,t| 00,0 | 05 | 0| O :51
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Together with the Holder and Young inequalities, we get

1d

1
Sollowliotledio) < — | dillerel” + lowd) dSs

SQ(—(I)

2r —1
+ |Um’|oo,Q

1
|02 7.0 + T|Qws|:,ﬂ>

1 1 2(r — 1)
+lules(Flestia + Tlealto + X lalra).
Simplifying again yields

1 d 1
Zlowlio+ledio) <~ | dillons |+ lo1d") dS:

SQ(—G)

<

T

1
2o + el (Lo + ol

;79>. (5.7)

0t + V30z5 + Vo 0z, = 0, (58)

We write the continuity equation in the form

where a = 1,2 and the summation convention with respect to repeated « is assumed. We
use the fact that

v3 > de >0 (5.9)
holds in the whole domain  and d, is a constant. Incorporating ([5.9) in (5.8)) yields
1
Oz = 7*(926 + Uagro,)~ (510)
v3
Using ((5.10) in (5.7)) implies that
1d 1 : -
Zlewlio+lolio) <~ | dillorw | +lond" ds:
SQ(*G)
+ 2(Jvar 00,0 + [04]00,0) {I@wl?,g |0t valalra + Qt|rQ] (5.11)
Hence, (5.11)) takes the form
1 1 T T
Gdla+lelio) <~ | dillore|” +lond") dS:
Sa(—a)
2T /\r T
2[veloesn + lorloo) | (14 21l )l
2" r—1
Tal- 5.12
(2 + ekl (5.12)
For any finite r, (5.12)) implies

d
—Xr < S di(Jo1.e]" + 014]") dS2 + c(|valoo, + [Vt]oc @) (1 + [V'[5, o) X7 (5.13)

dt
Sg(—a)
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Integrating with respect to time yields
t

X7(t) < exp e (uele0 + lvrloe,) (1+ 0'[% )

0
t

: H '\ di(lorw|” +e14]") dSa + X;:(o)]. (5.14)
0 S2(—a)

The above inequality gives (b.1) and concludes the proof. =
REMARK 5.2. From ([5.10) we obtain

1
|02 |r 00,0t < d—(l + |V | 0.0t ) X (). (5.15)

COROLLARY 5.3. The inequalities (5.1)) and (5.15]) imply
l0x()]r,0 + [0t()]r,0 < (1/ds, [V]oo,0t s [Va]oo,1,00 [VE]o0,1,00)
' HQl,ar’lr,S;(fa) + |Ql,t|r,S§(fa) + |Qz’ (O)

rQ + |Qt(0)‘r,9]- (5-16)

6. A lower bound for v

To demonstrate Lemma [5.1] it is necessary to establish that there exists a positive con-
stant d, such that
vs(x,t) > d.. (6.1)
We can anticipate that (6.1]) is valid, as shown by the conditions
’US‘znga =d; > 0, U3|:c3:a =dz > 0.

In this section, we will prove (6.1). From (1.1)), we get the following problem for vs:

ovs i+ ov- Vg —vAvs +q = ofs,

US‘&C;},:LLQ = don a = 172a

’U3‘t:0 = 7)3(0)7 (62)

where ¢ = py,.
To determine ([6.1)) for the solutions of ([6.2)), it is essential to observe that g constitutes
a solution to the problem
0t +v-Vo=0 in QT

e=01 onSj,

0lt=0 = 0o (6.3)
LEMMA 6.1. Assume that dy > v3(0) > do, where dy, dy are positive constants. Fur-
thermore, let d; > doo, @ = 1,2, where do is also a positive constant. Assume that

p$3’f3 S Ll(oat7LO<>(Q)) Then the quanmty
1 doodp
d* = - = xT (o] t e ¢ ’ 3dy + d > O
qb(exp[ Q*(Ip aloo, 1,00 + 1 f3lo0,1.0 )] 3do+doo)

satisfies
U3 Z d* . (64)
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Proof. Multiply .1 by Toa[sFT |S+1 and integrate over 2. Formally, we should use the func-
tion

v v3 > €
U3(8)_{3a 3 )

g, U3 é g,

and let ¢ — 0 in the final estimate. For simplicity, we will omit the notation vs(e). Then,
we consider

U3
ng3t| |S+1dx+ggv Vv3| |S+1d
Q

SAU3| S|+ dx—"s ‘jiﬂ Sf?" 5|1 dx.  (6.5)
Q

Subsequently, we analyze the specific terms in (6.5)),

V3 1 8t|v3|2 1 1 _s41
v =- = O4lvg| —— = ———0|vs| "
3vt|U3‘s+1 2 Jug[s+1 1 3||U33 “s+1 i|vs|
V3 1 _ 1
\% = v s+l
” log|sth  —s+1 [vs|

Therefore, the sum of the first two terms in the Lh.s. of (6.5) becomes

1 —S —S
— 7 Y (@Dilus| v Vlus| ) da
Q

I =

By applying the continuity equation
o+ +div(ve) =0

in I, we can derive the expression

1 d
I =—— —stlyg
, _s+1dt§29|”3| v+ —

— Adiv(gwgwﬂ) dz.

Given that v - n1|s, = 0, the second term in I; becomes

1 1
L5 —s+1 L5 —s+1
o] S ov - Tivs| dsSs + —— S ov - fifvg| dSs,
Sz(—a) Sa(a)
1 1
_ —s+1 —s+1
= S S gldl\v3| dSQ + “s+1 S de"l)3| dSQ,
SQ(*G) Sz(a)

where i = 1,2. The third term on the Lh.s. of (6.5]) gives

— v | div(Vugvslvs| 7Y da + v | [Vos|o| = da + v | vs Vg V]|~ da

Q Q
EIQ+13+I4.
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In view of the assumptions,

IL=-v S div(Vugvs *) de = — S div(Vuz *t) da

1%
—s54+1

Q Q
= —_SV+1 Sﬁ-Vv;S‘HdS: —ngg_sﬁ-vadS
s s
=v S dy°vs g, dSo — v S dy°vs g, dSo — v S v3 °n - Vs dSq
Sa(—a) Sa(a) S1
=J1+ Jo+ Js.

Since v is divergence free, it follows that

Ji=-v | di*vas, ds

Sa(—a)

=—v | (@) e, dS:—vs | dr*7ldi g, v0dS,
S2(—a) Sa(—a)

= —v S dy Vg - V|5, dL1 — vs S dl_s_ldl,wava dSs,
9S2(—a) Sa2(—a)

The first integral vanishes because L; C S; and v - fi|s, = 0.
In a similar manner,
Jo=vs | dy*'day, ve dS.

SQ(CL)
To analyze J3, we recall that condition (1.1))5 for 7, = €3 on S; is expressed as

vz, + vz = 0.
Hence,

Js =1 S vyt ds,.
S1
Summarizing,
L=-vs | dr* ' dig,vadSo+vs | dy*ldyg vadS+y | vyttt Sy
Sa(—a) Sa(a) S1

Next, we proceed to calculate

4 —s
v 3 S (Vg /2+1/2|2dx.

e —s/2—1/2
IgzuS|Vv3|2v3 1daz=u§|v3 / /va|2dac:(5+1)Q

Q Q
Additionally, we find

—s— dv(s+1 s
Iy=—(s+ 1) S |Vv3|2v3 sTlde = (i(s n 1)2 S Vg /2+1/2|2 dz.
Q Q
Therefore,
4 —s
Is+1, = S S |V, /2+1/2|2 dz.

(—s+17)
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Applying the results in (6.5)) leads to

1 d —s+1 —s5+2
T—’—l& S 0Vg dx — s+l S Qldl dSQ
Q Sa(—a)

1 _ s

+ | edyt?dSy—vs | di*ldie,vadSs

Sa(a) Sa(—a)
—s— 4vs —s/24+1/2

+ Vs S d2 1d2’za'l}a dSQ - m S |v'U3 / / ‘2dx
S2(a) Q

+ S qus *dz = o S favg ®dx. (6.6)

Q Q

In view of the assumptions of this lemma, the last term on the 1.h.s. of is bounded by

1 _
lalooo— | ovg*t! da (6.7)
0+
Q
and the r.h.s. term by
1 —s
| f3loo.0— S ovs *Hda, (6.8)
0+ b

where d, = ming v3. The existence of this quantity has not been proved yet; it will be
established at the end of this proof. We introduce the notation

X® = S ovy *Tda, (6.9)
Q
then we multiply by —s + 1 and exploit estimates (6.7)) and to arrive at

d 4us —s/241/2)2 1
_ \v4 < + -1
dt et 1 S [Vuy *dz < (|¢|oo,0+[f3]00,0) (s )g*d*

x+ | adt?as,

9) Sz(—a)
- S gd;s+2 dSs—vs(s—1) S df‘q*ldl,zava dSy
Sa(a) Sa(—a)
+vs(s—1) S dy 5 o, Ve dSo. (6.10)
Sa(a)
Let 1
a(t) = (la(0) o0+ (1))
Then implies

% <XS exp ( - S,a(t/) dt’>>

<[ | edrasi+vsts—1)( | dr il ] dS;

Sa(—a) So(—a)
t
+ S dy " dg | V'] dS’g)} eXp(— S a(th) dt'), (6.11)
Sa(a) 0

where d,r = (dgy, ds, ), V' = (v1,v2).
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Integrating with respect to time yields
t t
X® <exp (Sa(t') dt’) S [ S 01d7 512 dS,
0 0 S3(—a)
twss =D | arTdiel WS+ | dg e ] dS; )]
Sa(—a) S2(a)
t’ t

: exp(— ) dt”) dt' + exp (S a(t') dt’)XS(O). (6.12)
0 0

Accordingly,

t
X < exp(iSa(t’) dt/)dl{( S Qldf dSs dt/)l/s
0 7 sy(-a)

fwss=) (] a sl wldszar)

S3(—a)
1/s
+(§ a1l sz at) )]
53(a)
1t
+exp < Vo) dt’) X(0). (6.13)
0
Letting s — oo results in
1 3 1
sup |—| < exp|— 00 t + ) t — + .
xeg v3| p|:d*Q* (|q| 16 ‘f3| b9 ):| (doo 'US(O) ‘oo,Q)

Therefore, in view of the properties of the local solution, we obtain

v > inf zequs(7)
1 dooinf zeqlvs(0)]
> — t t
> exp( [d*g*(|Q|oo,1,Q + | f3]00,1,0 )]) 3inf »eo|vs(0)] + do
1 dody
> - | ) feeto
> eXP< [d*g* (lgloo,1,0t + 1f3lo0,1,0 )]) 3o 1 do

= d,.

(6.14)

We start with the notation
1
a(t) = ;(|Q\oo,1,m + 1 f3l00,1,01 )5

*

 dode
© 3do+doo
It is clear that a(t) and b are positive, and a(t) can be estimated by
a(t) < d'(t) = (t")(A + As(4));
see Remark Moreover, a(t) is small for small ¢(¢t%)(A + A3(4)). Inequality (6.14)

b
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implies the following equation for d,,
1
exp (da(t)>b = d,. (6.15)

Therefore
d.
exp(—a(t)) = <(§;) . (6.16)

We now prove the existence of d,. Let us define the function

equal to 1 for =0 and x = b.

In the interval (0,b), the function h(z) < 1 and attains a minimum at x = be™® = b,.
Moreover, % < 0 for z € (0,b,) and % > 0 for x € (by,b).

At the minimum

h(be?) = eV = p,.
Given that (6.16) holds, we have the restriction
e—bzefb < e—a(t).
Hence
ela(t) < b2 (6.17)

Therefore, indicates that t*(A + A3(4)) needs to be sufficiently small. We have to
emphasize that considerations in this section have been made for a local solution that
can be extended in time if the long time estimate holds.

Assuming h, < e~*®) < 1, there exists a point z, € (0,b) such that

()

Hence x, = d., which is a solution to (6.15).

Moreover,
- ¢+ |f3| 1,Q¢ dodso
d, = a(t) ) = - |q‘oo,1,Q 00,1, .
(e b)) = ¢ exp . e
Thus, we need to find estimates for ||QHL1(O,75;LOC(Q)) = ||px3HL1(0,t;Lw(Q)) to conclude

the proof, and we accomplish this through the long time estimate (1.9]), established in
Section {1l m

7. Estimates for y, the third component of the vorticity

In order to obtain the energy-type estimate, we analyze system ([2.8)) for the function Y,
which represents the third component of the vorticity. To achieve this, it is essential to
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derive an energy estimate for the problem with homogenous Dirichlet boundary conditions
on S7. Consequently, we define x as a solution to the problem

Xt —vAx =0 in QF,
X = X+ on 57,
Xz =0 on S;‘F,
Xlt=0 = x(0)  in Q,

where x(0) = v2(0) &, — v1(0) 5, and x. is described by (2.8])2.

To justify the existence of solutions to (7.1)) and obtain appropriate estimates, we
must fulfill the following compatibility conditions:

X(0)|s, = x«lt=0 (7.2)
and
Xs,x3 — 0 on 51 N SQ. (73)

Calculating (7.2) explicitly, we have

V2,2, (0) — Ulz, (0)
_ g
= 0i(0)(ia; 715 + Tie; 1) +0(0) - Ti(Ta2ay — Tias) + 20507150 (74)
To satisfy (7.3]), we differentiate x. with respect to xg. This is possible because S; is the
part of the boundary of Q that is parallel to the x3-axis. Moreover, the vectors 71|s, and
71|s, do not depend on x3. Therefore, we need to differentiate only the components of
the velocity. In x., only two components of the velocity, v; and vy, appear. Differenti-

ating them with respect to x3, projecting on Sz, and employing (2.6])4,5, we obtain the
compatibility condition (7.3)) in the form

Xoxz515,08s

2
= — Z [qu (ni,mj T + Tli,zjnj) + %drj’rlj + dz,;Tli(7_12,zl — 7‘11,12) =0. (75)
i,j=1
Then, we can introduce the new function ' = x — X, satisfying the following system:
o(x; +v - VX') = vAX' = oF + ohsx — ov - VX
— 0(hov3 2, — h1V3 4,) + 02, (V2,t + v - Vg + f2)

— 0uy(V1,e +v - Vo1 + f1) in Q7 (7.6)
X' =0 on ST, .
X'py =0 on ST,
X'lt=0 =0 in Q.

First, we describe the properties of solutions to problem (7.1)).
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LEMMA 7.1 ([RZ1, Lemma 4.7]). For the solutions to problem (7.1)), we get

3,000t < € Xxl3,00,5¢ + [X(0)[3,0
< cfv'lls/6,2,00,0t + 1X(0)]3,0, (7.7)
I8 2.0 < ellellyzraase gy + X(Ole.0)

X

< oo/l 272071 g1y + (0} 2.2)
< e/l + IX(O)|2.2): (7.8)
Proof. As follows from potential theory, we only prove .
We write x = x1 + X2, where
X1t —VvAX1 =0, Xxils; = Xs, Xiasls, =0, Xxile=0 =0 (7.9)
and
X2t —VAX2 =0, Xxals, =0, X2asls, =0, Xili=o = x(0). (7.10)

For solutions to (7.9)), we deduce (7.7)) and (7.8) for x(0) = 0 (see [RZ1, Lemma 4.7]).
Multiplying (7.10) by x2 and integrating over Q! yields
X203 00,00 +¥IVX203.0 = [x2(0)]5 o-

Multiplying (7.10) by x2 and integrating over 2 gives
|3/2

|X2|g,oo,ﬂt +v[V]x2 gQ = \X2(0)|§,Q~
Assuming that ¥ = x1 + X2, we derive (|7.7) and (7.8)). This concludes the proof. =

Next, we take into account problem ([2.8)):

LEMMA 7.2. Assume that there exists a local solution to problem described by Theo-
rem[1.1} Suppose that there exist positive constants o., 0*, and D* such that p. < o < o*,
d; <d,i=1,2. Assume that
v € WMA(Q) N Lo (0,6 W3/5(Q)),  h € Loo(0,t; Ls(Q)),
F = (vot f)3 € La(0,t; Lg/5(2)), x(0) € L3(9),
Vo€ Lo(0,tLr(2)), (f1,f2) € L2(0,t; Ler/(5r—6)(2)), 7> 3.

In addition, let v; € La(0,t; Ley/(5r—6)(2)), v € Loo(0,8; Ly j(r—3)(R)), and t <T. Then
the solutions of (2.8) fulfill

|X|§,oo,ﬂt ||X||%,2,Qt
< (25 1/0. * J A 112
>~ ( /Q , 0,04, 1)[”1} ||“r21=1/2(ﬂt)

+ V113 /6,2,00.00 + AT + 1813 0.0t + | Fl5/5.2.00 + X(0)

2
3.0
+ |v9|72“,oo,ﬂt(||vl||§/6,2,oo,Qt + HU/H?;V;J/z(Qt) + |X(O)|§Q)

+ |Q:C’|z,oo,Qt(|U1§|§7-/(57'—6),2,Qt + \U|§7-/(r—3),oo,9t
+1(Fr £2) 15050 —6),2,00)]- (7.11)
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Proof. We will first tackle problem (7.6). Multiply (7.6); by X', then integrate over €,
applying the boundary conditions and problem ({2.1]), to get

1d
5T S ox?dx + = S div(ovx'?) dx + V|VX/|§7Q
Q
= S oF ' dx + S ohaxx dz — S ov - Vxx' dz

Q Q

0(hovs z, — hv3 4,)X dx

bL’ﬁ

+ S 0z, (V2 + v - Vg + f2) — 04, (V1 + v Vo + f1)]x da. (7.12)

We can bound the first term on the r.h.s. of (7.12)) by

e1lX 5.0 + c(1/e1) (@) IF G 5.0

and the second by

Sl B+ e1/22) (@) sl
Integrating by parts in the third term on the r.h.s. of (7.12) results in
Vo vx)dz+ v VX' Rdr =1 + I,
Q Q

where
12| < e[VX' 3o + c(1/e)(0")?|vlg olXI3 o-
Integrating by parts in I; leads to
I = -\ div(evxx)dz + | o Voxx' do = I} + I,
Q Q

where
17| <elx'l§a+ 6(1/5)|VQ|%,Q|U|g,§2|>~<|§7'/(2r—3),§2'
Next, according to the Green theorem, we obtain
h= | adxxds— | oy dS.
Sz(—a) Sz(a)
Hence,

111 < 20%d | x| dSa < elX'[f s, + c(1/e, 0", DRI 5.5,
Sa

Summarizing, the third term on the r.h.s. of (7.12) is bounded by

53”)(/“%,9 +c(1/es, 0, J)[|U|§Q|>~<|§Q + |VQ|2,Q(|U|§,Q|>~<‘§r/(2r—3),9 + ‘>~<|z21/3,52)]-
We proceed to evaluate the fourth term on the r.h.s. of (7.12) by

ealX 5,0 + c(1/ea, 0)IhI3 olvs,or (3 0-
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Finally, the last term on the r.h.s. of (7.12) is bounded by

|02/ a2V 2s.02 F 10120 00,0 ]V [aa a0 + 1 (F15 f2) | 2e,0) X 6.0
<eslx[§a +c(l/es)low 3, a(vil3, 0+ ‘U|§2u1,9|vv/‘§2u2,ﬂ +[(f1, f2)[3,.0):

where 1/)\1 + 1/)\2 + 1/6 = 1, 1/,u1 +1/M2 =1.

Let A; = 7. Then \p = 2. Additionally, it is required that Aapp = 2, which leads
to 5,?:6#2 =2and py = 5%;6_ Then py = g::g and Aoy = Tg_rg.

The middle term on the Lh.s. of (7.12) equals

S div(ovx'?) dx = S 01v - ix'? dSs + S ov - X dS;

Q Sa(—a) Sa(a)
== | adx?dS+ | odx?ds,.
Sa(—a) Sa(a)

By applying the estimations mentioned above in (7.12) and assuming that ;—5 remain
sufficiently small, we get

ZlodervXlfos | adx®ds,
Q Sa(—a)

+ (@) (IF 55,0 + 1P a(XI3.0 + |vs.030)]
+ ¢(0*, d)[[v[g alX |30 + |VQ|72~,Q(|U|§,Q|>~<‘§r/(2r73),3’2 + [Xla/3,5,)]
+ C|Q®’|$‘,Q[|v£|§r/(5r—6),ﬂ + |vlsr/(r—3).0 VO 3.0 + [(f1, f2)|§r/(5r—6),9]7 (7.13)

where r > 3.
Integrating ((7.13)) with respect to time and applying Theorem |3.4] gives

Vox? do + vlxI} o.00 < 00", d, A1) [IX I3 s
Q ~12 ~112 h 2 F 2
+ X12,00,00 + IXNT 2,00 + |A]5 00,00 + [Fl6/5,2,00

+ |)~<|£2’),oo,Qt + |v9|$7oo70t(|>~(|§r/(2r—3),oo,ﬂt + ‘)2|z21/3,275’§)
2 2 2
+ C|Qw"r,oo,Qt(|Ui/5|6r/(5r76),2,ﬂt + 013,/ (r—3) 00,0t
+ |(f17f2)‘gr/(5r76),2,ﬂt)]? (714)

where r > 3 and A; > 1.
By using the equation X’ = x — X, we obtain

g,sg =|x - i@,s; < |X|§,sg + W@,s;
< el VX3 +e(1/e) AT + IXI1T 2 - (7.15)
Additionally, Lemma implies

Ix’

R85y + %1255, et lya72 ey + O )
ba%,oo,ﬂt + |>~<|§,OO,Q‘ + |>2|§r/(2’r73),00,9‘ (716)

< elX5 00,00 < (V11376200 00 + IX(0)]3 0):
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Utilizing (7.15)) and (7.16)) on the r.h.s. of (7.14) provides

‘Xg,oo,Q‘ +Ix %,z,m < ¢(1/0s, 0%, d, Ay)
O T Y N
+ |F|§/5,2,Qt + ‘X(O)@Q
41908 s (1 g + 10721+ IXO) )

2

+ |QCE"?,oo,Qt(|v£|gr/(5r76),2,ﬂt + ‘v|§r/(r73),oo,ﬂt + |(f17 f2)|(25r/(5r76),2,9‘)]7 (717)
given that r > 3. This leads to (7.11)) and completes the proof. m

8. Auxiliary results

In this section, we establish several relationships involving the norms of h, y, and p
that are useful for considerations of Sections [9] and [II] To begin, we recall the positive
constants o, 0%, d«, and d, defined as follows:

0<0<0, di<di<d i=12 (8.1)
Let
Dy(t) = [dil32,51- (8.2)
The following quantity is defined in :
Ar = |ldarll1,3,2,55 + 1darl2,00,51 + 1dell1,2,s5 + [f3]a3,2,55 + [9]2,00- (8.3)
In , we have introduced another quantity assumed to be small:

Ay = |Q1,a;'|r,s; + o1, 8y T |00,z |r.0- (8.4)
The inequality (5.14]) can be expressed as follows:
|02/ |r00,0t + |0t]r,00.0t < @1+ @1+ Ag, (8.5)
where
1 = (14 |di]so,58(ar)) (1 + |0]o0,0)s
c
61 = xp| (lunloo 00 + lerloe,1,0) L+ ' ]oe.00)|. (3.6)
From ([5.15) it can be inferred that

1
| 025|000t < d—(l + Vo, 2t) - @1 - f1 - Ag

= Q1 - d2- A, (8.7)
with
1
P2 = d—(l + V'] 0,020 ) 1

*
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LEMMA 8.1. Suppose that v € W3+S’1+S/2(Qt), s€(0,1) and o > 3/s, t <T. Then there
ezist increasing positive functions

Py = (1)2(9*7 9*7 Ala Dl(t)7 |d1‘oo,S§(a1)v |UOIOO,Qv |f|279t)7
¢3 = ¢3(ta”’UHw(f*S’l*S/z(QtytquHLz;(O,t;Wi(Qt)))?
where a > 0, such that
[hllvary < @2+ @3- (A1 + Az + [R(0)2,0) (8.8)
and
|Qw|r,oo,§2t + |Qt|r,oo,Qt S (I)l ° ¢2 . A27 (89)
with t <T.
Proof. Inequality (4.19)) implies
[hllv@ry < (0w, 0", A1, D) - @3 ([l
AL+ 025 13,00,0t  (JVt]2,0t + [V]oo,00,0t + [ fl2,0t)
+ [7(0)]2,0]- (8.10)
Utilizing results in
[hllv ey < P1[AL+ @1 - b2 - (Juelz,00 + [V]oo,00,00

1,3,2,0)

+ | fl2,00)A2 + [R(0)]2,0]- (8.11)
Consider the embeddings
g1—2
[v|3.2,0t < ct 2 ||v||wgi1(gt)7 o1 > 2,
[Vloo. < cllvllyz,r ) 72 > 5/2,

|’Uw|oo,1,Qt S t1_1/03|v$‘907‘7379t (812)

< t171/63‘|v||W§él(Qf)7 o3 > 3,
|vt|oo,1,Qt S t1_1/04|vt|oo,a4,ﬂt

< -y o4 >3/s, s €(0,1).

||W34+s,1+5/2(gt)7

In view of these embeddings and the properties of ¢o, there exists a function ¢z such that

b2 - (|vt]2,00 + [V]o0,00,0t) < ¢3(ta”U”WUQJrS’HS/?(Qtyta||q||L4(07t;W41(Qt))) (8.13)
for o > 3/s, s € (0,1).
Furthermore,
DD, < By (8.14)

Therefore, (8.8)) has been proved. Based on (8.5)), (8.7) and previous considerations, we
establish . This concludes the proof. m

LEMMA 8.2. Assume that v € W3+S’1+s/2(§2t), s€(0,1) and o > 3/s, t <T. Let
Dy = Ay + |Flg /52,00 + [x(0)]3,0,
D3 = [(f1, f2)ler/5r—6),2.00 + [X(0)]3,0- (8.15)
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Then
Ixllvasy < Po- [V [l yy1r2 g0+ 1V 115/6,2,00,0
W, ()

+ 73,000t + D2 + (¢3 + D3a)As], (8.16)
where v' = (v1,v2), ¢3 is defined in (8.20), ®o is (8.21), and ¢2 appears in .
Proof. Applying in (7.11)) results in
Ixllviy < ®(1/0x 0%, d, Ay) - [HU/HW;J/Z(W)
+ [0"l15/6,2,00,0¢ + [hl3,00,0t + D2
+ @1 g2ha - (||UI||W21,1/2(Qt) + 119" 115/6,2,00,02¢
+ |vtl6r/(5r—6),2,00 + [V]3r/(r—3) 00,0t + D3)]. (8.17)
The following embeddings are valid:
[vll5/6.2.00.0¢ + [Vllyyaar2 ey + [0lsr/r—5).00.2¢ < et [0l 2 (e, (8.18)
where a > 0, o > 3, and
vt ll6r ) (5r—6),2,0¢ < t1/2=1/oa ||v\|W3:s,1+s/2(Qt)a (8.19)

where 04 > 3/s, s € (0,1). Considering (8.18) and (8.19), there exists an increasing

positive function ¢3 satisfying

2 - (10" lls/6.2,00. 20 HIIV |y 1.272 g0y + [0tl6r/(57—6). 2,00
+ |'U|3r/(r73),oo,ﬂt < C¢2 'ta||U||W3+s,1+S/2(Qt)
< (bg(ta||U||W£+s,1+s/2(ﬂt)), o> 3/87 s e (O, 1) (820)

Taking into account
OD; < Dy(1/04, 0%, dy, A1), ®~ P, (8.21)

we infer from . This concludes the proof. m
LEMMA 8.3. Assume that the r.h.s. of is finite. Let 0, < 0 < 0*. Then
lellcaan < cllellwr ey < - @2 - Aa(t,r) + co”, (8:22)
provided that
% +a<l, r>3
and

||QHW7}01C(Qf) = |Q|r,oo,Qt + |Q$|T,OO,Qt + |Qt‘r,oo,Qf-

9. Increasing regularity for the velocity and pressure

In this section, we enhance the regularity of v and p step by step, primarily by utilizing
findings related to the Stokes system, discussed in the Appendix (Lemmas 9.5). To
begin, we apply the rot-div problem ((1.20)) to end up with an estimate for v’ in higher
norms.
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LEMMA 9.1. Assume Ds, D3 are defined in (8.15), ¢35 in (8.20) and @5 in (8.21). Ad-
ditionally, Ay is introduced in (8.3) and Ag in (8.4). Assume that h € Lo (0,t; L3(Q)),
h(0) = vo.zy € L2(Q), v' € La(Q; H/2(0,1)), where v' = (v1,v2), t <T. Then

[V lviery < @alllv'| 1,0 m172(0,0)
+ |hl3,00.00 + D2 + (1 + Ds)¢s(A1 + Az + [[2(0)[| Lo (e)]- (9-1)
Proof. Let Q' represent the cross-section of  obtained by intersecting it with a plane
that is perpendicular to the z3-axis and contains the point z3 € (—a, a). Define S as the

intersection of S; with this plane. Hence, S} serves as the boundary for Q'. As a result,
the elliptic system (rot, div) confined to ' leads to the following problem:

. /
V20 ~ Vlay = X n &,

. !
Vg, + V2,2, =—hs in Q) (9.2)
o' =0 on S},

where x3 is treated as a parameter, v’ = (v1,v2) and 7’ denotes the unit outward vector
normal to Sy at a given point of 5.
Solutions to (9.2)) satisfy

sup 10| Lo(—asasirr @) F 10 | Lac0,tLa (—asas 2 @)y < cllixllviany + [1hsllvey).  (9:3)

From (8.8) it can be derived that

[V, vty < @2 - @3- (A1 + Az + [|(0)] Ly))- (9.4)
Therefore, (9.3)) and (9.4)) lead to
[V lvieyy < cllixlivian + @2 - ¢3 - (A1 + Az + [|R(0)]| L,y (02))]- (9.5)

Utilizing (8.16|) results in
[V llvi@y < @2 (102 g0 + 1V l6/5.2,00 20
+ [hl3,00,0t + D2 + (¢35 + Dada) A2 + ¢3 - (A1 + Ao + [[2(0) | 2, 2))]- (9.6)
Drawing upon
1y < 10 zaosrrsy + 1 zagesarsracony
< A+ [V py 0172 (0,09
and the interpolation
[0']15/6,2,00,0¢ < €llV[l1,2,00,0¢ + (1/€)[V]2,0¢
< ellv’ll12,00,00 +c(1/e) A,
as mentioned in , results in the following inequality for sufficiently small e:
1V llviany < @2 [Vl @:m12(0,00) + |h]3,00,00
+ D2 + (¢3 + D3g2) Ao + ¢3(A1 + Ao + [[R(0) [ 2,0))]- (9.7)

Given that
$2 < ¢3
we can derive from (9.7) the inequality stated in (9.1)). This completes the proof. m
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LEMMA 9.2. Let the assumptions of Lemma hold. Suppose that v € W3+S’1+5/2(Qt),
p € Ls/3(Q%), 0 >3/5,a>0,
H = [h|3,00,0t + [h]10/3,00 + [7(0)||Lo(0) (9.8)
Da=|flsss.ar + lldllyyz/s.mr05 + vollwars gy
Define Dy and D3 as in and let
05 = 030" Au, 70l yzrossera). (9.10)

where ¢5 is a combination of 2, ¢3, and the function ¢ from Lemma A.1. Additionally,
o5(0%, A1,0) = 0. Then

||UHW52/’§(Qt) +IVpllLs, 500 < ¢5(Q*,A17ta||UHW3+s=1+s/2(Qt),ta||lZHL4(o,t;wg(Qt)))
(A1 +A2) - H|U||W51/7:13/2(Qt) + [pls/3,0¢ + D3] + c(o”, A1)
“[H 4 D3 + Dy + ¢3||h(0)|| 1, ()] (9.11)
and
[Vl @y < @5(0", Ar t* vl zreasorz oy el Lo 0,6wp ))) - (A1 + Ag)
: [HUHWQ};/?(QQ + Ipls 3,0t + D3] 4 c(e*, A1)[H + D2 + Dy
+ &3]|h(0)[ L, (2)]- (9.12)

Proof. Examine problem (1.1]) expressed as two separate problems

ovy — divT(v,p) = —ov" - Vv — gush + of in Q7

divo =0 in QT

v-n=0, vi D) To+yw -Ta=0, a=1,2 on ST, (9.13)
v-n=d, n-Dw) To=0 a=12 on S7,

v]t=0 = o in €,

where p is treated as given and p satisfies

o +v-Vo=0 inQ7,

dive =0 in Q7
. (9.14)
0=o01 on S (a1),
Q‘t:o = 0o in Q7
with v treated as given.
The proof of Lemma 3.4 in [Z4] gives us
1] 1o 0ry < ellv[lvrar). (9.15)

Thus,
|v’ . V/U|5/37Qt S CA1||'UI||V1(Qt),
|'U3h|5/3’Qt < CAl‘h|10/3,Qf«~ (916)
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Considering (9.16) along with Lemma provides
||’U||W52/’§(Qt) + VoL, .00
< Ga(0” " [vllyyzreiverz oy 10l 06w (0)) ) A
: [||“||W3/’§/2(szt) + [pls/3,0:] + C(Q*)[A1||U/||v21(m) + A1lh|10/3,0¢ + Dal. (9.17)
Employing (9.7)) and the interpolation inequality
10 | 1y (0 m1/2(0,)) < €||U'||W52/»§(Qt) +c(1/e)[v]2,00
< ellllwzs an +c(1/e) A (9.18)
allows us to find that
||U||W§/>é(§2t) + ||Vp||L5/3(Qt) < ¢4(Q*ata”UHWC’j’*’Svl‘FS/?(Qf,)vtEHQHLzl(O,t;Wi(Q")))
A 1 ¢ A
2[||U||W51)3/2(Qt) + |pls/3,0t] + c(o”, A1)
“[H + Dy + Dy + (203 + D3g2) A2 + ¢3(A1 + [|R(0) || £,(02))]
< ¢5(Q*7 Alvta||v||wf+5’1+s/2(gt)7tqunL‘;(O,t;Wi(Qt))) . (Al + AQ) : [”UHer/é/Z(Qt)

+ pls/s,00 + D3] + (0", A1)(H + D2 + Dy + ¢3]|h(0)]| L, (0)),
(9.19)
where ¢5 is a combination of ¢, ¢3 and ¢ from (A.1).

Applying in yields
[0 lv1 () < ¢5(9*aAlata”vaf‘*'Svl‘*'s/?(Qt)atqu|‘L4(O,t;Wj(S2t)))
(A1 +A2) - [||U||W51}§/2(Qt) + Ipls /3,00 + D3]
+c(0", A1)(H + Dz + Dy + ¢3(|R(0) | 2,(02))- (9.20)
The inequalities found in and lead to the conclusions and ,

respectively. This ends the proof. m
To increase regularity, we need
LEMMA 9.3. Let the assumptions of Lemma[0.2] hold. Define
Ds = |fla. + ||d|\W§/2,3/4(S§) + [Jvoll (- (9.21)
Then

[ollwzr @n + VPl Lo < ¢6(9*7AlataHUHWngS’“rS/Z(Qt)vta||Q||L4(0,t;Wj(Qt)))
(14 82) - D00/ g+ I0lly72 ey + P + Il
+ (H + D2+ Da+ ¢3 - |h(0)[| Lo (o) +1)%] + ¢(e*, A1)[H + D2 + Da
+ D5 + ¢3[h(0)]| Lo ()] (9:22)
where ¢g is a combination of ¢ from (A.2) and ¢5 and Ay, Ay are assumed to be small.

Proof. It follows that

[v]s,0t + V52,0t < c||v||W:/,§(Qt).
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Therefore,
[0 - Volaar < [0'hor | Volsz00 < ellv'llvion ollwz; o),
|U3h|2,ﬂt < |U3|5,Qt|h|10/3,ﬂt < C|h|10/3,m||U||W52}§,(Qt)- (9.23)
By applying Lemma to problem with 7 = 2 and utilizing (9.23|) we arrive at
[vllw21 ) + IVPILa) < 6™t [0l yzronterz oyt dll a0, 1))
Ay [HU||W21'1/2(Qt) + [pl2,0f]

+ (@)1 v @olelhz s + hoserlvllwzs oo + Dsl. - (9:24)

Incorporating (9.11)) and (9.12)) in (9.24)), we derive a qualitatively equivalent inequality

||U||W22’1(Qt) + HVPHLz(Qt) < ¢6(Q*?A17tﬁ””“w(EJrS,lJrsﬂ(Qt)atallq‘|L4(O,t;Wi(Qf‘)))
Bt 8a) - (1012 g + 0l 072 +

+ [pla,or + (H 4+ Dy + Dy + ¢3 - [2(0) | 1, (0) +1)7]
+c(0*, A1) (H + D2 + Dy + ¢3|h(0)|| £, 0) + Ds),

in which ¢¢ represents the combination of ¢ from (A.2) along with ¢5, while A;, Ay are
assumed to be small. The inequality above leads to (9.22)) and concludes the proof. m

LEMMA 9.4. Let the assumptions of Lemma[9.3] hold. Let

Dg = |f|5/279t + ||d||W://;=4/5(5'5) + ||UOHW://25(Q)5

(9.25)
A1+ [Floss2,00 +[x(0)]s,0 + Ds < Dr.
Then
||UHW52/’;(Q’£) + ||VPHL5/2(Qt) < d)(g*vAlata”’U”Wg‘FS:l‘FS/?(Qt)vta”q”L‘;(O,t;Wi(Qt)))
B+ Dot IO za) - 101172 + 712
+ ||U||W51};/2(Qt) + Ipls 2,00 + (H + D7 + 1)*]
+c(o*, A1) (H + D7 +1)% (9.26)
Proof. We examine problem (9.13) in the form
ovy — div T(v,p) = —pv - Vo + of in QT
dive =0 in Q7
v-n=0, vi-DW) To+y0 -Ta =0, a=1,2, on ST, (9.27)
v-n=d, 7-DW) - -Ta=0 a=12 on ST,
’U|t:0 = Vo in Q.

Employing the estimate

lov - Vls/9,00 < CQ*HUH?/le(m)’ (9.28)
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we apply Lemma for r = 5/2 to problem (9.27). Consequently,
||’UHW52/;(Qt) + HVPHLs/z(Qt) < ¢(Q*7taHU”W‘erSvl*S/?(Qtyta||Q||L4(0,t;Wi(Q‘)))
“As - [HU”W;/é/z(Qt) + |p|5/2,Qt]
+ele", AD0lly2a gy + Drl- (9.29)
Substituting (9.22)) into (9.29) results in
ol ey + 1VP ey ey < 90 A 10l zseerzgys ¥l oo vt ey
’ (Al + AQ) ’ [||U||;1V;/;/2(Qt) + |p|§/2,ﬂt + H,U”W;/’;/Z(Qt)

+ [plsj2,0t + (H + D2+ Dy + ¢3 - [|R(0)| 1) + Ds + 1)*]
+ c(0*, A1)[(H + D2 4+ Dy + ¢3 - |h(0)|| ,02) + D5 + 1)* + Dg). (9.30)

Reformulating (9.30) yields (9.26). This concludes the proof. m

LEMMA 9.5. Assume o > 3/s. Let the assumptions of Lemma[0.4] hold. Let 5’ <5 be a
number close to 5, and let

D8 = |f|5/’Qt + ||d||W52/71/5,171/10(S5) + ||U(O)||W:/72/5(Q) (931)
be finite. Then
[vllwz1 00 + VPl L, @)
< ¢(9*7A17ta||v‘|wg+5v1+s/2(gt)ﬂtalquLz;(O,t;Wj(Q‘)))

(81 A+ (O a3y 072

+ ”pH%S/(Qt) + ||/U||W51/*1/2(Qt)

+ 1Pl L, ) + (H + D7 4+ 1)%] + c(o0*, A1) [(H + D7 + 1)* + D). (9.32)
Proof. To prove the lemma, we make use of Lemma A.2. Since

2
|1) ! v’U|5’,Q‘ < C”U”W;/é(ﬂt)?
inequality (A.2) takes the form
[ollw21 ) + 1VPllLy 0 < S(e" 8 [0llyp2teneragu, 7114l aco.ewi )
IR [HUHW;/’I/Z(Qt) + |p|5',9t]
* 2

Taking advantage of (9.26) in (9.33)) yields (9.32). This concludes the proof. =

LEMMA 9.6. Assume that o > 3/s, v € W' (Q), and 5" < 5 but close to 5. Assume

D9 = ||f||W(;S/2(Qt) + ||dHW3+371/0,1+3/271/20(S§) + ||U(0)||W3+572/U(Q)
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is finite. Then

|‘U||W3+S»1+S/2(Qt) + ||VPHW::S/2(Q1,)
< (b(tanv‘lw(f*b‘«l*b‘/z(ﬂt)a ta||QHL4(O,t;W41(Qt)))
'A2[||’UHW2+3J+3/2(Q¢) + ||p||W5’3/2(Qt) + ||’UH%/V3.1(Qt)
+HNWwﬂmJ+f()mNWmQt+D9+A¢ (9.34)
where a > 2.

Proof. We rely on inequality (A.7). Next, we have to estimate the first term under the
second square bracket on the r.h.s. of (A.7) in terms of Corollary and Lemma
Therefore, we take a closer look at
J = |lov - V’UHW;,S/2(Qt)
= llev- Vollz, ouwg) + lev- Vol quwergpy =1+ T2
Let us focus on Ji:

t

J = (S dtS S dx’ dx,,|g(x’,|t)v(x’,t)Vv(x’,t) _ g(:c”,t)v(x”,t)Vv(:c”,t)|")1/0

al —all3ree |2/ — 2/ [3+so
0 QQ

t ag
< (SdtHd gp12@ 1) = o(@”, )|7o(a’, )7 [Vo(a’, £)|7 ) Y

|x/ x! |3+sa

0 QQ
t

v(z',t) —v(z”, )7 L/e
Jrg*(xdtsg da’ dx //| ( ) ( t)| |V’U($l,t)|g>

| ! _ x//|3+so‘
0 QQ

t

" g / _ " o\ 1/o
9(5 at| | it g 2@ DI V(' 1) — Tu(a” b )

|£U/ _ x//|3+50’
0 QQ

=J + I+ T

and analyze Ji. According to the Hélder inequality, we find that

o 1/o0A
o< (S (| dat 1220 o D7 ) fom
- 00 |2/ — 2 [FroM [ (S — 3) + 8]

o o 1/0’)\2

s o lo@ )7 V(1) _

. <S dtS S dx' dx o — 2 =L,L,,
Q0

where 1/A1 +1/Aa =1, Ay <2 and A\; > 2.
Given that

0‘)\1

_ 71
Ly < lelly, ., o.swz, @) = L1,
where s’ = 0%\1 (%)\1 — 3) + s, we apply the embedding

Ly < cllellwr o
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which is valid for 5 .
- — — 45 <1 9.35
r o o\ TS ( )
Next,
Ly < c|v]oo,0:[V0[or,,00 = L.
To evaluate L}, we employ the embedding
[Vvlox,.0f < HU||W52,'1(§N)

which holds for

5 5
7 o <1 (9.36)
The inequalities in and imply that
.8 L3 < 2o o
r o\ 20 =775 o)
By multiplying the second inequality by 8/5 and combining it with the first, we arrive at
%—%—i—sgl, (9.37)

indicating that there is no restriction.
The first component in L} is evaluated using the inequality

|’U|007Qt < C||U||W52~1(Qt)~
Using Corollary [5.3] we find
Jll < ¢(taHU||W02+S,1+S/2(Qt)) - Ay - ||UHW52’1(Q’5)' (9.38)
We proceed to analyze JZ. The Holder inequality yields
2 *
Ji<o HU||LU>\1(0¢;W§'>\1(Q))|VU|U)\2,Q’5 = N1 Ny,

where 1/A1 +1/X0 =1, A1 > 2, Ay <2 and 8’ = = (A1 — 3) + 5.
Consequently,

N < C||U||W52;1(Qt) for g - Ui)q + % - Ui)\l +s5<2
and
No < oy for 53 - a% <1
Hence,
Ji < vl L)
is valid for 13
5= o <L (9.39)

Ultimately, it follows that
3 2
Ji < C|v|0/\1,9tHVUHLUAz(O,t;W;;Q(Q)) = C””HWE,J(Qt)’
where the last inequality holds for

13<
s — —=2
20 —

o] oo

. (9.40)
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In summary,
J1 < ¢(ta||UHW3+511+5/2(Q¢)) Aoy - H’U”Wf’l((li) + CHU||W§'1(Q’£)' (9.41)
We now examine Js:

Jg<(§m

Q

dt’ dt"o(z, t)v(z, t)Vou(z, ') olx, t")v(z, t")Vo(z,t")|” /e
|t/ _ t//‘lJrsa/Z |t, _ tll|1+sa/2
‘Tat/) — Q(I7t”

s anlel
dt” di |t/ _ t//|1+sa/2

!
)

o 1/o
) |v<:c,t’>|”|w<:c,t’>|”)

w0, t) — v, )| Vo, )7\
|t/ _ t//|1+so’/2

dt’ dt

0@, )7 Vo (a, ') — Vo(z, )|7\
|t/ _ t//|1+sa/2

+Q*<S dx

Q 00
= Jy+ Ji + J3.
According to the Holder inequality, we find that

— 7l1
_']27

1
J2 S C|’U‘OO’Qt||Q||Lg/\1(Q;W;;\/12(O’t))|vv‘g)‘2"ﬂt =

where 1/A1 +1/d2 =1, Ao < 2, ¢ = %)\1()\1 —2)+s. Let oAy = 7. Then o)y = ;2. By
means of the embedding

||QHLT(Q;W://2(O¢)) S C”QHWTI”OIC(Q‘)
which holds for s’ < 2, and
5
|'U|Oo7Qt < c||v||W5z/,1(Q,,), 5 <2,
|VU‘%7Q’L S C||’UHW52/.1(Q,,)
which is true for 5/5" — 5/0 4+ 5/r < 1, with the last inequality valid for r > ¢, we infer
J211 < ¢(ta||v||W3+s’l+5/2(Qt))A2||U||{2/V52’1(Qt)'

Applying the Holder inequality with respect to space variables, we get

tt / mio n|o 1/o
2 * |U<t ) - U(t ) a)\l,ﬂ‘vv(t )|a)\2,ﬂ / " _ 121
hse (“ [t/ — t[i+s/2 dwdi ) =Ja

00
where 1/A1 +1/X3 = 1.
On the other hand, applying the Holder inequality with respect to time yields
tt |U(t/) _ ,U(t//>|o)\1 >1/o’)\1

21 * oALSY g g
J2 SQ (SS ‘t/_t//‘1+akls’/2 dedt

00

o IVU(t/NZiz,Qd/d// 1/0)\2_ 292
. HW ' dt =J2Z,

00
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where s’ = s+ %M(Al —2). For Ay < 2, we can integrate with respect to ¢t” in the second
factor of J3? to obtain

T < 0" Wl s, oy V¥l = I3
We use the embeddings

|| HL oA1 ( Wg /2(0 1)) < C||/U||VV2 1 ()

for—,f—Jrs <2so—fo—/\1+s+ff—<2 and

VOl Los, @0 < ellvllwziqeys
which holds for 2 7= U— <1.
The above restrictions are satisfied. Hence
23 (012
J2 < co ||v||W52,1(Qt)
At last,
B < 0o 1901, sy

where we use the interpolation

4 —0
HVUHLU(Q;W;N(M)) < C||U|‘W3+s,1+s/2(9t)||UH1LOO(Qt)

with 0 = éiz ‘;’?g This implies

2—6

J23 < €||U||W§+s,1+s/2(9t) + C(l/s, Q*)anf(ﬂt)
In summary, the aforementioned estimates produce

Jo < ¢(taHU||W2+S~1+S/2(Qt)7 t*llallr4 0, t»Wl(Qt)))Az||U||W§;1(Qt)

4+ €||U||W2+s 1+s/2(9,) =+ C(l/E o )||U| 2 1(Qt) (942)

From ) and -, we have

J < Jl + J2 < ¢(taHU||Wg+S=1+S/2(Qt)7ta||q||L4(O,t;W41(Qt)))

A2||’UHW2 1y T €||U||W2+s 1te/200 + c(l/e, 0 )||v\ Y 1(Qt) (9.43)
In order to use (A.7) we need the estimate
lollce o < llellwrs @ (9.44)
which holds for
3 +a<l
r

Exploiting (A.7) and estimates (9.43)), (9.44) we infer (9.34). This ends the proof. m
Define

X1 = ||U||W3+S=1+5/2(Qt) + ”vP”W;vS/?(Qt)a
Xo = Wil oy + 9o + el ooy
Dl = (I)(D77D87D9)'
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Then (9.1]) assumes the form

X; <Ot X1, Xo)A + cX§ + Dy. (9.45)
Inequality (9.3) means
X2 S (b(taXl, tan, (I)(Dl))A + CB1 (946)

where

By = Do = |95, ) + Hd;c'||wg//§,7/1o(sé) + Hh(o)||W;//§(Q)~

10. Estimates for h and ¢

The long time estimate is inferred in this section by estimating H (using the Stokes
regularity theory) and simplifying formulas for the constants D;.

REMARK 10.1. Assume that A = Ay + Ao +[|2(0) ||z, () and o > 3/s,s € (0,1). Utilizing
(9-32) in (9.34) yields
|‘U||W02+S'1+S/2(Qt) + ||VPHW;>S/2(Qt)
< qs(ta”/UHV[/f*S*lJrs/Q(Qt)?tava”[/V:‘S/2(Qt)7ta||q||L4(0,t;Wj(Q))7H7 D7) R\
+c(o, A1) [(H + D7 +1)® 4+ D3 4 Dg + 1], (10.1)

where a > 0 and

H = My oeie + Il 2+ Dhliogs e < cllllyz s (10.2)
Next, we have to find an estimate for ||h||W5z/,;(Qt).

LEMMA 10.2. Assume that Do, Dy, D1g are finite and deﬁned in (8.15] , and (| -,

respectively, s € (0,1), h € W,l/il,)ﬂ(Qt) q € L5/3 ), v E Wy , p € La(QY),

fe W;’S/Q(Qt), Ay and A are defined in and . Then (h, q) solvmg problem
(2.6) satisfy
1hllwz.1 ey + 190,00
< ¢(Q*a Alat6||v||wg+5v1+5/2(gt)7tavaHW:vS/Q(Qt)ataHQHL4(O,t;W41(Q)))
2
A 1l 072 gy + Nl + 1013 75
+0lly 11720y + IPIT 00y + 1PllLac@ny + (H + D2 + Dy +1)?
+ H+ Dy + Da+ 1+ ([ flljyeer2 i) + e(0”; A1) Dio. (10.3)
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Proof. Lemma [A 1] applied to problem (2.6) yields
Wl ey + 1Vl gy < 000" 0l 200152731
A [”h”Wsl/;/Q(Qt) + ||QHL5/3(Qt)]
+ (o, A)[|lv- VL, @) + [h-VollL, ,@0) +119]lLs 500
+ H‘st (Ut +v-Vo— f)||L5/3(Qt) + Hdz/“Wg//;’”m(Sé)

+ [[1(0) (10.4)

sz o)
As a consequence of , we consider
|h - Vulssae < [hlioss.0f | Vuhosar < cllhllvenlvllwzr o
< ¢(taH’U||Wg+S>1+S/2(Qt)7té||q||L4(0,t;W41(Q))) A,
[v- Vhlsz00 < [vhoat[Vhlzar < cllhllveyllvllyz g
< Qb(taHU”WngS*l*Sm(Qt)’ta||q||L4(0,t;W41(Q))) A,

|05 (v + v+ Vv — f)|5/3,§zt < \9m3|r7oo79t(|vt\3§—15,§,szt

+ [vloo,t VU] 5r_ 5 o0 4+ |f] 5 5 o)

< ¢(ta||’UHWU2+S,1+S/2(Qt)) A (1 + ||f||W;9/2(Qt))

Based on these estimates and inequality (9.22), the inequality in (10.4]) can be rewritten
as follows:

1llyw2 i) + IValls /a0
< (e, vl yvsaverz oy el Ly 0,6wp @) - A [||h||W51/»;/2(Qt) + llall s 5 2]
+ c(e”, A)hllvenlvllwz o
+ (0" t vl yyzronrers oy Pl Lao.wi@) - A A+ [f ez o)
+ (0", A1) D1o. (10.5)

The definitions imply
Dio = Igls s + Il 757053 + 110) 5 (10.6)
From (8.8)), it can be deduced that
2]y < ¢(Q*ata||v||wg+s=1+s/2(szt)»ta||CI||L4(o,t;W;(Q))) A (10.7)
In addition, (9.22)) leads to
||UHW22‘1(Qt) < (b(g*?taHU||W3+Sv1+S/2(Qt)7tqu”L‘;(OJ;Wi(Q))) o\
Mol ey + M0llyra2 o) + P00 + Plo.or + (H + D2 + Dy +1)%]
+C(Q*,A1)[H+D2 + Dy +D5}. (108)



64 J. Renctawowicz and W. M. Zajaczkowski

By substituting (10.7)) and (10.8) into (10.5)), we arrive at ((10.3):

Vollw sy + 190l gty < 30" A0l 2000072 sl 0.0 )

A- [HhHW;/vé/z(Qt) + ||Q||L5/3(Qt) + H’UH?/VQI‘]/Z(Q‘)
Hllvllyaarzgn HPIL, @0 Pl a@n) +(H+ Do+ Dat 1)
+ H+ Dy + Dy 1+ [ fllyyerz ] + ¢(0”; A1) D1o. m
LEMMA 10.3. Let the assumptions of Lemma be fulfilled and
v e WZTIHe/2(Q), Vp € W*/2(Q), h € W, i5(Q), Vg € Ls3(2").
Then the solutions to (2.6]) satisfy
Hh”Wj»l(gzt) + HQ||L4(O,t;W41(Q))
<ot X1, gl Ly 0,6wi () | F | Lag0.t:La(0)))A + cAs(4)  (10.9)

where

Z dj

,j=1

and A is specified in (1.5]).

WT/A7/8 (5t (a,)) + ||g||L4(Qt) + ||h(0 )||W43/2(Q) (10.10)

Proof. We utilize the partition of unity described in Appendix A, and we adopt the
notation

RkD = pelkD) gk — gk, (10.11)
The localized problem (2.6) is restated as

o(6® . &)™ — vARSD 4 VgD = [ &)
— o(@, )]hg" + ou™? + gV — 207k w¢ED
—vhAC®D — o(v - Vh +h- Vo — g)¢kD
— Oz (Ve +v- Vv — f)C(k’l) in Q7
divh®) = p.ve®D i QT
i-hD =0 on ST, (10.12)
va - D(RED) . 7,
= Vni(higg’f’l) + hjggf’l))mj — ’yﬁ(k’l) “Ta, @ =1,2 on SlT,
RED = —d; . ¢*D i =12 on ST(a)), j = 1,2,

3

RS = ha¢ED + Ad; ¢ on ST (ay), j =1,2,

3,z3

hED|,_g = RFD(0).
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Applying Theorem 6.1], we establish

||E(k’l)||w§=1(m) +1IVG* V) L, 0
< c(ll(e(6®, &) = ol )" |1, )
+ ¢l oh¢{™ I, @0 + cllaV<*D 1, ey + e VR - VECFD| L o
+ el BACH 1) + cllo(v - Vh+ b Vo = g)¢ V1 )
+cllh- VC(k’l)HW;JM(Qt) + cllozy (ve + v - Vo — £)CED 1, @

2
+¢|h- Vc(k’l)||W§*3/P’1*3/2"(S{) + CZ (s pr D

i=1

lwz=1/ma=1/en sy

2
+ C||h3cg(c’§’l) ||W§—3/p,1—3/2p(sé) + CZ ||Adic(k’l) ||W3—3/[1,1—3/2p(sé)
=1

+ ¢|[h*®V (0) (10.13)

HWE*Q/P(Q))a

Now, we evaluate the particular components on the r.h.s. of (10.13|) based on the following
assumptions:

ve WISl Vpe W A(Q), he Wia(Q'), Vg€ Lyj(Q).

The first term on the r.h.s. of (10.13) can be estimateed by
5 (k)
AL, 00),
where we have used the fact that for a € (0, 1),
l = a a «
2(6®, &) — ol NEFD ) < S ollyy o2 gy el aows o)A < 1/2.
The second term is estimated by
CQ*¢(ta||v||W02+S’1+5/2(Qt)7ta||Q||L4(0,t;W41(Q)))”hHLp(QtﬁsuppC(’“vl))ﬂ
the third by
cp(t* |Vl z+eater2 oy N0l Ly 0,61 @) )]z, @t msupp k0

and the fourth, fifth, seventh, ninth, and eleventh by

¢>(taX1, ta||qHL4(O,t;W41(Q)))(HV}L”LP(Qtﬂsupp ¢(k:D)) + ”h”LP(Qtﬂsupp C(k’l)))

< C¢(taX17tﬁ||q||L4(0,t;Wj(Q)))HhHW?*

=75 (2¢Nsupp (D)

for p=5/2 and
Xy = ||’UHW3+3’1+3/2(Qt) + ||Vp||W§“"/2(Qt)'

Similarly, the sixth term can be bounded by

Q* ||v||Loo(Qt) HVh”Lp(Qtﬂsupp ¢k 1) + ”gHLP(QtﬁsuppC(kv”)

+ HVUHLPM(Qtﬁsuppf(k‘vl))||hHLPA2(QtﬁsuppC<kvl)) for p= 5/2
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The eighth term is estimated by
Slip ”QCBJ ||Lp)\1 (Q)(H’Ut”LP(O,t;LPA2 (QtNsupp ¢(*:D)) + H’U : vIU”L,,(O,t;LpAQ(Qﬁsupp ¢k

+ ||f||Lp(O,t;LpA2 (Q2nsupp ¢(k:D))»

where 1/A1 +1/Xy = 1.
Utilizing the above estimates in ([10.13]) and summing over the partition of unity, we
derive

7llwz1 oy + llalle, 06w @) < ¢>(ta||@\|wg+s,1+s/2(m),ta||CIHL4(o,t;W5(Qt)))
lIRllz, @0 + llallz, @0 + 10wz n + el on + cA/e)hlwz on)
+ Q*HUHW;HJHM(QQ\|h||ws2;§(szt) + ll9llz, @0
+ ¢5(taX17taXz)Az(||U||W3+s,1+s/2(m) + ||UH3V§+S,1+S/2(Q£) +1fllz, @)

2
+c Z ||dj,li

4,5=1

(10.14)

wa-t/ei=v/zn sy g, F IO lyz-2/n g

where we have applied the Poincaré inequality

135D L) < el VGEY

|2,0)-

After simplifying, we find that

1Bllw21 ey + Nl 06w @) < 08" X1, 8" Xa)A + ¢(t°X1) |l 1, o)

2
+c Z de,xi
i,j=1
where p =5/2 and Xo = ||h||Wr2/,é(Qt) +|Vyq|
the second term on the r.h.s. of ((10.15):

1/p 1/p
(§lardwat) ™ = (§ a7 |q= dzat')
Ot Ot

W2/PA=1/2 (g (g ) + ||h(0)||W572/p(Q), (10.15)

Lsss@t) + ||q||L4(O7t;W41(Qt)). Now, we examine

< (§ lapr d dt’)l/ml( | 1l do dt’)l/m =1,

(91 Ot
where p1 + po = 1,1/A1 + 1/X2 = 1. We set
pHiAL =0, puaA2 =2, 2<p<o.

Hence
b1 b2 bl p p p D
— 4+ —===1 — 4+ =(1- =1 - —= =1-=
o + 2 ) P +2( /’Ll) ) (O’ 2),“/1 2a
1_ 1 1_ 1
2 p p o
Hi=1 71, H27= 1
2 o T o

WOt o

We consider the case where p = 2,0 = 5. We then have p; = % and ps = %, and we can
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write

1/3 2/3

2/3 1/3
Mo < X1 llal g

I'< ||CI|| Qt)anL2 Qt)y =

Now, we focus on ||q||1,(q¢). Let ¢ be the function satisfying
divp = ¢,
90|S =0,

which leads to |l¢||m, @) < cllql|L,)- By multiplying (2.6) by ¢ and integrating over O,
we arrive at

lal17, 0y < elllhellZ, 00 + IVAIT, @)
+ o (lv- VAT, o) + 17 - VollT, 00 + 1917, @)
+ || 0z4 \\%m(o,t;L4(Q))(|\Ut||2L2 0.t:La() T lv- VU||2L2(O,t;L4(Q)) + Hf||2L2(O,t;L4(Q)))
< S X221 e I + 191 20
+ (D X1, 1 X2) + | flI 7, 0,650000)) - A (10.16)
We now interpolate in the first term on the r.h.s. of , namely, we apply the relation

1-6
Iell ey < Wllfys o RN,
where
5 oo (1—9)5+0<5—2>.
2 p
Given that p = 3, we can deduce § = (1 — 6)2, which results in § = 2. According to
(4.19), we derive
[allv e < d(t* X7, " Xa)A. (10.17)

Incorporating this into (10.16)) leads to
4]l ) < ¢(t“X17t“X2)|\h||W2 1(Qt)A(1*9)
+ 1191l ey + (SE X1, 7 X) + || Fll Lao.t:1a () )A- (10.18)
Set

Z 1)z

3,7=1

By utilizing (10.17)-{10.19] in (10.15) and applying the Young inequality to eliminate
”h”ch’l(Qf) from the r.h.s. of (10.15)), we obtain

1Bll21 ey + ldllL, 06w @) < [0 X1, t°Xa) + [f ]| 20,6200 A + cAs(p)  (10.20)

where p = 5/2. Next, we will analyze (10.12)), assuming p = 4. Then we obtain the results
in 10.20)) under the condition p = 4. Hence ) for p = 4 and ( m together lead
to (10.9), which states that

2 1/p,1— 1/2p(St + ||g||L Q) + ||h( )ngfz/p(ﬂ). (10.19)

Hh||wj>1(9t) +lall y0,6wi) < O X1t Ml Lyo,wi @) 11 La0,6La(0))) A + cAz(4).
This completes the proof. m
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REMARK 10.4. Estimate (10.9) is crucial in description of d, (see (6.14)) which is a
minimum of vs,

v3 > d,. (10.21)
In d. the norm ||q||z, (0,4;z.. (0)) appears. Therefore, from we can derive
gl 0,600 () <t (DA + As(4)).
Consequently, leads to the following requirement:
(PN + As(4) + || f3llL, 0,620 () < D" (10.22)

11. Long time estimate

REMARK 11.1. We reduce the number of constants D;, i = 1,...,11. Recall that
Dy =|dils2,s5, D2= A1 +[Flgss20: +[x(0)]s,0,
D3 = |(f1, f2)| or_ 2.0t +[Xx(0)3,0,

51r—6"

Da=flsssar + ldllyyz/srno gy + (0Ol e q),

Ds = |flagr + 2571 55 + 10Ol
Therefore, for r > 3 we have
D1+D3+D4 §D2+D5.
Subsequently, we find that
Dg = Hf”sz(Q‘) + Hdllws//;v‘l/f*(sé) + ||U(O)||W56//25(Q)7

where r > o, s > 5/r, r > 3.
We find that D5 < D6 and

D7 = Dy + D¢ = A1 + |Flg/5,2,0t +[x(0)

3.0+ Hf||L5/2(Qt)
d 5,4/5  at 0 3/5 )
+ || ||W58//2’4/ (S%) + HU( )”Wr?//z ()
Dg = |fl5.0t + Hd”ws/s,g/w(sé) + ||'U(O>||W58/5(Q).

Moreover,
D7 <|Flg/5,2,0t + A1+ Dg = Dg

since
IXO) Ly < 1000wy @y < (00Ol g
We introduce
Dg = ||f||W;s/2(Qt) + ||d‘|W3+371/0,1+s/2—1/2o'(s5) + ||/U(O)||W3+572/U(Q)

and
Dg < Ay + |Flg 5,20t + Do.

Furthermore, we define

Dy = ||gHL5/3(Q‘) + ”dz’ng//;’”w(s;) + ||h(O)HW://35(Q)
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Finally, we introduce our last constant that encompasses all previously mentioned con-
stants:

D11 = Dg + Do + |Flg/5,2,0t + A1
LEMMA 11.2 (Long time estimate). Assume thatr > o, 3/r < s, 5/c <1+s,
Dg = ||fHW;,S/2(Qt) + ||d||W02+571/U,1+s/271/2¢7(sé) + HU(O)||W02+572/G(Sl) < 00,
Do = llglizs @) + Idarllyzs.mrio gy + 1000}l yya/5 ) < 20,
I F Ly (0.6:L65(2)) <005 D11 = Do+ Do+ [|Fl|L,0,t:145(2)) + A1

Let
Ay = ([dat | 2y 0,6w2(55)) F e | Lo 0,512(82)) + 1dell 0,651 (52)

+ 1f3ll 22004524 5 (52)) + [ fs | a2ty

Ao = |lo1,2r | L, (ss(=a)) T N0l L, (st(=a)) T+ 1002l 2, (22),

Let A = Ay + Ao + Az(4) + ||h(0)||, ) and ¢(t)A, where ¢ is an increasing positive
function, be sufficiently small. Then

ol se72 gy + 1Bl ey + Il + el oy

S¢(Q*7A1,D11)~ (111)

Proof. We introduce the quantity

X () = Nollyzerreers gy + 190lhserzgan + Wellwz o + lallaosmp@y: - (11.2)
Inequalities (10.1)), (10.3)) and (10.9)) together imply

X < o(t*X) - A+ ¢(0*, A1, D).

Therefore, for sufficiently small ¢(¢)A, inequality (L1.1)) holds. m

REMARK 11.3. Suppose we wish to consider the limit ¢ — oo to deduce a global estimate
and global existence. In this scenario, ¢(¢)A in Lemma must remain small for all
t € Ry, requiring A = 0 as t = oo because the limit of ¢(t)A as t — oo does not
exist. Therefore, we consider consequences of the fact that A = 0 and how problem
degenerates.

The definition of A indicates that at ¢ = oo, the following variables are all equal to
Z€ero:

00,25 00,ts 01,27, 01t dizry dig = 0, 1 =1,2,
V0,255 fzss f3 = 0.
Therefore, o9 = const, p; = const. From , we deduce that
0.0 =0,00 =0 ast=o0.
The continuity equation leads to
VU305, = 0.

Given that v3|g,(a,) = di;i = 1,2 and d; # 0, we conclude that o,, = 0. Therefore, (4.19)
implies ||A[|v gty = 0, meaning Vh = 0 and h = 0 for t = oco. Pproblem (2.6) can be
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expressed as
hy — div T(h, q) = 0, (11.3)
divh = 0.
Multiplying (11.3]) by h¢, integrating over Q and using boundary conditions yields

Ve dadt’ + | |Vh(t)[2 dz = | |VA(0)? da.
Q Q Q

This results in hA; = 0. Further, multiplying ((11.3) by n such that

O ey

divn =g,
nls =0
we obtain SQ ¢?dz = 0 so also ¢ = 0. Since v,, = 0, it follows that v3 depends solely on
z1,22 and dy = do, v3 = d = const, d; = dy = d. Then transforms to
v3r +v-v3 —VvAvs =0, vsls, =d.

Consequently, we have vs = d + w, where w = 0.
Then problem related to v/ = (vy(2/,t),v2(2’, 1)), with 2/ = (x1,22) and p’ =
p(z’,t), transforms to
v+ v -V —divT(',p') = f,
dive’ =0,
v s, =0,
vi-D(') -7+ -7y =0, 71 -e3 =0,e3 = (0,0,1),

v'[i=0 = v'(0)

reducing to a two-dimensional problem.

12. Appendix: Stokes problem

This section examines the Stokes problem corresponding to system and provides
some estimates for potential solutions. The general theory of the Stokes system and
parabolic equations can be found in [LSUl [S1] [S2]. Solvability of the Stokes system was
extensively studied in [ZZ1], [ZZ2)].

The partition of unity introduced in the proof of Lemma 5.2 for [RZ3] is ¢(*¥), where
¢k = ¢ (2)¢{P(8), k,1 € N. Let

sup diam supp ¢¥) (z) < A,
k

sup diam supp C(()l) (t) <A,
l

with A to be chosen later. Let &%), f(()l) be interior points of supp ¢*) and supp Cél),

respectively. This indicates that £*) is an interior point of supp ¢*) N S.
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Set 9D = pc®D | pkD = pekb) - f(kD) — fe(kl) The localized problem (1.1) then

reads
o€, YD — pATED 4 VD — [p(e®), ¢y

— o(z, )5 + gu¢™ 4 pv¢®ED — 2pvpv D

—vuACED — gu . Tuc®D 4 o fkD in Q7
divo®l) = . vekb in Q7
n-o®b =0 on Sq,

v - DE*FDY . 7, = l/ni(vicg(f;’l) + ijg(K’f’l))Taj —~vo®D .7, on Sy,
TGO on S,
DEFDY .7, = ni(viﬁfc’;’l) + vjca(c]:’l)) Taj on So,
o *D]_o = 5D (0).

3

3

LEMMA A.1. Assume that

ve WHolte /2y v e WHY2(QY), pe L.(Q), qe Ly0,t;WiQY)),
v-Voe L (), feL(Q), deWw?2 Uri=1/2r(gy  4(0) e W2=2/"(Q),

3/r<o, r>3, a<l-3/r
Ag = llorarllL, sy + lovellz, sty + 1oz, -

Additionally, let ¢ be an increasing positive function such that ¢(0) = 0. Then

[vllwz20e) + 11Vl L, @)

< (@) [0l yy2vo5072 g0y el oz carn) - A - lollygns gy + 1Pl )

te(@)llo - Pollz.ary + 11l @) + ldllyz-vmi-s/r gy + 0Oz ) (A2)

Proof. Theorem 6.1 in [RZ4] gives us

15D 2 ey + IVE® Lz, 00)
< c(ll(e€®, &) = 0w, )5 1,0y + 00V 11, )
+ 1pVEHED ey + IVOVEED |1 oy + [0ACED || 0

+ [lov - Vol i < (0,0)) + HQJF(k’l)HLr(Q‘)

+ ||ch(k7l)||ngl/'r‘,1/2—1/2'r'(sé) + ||cz(k’l)||W371/r,~,171/27~(sé)
D)2 27 )

where Q(k’l) = Ot N supp C(k’l).
The first term on the r.h.s. of (A.3]) is bounded by

(A.3)

Qﬂ?,t _Q(L‘/at o Q:B’t —QSL‘,t/ « v
(o DOy, el el oy,

z,z’ teQ kD) |:E - x/|a x,t,t'eQ kD) |t - tl|a

< clloll ¢ gyce) A 117}

kD)

|L,.(0)-
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Summing inequalities (A.3)) over all neighborhoods of the partition of unity, taking into
account that

o 1
cllellea@xomA® < 5 (A4)

and noting that |V¢*D| < § etc. results in the inequality

[vllwz1 ey + VPl L, @)

< C( ) (”QHCO‘(Qf ) (”U”ervl/?(gt (Qt))
+e(@)(llv- Vollz. @) + 1 fllz.@n + ldllyyz-rma-re g + [0O)[2-2rr ). (A5)

Assume 7 > 3. Then for « < 1 — 3/r we conclude that

Ca(Qt) = W oo Q) > W2+a Jd+o/2 Qt) Ly 0tW1(Qf)) 2, .
ol ey < ellelli e < S 0] sl ) A (AG)
where 3/r < o. This ends the proof. =

LEMMA A.2. Assume thatr > o, 3/r < s, 5/0 < 1+s. Suppose alsov € WZT1/2(qt),

p € W*P(Qh), q € Ly(0,; WHQY), 0 € WHL(QY), d € W2+S Lo 1ts/2= 1/2"(Qt)
fe W;’S/Q(Qt), v(0) € W3+S_2/U(Q), and Ay is introduced in (L.8). Then
[0llyyz+s1+er2 ey + VDIl yser2 ey
< [(b(ta||U|‘W3+S’1+S/2(Qt)7taHQHLz;(O,t;Wi(Qt))) Ay + co”]
(ollyyatearzrsrz ey + IPllyssrz o)
+o()lov - Vullyaerz oy + llellca@n fllyzerz g
+ v+ gz semrronsaszoe g + 1000) |y aee-aso g (AT)
Proof. Applying Theorem 1.1 from to results in
55D e arz oy + IVBED | peior2 g
< clll(e(¢®. &) — el )3y 002
+ 1006 o2 ey + IPVEFD 2
FIVOVCED sz oy + I10ACED |z g
+llov - VoD oo oy + llof ™

+ ||”l)v<(k’l) ||W01+s—1/0,1/2+s/2—1/20

)

()

(53)

+||’l~)(k,l)H Wits=1/a.1/24s/2-1/20 (g
+ ||d*: l)|| 2o-1/oite/2-1/20 (gr) F 15% (0 )||W3+s—2/6(9)}~ (A.8)
Considering u,v € Lo (Q), we get
Jutllgsorz gy < Nl @y olhgsersiqn + Dol @iz (A9

Define Q; ; = Q" Nsupp ¢kaD),
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By utilizing (A.9)), the second term on the r.h.s. of (A.8) is bounded by

C
YUlellzw@nllvllyzergr )+ lellyserz g )lvllza @y +lela@olvlliae,»)

and we apply the embeddings

3 5
lollyyserzio < cllelwpn @y for = —=>+s<1,
3
ol < cllellw 2 e for =<1,
5

H’UHLW(Q‘) < CH’UHW3+S,1+S/2(Qt) for ; <2+s.

In a similar way, the fifth term is bounded by

C
X ||U||W3+S’1+S/2(Q§c,z).

We assume that

||VU||LOC(Qt) < CHU”WOQ‘*'SJ‘*'S/?(Qt)
which is valid for 5/0 < 1 4 s. Consequently, the fourth term is bounded by
c
XHV’UHW3+3J+3/2(Qt).
The seventh term on the r.h.s. of (A.8)) equals
I= Hgf(k’l)”lzg(o,t;W;(Q)) + ”é)f(k’l)”LU(Q;W;/?(O,Q) =5 + I,
where I is bounded by

t r o
§o dt '\, da’ da|o(a’ 1) — o(a”, )| F&D (a7 )|\ V/
‘m/ _ x//|3+80/2

t x = o\ 1/
+ (S dtS S dx’ dx” |Q($N7t)|a|ﬁ;’€/,l)(zj/’|t3)+:af2(k71)(x“7t)| ) / =1 +17.
0 QQ
Then we get
17 < dlollzo. @l F %P L, 0,6ws @))-
To estimate I1, we utilize the Holder inequality. This leads to
t

e

|$’ _m//|3+0)\15’
0 QQ
t ~ 1/0‘>\2
‘f(k’l)(xlvt)P)Q ’og _ 711
0 QQ

where s’ = U—}\l(%)\l —3)+sand 1/A\; +1/X2 = 1. By employing the fact that Ay < 2,
we obtain

11 (ol _ 12
I = ||9|‘Lm(0,t;W:;1(Q))”f( N Lony Ot5L0ry @) = 117

We apply the previously mentioned embedding

||Q||L0A1 (0at§WUS/>\1 () < CHQ”W&,’;Q(Q’LV
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which holds under the condition % — Ui)\l + 5" <1 and

IFE N a0ty < ellFE D yeerz g

for;—%gs.
The constraints above lead to
3 3 3 3 3 3 3
*+%_T1+8<1+8 SO 7+%§1+O’7/\1§1+%

since 1/\; < 1/2. Hence we get % <1
In summary, we obtain

. 3
I < cflollw iy lF D llyyeern ey for S<lL

Now, let us examine Ig, where

<5 | ar apr 2200 ) (xat”)f(k’l)(x,t”)r>1/g

|t _ t//|1+as/2

00
tt

o 7k, Nio\ /e
(g v a2l eln ) D@, ) )

/—t/"1+05/2
00

ol F (k. o\ 1/co
W |Q(xat”)‘ |f(k’l)(xvt/) - f(k l)(xvt//”
+ (SSZ dm§§) dt' dt T g

=1, + 13,
with
122 < ||QHLOQ(Qt)||f(k7l)||LG(Q;W:/2(OJ))

and
tt

o ol fl o 1/‘7
1 1o |t/ - t//| supy |o¢(, t)] |f(k’l)(xvt/)|
I; < (é dm§)§ dt' dt =y

f(lc,l)|/\2 ot = 1211’

< csup o
t

given that 1/A; +1/X =1, \jo =r, 2 — 32 — 2 <5 This means that 2 < sand r > 0.
Next,
k,0)
13 < clellns g 1Ty v g
To summarize, we have
1< el g IS oo

for r > o, % <s.
In a similar manner, the third component on the r.h.s. of (A.8) can be estimated by

c
XHP||W;=S/2(Q§M)
and the eighth term by

c
X ||'UHW3+S,1+S/2(QZJ).
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At last, we estimate the first term on the right side of (A.8]) by

Qi,z

where

l ~(k,l
sup |o(x, £) — o(€™, & 15" o2

~(k,l 1
o', t) — ola” 07" @\ )7 o N
‘x/ _ m//|3+sa’ €T ax

e, ) — o, t")|7 0" (2, )| 1y i\
|t/ _ t//|1+so/2

=Ji+ o+ Js,

(k1
J1 < HQHc'a(Q}CJ))‘aHUt( )”W?S“(Qt)’

~(k,l
Tt Js < cllellwa s on 10 lysrners guys

and the final inequality is derived similarly to the estimation of the seventh term.

By summing over all neighborhoods from the partition of unity, we arrive at

||U||W3_+S>1+S/2(Qt) + ”VpHW&‘:S/Z(Qt,)

< ¢(”QHC‘@(Qt))[||U||W;+5v1/2+5/2(9t) + ||p||W;‘s/2(Qt)]
+c(@)llev - Vollypeerz oy + lellca@n 1 fllype ez gn
+ ||U||W;+s,1/2+5/2(ﬂt) + ||dHW3+571/0,1+5/271/2U(S5)

+ ||U(O)||W3+S*2/U(Q)]a (AlO)

where ¢(0) = 0.

Through various interpolations and employing Corollary we achieve (A.7). This
concludes the proof. =

[A]
[BIN]

[BWY]

[CLX]

[DM]

[DZ]

References

R. Adams, Sobolev Spaces, Academic Press, New York, 1975.

O. V. Besov, V. P. II'in and S. M. Nikol’skii, Integral Representations of Functions and
Imbedding Theorems, Nauka, Moscow 1975 (in Russian); English transl., V. H. Winston,
New York, 1978.

Q. Bie, Q. Wang, and Z. Yao, Global well-posedness of the 3D incompressible MHD
equations with variable density, Nonlinear Anal. Real World Appl. 47 (2019), 85-105.
F. Chen, Y. Li, and H. Xu, Global solution to the 3D nonhomogeneous incompressible
MHD equations with some large initial data, Discrete Contin. Dynam. Systems 36 (2016),
2945-2967.

R. Danchin and P. B. Mucha, A critical functional framework for the inhomogeneous
Navier—Stokes equations in the half-space, J. Funct. Anal. 256 (2009), 881-927.

R. Danchin and P. Zhang, Inhomogeneous Navier—Stokes equations in the half-space,
with only bounded density, J. Funct. Anal. 267 (2014), 2371-2436.


http://dx.doi.org/10.1016/j.nonrwa.2018.10.008
http://dx.doi.org/10.3934/dcds.2016.36.2945
http://dx.doi.org/10.1016/j.jfa.2008.11.019
http://dx.doi.org/10.1016/j.jfa.2014.07.017

76
[G]

[LS]

[LSU]

[N]
[RZ1]

[RZ2]

[RZ3]
[RZA4]
[S1]

[52]

[SS]

[Tr1]
[271]
[2Z2]

21]

[22]
23]

24]

2]

J. Renctawowicz and W. M. Zajaczkowski

K. K. Golovkin, On equivalent norms of fractional spaces, Trudy Mat. Inst. Steklov. 66
(1962), 364-383 (in Russian).

O. A. Ladyzhenskaya and V. A. Solonnikov, The unique solvability of an initial-boundary
value problem for viscous incompressible inhomogeneous fluids, Zap. Nauchn. Sem. LOMI
52, 52-109, 1975 (in Russian); English transl.: J. Soviet Math. 9 (1978), 697-749.

O. A. Ladyzhenskaya, V. A. Solonnikov and N. N. Ural’tseva, Linear and Quasilinear
Equations of Parabolic Type, Nauka, Moscow, 1967 (in Russian); English transl., Amer.
Math. Soc., Providence, RI, 1968.

S. M. Nikol’skii, Approzimation of Functions of Several Variables and Imbedding Theo-
rems, Nauka, Moscow 1977 (in Russian).

J. Rencltawowicz and W. M. Zajaczkowski, The Large Fluz Problem to the Navier—Stokes
FEquations, Lecture Notes in Math. Fluid Mechanics, Birkh&duser, 2019.

J. Renctawowicz and W. M. Zajaczkowski, Large time regular solutions to the Navier—
Stokes equations in cylindrical domains, Topol. Methods Nonlinear Anal. 32 (2008),
69-87.

J. Renclawowicz and W. M. Zajaczkowski, Local solutions for nonhomogeneous Navier—
Stokes equations with large flur, Math. Methods Appl. Sci. 47 (2024), 12190-12240.

J. Renctawowicz and W. M. Zajaczkowski, On the Stokes system in cylindrical domains,
J. Math. Fluid Mech. 24 (2022), art. 64, 56 pp.

V. A. Solonnikov, A priori estimates for second order parabolic equations, Trudy Mat.
Inst. Steklov. 70 (1964), 133-212 (in Russian).

V. A. Solonnikov, An initial-boundary value problem for the Stokes system that arises
in the study of free boundary problem, Trudy Mat. Inst. Steklov. 188 (1990), 150-188
(in Russian).

V. A. Solonnikov and V. E. Shchadilov, On boundary value problem for a stationary
Navier—Stokes equations, Trudy Mat. Inst. Steklov. 125 (1973), 196-210 (in Russian);
English transl.: Proc. Steklov Inst. Math. 125 (1973), 186-199.

H. Triebel, Theory of Function Spaces, Geest & Portig, Leipzig, 1983.

E. Zadrzyriska and W. M. Zajaczkowski, The Cauchy-Dirichlet problem for the heat
equation in Besov spaces, J. Math. Sci. 152 (2008), 638-673.

E. Zadrzyniska and W. M. Zajaczkowski, Nonstationary Stokes system in Besov spaces,
Math. Methods Appl. Sci. 37 (2014), 360-383.

W. M. Zajaczkowski, Long time existence of reqular solutions to Navier—Stokes equations
in cylindrical domains under boundary slip conditions, Studia Math. 169 (2005), 243~
285.

W. M. Zajaczkowski, On global regular solutions to the Navier—Stokes equations in cylin-
drical domains, Topol. Methods Nonlinear Anal. 37 (2011), 55-85.

W. M. Zajaczkowski, Long time existence of reqular solutions to nonhomogeneous Navier—
Stokes equations, Discrete Contin. Dynam. Systems Ser. S 6 (2013), 1427-1455.

W. M. Zajaczkowski, Global special regular solutions to the Navier—Stokes equations in
a cylindrical domain without the axis of symmetry, Topol. Methods Nonlinear Anal. 24
(2004), 69-105.

X. Zhong, Global strong solution and exponential decay for nonhomogeneous Navier—
Stokes and magnetohydrodynamic equations, Discrete Contin. Dynam. Systems Ser. B
26 (2021), 3563-3578.


http://dx.doi.org/10.1007/978-3-030-32330-1
http://dx.doi.org/10.1002/mma.10162
http://dx.doi.org/10.1007/s00021-022-00698-z
http://dx.doi.org/10.1007/978-3-0346-0416-1
http://dx.doi.org/10.1007/s10958-008-9094-3
http://dx.doi.org/10.1002/mma.2796
http://dx.doi.org/10.4064/sm169-3-3
http://dx.doi.org/10.12775/TMNA.2004.020
http://dx.doi.org/10.3934/dcdsb.2020246

	Contents
	Abstract
	1 Introduction
	1.1 Sketch of proofs of Theorems 1–4

	2 Notation and auxiliary results
	3 Energy estimate for solutions (v,p,ρ) to problem (1.1)
	4 Energy estimate for solutions to (h,q) problem (2.6)
	5 A priori estimates for first derivatives of ρ
	6 A lower bound for v_3
	7 Estimates for χ, the third component of the vorticity
	8 Auxiliary results
	9 Increasing regularity for the velocity and pressure
	10 Estimates for h and q
	11 Long time estimate
	12 Appendix: Stokes problem
	References

