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Anisotropy of quadratic forms
over global fields of characteristic # 2 is diophantine

by

GUANG Hu

Abstract. We prove that the set of anisotropic quadratic forms over global fields of
characteristic different from 2 is a diophantine set. Our proof builds upon and extends
the method of Koenigsmann, using tools from class field theory, the local-global principle,
and advances on the diophantine definability of nonnorm sets over global fields.

1. Introduction. Let K be a global field. Roughly speaking, a dio-
phantine set is a set that can be described by the solvability of a family of
polynomial equations. Equivalently, we give the following definition.

DEFINITION 1.1. A subset S C K" is called a diophantine set over K if
there exists a polynomial

flar,...;an;x1, .. xm) € Klat,...,an; 1, ..., T

such that for each (ay,...,a,) € K™ we have
(a1,...,an) € S <= I(z1,...,2m) € K™ such that
flar,...;an;21,...,2m) = 0.

The study of diophantine sets is closely connected with Hilbert’s Tenth
Problem. Matiyasevich [Mat70] proved that the problem has a negative an-
swer over Z. Furthermore, if Z is diophantine over QQ, then Hilbert’s Tenth
Problem over Q would also have a negative answer. However, this remains
an open problem.

Besides the connection to foundational questions in logic and number
theory, the study of diophantine sets is of intrinsic interest as an inverse
to the problem of solving polynomial equations. While the classical problem
asks for the solutions of given polynomial equations, the study of diophantine
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sets addresses the reverse question: which subsets of K™ can arise as the set
of parameter values for which a polynomial system has a solution?

A significant advance in this direction was achieved by Poonen [Poo09)],
who proved, using the Brauer—-Manin obstruction, that the set of nonsquares
in number fields is diophantine. This provided one of the first nontrivial
examples of such sets.

This result has been generalized to various situations in recent years.
Colliot-Théléne and Jan Van Geel [CTGI5| extended Poonen’s result to
the complements of n-th powers over number fields. Koenigsmann [Koel0]
introduced powerful new methods for constructing diophantine sets over Q,
notably the set of nonnorms for quadratic extensions.

More generally, for a quadratic extension L/K of a global field K of
characteristic different from 2, the set of nonnorms

{re K* |2 ¢ Npjg(L™)}
is diophantine. In fact, a stronger statement holds:

{(,y) € (K*)* | = ¢ Ni( /e (K(v))}
is diophantine. Park [Parl3| extended Koenigsmann’s method to number
fields, and Eisentrager and Morrison [EMI18]| later applied it to global func-
tion fields of odd characteristic. Morrison [Morl9| further generalized the
result to cyclic extensions of degree prime to the characteristic.

Another result was obtained by Philip Dittmann [Dit18|. He generalized
the method uniformly to apply to any global field and proved that the set
of coefficients of univariate polynomials that have no solutions in a global
field is diophantine. As a corollary, he showed that the set of coefficients of
irreducible multivariate polynomials is diophantine.

In this paper, we study diophantine sets defined by quadratic forms. We
begin by recalling the notions of isotropy and anisotropy of quadratic forms.

DEFINITION 1.2. Let F be a field and let f be a quadratic form in m
variables over F'. We say that f is isotropic over F if there exists a tuple
(z1,...,2m) € F™, not all zero, such that

f(l‘l, N ,xm) = 0.
Otherwise, we say that f is anisotropic over F.

Our goal is to show that the set of coefficients of anisotropic quadratic
forms over a global field of characteristic not equal to 2 is a diophantine set.
In any case, the set of coefficients of isotropic quadratic forms is obviously
diophantine. So, the set we deal with here is the complement of this obvious
diophantine set, just like the works we mentioned above. Our main theorem
is the following.
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THEOREM 1.3. Let K be a global field with char(K) # 2, and let m € N.
Then the set

m
{(ai) e (K™ ‘ Zaix? is anisotropic over K}
=1

18 diophantine over K.

REMARK 1.4. In the notation (K *)™ we mean the Cartesian product of
m copies of K*, i.e. the set of m-tuples of elements of K*, and not the set
of mth powers in K™, which we denote by K*™.

As a corollary of Theorem we obtain the following.

COROLLARY 1.5. Let K be a global field with char(K) # 2, and let m € N.
Then the set

{(a) € )™

g i TiTj 1S anisotropic over K}
1<i,j<m

18 diophantine over K.

To prove Theorem [I.3] we distinguish cases according to the value of m.
For m > 5, the result follows from the local-global principle. For m = 1,2,
or 3, the result is already known, in the context of “nonsquares” and “non-
norms”. The only genuinely new case is m = 4, for which we employ gener-
alizations of Koenigsmann’s method developed in [Dit18, [Par13] [EM18S].

2. Preliminaries. From now on, we denote by Sk the set of primes
of K, including both finite and infinite primes. By a prime of K we mean an
equivalence class of nontrivial absolute values on K.

If K is a number field, we write S for the set of infinite primes of K.
For p € S%, if the corresponding completion K, is isomorphic to the real
field R, we call p a real infinite prime; if K, ~ C, then p is called a complex
infinite prime. If p is finite, we also use p to denote the corresponding prime
ideal, and we write vy, for the associated normalized discrete valuation on K.
Let

St = Sk \ S5
denote the set of finite primes of K.

For a,b € K, the notation (a, b), denotes the Hilbert symbol at p. Note
that the Hilbert symbol (a,b), defines a nondegenerate bilinear pairing on
K K22

For a € K,/ pr, we define the group homomorphism

To: KK = {£1}, 2w (z,a),,

where we regard {41} as a multiplicative group. Let f be a quadratic form
in m variables over K, and let a € K*. We say that f represents a over K
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if there exists a tuple (z1,...,2,,) € K™ such that
flzi,...,2m) = a.
We say that f is isotropic (or anisotropic) over p if it is isotropic (or
anisotropic) over the completion K.
LEMMA 2.1. With the notations above, let €,¢' € {+1} and let a,a’ €
K, JK? be nontrivial. Then
T, e)N Ta_,l(e’) =0 < a=4d ande=—¢.
Proof. <«: This is obvious.
=: By [O’M00, 63:9], the index [K;¢ : K;**] is finite. Since a # 1 and the
Hilbert symbol is nondegenerate, T, is nontrivial. Hence, the cardinalities of
T, (1) and T, '(—1) are both equal to half of [K,* : K,**].
For ¢,¢’ € {#1} and nontrivial a,a’ € K /K%, we have
T, e)NT, ) =0 <= T, Y(e)UT, () = KpX/KpXZ,
by a cardinality argument.
The complement of 7,;(1) in K¢ /K, is T, (—1). Hence,
T, (e)UT, () = K} /K]
is equivalent to
T 1) =T, (1) or T, (1) = T, (- 1).
However, T, (1) = T,,' (—1) is impossible, since this would imply
(z,ad’)y = (z,a)p(z,a')y = -1 Vz € KpX/KpX2,
which cannot happen.
Also, it is easy to verify that
T,'1)=T,'(1) < (z,0)y = (v,d'), VoecK]/KS*
= (v,ad)y =1 Vo e KJ/K)?
< T, is trivial
< ad =1
<~ a=d.
In conclusion, we have
T, e)NT, () =0 < a=d ande=—¢. u
2.1. Quadratic forms. The arithmetic of quadratic forms over a global
field is well understood. The local-global principle for isotropy applies to
quadratic forms, and while the theory becomes more subtle in characteris-

tic 2, the situation for our purposes is particularly transparent.
To prove Theorem below, we will need the following lemma:
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LEMMA 2.2. For (a1,az2,a3,a4) € (K, )*, the following two conditions
are equivalent:

(1) There exists (x1,x2,13,74) € (Kyp)*\{(0,0,0,0)} such that a1z +asx3+

(Zg..’E% + (14@2l =0.

(2) There exist nonzero x' € K, and (z1,32,73,74) € (Kp)*\ {(0,0,0,0)}
such that
alx% + agx% = —agzv% — a4x?1 =2
Proof. (2)=-(1) is obvious.
For (1)=(2), suppose there exists
(1,22, 23, 24) € (Kp)* \ {(0,0,0,0)}
such that
alx% + agxg + agac% + a4x?1 = 0.

If ay23 4+ agz? #0, take 2’ = ay23 + agz3, and we are done. If a123 + agx3
=0, then the quadratic form alm% + agazg is isotropic, and hence universal
by [O'MO00, 42:10]. In this case, we can take 2/ = —agz3 — asz} for any
(z3,74) € (Kp)? such that 2’ # 0.

THEOREM 2.3. Let K be a global field with char(K) # 2, and let f be

a nondegenerate quadratic form in m variables over K. Then the following
statements hold:

(1) f s isotropic over K if and only if f is isotropic over K, for every prime
peSk.
(2) If m > 5 and p € Sk is a nonarchimedean place, then f is isotropic over

K,.

(3) If m =4, p € Sk is nonarchimedean, and
f = a12? + a3 + azx? + agxd,
then f is anisotropic over K, if and only if
a1a2a304 € prQ and (a1,a2)p = —(—a3, —a4)p.

Proof. The first item follows from [O’M00, Theorem 66:1], and the sec-
ond item from [O’MO00, Theorem 63:19]. The third item is stated in [Ser73],
Theorem 6, Chapter IV] for K = Q, and the same proof naturally generalizes
to arbitrary global fields. We provide a detailed proof of this generalization
below, following the method of [Ser73].

By Lemma the form f = a12? + agzd + azx3 + asz? is isotropic
over K, if and only if there exists a nonzero ’ € K, such that the two forms
a173 + azz} and —azx? — asz3 both represent z’. Let x denote the coset of 2/
in K, /K,

The statement that a;2? + asz3 represents 2’ is equivalent to

(zai,zaz), = 1.
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After a calculation using the properties of the Hilbert symbol, we get
(zai,zaz)p = (zar, x)p - (rai,a2)p
= (z,2)p - (a1, 2)p - (z,a2)p - (a1, a2)p
= (2, —1)p - (z,a1)p - (z,02)p - (a1, a2)p
= (z, —a1a2)p - (a1, az),.
Hence, ajz? + a3 represents z’ if and only if
(z, —ara2)p = (a1, a2)y,
which is equivalent to
€ T2, 4, ((a1, a2)y).
Similarly, *agfﬁg — a4z represents ' if and only if
(z, —a304)p = (—as, _a4)P7
which is equivalent to
€ Ty, ((—az, —as)p).

Therefore, the absence of such an x is equivalent to
T g0, (a1, 02)p) N T2g 0, (=3, —aa)p) = 0.
By Lemma this is in turn equivalent to
ai1as = azas up to a square in pr and (a1,a2)p, = —(—asz, —aq)p,
as claimed. =

2.2. Global class field theory. In this section, we recall some standard
results from global class field theory. We begin by introducing the notion of
a modulus, which generalizes the role of an integer m in classical modular
arithmetic.

DEFINITION 2.4. Let K be a global field and Ok its ring of integers.
A modulus of K is a formal product of primes of K

m =[5,
p

where each exponent m(p) > 0, and the following conditions are satisfied:

e m(p) = 0 for all but finitely many primes p;
e m(p) = 0 for every infinite complex prime p;
e m(p) € {0, 1} for every infinite real prime p.

In the number field case, a modulus can be written as
m=mgp - Mo,

where mg denotes the finite part and my, the infinite part. The notion of
congruence extends naturally to this setting.
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DEFINITION 2.5. Let a,b € K*, and let m be a modulus of K. For a
finite or real infinite prime p, we define

a="b (mod p™®)
as follows:
e If p is finite, then
a="b (mod p™®)) = wv,(a/b—1) > m(p).
e If p is real, then

a="b (mod p) <~ %>0
under the real embedding associated with p.

Moreover, we write
a =" b (mod m)

if the above holds for every p with m(p) > 0.
Let Ik denote the group of fractional ideals of K, and let
In = (p € Ok : m(p) = 0)

be the subgroup of Ix generated by all prime ideals p of K that do not
divide m.

DEFINITION 2.6. The ray modulo m is
Kni={ac€ K*:a="1 (mod m)}.
Every o € K* defines a principal fractional ideal
(o) == a0k € Ig.
If @« € K1, then (a) € Iy, so we obtain a well-defined homomorphism
i Km1 — In, a— ().
DEFINITION 2.7. Let
Py =1i(Kn1) < In.
The ray class group modulo m is defined by
Cun = I/ Pn.
Let L/K be a finite abelian extension. For a prime ideal p of K unramified
in L, denote by
(p, L/K) € Gal(L/K)
the associated Frobenius automorphism.
If m is a modulus of K divisible by all primes that ramify in L, the global
Artin map is the homomorphism

’(/JL/K o Gal(L/K),
defined on a fractional ideal a = []p;* € I by ¢ /k (a) = [] (ps, L/K)®.
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THEOREM 2.8 (Artin reciprocity). Let L/K be a finite abelian extension.
There exists a modulus m of K, containing all primes of K that ramify in L,
such that the global Artin map

¢L/K : Im — Gal(L/K)
1s surjective, with kernel

kel‘(d}L/K) = Pm : NL/K(IL(m,)))

where w' is the modulus of L associated to m, defined as follows.

If
m:Hp”P~ H W™, ne € {0,1},
p

w real

then

m = H mnp . H o,
Blp 2w real
where the first product runs over all finite primes B of L above p, and the
second product runs over all real embeddings §2 of L extending the real em-
bedding w of K.

We call a modulus m as in Theorem an admissible modulus for the
extension L/K.

Theorem is stated for number fields and function fields in various
standard references. For instance, it appears in [EMI8, Theorem 2.1] in the
case of global function fields, and in [Parl3l Theorem 3.3| in the case of
number fields. For a standard exposition of the Artin symbol, we refer to
[Lan86|, where a proof of Artin reciprocity is given in Theorems 1-3.

3. Main method. In this section, we recall the methods used in [Koel6,
Par13| [EM18, [Dit18] to construct diophantine sets. These methods will serve
as the main ingredients in the proof of our main result.

3.1. Notations and some examples. Let K be a field, and let A be
a finite-dimensional central simple algebra over K. We define
S(A/K) = {Trd(z) : z € A, Nrd(z) = 1},
T(A/K) =S(A/K)+ S(A/K),
where Trd and Nrd denote the reduced trace and norm, respectively.

From now on, let K be a global field with char(K) # 2, and let A be the
quaternion algebra H,; for a,b € K defined by

Hyp=K®aK ® K ®abkK,

where o2 = a, 82 = b, a8 = —Ba.
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Note that for the quaternion algebra H,; over a global field K, we have
T(A/K) =S5(A/K)+ S(A/K)=5S(A/K) - S(A/K),
since for any x € A with Nrd(z) = 1, we have —z € A and Nrd(—z) =
Nrd(z) = 1, and moreover Trd(—xz) = —Trd(x). Hence x € S(A/K) implies
—x € S(A/K), which ensures that S(A/K)+S(A/K) = S(A/K)-S(A/K).
For p € st , let R, be its valuation ring in K, and define
as the local ring of p in K. For simplicity, we write S(A/K) as S, and
T(A/K) as T,, since A is the quaternion algebra as stated.

LEMMA 3.1. If A/K splits at all real places of K (this holds if K is a
global function field, or if K is a number field and a,b € K> are totally
positive), then

Ta,b = ﬂ qu
q€lap
where Aqy is the finite set of places of K at which A does not split.
Proof. This is a special case of [Dit18, Proposition 2.9]. =
REMARK 3.2. T, is a diophantine set over K by definition. This fact

forms the basis for proving that many other sets are diophantine in [EMIS,
Dit18, [Par13]. Moreover, T, is uniformly existentially defined in a and b,
since we have the following formula for S, p:
Sap = {221 € K : Iv9, 23, 74 With 25 — ax3 — ba3 + aba] = 1},
together with the definition T}, ;, = S, + Sap-
The following definition appears in [Koel6l Definition 9| for K = Q, and

is also given after the proof of [Parl3, Lemma 3.8| as well as after the proof
of [EM18] Lemma 3.3|.

DEFINITION 3.3. Let L :== K(\/a,vb)/K be an abelian extension with
Galois group isomorphic to (Z/27)?, and let ¢y /x : In — Gal(L/K) be
the global Artin map with admissible modulus m. We define the following
notations:

e For (i,7) € Gal(L/K), i,j € {£1}, we define
P9 = {p € S§ 1 p € I and 9y (p) = (i, 5)}-
e For p € K we define
P(p) == {p € Sk : vp(p) is 0dd}, PO (p) = P(p) NP,

Here, (1,1) is the identity in the Galois group; (—1,1) is the element
which sends v/a to —/a and fixes v/b; (1, —1) is the element which sends v/b
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to —v/b and fixes v/a; and finally (—1, —1) is the element which sends v/a to
—v/a and Vb to —V/b.

The following lemma is a summary of some results in [Par13] and [EM18].
LEMMA 3.4.

(1) If K is a number field, then there exist a,b € K* with disjoint supports
and Gal(K (v/a,Vb)/K) = (Z/27)* such that for any p € K* coprime
to the admissible modulus m, we have
b ]P(_l’_l)(p) = Aa,p N Ab,p:

i P(il’l)(p> - Aa,p N Aab,p;
o PIL-D) (p) = Ab,p N Aab,p'

(2) If K is a global function field with char(K) # 2, there exist a,b,c,d € K*
such that a and b have disjoint supports and Gal(K(y/a,vb)/K) =
(Z)27)?. For any p € K* coprime to the admissible modulus m, we
have

o PELTU(p) = A, N Ay,
° P(*l»l) (p) = Aa,p n Aab,p N Aa,cp7
° ]P)(lv_l) (p) = Ab,p ﬂ Aab’p ﬂ Ab,dp

Proof. We first address (1), which was proved in [Parl3|. By [Parl3,
Lemma 3.9], for any p coprime to m, the sets on the left- and right-hand
sides of each equation differ at most by the primes dividing the modulus.
Then, |[Parl3, Lemmas 3.19 and 3.20| provide a careful choice of a and b
such that these sets are equal.

Part (2) follows from [EMI8| Corollary 3.11].

The fact that a and b have disjoint supports is guaranteed by [Parl3l
Lemma 3.19(4)| and [EMI18, Lemma 3.8(4)]. =

From now on, unless otherwise stated, the parameters a,b (or a,b,c,d)
are as fixed in Lemma and L denotes the field K (/a, v/b), depending on
whether K is a number field or a function field. We also fix the admissible
modulus m for the field extension L/K as in Lemma [3.4]

DEFINITION 3.5. Let K be a global field with char(K) # 2, and keep the
constants a, b, c,d as above. For each o € Gal(L/K), we define the ring R
as follows:

(a) If K is a number field, then

Rz(aiLil) = ﬂ Op, RéLil) = ﬂ Op,
pGAa,pﬂAbyp pGAab,pﬂAb}p
RCWWe= (| 0, RLY:= N o

PEAqpNAgp,p PEAap,gNAbp,q
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(b) If K is a global function field, then

(=1,-1) ._ ﬂ (1,-1) ._ m
RCLD = Oy, R = Oy,
pEAapNApp PEAY pNAap,pNAb,ap
(_111) — ﬂ (lal) — ﬂ
R = Op, RV = Op.
PEAGp pNAa,pNAa,cp PEAap,gNApp,q

For K = Q, the definitions of R} and Rg&l) above coincide with [Koel6l,
Definition 7|. Their generalizations to number fields and global fields are
given in [Parl3l Definition 3.10] and [EMIS8| Definition 3.12|, respectively.

The following lemma is well known (see [EP05, Lemma 3.2.6 and Theo-
rem 3.2.7]).

LEMMA 3.6. Let A be a finite subset of S};. Recall that J(R) denotes the

Jacobson radical of a ring R. If
R= ()0,
peA
then
J(R) = () pO,.
peA

The following lemma describes the behavior of addition for finite inter-

sections of valuation rings and their Jacobson radicals.

LEMMA 3.7. Let Ay, Ay be two finite subsets of S};. Then

(1) NG+ ()%= (] O

peA NSYAD peEAINA2
(2) () p0s+ [ PO, = [ 8O,
peA; pEA, peEAINA,

Proof. For both (1) and (2), the left-hand sides are obviously contained
in the right-hand sides. For the reverse inclusion, let ¢t € {0,1} and z € K
be such that vy(z) >t for all p € Ay N As.

By weak approximation, there exists 1 € K such that

vp(z1) >t forallp € Ay,

and
vp(z1 —x) >t forall pe A\ A.

Set 9 = x — x1. Then, for all p € A1 N Ay, we have
vp(22) = vp(z — 21) > min {vp(z), vp(x1)} > t.
Thus © = x1 + x9, which is of the form appearing on the left-hand side. =

The following definition summarizes [Parl3 Definitions 3.21 and 3.24],
which also appears in [EMI18|, Definitions 3.13 and 3.16].
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DEFINITION 3.8. For each o € Gal(L/K), define

by = {p € K*: (p) € I, Yk ((p)) = 7, and P(p) C PV UP7},

P, = K*%.P,,

Uk = {(p, q) € Py X (1,1 ‘ }l—[(apa q)p =—1,
m
pea-K*2. (14 J(Rg—lv*)))}.

For later use, we summarize several results from [EMI18| and [Parl3].

PROPOSITION 3.9. Let K be a global field with char(K) # 2, and keep
the notations introduced above. Then the following statements hold:

(1) The sets &, ¥k, R}, J(R;), 2(7},1)’ and J(R}(,}(}l)) are all diophantine
over K.

(2) For any p € &, and any o € Gal(L/K) with o # (1,1), the set P?(p) is
nonempty.

(3) Let 0 € Gal(L/K) with o # (1,1), and let p t+ m be a prime of K
satisfying 1y i (p) = 0. Then there exists p € P, such that

P7(p) = {p}.
(4) For any (p,q) € ¥k, we have
1) =+ Aap,q N Abp,q C I.

(5) For each prime ideal po satisfying po f m and ¢k (po) = (1,1), there
exists (p,q) € i such that

Aap,g N App,g = {Po}-

Moreover, we may require that vy, (p) = 1, vy(q) = 0, and that q is not
a square modulo pg.

Proof. This proposition follows from [EMI8, Lemmas 3.14 and 3.17| for
global function fields, and from [Parl3l Lemmas 3.22 and 3.25] for number
fields. Only the last assertion in (5) requires additional justification, which
we provide below.

Number field case. The proof of [Parl3, Lemma 3.25(c)] is based on
an explicit construction of the pair (p, ¢). In the choice of p, ¢ € K, condition
(B) for ¢ requires that the Legendre symbol (plo) is equal to —1. This implies
that vy, (¢) = 0 and that ¢ is not a square modulo po.
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Condition (4) for p is (q,p)p, = —1. Using the explicit formula for the
Hilbert symbol, we compute

_ Vpg (P) Upg (9) g (P)
-1 = (q7p)p0 = (_1)Up0(q)vp0(p)% (q> " <p> " = (q> . )
Po o o
since vy, (q) = 0. As (pio) = —1, this implies that vy, (p) is odd. By multiply-
ing p by a square in K*, we may further assume that vy, (p) = 1.

Global function field case. This is addressed in the proof of Lemma
3.17(3) in [EM18]. In the construction, the element g again satisfies (p%) =—1.
Since pg € Agpq, we have (ap, q)p, = —1. By computing the Hilbert symbol
and using the fact that po { a, we conclude that vy, (p) is odd. This is stated
explicitly in the third-to-last line of the proof of [EMI8, Theorem 1.3|. =

REMARK 3.10. In fact, the sets R7, J(R7), R&él), and J(Rg&l)) are not
only diophantine, but are defined uniformly in the parameters p and gq. More
precisely, the following sets are diophantine:

{(p,z) € K* x K | x € R},

{(p,2) e K* x K |z € J(R)},

{(p,g,x) € K* x K* XK|$€R&(}1)},
() 6 K* < 2 € D)

For the rings R) and Rz(g}él), this uniformity follows from the uniform

definability of Ty, (see Remark [3.2), together with Lemmas [3.1] and [3.7)(1).
For the corresponding Jacobson radicals, the uniformity follows from [Par13],
Lemma 3.17|, Lemma and Lemma [3.7)(2).

3.2. Diagonalization of quadratic forms. Since we always work over
a global field K with characteristic not equal to 2, we obtain the following
proposition concerning the diagonalization of quadratic forms by congruence.

PROPOSITION 3.11. Let
f: Z aijximj
1<4,5<m

be a quadratic form in m wvariables over K. Define the symmetric matrix
A = [Ajjli<ij<m by setting Ai; = ai; and A;j = W fori # j. Then there
exist m? polynomials

(hkt)1<ki<m C Zltij, rs),

depending only on m, where t;; denotes the m* variables (t;j)1<ij<m and Uy
denotes the m? variables (Urs)1<r,s<m, Such that the following statements are
equivalent:
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(1) The quadratic form f is anisotropic over K.
(2) There exist by,

. by € K such that the diagonal quadratic form
m
i=1

is anisotropic over K, and there exist (urs)i<rs<m € (K)

hkl(%?@)zov 1§k7élgm7

Proof. Consider the ring My, xm (Z[tij, Urs]) of m x m matrices with en-
tries in Z[t;;, Urs). Define two matrices

m2

satisfying

T = [tijli<ij<m € Mumxm(Z[tiz]) C Mpmxm(Z[tij, Urs)),

U= [urs]lgr,sgm S Mme(Z[Trs]) - mem(Zsz Trs])
Then

U'TU € My (Z[tij, trs)),
and the (k,[)th entry of U'TU is a polynomial

hiy € Z[tij, TUrs).
ables.

By construction, the polynomials hg; depend only on the number m of vari-
For matrices

A= [Aij]lgi,jgm S Mme(K)7 C - [Crs]lgr,sgm S mem(K)a
we define the evaluation of H = (hy;) at A and C by
H(A, Q) = hy(Aij, Crs) € K.
This is well-defined since if char(K) =0, then Z C K, and if char(K)=p >0,
we interpret the polynomials modulo p.
Let B = diag(by,

,bm) be a diagonal matrix. Then the matrix equation

C'AC =B
is equivalent to

hkl(Aij7CT‘S) 5 1 < k 7& l < m,
hir(Aij, Crs) =

rs) = b, 1<k <m.

If f has full rank m, the existence of by,...,b, € K* and C € (

. K)™*
satisfying this system is equivalent to the diagonalization of f as

m
§ 2
i=1
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The diagonal form Y " bix? is isotropic over K if and only if there is a
nonzero vector = (1, ...,%m) € (K)™ such that

Z bix? = z'Br = 2!CTACz = 0,

i=1
which is equivalent to f(Cz) = 0. The matrix C is invertible, since B =
diag(bi, ..., bn) is invertible. The vector Cx is nonzero since C' is invertible.
So Czx is an isotropic vector of f. Conversely, if y = (y1,...,ym) is an

isotropic vector of f over K, then C~1y is an isotropic vector of the diagonal
form Y"1 b;x?. Therefore, f is isotropic over K if and only if the diagonal
form > b;z? is isotropic over K.

If the rank of f is less than m, then f is always isotropic, and the equiv-
alence holds trivially.

In conclusion, condition (2) implies (1) by the above discussion, and (1)
implies (2) since the symmetric matrix A is congruent to a diagonal matrix
over K.

Under the assumption that our main theorem (Theorem|1.3)) holds, Corol-
lary [I.5] follows immediately from the diagonalization process in Proposi-
tion We now give a precise derivation.

Proof of Corollary . Let f = Zlgi,jgm a;jr;xrj be a quadratic form
defined over K. Let A = [Ajj]i<ij<m € Mmxm(K) be the matrix defined in
Proposition [3.11] By Proposition f is anisotropic over K if and only if
there exist by,...,by, € K* and Cys € K (1 < 7,5 < m) such that

hkl(A’ij7CT’S) :0, 1 Sk;«élgm,
hik(Aij, Crs) = by, 1<k <m,

and the diagonal quadratic form Y ", biaz? is anisotropic over K.

By Theorem , the condition that the diagonal form > ", biz? is an-
isotropic over K is diophantine. Therefore, the set of coefficients (aij)1§i,jgm
for which f is anisotropic is diophantine, proving Corollary "

4. Proof of the main results

4.1. Dealing with a single prime. Our strategy consists in partition-
ing the set of primes into finitely many classes and handling the primes in
each class in a uniform manner. As a preliminary step, we consider the local
case for a single prime.

The following lemma, which is a slightly different version of [EMIS]
Lemma 4.4], is restated here for completeness, as it constitutes a key in-
gredient in our proof.
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LEMMA 4.1. Let p be a finite prime of K such that the residue field T,
has odd characteristic. Fiz p,s € K* such that vy(p) is odd, vy(s) = 0 and
the reduction redy(s) is not a square in Fy. Then for x,y € K*, (x,y), = —1
if and only if

((xep‘KXQ'(’)pX)/\(y or —xy is in s- K**- (1+p0Oy)))
\/((yep-KX2-(9pX)/\(:E or —xy is in s- K% (1+p0p))).

Proof. We modify the condition v,(p) = 1 used in [EMI1S8, Lemma 4.4]
to the more general condition that v,(p) is odd. This modification does not
alter the set p- K*2. O, . =

Moreover, we need the following elementary observation to obtain an
equivalent form of Lemma which is Lemma

LEMMA 4.2. Let p be a finite prime of K such that |Fy| is odd. Fix
p,s € KX such that vy(p) =1 and vy(s) = 0, with redy(s) being a nonsquare
in the residue field Fy. Then for x € K*, the following hold:

(1) vp(x )zs even if and only if x € K> - O.

(2) vp() is odd if and only if x € p- K** - O).

(3) x € K% if and only if v € K*%- (1 + pOy).

(4) x ¢KX2 if and only if x € s- K*?- (1+pOp) Vo €p- K*2- O,

Consequently, we have the following two partitions of K*:
KX = (K- 0;)U(p-K**-0))
— (K2 (14 pOy)) U (s K2 (14 p0p)) U (p- K*2- O).

Proof. (1) The valuation vy(x) is even if and only if it can be reduced to 0
by multiplication by a square in K, which is equivalent to x € K*? - Opx.

(2) vy(z) is odd if and only if vy(p~'x) is even, which is equivalent to
p~tz e K*2- O by (1), hence also equivalent to z € p- K*2 - O,

(3) First, if u € 14 pOy, then u € KpX2 by the local square theorem
(see [O'MO0, 63:1]). Conversely, suppose u € K;*. By multiplying by a
suitable square in K>, we may assume vy(u) = 0. Let t € pr be such that
u = t2. Since K is dense in the local field K, there exists € K such that
vp(n—t) > 1. Given that vy (t) = 0, we have vp(n) = min {v,(n—t),v(t)} = 0,
which implies n € Oy°. It follows that

u—n*=(t=n)(t+n) € pOy,
and therefore u € n? +pO, = 1n?(1 + pO,). This shows u € K*? - (14 pO,).

(4) For = ¢ K;**, we consider two cases based on the parity of the valu-
ation:
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o If vp(x) is odd, then z € p- K*2 - O} follows immediately from (2).

e If vy(z) is even, we can write z = p*u with vy(u) = 0 and u ¢ KPXQ.
According to [O'M00, 63:9], the index [OF : Op?] is 2. Since red,(s) is not a
square in the residue field, us must be a square in K, px. By the result in (3),
this implies sz € K*2-(1+pO,), or equivalently x € s- K*2-(14+pO,). u

LEMMA 4.3. With the same notation as in Lemma for x,y € K*,
(z,y)p =1 if and only if

((x € K**-O0) V (y, —zy € (K72 (1+pOp)) U (p- K% O))))
ANy € K205V (2, —zy € (K™% (L4 pOp)) U (p- K** - O)))).
Proof. By Lemma (x,y)p = —1 if and only if

((xep-KXQ-(’)pX)/\(yor —xyisin s- K% (1+p0y)))
V(yep - K**-Of)A(zor —zyisin s- K- (14 pOy))).

To get (x,y), = 1, we take the negation of this condition. By the partitions
established in Lemma the complement of the set p - K*?2 . O, in K* is
K*?. 0, Similarly, the complement of s - K*?- (14 pO,) in the union of
the two nonsquare classes is given by

e (K2 (14p0p) U (p- K*2. 0F).

Applying De Morgan’s laws and substituting these complements yields the
desired characterization. m

In the dyadic case (which means p|2), one obtains a characterization of
local squares similar to the one presented in Lemma (3). However, due to
the requirements of the stronger version of Hensel’s Lemma for even primes,
a higher power of the prime ideal p is necessary. Specifically, we have the
following result:

LEMMA 4.4. Let K be a number field and p a prime dividing 2. Let e be
the absolute ramification index. Then

K72 (14+p*H0,) = KN K2

Proof. Suppose that u € 1+ p?T10,. By [O’M00, 63:1], u is a local
square, so u € pr2. Since u € K by assumption, it follows that u € KﬂKpX2.

This establishes the inclusion K*2- (1 + p*10,) C K N K,

Conversely, let x € K N KPXQ. We can write x = 72fu, where vy(7) = 1

and u € O, N prz. Let s € O be such that u = s*. If s € K, the result is
trivial. If s ¢ K, then by the density of K in K, there exists n € K such
that

vp(n —s) > 2e+ 1.
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Since vp(s) = 0 and 2e + 1 > 0, the properties of valuations imply vy(n) =
vp(n — s+ s) = min{vy(n — s),v(s)} = 0, hence n € O;'.
To show that un=2 € 1+ p2€+1(’)p, we consider the difference

u—n*=(s—n)(s+n).

By our choice of 7, we have vy(s — 1) > 2e + 1. For the second factor, since
s+mn = (s—mn)+ 2n, and noting that vy(s —n) > 2e+1 > e = vp(2n), we
have
vp(s +1m) =vp(2n) =e.
Therefore, vy(u — n%) = vp(s —n) +vp(s + 1) > (2e+ 1) +e=3e+ 1. In
particular, this implies vp(u — n%) > 2e + 1. Since vy(n?) = 0, we conclude
that
u € 772(1 =+ p2e+1op)7

so z € K*?. (1 + p?*T10,). This proves the reverse inclusion K N KpX2 -
K><2 . (1 4 p26+10p). -

THEOREM 4.5. Let p be a finite or real infinite prime of K. The set

{(al, ag, a3,a4) S (KX)4 ‘ f = alx% + azx% + ag.%'?:, + a4xi
is anisotropic over K,}

s diophantine over K.

Proof. Ifpe S {(, then by Theorem (3), f is anisotropic over K, if and
only if ajasazay € KpX2 and (a1, a2), = —(—as, —aq)p. To establish that this
condition defines a diophantine set, it suffices to verify that the following
three types of sets are diophantine:

(1) {xr e K* |a:€KpX2},
(2) {(z,y) € K* x K* | (z,y)p = 1},
3) {(z,y) € K* x K* | (z,y)p = —1}.

Based on the first three chapters of [Rum80], the valuation ring O, is
diophantine over K. Consequently, the maximal ideal pO, = 7O, (where
vp(m) = 1) is also diophantine. More precisely, [Rum80, Theorem 1] implies
that O, is definable, and since the predicate Sj(x, €) is given by an existential
positive formula, it is diophantine.

If |Fy| is odd, the diophantine nature of (2) and (3) follows from Lemma
[d.T]and Lemma[4.3] as these sets are constructed from O, and pO, using field
operations and logical disjunction/conjunction. Additionally, Lemma (3)
ensures that the set in (1) is diophantine.

If K is a number field and p|2, the index [K : K,%] is finite (see
[O’MO00, 63:9]). Let s1,...,s, € K* be a set of representatives for the cosets
of K, pX2 in pr. Such representatives can be chosen in K because K is dense
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in K, and the cosets are open in the local topology. Let e be the absolute
ramification index. We define the sets

Si =5 K*?- (14+p*T0O,) fori=1,...,n.

The sets S1,...,S, form a partition of K* N pr. This follows from two
facts:

e The sets are disjoint: if i # j, then sis]71 ¢ KPXQ. By Lemma the set
K*2.(1+p?**10,), being a subset of KPXQ, cannot contain s;s;
e They cover the relevant elements: if © € KﬂsiKpXQ, then si_lx € KDKPXQ.

By Lemma we have s; 'z € K*2-(14p?**t10,), which implies x € S;.

Under this partition, z € prz if and only if z € S; for s; € KpXQ. Further-
more, the Hilbert symbol conditions satisfy

@y =1« (@ye [J (SixSs),
(86,85)p=1

(@yp=-1 = (@ye | GixS)).
(86,85)p=—1

Since p26+1(9p is diophantine, each S; is diophantine, and so are their finite
unions.

For a real infinite prime p, let w: K < R be the corresponding em-
bedding. Then [EMIS8, Lemma 4.1] states that the set P, := {z € K* |
w(z) > 0} is diophantine over K. The form f is anisotropic over K, = R if
and only if it is definite, i.e.,

(Awer)v(A-uer)

Since P, is diophantine, this condition defines a diophantine set. m

4.2. The proof of main theorem. Now we prove our main result,

Theorem [L.3]

LEMMA 4.6. Let f = alx%+a2w%+a3x§+a4xi denote the quadratic form
with coefficients a1, ao, as,aq. The set

{(a1,a9,a3,a4) € (K*)* | f is anisotropic over some p € Sk}
18 diophantine.

Proof. Recall that the elements a,b (or a,b,c,d) in K* and the ad-

missible modulus m are defined as in Lemma [3.4] and the rings R} for
o € Gal(K(y/a,Vb)/K) are defined as in Definition
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For o € Gal(K (v/a,vb)/K) with o # (1,1), define

a ifo=(-1,41),
Sg 1=
b ifo=(1,-1).

We claim that the quadratic form

2 2 2 2
f=a127 + asx; + azxs + asxy

is anisotropic over some p € Sk if and only if one of the following three
conditions holds.

i) There exists a prime p |m such that f is anisotropic over K,.
p
(ii) There exists o # (1,1) and an element p € @, such that

(( ;Ji,az /\ T:a3,—a4) \/ ( t;hag /\ Ti—ag,—m;)) /\ e’
where
¢:  ajagazas € K™ (1+ J(RY)).
Here the formulas Tiy are defined as follows:
toy = (z€p - K** (RY)"
A(yor —zyis in sy - KX (14 J(R7))))
2 o
V(yep K- (R

A(z or —zyisin s, - K*% - (1+ J(RY)))),

fhy = (v € K™% (R7)”
V (y, —zy ep-K*2. (Rg)X uK*2. (1 —i—J(R;))))
A(ye K™ (R))™
V(z,—yz € p- K**- (R7)UK"?- (1+ J(RY)))).

(iii) There exists (p,q) € Yk such that ¢ € (R;(,}(’]l))>< and

((i(—;,ag /\ i:a37—a4) \/ (i;l,az /\ iiag,—a4)) /\ e/’

where ¢’ is defined analogously to e, with R} replaced by R}()}(,}l)' The

formulas iiﬁy are given by

vy = (w €p K2 (REGD)”

)
Ay or —zyisin q- K*?- (1+ J(Ré}él)))))
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fhy = (v € K% (RULD)
V(y,—zy € p- K** - (REDY U K2 (14 J(RELD))))
Ay e K2 ()
V (2, —yz € p- K% (R U K2 (14 J(RLY)))).

The first condition defines a diophantine set, since only finitely many
primes divide m and by Theorem The second and third conditions also
define diophantine sets by Proposition (1) together with Remark
Consequently, the set

{(a1,a9,a3,a4) € (KX)* | f = a12? + apa? + azx3 + ayz?
is anisotropic over some p € S}

is diophantine, being a finite union of the three sets defined above. It remains
to verify that the claim holds. For brevity, we write

= Ao v AtT
1, T )
T ( al,az T as a4) ( al,a T as a4>7
i : ( ai,az A i_as,—thx) v ( ai,a2 A i+a3,—a4>'

The primes p f m can be classified according to o € Gal(K(y/a,Vb)/K). By
Theorem (3), the condition that f is anisotropic over p t m is equivalent
to

(a1,a2)p = —(—asz, —as), and ajazasay € prz.

Hence, it suffices to establish the following two equivalences between the
statements in our claim and this local condition for the different types of
primes p.

e For o # (1,1), the sentence
dp € &, such that t Ae
is equivalent to the existence of a prime p with 17,k (p) = o such that
(a1,a2), = —(—a3, —as), and ajasazays € pr2'
e The sentence
3(p, q) € Yk such that ¢ € (R}(,i}l))x and T A ¢’
is equivalent to the existence of a prime p with ¢y, /g (p) = (1,1) such that
(a1,a2), = —(—a3, —as), and aragazays € KpX2.

For o # (1,1), suppose there exists p € @, such that { holds. Then, by
Proposition [3.9(2), the set P?(p) is nonempty.
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Let p € P7(p). Recall that the formula f;, is given by

((m ep-K*2. (RZ)X) A(y or —zy is in sy - KX (14 J(Rg))))
V((yep-K*?- (RO)*)A(x or —ya is in sy - K** - (1+ J(RY)))).

By Lemma and the definition of R}, we have R} C O,. Moreover, by
Lemma J(R5) C pOy.

Hence, T, implies (z,y), = —1, because vy(p) is odd, by Lemma
and since s, is a p-adic unit which is not a square (by the construction of s,
and the definition of the Artin map). For example, if o = (1, —1), then b is
not a square modulo p since ¥,/ (p) = (1, —1).

By Lemma 4.3 and a similar argument, 1 implies (x,y)p, = 1.

Finally, the formula ¢ implies

ayagazay € K*% - (1+ pOy),
which means that ajasasay is a square in K, by Lemma (3)
Therefore, t A e implies
(a1,a2), = —(—a3, —as), and ajagazas € KPX2.
Conversely, suppose there exists a prime p f m with ¢, /K (p) = o such that
(a1,a2)p = —(—as, —as), and arazasaq € prz.

Then, by Proposition [3.9(3), we can find p € @, such that P7(p) = {p}.
In this situation, for o # (1, 1), we have

Therefore, the formula Tf’y can be deduced directly from (x,y), = +1,
and the formula ¢ can be deduced from

a1a20304 € prz_
Hence, we conclude that 1 A e follows from
(a1,a2), = —(—a3, —as), and ajazazas € KPX2.

A similar argument establishes the second equivalence, using Proposition
3.9(4), (5). We now handle the case ¢r,/x(p) = (1,1).

Assume pg € Iy with 97k (po) = (1,1). Then by Proposition , we can
find (p,q) € ¥k such that

Aap.q N App,g = {po}-
Moreover,
UPO (p) = 17 vpo (q) = 07
and ¢ is not a square modulo pg. Then, by Lemmas the condition
(a1,a2)p, = —(—asz, —as)p, and ajazazas € KpXO2

implies I A ¢/, since RI(,%(}I) = Oy, and J(RI(,}[II)) =100,
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Conversely, suppose (p,q) € Wg; then by Proposition we have
Aapg N App g # 0. For any p € Agp g N App g, Since q € (Ri(,}(}l))x and

(ap,q)p = (bp,q)p = —1,

vp (bp) vp(ap)
(0"
p p

Hence ¢ is not a square modulo p, and wvy(ap),vy(bp) are odd. Since the
supports of a and b are disjoint (Lemma , it follows that v,(p) is odd.
Again, by Lemmas we conclude that

tAe = (a1,a2)p = —(—as, —as)p and ajasazay € KPXQ,

we obtain

since R,ng,” C Oy and J (R,(y}c}l)) CpOy. =

Proof of Theorem[I1.3. We proceed by considering each possible number
of variables m separately.

e m = 1. For all a; # 0, we have f = a12? is anisotropic, and the set K is

obviously diophantine.
e m = 2. For all aj,a2 # 0, f = alw% + agx% is isotropic if and only if
—a1as € K*?, and the set
{(al,ag) e K*x K* ’ —a1a2 ¢ KX2}

is diophantine over K by [EM18, Theorem 1.4].

e m = 3. In this case f = alx% + aga:% + agxg. Then —ajas € K*? means
exactly f = 0 has a nontrivial solution for 3 = 0. The condition f =0
has a nontrivial solution for x3 # 0 is equivalent to the solubility of the
equation —a3 = a12? + azr3, which means exactly

2

x

—a3 = aq <ZL‘% + ajag (5) ) (S alNK(\/Tm)/K(K(V —a1a2)><).

Hence for all aj,az,as # 0, f = a12? + azx3 —l—a;;:n% is isotropic if and only

if —ajag € K*? or —ag € aq - NK(\/TM)/K(K(\/—G]_CLQ)X). The sets
{(a1,a2,a3) € K* x K* x K* | —ajay ¢ K*?)}

and

{(al,ag,ag) e K*xK*x K* ’ —as ¢ aq 'NK(\/TM)/K(K(V_GJG’Q)X)}

are all diophantine by [EMI8, Theorem 1.4] and [EMI8, Theorem 1.3].
Their intersection is therefore diophantine.

e m = 4. This follows from Lemma and Theorem [2.3(1).

e m > 5. By Theorem [2.3(1)(2), in this situation f is anisotropic over K
if and only if f is anisotropic over some real infinite primes since f is
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always isotropic over complex primes and finite primes [O’MO00, 63:19].
For a single real infinite prime w, f is anisotropic over w if and only if

m m
(/\ w(a;) > O) v (/\w(—ai) > 0),
i=1 i=1
which gives a diophantine set by [EM18, Lemma 4.1]. Since there are only
finitely many real primes, the set

m
{(al, ceam) € (K™ ‘ Z a;x? is anisotropic over K}
i=1
is diophantine. =
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