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COMPLETE SPACE-LIKE SELF-EXPANDERS
IN THE MINKOWSKI SPACE

BY

ZHI LI, YUAN MI and GUOXIN WEI

Abstract. We study complete space-like self-expanders in the Minkowski space. By
using a maximum principle of Omori—Yau type, we obtain rigidity theorems on n-dimen-
sional complete space-like self-expanders in the Minkowski space R?H. For dimensions 2
and 3, we also classify them under the assumption of constant squared norm of the second
fundamental form.

1. Introduction. An n-dimensional smooth immersed hypersurface x :
M" — RTH is called a self-expander of the mean curvature flow if its mean

curvature vector H satisfies the equation
(1.1) H=a",

where H = H én+1, while z and e,41 denote the position vector and the
inward unit normal field, respectively. If we denote by (-,-) the standard
inner product on R’f“, then equation (|1.1)) is equivalent to

(12) H = —<l’, en+1>a <€n+1,6n+1> =-L

Self-expanders are self similar solutions of the mean curvature flow, that
is, the family of hypersurfaces z; = v/2tx, t > 0, satisfying the equation of
mean curvature flow. Self-expanders are important as they model the behav-
ior of a mean curvature flow coming out of a conical singularity |3] and also
model the long time behaviors of the flows starting from entire graphs |11].
There are many classification results on self-expanders. Ishimura [13| and
Halldorsson [12] have classified self-expander curves in R2. In [12], Halldors-
son states that each of the complete self-expander curves immersed in R? is
convex, properly embedded and asymptotic to the boundary of a cone with
vertex at the origin. In 2018, Cheng and Zhou |7] studied some properties of
complete properly immersed self-expanders. Recently, Ancari and Cheng [2]
studied immersed self-expander hypersurfaces whose mean curvatures have
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some linear growth controls and obtained a rigidity property of hyperplanes
as self-expanders in Euclidean space. Further results about self-expanders
have been obtained (cf. |4} 810, [14-16]).

In this paper, by using a maximum principle of Omori—Yau type, we
obtain a classification of complete space-like self-expanders in the Minkowski
space ]R?H.

THEOREM 1.1. Letx : M™ — R’f“ be a complete space-like self-expander
with the constant squared norm S of the second fundamental form. If
inf H2 > 0, then S = 1 and xz(M™) is the hyperbolic space H"(\/n) or the
hyperbolic cylinder HF(vE) x R** 1 <k <n—1.

When n = 2, we completely classify complete self-expanders with constant
squared norm of the second fundamental form in the Minkowski space R3.

THEOREM 1.2. Let v : M? — R} be a 2-dimensional complete space-like
self-expander in R3. If the squared norm S of the second fundamental form is
constant, then x : M? — R‘;’ is either the space-like affine plane R? through
the origin, the hyperbolic cylinder H' (1) x RY or the hyperbolic space H?(\/2).

REMARK. In fact, using the proof method of Theorem we can also
classify complete self-expanders in the Euclidean space R® under the condi-
tion of the constant squared norm of the second fundamental form, and the
classification yields only the plane R? through the origin, which shows that
the conclusion of Ancari and Cheng [2| still holds without the assumption
on the scalar curvature.

For higher dimensions n, it is not easy to classify space-like self-expanders
in the Minkowski space with constant squared norm .S. Next, under the as-
sumption that f3 is constant, by considering the supremum and the infimum
of H, we give a complete classification of 3-dimensional complete space-like
self-expanders in R‘ll with constant squared norm S. Specifically, we prove

THEOREM 1.3. Let x : M3 — R} be a 3-dimensional complete space-like
self-expander with the constant squared norm S of the second fundamental
form in RY. If f3 is constant, then x(M?3) is isometric to one of the following:

(1) the space-like hyperplane R? through the origin,
(2) the hyperbolic cylinder H'(1) x R?,
(3) the hyperbolic cylinder H?(v/2) x R,
(4) the hyperbolic space H>?(\/3).
V2 . V3

In particular, S must be 0 or 1 and f3 must be 0, 1, 5= or 73, where S =
Zz’,j h?j and fg = Zi,j,k hijhjkhki-

REMARK. Obviously, if S = 0, then x(M™) is isometric to the space-like
hyperplane R™ through the origin. Therefore, from now on, we always assume
that S is a non-zero constant.
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2. Preliminaries. Let x : M" — R?H be an n-dimensional space-like
hypersurface immersed in the (n+1)-dimensional Minkowski space ]R?'H. We

choose a local orthonormal frame field {e4}’4"} in R}t with dual coframe
field {wA}ZJ;ll, such that, restricted to M™, ey, ..., e, are tangent to M™. In

this paper, we make the following conventions on the ranges of indices:
1<4,4, k1 <n.
Then we have the structure equations
dr = Zwiei, dei = Zwijej + Win+1€n+1,
i J
dent1 = Wn41i€i,  Wntli = Wintl,

where wj; is the Levi-Civita connection of the hypersurface.
By restricting these forms to M, we get

(21) Wn+1 = 0.

Taking exterior derivatives of (2.1)), we obtain

(2.2) Win+1 = Z hijwj, hij = hji.
J

Here

h=>Y hjw@uw;, H=> h
%, 7

are called the second fundamental form and the mean curvature of x :

M — R} respectively. Let S = Zi,j(hij)g be the squared norm of the

second fundamental form of z : M — R?H. The Gauss equations are given
by

(2.3) Rijii = —(hikhji — hihj).

Defining the covariant derivative of h;; by

(2.4) Z hijrwy = dh;j + Z hirwy; + Z Py jwkis
k k k

we obtain the Codazzi equations

(2.5) hijk = hik;-

By taking the exterior derivative of (2.4)), and setting

(2.6) > hijrwr = dhije + Y higrwri + Y hagwrg + Y hijior,
! ! I !

we obtain the Ricci identities

(2.7) hijkl — hz‘jlk = Z hijmik;l + Z himijkl-
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Setting
(2.8) > hijrimwm = dhijrr + Y hmjr@mi + > Pimkiem;
m m m

+ Z hijmlwmk + Z hijkmwml
m m
and taking the exterior derivative of ([2.6]), we get
(2.9)  hijrig — hijeq = Z Pk Rmilg + Z Pimk Romjig + Z hijmBRmkig-
m m m

Let V be a tangent C''-vector field on M™ and denote by Ricy := Ric —
%LV g the Bakry-Emery Ricci tensor with Ly standing for the Lie derivative
along the vector field V. Define a differential operator

Lf=Af+(V,V]),

where A and V denote the Laplacian and the gradient operator, respec-
tively. The following maximum principle of Omori—Yau type concerning the
operator £ will be used in this paper. It was proved by Chen and Qiu [5].

LEMMA 2.1. Let (M™, g) be a complete Riemannian manifold, and V
a C1 wvector field on M™. If the Bakry-Emery Ricci tensor Ricy is bounded
from below, then for any f € C*(M™) bounded from above, there exists a
sequence {p;} C M™ such that

tlggo f(pe) =sup f, tlgglo IV fl(pe) =0, tlggo Lf(pe) <0

We next suppose that =z : M — R?H is a self-expander, that is, H =
J— s n . M : , . . :
(x,ent1). By a simple calculation, we have the following basic formulas

ViH = =Y hilw,er),
k

(2.10)
VjViH = — Z hijk<$a 6k> — hij + HZ hikhkj-
k k

In this paper, we shall always take V' =z in all formulas. Using (2.10)
and the Ricci identities, we obtain the following lemmas.

LEMMA 2.2, Letx : M™ — RT{H be an n-dimensional complete space-like
self-expander in R’f“. We have

(2.11) LH=H(S-1),
(2.12) fLS D B+ S(S 1),
1,5,k
(2.13) %ﬁfg =2 hijthjahii + f3(S = 1),

i7j7k7l
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LEMMA 2.3. Letx : M"™ — R?H be an n-dimensional complete space-like
self-expander in ]R?'H. If S is constant, we have

(2.14) D (hige)* = (2= 8) Y (hijk)* +6 > hijehahjphiy

i’j7k7l i7j7k i7j7k7l7p
-3 § hijrhijihiphip-
i7j7k7l7p

3. Proof of the main result. For an arbitrary point p in M"™, we
always choose a local frame field {e;}! ; such that

hij = Xidij, S = 2&27 H? <nS,

and equality holds in the above inequality if and only if \; = -+ = A,.
Taking the exterior derivative of 5= 3, (hi;)?, we find that

(3.1) Z hz‘jhijk =0, Z hijhijkl + Z hijkhijl =0, kl=1,...,n.
i.j i, 0,J

On the other hand, from the Ricci identities , we obtain

hijki — hijie = —(NiXjAR0i1055 — NiAjNidindii + AidjAkindjr — XNiAjN6ii0r).
That is,

(32)  hui — hyji = AN — A B — haas = 0, k£ L.

In 2015, Cheng and Peng [6] obtained some rigidity theorems on com-
plete self-shrinkers without the assumption on polynomial volume growth.
Motivated by the above work, we establish Theorem

Proof of Theorem [1.1 For any unit vector e € TM™, we can choose a
local tangent orthonormal frame field {e;}!" ; such that e = e;. Then by the
definition of self-expander, direct computation gives

1
QLITQ(% e;)

= —(Hh”—Zhlzj> —(1_thz)
J
=> h}-1>-1.
J

Thus, the Bakry-Emery Ricci curvature Ric,r is bounded from below and
the maximum principle of Omori—Yau type holds on z(M™). For the con-

stant S, (2.12)) yields

(3.3) > b+ S(S—1)=0.
2,5,k

Ric,7(e;, e;) = Ric(e;, e;) —
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Since inf H? > 0, without loss of generality we can assume that inf H > 0.
By the maximum principle of Omori—Yau type for the operator £ applied to
the function —H, there exists a sequence {p;} € M? such that

0< lim LH(p;) =inf H(S — 1).
t—00

It is obvious that S = 1 and Z”k h?jk = 0 from (3.3). Namely, the second
fundamental form of z(M™) is parallel and H is constant. It follows from
that N\j(HXA; — 1) = 0, 1 < i < n. Then we infer that A; equals 0 or
1/H for any 1 < i < n, which indicates that the number of distinct principal
curvatures is at most two. If (M"™) has only one principal curvature, that is,
x(M™) is totally umbilic, then x(M™) is the hyperbolic space H"(y/n). If
x(M™) has just two distinct constant principal curvatures, by the congruence
theorem of Abe, Koike and Yamaguchi [1], (M™) is the hyperbolic cylinder
H*(VE) xR  1<k<n—1.u

In order to prove Theorem 1.2, we need the following proposition.

PROPOSITION 3.1. Let z : M? — R} be a complete space-like self-
expander with the non-zero constant squared norm S of the second funda-
mental form. Then inf H? > 0.

Proof. We argue by contradiction. If we had inf H? = 0, there would
exist a sequence {p;} in M? such that

lim H%(p;) = inf H*> = H? = 0.
t—o00
By (2.12)), (2.14) and S being constant, we know that {h;;(p¢)}, {hijr(pe)}
and {h;jri(ps)} are bounded sequences, and so one can assume that
tliglo hij(pe) = hij = Xibij, tlgglo hiji(pe) = hijis
tlig.loh’ukl(pt) = hijkl7 i, J,k, 1 =1,2.
It follows from ([2.10]) that
(3.4) Elli + Eggi = —Xz‘ lim <.%', ei)(pt), 1=1,2,
t—o00

and

(35) B+ hozig = =) e i (@ en) () = Nidg, 05 =1,2.
k

Using (3.1)), we obtain

(3.6) Mhiig 4 Aghoor, =0, k=1,2,

and

(3.7) Mg + Aohoowr = = > higrhiji, k1 =1,2.
i
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Next, (3.2)) yields
(3.8) hit12 — hi121 =0, haga1 — haoa = 0.
Since H? =0 and S is a non-zero constant, we see that

AM=-X#0, S=2)\
Then (3.4) and (3.6) yield

_ _ 2h
(3.9) Pk = haok,  lim (@, e)(pr) = — <5, k=1,2.
t—o0 )\k‘
It follows from (3.5)), (3.7) and (3.9)) that
- - 2(h2,, — h? -
hi111 + hoo11 = (1115\112) — A1,
1
_ - 2(h%,, — h? -
hi122 + haooo = (111——112) + A1,
1
hi112 + hag12 = 0
and
M (hi111 — haoi1) = —2h3,, — 2h3 5,
M (hi122 — haooa) = —2h31, — 2h3 5,
A (hi112 — ho212) = —4hi11hiie.
Thus,
— BQ N — EQ I
hi111 = —72;\1112 — AL hoon = 72;\11“ -3
. My L A 7 M2, L A
(3.10) hitgy = —=H2 + A hogoe = S vy A
hi112 = _72511_)\151127 hao1a = 727111_;5112_
1 1

It follows from (2.12)) that
(3.11) bl =501-95), Y highym =0, 1=1.2
i,k 1,9,k
Specifically,
7111151111 + 71222%221 + 35112]51121 + 3B221]_12211 =0,
hi11h1112 + hoo2hooes + 3hi12h1122 + 3ha21hog12 = 0.
Then, from (3.8)) and (3.9), we conclude that
hi11h1111 + h112ho212 + 3hi12h1112 + 3h111hoo1 = 0,
hii1hi112 + hi12ho222 + 3hi12h1122 + 3h111h2212 = 0.
Combining (3.10) with (3.12), we get
(3.13)  hi11(3hiyy — 3k, — A1) =0,  h112(3hiy; — ki, + A]) = 0.

(3.12)
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If hy11h112 # 0, implies that A2 = S = 0. This is a contradiction. If
hi11hi12 = 0, we also obtain contradictions. In fact, we may assume that
Zm’k E?jk # 0. Otherwise, we know that f_zijkl =0 for i,j,k,l = 1,2 from
(2.14). Then, using , we infer that A\; = 0, a contradiction. Assuming
h111 # 0, we get hi12 = 0. From the first equation of (3.11) and (3.13)), it
follows that

_ 1 _ 1- 1
hi = 15(1 —-8), ki, = gA% = 65
Then
1 - 1 _ 1
(3.14) S= 3 )\% = 6 h%n = 18"
Consequently, the relations
_ A - A - A
hi111 = —31, ha211 = Fl, hi122 = 71,
(3.15) -
hageo = ?1, hi112 = ha212 = 0

can be derived by a simple calculation from (3.10)).

It follows from ([2.14)), (3.14]) and (3.15) that

Z (Rijkt)® = hi111 + haass + 3hi100 + 3hia1y + 413110 + 4h3y10 =
i7j7k7l

E
27
and
Z (Bijkl)Q = (2 - S) Z(iLZ]]f)Q +6 Z S\ZX\J;LZQ],C -3 S\%B?]k
ikl ik ik ik
7
27
This is impossible. Assuming that k111 = 0 and hy12 # 0 we similarly obtain

contradictions. =

Proof of Theorem If S = 0, we know that z : M? — R? is a space-like
affine plane R2. If S # 0, it is obvious that x(M?) is either H'(1) x R! or
H?2(v/2) from Theorem and Proposition |3.1] =

For the constant S, if S > 1, we get S = 1 from (2.12)). Then, from
Theorem [I.1] we obtain the conclusion of Theorem [I.3] Thus, we only need
to consider the case 0 < § < 1.

= 4(2 - S)B%ll - 125\%%11 =

PROPOSITION 3.2. For a 3-dimensional complete space-like self-expander
x: M3 — R} with constant squared norm S of the second fundamental form

and constant fs, if 0 < S < 1, then either sup H = % or supH = lgfj

with f2 = (1 —5%)% and 353+ 5% -5 —1=0.
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Proof. For an arbitrary fixed point p € M3, we choose a local frame field
{e;}?_, such that

hij = XNidij,  S=> N, H?<368.

The proof of Theorem states that the Bakry-Emery Ricci curvature
Ric,t is bounded from below. By the maximum principle of Omori-Yau
type for the operator £ applied to the function H, there exists a sequence
{p¢} in M3 such that

(3.16) 1tli)m H(p;) =supH, tli)m |VH|(p:) =0, tli}m LH(p) <0.
For the constant S, by (2.12) and (2.14)), we know that {h;(p:)}, {hijr(pe)}

and {hijr(p¢)} are bounded sequences for 7,7, k,1 = 1,2,3. Hence, one can
assume that

Jlim H (p;) = H, Jim hij(pe) = hij = Aibij,

tliglo hiji(pe) = hijis tllglo hijra(pe) = hijr, 4,5,k 1 =1,2,3.
Taking the exterior derivative of H, we get
(3.17) H;=hi1; + hogi + hazi =0, i=1,2,3.
Also, yields
(3.18) H; = hi1i + hooi + hgzi = —\; tlggo@f, ei)(pe), 1=1,2,3,
and

(3.19) Hgy=-— Zﬁijkg@o@,ew(m) — Nbij + HN\}0yj, i,j =1,2,3.
k

Since S is constant, we obtain

(3.20) Mhiik + Mohgor, + Aghss, =0,  k=1,2,3,
and
(3.21) > Nehii ==Y higrhiji,  k,1=1,2,3.
{ 1,7
Since f3 is constant, Lemma [2.2| gives
(3.22) Nhitg + Nshoop + Ashga =0, k=1,2,3
and
(3.23) > Nhi =2 Nhijehi, ki l=1,2,3.
7 1,7

Using the above equations, we now prove that if 0 < S < 1, then either
= 3f3

SupH:H:ﬁ
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or

- = 2—-(1-6%2, 3834+52_5-1=0.
57, f3=( )

In fact, if \; = Ay = A3, from (3.21)) and (3.23)) we have
A1) ZLiill = —(hiy + h3gy + h331) — 2(h3 1y + hij3 + hig),
h

and
_% > }:liill = _22‘1(}}%11 + ]:1321 + @%31) - 45‘1(}}%12 + }:1%13 + }:1%23)7
AT hiioz = =21 (hi1g + h3gy + B330) — 4X1(h39) + 3oz + i),
Ve

12

i hiizs = —2X1 (B33 + h3gz + h3sz) — 4A1(h33; + hizp + hipg).

Thus, we infer that

hijr =0, 4,5,k =1,2,3.

Then it follows that S =1 from (2.12). This contradicts the hypothesis.
If two of A\, Ay and \3 are equal, without loss of generality we assume

that A\; # A2 = A3. Then we deduce from (3.20) and (3.22)) that
(3.24) hiig =0, hogp+hsz, =0, k=1,2,3.

When \; = 0, we know that A\s = A3 # 0 since S # 0. By use of (3.21)),
(3.23) and (3.24]), we obtain

A2(ho211 + has11) = —2(h3e; + h3a3),
Ao (hagos + h3z22) = —2(h3gy + h3y3) — 2(h3y; + i)

and
A3(haai1 + hazin) = —4Xa(h3ay + higg),
{5\3(712222 + haszz) = —4Xa2(R3yy + h3y5) — 2X2(R3y; + hiss)-
Thus,
hoo1 = hi2s =0, gy = hga3 = 0.
Consequently,

hijk =0, 4,7,k =1,2,3.

Then S =1 from (2.12). This contradicts the hypothesis.
When A\; # 0, Ay = A3 = 0, it follows from (3.21)), (3.23)) and (3.24)) that

{5\151111 = —2(h3y; + hiss),

Ahii2s = —2(h3gy + h3y3) — 2(h3y; + i)
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and
Athi111 =0
Mhi122 = =21 (h3y; + hiys).
Thus,
hog1 = h123 =0,  haoz = hag = 0.
Consequently,

hijk =0, 4,5,k=1,2,3.
Then S =1 from (2.12). This contradicts the hypothesis.
When A1 # 0, A2 = A3 # 0, (3.17) and (3.18]) yield
(3.25) lim <£L‘, ex)(pt) =0, k=1,2,3.

Using (ET9) and (E25). we can rewrite (§21), (523 and (B2) as

h1111+h2211+h3311 = —M+HN,
hi122+hosoo+hasae = — Ao+ HA3,

(3.26) Mgz thozzh
hi112+ha212+h3312 = 0,
hi113+hoo1s+hssis = 0,
Arhinnn 4+ Aa(haoin +hazin) = —2(h3y; +his),

(3.27) /:\1}:11122+§\2(f:12222+f:13322) 2(7%21—1—]1123) 2(h39s+h393),
Athiti2+ A2 (hazi2+hssi2) = —2(hazihaosa+hazshizs),
Arhi113+ Ao (hooi3+haziz) = —2(hoo1 hoos—hosohias)

and

AMhiin1 4+ A3(hoot1 + hasi1) = — 4Xa(h3y1 + hisg),
Ahi122 + A3(haoao + hasas) = — 2(A1 + A2) (h3y; + hiag)
(3.28) — 4Xo(h399 + h393),
Ahit1z + A3 (hao1a + hazi2) = — 4Xa(hoathoos + hosshias),
5\2711113 + A3 (hoo1s + hazis) = — 4o (hoo1hoss — hasohias).
Combining ((3.27)) and -, we obtain
(3.29) {%192 =M =20 (R + b)),
M(A2 = A)hiias = 2Xa (35 + hiag) + 2A1(h3a1 + hiag).
Next, gives
(3.30) hog1a + haziz = —hiti2,  ho2iz + hsgis = —his.
Inserting ([3.30) into ([3.27) and , we conclude that
hagihoos + haoghias =0, hosihaos — hasshiaz =0,
which yields h3y; + hiys = 0 or hdyy + h3e3 = 0.
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When h3y; +h3y; = 0 and hdyy+h3y; = 0, we get by = 0,4, j,k = 1,2,3.
Thus, S =1 from . This contradicts the hypothesis.
When h3,; + hiys # 0 and h3yy + h3g3 = 0, implies
M(A2 = AM)hiin = 222 (351 + hias),
M(Az = An)hiizz = 271 (h3yy + o).
Then

2
A (AQ—A)

It follows from -2, and (| - that
—2(h391 + hisg) = Ahi122 + Aa(=A2 + HA3 — hi122)
= Xo(=A2 + HA3) + (A1 — A2)hi1a2
= —X5(1 = HX2) — 2(h3 + hiag).

(3.31) hin = (h321 + hiaz),  hiize = =

m(h o1 + Rios).

Then

(3.32) Xy = =

By use of (3.26))1, (3.27), (3.31) and (3.32]), we get

—2(h221 + h123) 1B1111 + 5\2(—5\1 + .Hj\% - Bllll)
Aa(—A1 + HM) + (M — A2)hi1nn

— A\ 2)\ _
= (1= 2 = (h3g1 + hias),
A2 )\

which implies
h3g1 + higs = —A3/2.
This is impossible.

_ - 2o =
(3.33) hiti1 =0,  hig2 = m(h 22 + h393).

Noting that hi111 = 0 and using (3.27))1, we get
hoot1 + hagin =0, Hip =0.
Hence, in view of ([3.26))1,

(3.34) A=
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From (3.26))2, (3.27)), (3.33) and (3.34]), we obtain

—2(h 299 + h223) 5\1]_11122 + 5\2(—5\2 + HS\% — ]_11122)

29
M(A2 — A1)

- 2 2o
=—X3 <1 - )\1> " "= (h3g + hia3),

= Xa(=Aa+ HN3) + (A1 — Xa) - (R302 + h3o3)

which implies

5\2
(3.35) ho0 4 h39s = 52

Since h3y, + hiy; = 0, using (3.24) we get
Zh v = 4(h3gs + h3e3), 2 Z hijihjrihi: = 8Xa(hagy + hiy3).

4,5,k i,9,k,1
It follows from (]2.12D and (|2.13D that
Zhwk = S), 2 Z hijihjrihe: = f3(1 = 9).
(N i,j,k,l
Then
_SA-=5 B
Combining (3.35)) with (3.36[), we infer that
- S(1-S
(3.37) =028 g oagin ),

From 3.36]) and we obtain
(B:34), (3:36) and (3.37)

- - 1 _ 1
2 2 2
/3 L 1-5? 2 212

H =X +2X — 4+ = H = =(1- .

1+ 2A2 = H+S Sfs 5= ( 57)

Consequently,

_ 1 — S2
e fi=(1-5%% 383+8*-95-1=0,

Sf3
where the last equation comes from the second equation of ((3.37]).
If A\, Ao and A3 are distinct, it follows from (3.17), (3.20) and (3.22) that

hiig = hoog = hage =0, k=1,2,3,

and

Z hzgk = 6hiy;, 2 Z hijihjrihy; = 4HhYy5.
.5,k i,5,k,1



14 Z. LI, Y. MI AND G. WEI

Then, combining (2.12) and ([2.13]), we get
671%23 =5(1-25), 4Eﬁ%23 = fs(1-25),

Hence,

- 3f3
H—2S.l

By the maximum principle of Omori—Yau type for the operator £ applied
to the function —H, we obtain

PROPOSITION 3.3. For a 3-dimensional complete space-like self-expander

x @ M3 — R} with non-zero constant squared norm S of the second funda-

mental form, if f3 is constant, then either inf H = % orinf H = 15);22,

where f2 = (1—52%)2, 353 +5%2-89—-1=0.

Proof of Theorem . If S = 0, we know that z : M® — R} is the
space-like hyperplane R3 through the origin. If 0 < S < 1, we know that %
and % cannot be equal since f7 = (1 — 5?)2 and 35% + S%2 - S —1 = 0.
In fact, if % = %, then 3f2 = 2(1 — 5?). Then from f2 = (1 — 5%)2, we
infer that S = 1/3/3. This is a contradiction since 353 + S — S — 1 = 0,
Thus, from Propositions and we obtain supH = inf H = % or
supH =inf H = %, which shows that the mean curvature H is constant.

Then, by ([2.11)), we know that H = 0 and 2(M?3) is isometric to the space-like
hyperplane R?, which contradicts the relation 0 < S < 1. This completes
the proof of the main theorem. m
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