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On the higher mean over arithmetic progressions
of Fourier coefficients of cusp forms

by

YuJiA0 JIANG and GUANGSHI LU (Shandong)

1. Introduction. Throughout this paper, we consider the holomorphic
forms or Maass forms for the full modular group I" = SL(2,Z) which are
eigenfunctions of all the Hecke operators T,,. Let k be an even integer and
let Hj, denote the set of normalized primitive holomorphic cusp forms of
even integral weight k. Recall that f(z) € Hy has Fourier expansion at the
cusp oo given by

(1.1) F(2) = Ap(m)n* D e(nz),
n=1
where e(x) := exp(2mixz) is an additive character, and the coefficients
Ar(n) € R are eigenvalues of T;,. Deligne’s bound [7] asserts that
(1.2) [Ap(n)] < d(n)

for all n > 1, where d(n) is the divisor function. Similarly, let S, be the set
of normalized primitive Maass cusp forms of eigenvalue A = 1/4 4 72. Then
f(2) € S, has Fourier expansion

(1.3) £(2) =" \(n)vy Kir(27|nly)e(nz),
n#0

where K, is the K-Bessel function and Af(n) € R are eigenvalues of T;,.
The current best estimate is due to Kim and Sarnak [15],

(1.4) IA\p(n)| < n/%*d(n)
It is an interesting problem to study the 2jth power sum of [Af(n)|,

> ).

n<x
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For j = 1, the well-known Rankin-Selberg method (see [8, Theorem A])
yields

> )P = Crx + 05(a*5).

n<lz
For j = 2,3, 4, Lau, Li and Wu showed that
9 Y)Y = 2Ppaj(loga) + O e(7)

n<x
for any € > 0, where P; are polynomials with deg Py = 1,deg P = 4 and
deg Py = 13, with tkllg constagr;ts cy = %,2265 = %i’ and cg = % if f e Hy
(in [19]), and ¢4 = 13,¢c6 = gz and cg = 5z if f € S, (in [18]). For higher
moments with j > 5, assuming the Generalized Ramanujan Conjecture and
that L(sym” ¢), r = 1,..., 7, are all automorphic cuspidal, Lau and Lii [18§]

recently proved

> ()Y = 2Ppyj(logx) + Of (aF),

n<x
where P»; is a polynomial of degree (2j)!/(j!(j + 1)!) — 1. For the general
case j > 1, j € R, Rankin [27] showed that, if f € Hy, then

3 M) = Op(zlog? " ).

n<zx

Let I,q € Z with 0 <[ < g and (gq,l) = 1. In this paper, we will consider
the 2jth power sum of |Af(n)| over arithmetic progressions,

o
(1.6) S )
n<x
n=l (mod q)

as r — 00, in which the parameter ¢ can grow with x in a definite way.

Andrianov and Fomenko [2] firstly treated the second power sum of
|Af(n)| over arithmetic progressions for holomorphic cusp forms. Later Ak-
barov [I] improved the error term. The result was further strengthened when
q is a prime or a power of an odd prime by Ichihara [12], [13]:

(1.7) - w<n>r2=@(Cq)H<1—a<p>2p*1><1—p*)(l—ﬂ(p)?p*)
n<w plg

n=l (mod q) X (1 +p_1)_1$+Of7a(:n3/5q4/5+5).

If x < ¢2, the error term was estimated as Of7€(m3/5q4/5), where ¢ is a
constant only depending on f, and a(p), 3(p) are the parameters in (2.1)).

Our aim here is to investigate the fourth, sixth and eighth moments of
Fourier coefficients over arithmetic progressions. The main results are the
following.
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THEOREM 1.1. Let f € Hy, and let q be a prime with (q,1) = 1. For any
e>0andj=234,if ¢ <x%, then

7= ! j —% 2j €
(1.8) > )P _@RQJ(:E7Q)+O]‘,E((](L'1 O2y+e)

n<x
n=l (mod q)

where 04 = 2/23,0¢ = 4/187, 63 = 4/755, ¢(q) is the Euler function, and

nQJ dLy) ( _1) —loggq (—log g)k—d+!
Ryj(z,q) ]q B < s >

2 Ci1((—a(g))20—0)r 2(j-)\ O3
e << a(q)*V™) (1_a<q> ) Py, _(log ).

i=0 (Ca; —mi)! 4

Here Y means that the d = 0 term is absent if k > 1, £2(d) denotes sum-
ing over m,ro,...,r2; with m + 1o+ -+ +1ry; = d, g™ means the mth
derivative of g, By q is the Bell polynomial given by , ng are bino-
mial coefficients, Loj 4(T) are polynomials with deg Ly 4 = 14, deg L 4 = 62
and deg Lg 4 = 254 as in Lemma Py is a polynomial of degree k, and
ng; = 1,4,13 respectively.

The proof of Theorem is based on Deligne’s bound ([1.2)). Although
the Ramanujan Conjecture is not available for Maass cusp forms, we have

THEOREM 1.2. Let f € S, and let q be a prime with (q,1) = 1. For any
>0 and j = 2,3,4, we have

4 4ia

(19 > O = Ry + Op(aiTa ),

n<x
n=l (mod q)

where Roj(x,q) is as in Theorem .

REMARK 1.1. Applying the method of Theorem for the decomposi-
tion equation (2.14]), we can obtain the result on Maass cusp forms for j = 1,
which coincides with Ichihara’s result ([1.7)) on holomorphic cusp forms.

2. Preliminaries. In this section we will briefly recall some fundamen-
tal facts about cusp forms and their L-functions. For f in Hjy or S, the
associated L-function is given by

(2.1)  L(s, f) = ZAZ@ = H<1 - O‘(p)>_1<1 - ﬁ(p)>_1,

S s
n>1 p p p
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which converges absolutely for o = Rs > 1. The local parameters a(p) and
B(p) are related to the normalized Fourier coefficients in the following way:

a(p) + B(p) = Ar(p),  a(p)Bp) = 1.

Now let x be a Dirichlet character modulo g. Then we define the twisted
mth symmetric power L-function to be the degree m + 1 Euler product

m—2; 1
(2.2) Lis,sym™ feox) =[] 11 <1 _ o)™ 7x(p) 2Jx(p)> ;

S
p 0<j<m p

and the Rankin—Selberg convolution of sym™ f and sym™ f®x via the degree
m +n + 2 Euler product

(2.3)  L(s,sym™ f x sym" f ® x)

B a(p)" Ha(p)" ¥ x(p)\
I IT T (o owrepie)

P 0<j<m 0<i<n

It is easy to see that

L(s,sym’ f @ x) = L(s, ),
L(s,sym' f®x) = L(s, f ® x),
L(s,sym™ f x sym® f @ x) = L(s,sym™ f ® x).
LEMMA 2.1. Let f in Hy or S, be a Hecke eigencuspform and x be a
primitive character modulo a prime q. The completed L-function defined as

(24)  A(s,sym™ f x sym" f ® X))
= g TDOFIS 2 () L(s, sym™ f x sym”™ f @ x)
s an entire function and satisfies a functional equation

(2.5)  A(s,sym™ f xsym" f®@x)) = e(f,x)A(L —s,sym™ f xsym" f @X)),
where 1 <m < 4 and 0 < n < m, |e(f,x)] = 1 and v(s) is essentially a
product of some gamma functions I'((s + K;)/2), i =1,...,(m+ 1)(n + 1),
with k; depending on the weight or spectrum of f and the parity of the char-
acter x and Rr; > 0.

Proof. If m = 0,1 or 2, n = 0, this follows from the classical results of
[4, Theorem 1.1.1, equation 5.9] and Li [20]. For the general case, the proof
is a little different for xy odd and for x even. A primitive character y corre-
sponds to a Hecke character of the idele class group A* /Q* trivial on R}, so
X is of the form y = ®p§ o0 Xp- It is known that there exists an automorphic
cuspidal self-dual representation sym* = = ®p§oo sym” mp associated with
sym* f for k up to 4, from the work of Gelbart and Jacquet [J] for k& = 2
and the works of Kim and Shahidi [16], 17] and Kim [15] when k = 3, 4.
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If x is even, that is, x(—1) = 1, which is equivalent to the local factor at
infinity satisfying xoo = 1, by the method of Luo, Rudnick and Sarnak [22]
we can show

e(f,x) = e(sym™ 7 x sym™ 7 @ x) = (1(x)//q) ™D
and

v(8) = L(s,sym™ oo X sym” Moo ® Xoo) = L(s, sym™ moo X sym” m)

n
= H L(s,sym™ =2 ).
r=0

The last step is obtained due to sym™ 7 ® sym” 7w = @, sym™ " 2" .
Further, 7(s) is essentially a product of some gamma functions I'((s + #;)/2)
with Rk; > 0, because of the explicit formula for L(s,sym* 7.,) of Cogdell
and Michel [0] if f € Hy and of Murty [26] if f € S,.

If x is odd, similar results can be obtained. We know from [I0, Re-
mark 10.8.7] that the root number €(f, x) and the gamma factor 7(s) in the
functional equation change a little, namely

7(X)
W4

(m+1)(n+1)
€(f,x) = e(sym™ 7 x sym” 7 @ ) — ( )

Y(s) = L(s,8sym™ 7o X sSym” oo @ Xoo) = L(s + 1,sym™ 7o X sym” 7o)

n
= H L(s+1,sym™ =2 ¢ ).
r=0
Hence Lemma is proved. =

2.1. Mean values and subconvexity bounds

LEMMA 2.2. Let f(s) be an analytic function of s, real for real s, reqular
for o > « except possibly for a pole at s = sg, and O(efl) as |t| — oo for
every positive € and o > a. Let a < o0 < f3.

(1) Assume that for all T >0,

T T
VIfatit)Pat<c@ +1), ||f(B+it)>dt<C'(T"+1),
0 0
where a,b > 0, and C,C" depend on f(s). Then for T > 2,
T
(2.6) | If (o +it)| dt < K(CT*)F=o)/(F=e)(oipbyo=el/(5=e),
ir
2

where K depends on a,b,a, B only, and is bounded if these are bounded.
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(2) Assume that
Flotin) < CH+1)%  [F(B+in)] < /(] + 1),
fort € R. Then
(27) o +i)] < (O + 1) =] 4 1))/ 0,

The result (1) comes from a convexity theorem of Titchmarsh [29] p. 149],
and (2) is the Phragmén—Lindeldf principle for a strip [14, Theorem 5.53]. We
shall estimate the mean values and hybrid bounds of Dirichlet L-functions
in the strip by using Lemma

LEMMA 2.3. Let x be a primitive character modulo q. Then, for any
e>0and T >1 with ¢ < T?,

(2.8) Lo + 1T, x) < (q(|T| + 1))2@x{50-0).0}+¢
and if further q is a prime,

T
(2.9) S |L(o + it, x)|'2 dt <. g*(1=0)p3=20+<,

0

Proof. The corresponding results on the critical line s = 1/2 + it were
stated by Heath-Brown [II] and Motohashi [25]. Since the Dirichlet
L-function L(s, x) converges absolutely for o = Rs > 1, the claim follows
from Lemma 2.2] =

2.2. Mean values and convexity bounds for higher rank L-func-
tions. We shall use the notation of [19]. For d := {d,...,ds},m :=
{mi,....ms},n:={n,...,n;} withd; e N, 1 <m; <4and 0 <n; <mj,
define 5
(2.10) Lo n(s,X) 1= [ L(s,sym™ f x sym™ f @ x)%.

j=1
By Lemma 2.1 we know that L(s, sym™ f ®sym" f ® x)) is Perelli’s general

L-function as defined in [28]. Then 2%7n(8, X) is also a general L-function
satisfying the functional equation

N N
Q° [ I'(cuis + Bi) L m(s,x) = WQ'™* [ I'(ci(1 = 5) + 1) € (1 — 5,X)
i=1 i=1
with [W| =1, oy =1/2, 5; > 0 for all i and
N:dl(ml—i—l)(nl +1)+"'+d](mj+1)(nj+1).
Let

N
A=N/2, B=3) (>0, ¢"<Q<dq’,
1=1

H=1+R(BJA) — (N —1)/(24) >0
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and

G(Q) = Q" (14+Q ™R/ (71 4@ _max |£ih(=1)])) < Q"

Z

where z runs over the poles of Hfil I'(ais + Bi) L% n(s,x). Then from
[28, Theorem 4] and [23], Proposition 1] we deduce the estimate below.
The estimate can be obtained by standard arguments used to estab-
lish convexity bounds, applying Lemma Lemma and the definition
of £4, (o +it, x).

LEMMA 2.4. Let f € Hy, be a Hecke eigencuspform and x be a primitive
character modulo q. Let Smn(s X) be defined as in (2.10). Then for any
e > 0, we have

2T
(2.11) [ 128 (o + it, )P dt < (qT)?A0-)+
T

uniformly for 1/2 <o <1 and T > 1. Moreover,
(2.12) Son(0 + ity x) < (g([t] + 1))ex{At=o) 0kt
uniformly for —e <o <1+4e¢.

From (2.4), we know that the mean value and convexity of a product of
symmetric L-functions are determined by the parameter A. So we only need
to specify the value of A for L-functions in our applications.

2.3. Decomposition of Fyj(s,x). Let f in Hj or S, be a Hecke
eigencuspform and y be a Dirichlet character modulo ¢. Define an L-func-
tion as

(2.13) Fy(s,x) = Zuf N x(n)n=*.

The aim is to decompose it into some functions whose properties are well
known. For j = 1, we know from [12] that

(2.14) Fy(s,x) = L(s, x) L(s,sym® f @ x)L(2s, x*) "

Clearly, L(2s,x?)~! is absolutely convergent and free from zeros for Rs >
1/2 4 €. For the higher cases, we have the following.

LEMMA 2.5. With notation as above and Rs > 1, for any € > 0 we have

(2.15) Fj(s,x) = G2j(s, x)H2;(s, x)
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for 3 =2,3,4, where
Gals,x) = L(s,x)*L(s,sym” f ® x)*L(s,sym* f © x),
Go(s,x) = L(s,x)°L(s,sym” f ® x)*
x L(s,sym" f @ x)*L(s,sym* f x sym® f @ x),
Gs(s,x) = L(s,x)"*L(s,sym® f @ x)*' L(s,sym" f @ x)"*
x L(s,sym* f x sym® f @ x)°L(s, sym® f x sym* f @ x),
and Hyj(s, x) == Hp Lo »(x(p)p~*). Here Loj ,, are polynomials of degree 14,
62 and 254 for j = 2, 3,4 respectively, whose coefficients of constant, linear
and highest terms equal 1,0, —1. Furthermore, if f € Hy, then H;(s, Xx)
admits a Dirichlet series absolutely convergent in Rs > 1/2+¢. If f € S,,
then Hy(s, x) and Hg(s, x) converge absolutely in Rs > 1/2+¢, and Hg(s, X)

converges absolutely in Rs > 23/32+¢. For f in Hy, or S,, the convergence
i all cases is uniform in q in the respective regions.

Proof. From the multiplicativity property of |A(n)|*, we have the Euler
product identity

Faj(s, x) = H(ZIM )X )_”S)-

Now we shall take T'= x(p)p~*°. For j = 2, we can easily derive

— L4,p<T)

UZO A ()T = (7028, (TS, (D)
where
Lip(T) =1— (T=12Xs(p)> + 6Ap(p)")T? +--- = T",
and
Swen@ =TI TI (- 0t apy—>T).
0<j<m0<i<n
in particular S,,(T") = Smxo(T), because of the facts from [24, Lemma 2,

Remarks|, namely

v o_ lep(T)
Z'TO 1T = s apsay

and

(1) = 1 (T 1270(n)? + G70(n) (0))T? + - — T,

where 79(n) is the nth normalized Ramanujan 7-function, and L}, S5, S}
are functions similar to Ly p, S, S4 with local parameters for 7o(n).
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For j = 3, the claim follows if we prove that

6 v L67P(T)
Z Ar(@*)PT 5 8 4 )
(1 =T)282(T)3S4(T)*Sax2(T)
It follows from the theory of Hecke operators that
a(p)v—i-l _ a(p)—v—l
a(p) —a(p)~!
Then the problem is reduced to showing that

(o)t —ap) N, Lo ,(T)
Z< a(p) — a(p)~? > = (1 =T)585(T)354(T)*Sax2(T)"

v=0

(2.16) A Y) =

By a straightforward calculation one shows that

i(avﬂ - 1>6t”

o\ a— 1
_ 1+ Ri(a)t + Ro(a)t? + Ri(a)a®t® + Ry(a)a™t* + a'5td
N (1 —abt)(1 —adt)---(1—1) ’

where
Ri(a) = a(5 + 14a + 194 + 14a® + 5a*),
Ra(a) = a®(10 + 35a + 66a* + 80a® + 66a* + 35a° + 10a°).

Inserting a = a(p)? and t = T//a(p)® into this identity, and using the facts
that .
Ri(a)t = (1—6As(p)* +5Ap(p)")T

Ry(a)t? = (=2 + 16A¢(p)* — 257 (p)" + 107 (p)°) T?,

we obtain
G v vo__ Nﬁ(T)
UZ::OP\f(p )T = So(T)”
where
No(T) =1+ (5X;(p)* — 6X;(p)* + )T

(10Af(p)6 — 25X¢(p)* + 16Af(p)* — 2) T2
+ (10A£(p)® — 25X;(p)* + 16)4(p)? — 2)T°
+ (5Ap(p)* — 6Af(p)? + )T + T°.
It is easy to derive
So(T) = 1= (\s(p)* = V)T + (As(p) — 1)T? = T?,
Sa(T) = 1= (Ar(p)* = 3A;(p)? + )T + (Ar(p)° = 5As(p)* + TAs(p)* — 2)T°
— (Ar(0)° = BAs () + TAf(0)* = 2)T° + (Ap(0)* = 3Xp(p)> + DT = T7,



240 Y. J. Jiang and G. S. Lii

and
S4><2(T) = S2(T)S4(T)SG(T).
Therefore,
Lep(T) = No(T)(1 — T)*S2(T)*S4(T)°
=1— (31— 90As(p)? + 105X (p)* — 601 (p)® + 15X (p)*) T2 + - - — T2
For j = 4, the goal is to show

v _ L8,p(T)
ZW L e L g BE Ay LT ey LG

From and some elementary calculations we derive that

e S (a@) T —al) L N(T)
;'Af(p U ‘Z::;( ) T Sy

where
N(T)
=1+ (TA;(p)® = 15X (p)* + 101 (p)? — )T + (210 4(p)*® — 10574 (p)®
+ 183X ;(p)® — 138X 1 (p)* + 424 (p)? — 3)T? + (35X 4(p)*2 — 23104 (p)*°
+560A7(p)® — 6107 (p)® + 2931 (p)"! — 52A5(p)* + 3)T° + (35A 5 (p)*?
— 2310 ;(p)' 4+ 560X (p)® — 610X £ (p)® + 293X f(p)* — 52X;(p)* + 3)T*
+ (2104 (p)' — 105X ;(p)® + 183X 1 (p)® — 138X (p)* + 42X s (p)* — 3)T°
+ (TAp(p)° — 15X (p)* + 10M s (p)? — D)T® +T7.
Since
Sixa(T) = (1 = T)S2(T)S4(T)Se(T)Ss(T)
and
S6(T) = 1= (Ar(p)® = 5Af(0)* + 6A7(p)> — DT + (A ()" — 9Af(p)®
+ 290 £(p)°® — 40X (p)* + 227;(p)® — 3) T2 — (A\p(p)'? — 11X s (p)'°
+ 46X (p)® — 901 (p)5 + 81N (p)* — 28X 4(p)? + 3)T2 + (\(p)*?
— 110 (p)™ + 46X ;(p)® — 90X 1 (p)® + 81 s (p)* — 28X (p)? + 3)T*
( 7)) =95 (p)® + 2921 (p)® — 40A;(p)* + 22Xf(p)* — 3)T°
Ar(p)® = BAp(p)* 4+ 6Xs(p)* — 1)TC - T7.
Thus, we obtaln
Lgp(T) = Ns(T)(1 = T)"S2(T)*S4(T)*S6(T)"
=1—(28\f(p)™? — 168X (p)'” + 490X £ (p)® — 840X f(p)©
+ 868\ (p)* — 504X f(p)? + 127)T2 + - .- — T4,
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When f € Hy, Deligne’s bound holds. From the convergence of the
series p~2% for Rs > 1/2 and the expression of Ly;j,(T), we know that
Hsj(s, x) converges absolutely in the region s > 1/2 + ¢ for any € > 0.

When f € 5,., we use an assertion equivalent to , which states that

(2.17) ()], la~" (p)] < p"/%.

From the expression of Lgj,(T), we obtain

R | ( (R (A

—4

)
=)

)
(2.18) H (s, X) <<H<1+O<’a( y8+ !a )|~ )
)

Hs(s,x)<<H(1+O(!a( )|12+|a |12 )

The convexity bound for L(s,sym* f x sym* f) (see [21]) implies that for
any o >1+¢,e>0,

8 -8
(219) H<1+ ‘Oé(p)‘ —;a‘a(p)‘ ) < 1.
P
Combining (2.17)-(2.19), we deduce that Hy(s,x) and Hg(s,x) converge
absolutely in the region Rs > 1/2 + ¢, and Hg(s, x) converges absolutely in
Rs > 23/32+¢. Moreover, since |x(p)| = 1, the convergence is uniform in ¢ in
the respective regions for all cases. This completes the proof of Lemmal[2.5] =

3. Proof of Theorem We shall complete the proof of Theorem [1.]]
by using the orthogonality relation of characters. Thus we have to investigate

the sum anm |)\f(n)\2jx(n).

PROPOSITION 3.1. Let f € Hy, and let x be a primitive character modulo
a prime q. For any € > 0 and g < 292, we have

(31) ST )P x(n) <o qut 0,

n<x
where 04 = 2/23,06 = 4/187 and 03 = 4/755.

Proof. Applying the Perron formula [14, Proposition 5.54] for the func-
tion (2.13)), we get, due to (1.2)),

I4+e+iT
1

S P = 5§ Byl ds+ Opulae/1),
n<x 14+e—iT



242 Y. J. Jiang and G. S. Lii

uniformly for 2 < T < z. By Lemmas and Fy;(s, x) is free from
poles in the rectangle 1/24+¢ <o <1+e. Then we derive
. 1
Zp‘f(n)‘QJX(n) = T ori SF2](S X) d5+0f€( 1+€/T)
C

n<x
where C'is the contour joining 1+e+iT, 1/24e+iT, 1/2+e—iT, 1+e—iT with
straight line segments. Since Ha;(s,x) converges absolutely and uniformly
in ¢ and s > 1/2 + ¢, it follows that

(3.2) > ()P x(n) = O(1h) + O(I2) + Ope(z'/T),
n<x
where
1 1+¢
L =7 S |G2j(0 + 4T, x)|z° do,
1/2+e¢
T
e 1/24e : 1/24¢ : dt
Iy := 2122 sup [Ga;(1/2 + ¢ + it x)| + 2'/77 §]Goj (1/2 + 2 + it x)| —
0<t<1

1
< a'? sup |Go;(1/2 4 +it, x|
0<t<1

2T,
1
+ 2/ sup = S |Gl2;(1/2 + € +it, x)| dt.
<<t h g

Next we shall only treat the case of j = 2, since the proofs of other cases
have similar steps. Inserting the upper bounds (2.8]) and (2.12)), namely,

L(O' + 4T, X) < (Q(‘T’ + 1))max{%(170.)70}+87
L(o + 4T, sym? f ® )*L(o +iT,sym* f © x)
< (q(|T| + 1))max {T0=0).01+<

(3.3)

we show, for ¢ < T2,
1 1+ )
(3.4) L < T S (qT)3(1—0)+5(qT)7(1717)Jr£-:xad0_7
1/2+¢

1+€ lod
23/34e720/3+ _r
«@er | () do
1/24¢

< q23/6+£T17/6+5x1/2+5 + lers/T‘
Applying the generalization of Holder’s inequality and (3.3)), we obtain
(35) I < q23/6+8$1/2+€

1
+ 212+ sup ?12,1(T1)1/6-72,2(T1)1/312,3(T1)1/27
1<mi<t Th
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where
2T,
12,1(T1) = S |L(1/2 +e+ it? X)|12 dt?
T
2T,
La(Ty) = | [L(1/2 + & + it,sym® f @ x)| dt,
Ty
2T,
La(Ty) == | |L(1/2+ &+ it,sym® f ® x)L(1/2 + £ + it, sym* f @ x)|* dt.
T
Since L(1/2 + e +it,sym? f @ x)% and L(1/2 + & +it,sym? f @ x)L(1/2 +
€+ it,sym* f ® x) are general L- functlons deﬁned in E[} with A = 9/2
and A = 4 respectively, we deduce from (2.9 and (]z that

La(Th) < (¢7)*"F,  Lp(Th) < (qT)g/Hea Lys(Th) < (¢7)**.
By inserting these into (3.5)) we obtain
(3.6) I < q23/6+€T17/6+51‘1/2+8.

Combining ([3.4), (3.6) and (3.2), we get (3.1) by choosing T = 2%/23/q.
Since ¢ < T2, we have proved (3.1)) for ¢ < 2%/?%. u

PROPOSITION 3.2. Let f € Hy, and let xo be a principal character modulo
a prime q. For any e >0, ¢ < z and j = 2,3,4 we have

(3.7) D )P xo(n) = Ry, q) + Op o (x%97),

n<x

L , 1 1 2
where Roj(x,q) is given in (3.9), and ¢4 = 1?5,06 12‘;’,08 = 28237’

Proof. By Lemma it can easily be seen that
2j

(38)  Fyj(s.x0) = Laj,(a7) [](1 = (@) =0q7*)% Gaj(s) Hay (s),
=0

where (see [T9])
Gu(s) = (s)*L(s,sym” f)>L(s,sym* f),
Go(s) = ((5)°L(s,sym® f)°L(s,sym* f)*L(s,sym" f x sym® f),
Gs(s) = ((s)"°L(s,sym® f @ x)*' L(s,sym™* f)"*L(s,sym* f x sym? f)°
x L(s,sym* f x sym* f),
and Hy;(s) converges absolutely in ®s > 1/2 + ¢ and Hyj(1 + it) # 0 for
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j =2,3,4. Applying the Perron formula for this function, we have

' 1 1+e+T e
S Pxo(m) = 5= | Baylsixe) S ds+ Ope(at™/T),
n<x 14e—iT

uniformly for 2 < T < z. From and the expressions of G;(s), the point
s = 11is the only possible pole of the integrand in the rectangle k < o < 1+¢
and |7| < T for any k € [1/2+¢,1), and it is of order ng; +1 = 2,5,14
respectively. Thus, we obtain

. 1 xs
S I Pxo(n) = B@) — 5 | Fayls, )" ds + Opo(a /),
n<z C
where Roj(x,q) = ress—1F5;(s, x0)z*/s, and C is the contour joining 1 +
e+l k+1iT,k —iT,1+ ¢ —4iT with straight line segments. By the residue
formula, Leibniz’s rule and Bruno’s formula, we have

(3.9)
&2 il N
Roj(z,q) = Z(Lgﬁq(Q‘s) [1 = a(@?i=9¢) 2j) _, Py (log )
k=0 i=0 =
ok _q(m) _
_ ni 5 dlsjq (4 1)Bkd<—logq (~logg)* d“)
Iral o oprol ’ e
=0 =0 o) mlrg!- - ro;! q q
2 L1 ((—a(q))2U—D)yri 2(j—i)\ Ch,~Ti
25° q a(Q) J
X . 1— P, k(1
E} (Ch; —m2)! ( q ) #Fnay {108 2),
where >~" means that the d = 0 term is absent if & > 1, £2(d) denotes
summing over m, ro, ...,re; with m-+rg+---+r; = d, and By 4 is the Bell
polynomial given by
k!
(310) Bk,d(xla$25"‘7xk‘—d+l) — Z N

... |
7i>0, j1+jo++ik—a+1=d J Jh—d+1

J1+2jet+ At (k—d+1)jg—a1=k
(B (2P man Y
1 2l (k—d+1)! '
2

[T - a@?=7¢=)% < (14477 < 1.
1=0

We also have

In addition we know that Hy;(s, x) converges absolutely and uniformly in ¢
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and s > 1/2 4 ¢. It follows that
Y ()P x0(n) = Roj(,q) + O(L) + O(I2) + Oy o (') T),

n<x
where
1 1+e
I = T S |G2J’(O' —|—ZT)|ZEU do,
) T dt
Iy := 2"%° sup |Goj(k +it, x)| + 2" S |Gl (K + zt)|
0<t<1 1
L 20
<L 2" sup — S |Goj (K + it)| dt.
<< Th 7

Finally, Proposition follows from the same procedure as in the proof of
[19, Theorem 1]. m

Proof of Theorem[1.1] Let x be a Dirichlet character modulo a prime q.
Applying Propositions [3.1] and we derive by orthogonality

3 \Af<n>r2ﬂ'=¢(1q) S xS rm)Fx(n)

n<x X (mod q) n<z
n=l (mod q)
ZI r(n +O(Z!>\f )P x( )
n<z n<lz

1 3
= ——Roj(z,q) + Oy (qu'2%79).
SO(Q) 2]( ) fe( )

Note that 1 — %02]- > cg;. This completes the proof. m

4. Proof of Theorem Chandrasekharan and Narasimhan [5] con-
sidered the average order of a class of arithmetical functions. To estimate a
special class, we refine their main O-theorem [5, Theorem 4.1] including the
conductor. We first give some notation.

Let {an},{bn} be two sequences of complex numbers, not all zero. Let
{An}, {in} be two sequences of strictly positive numbers, strictly increasing
to infinity. We define Dirichlet series ¢(s) and v (s) by

o

Z/\s’ w(s)zzbi

s’
=1 Hn

each of which converges absolutely in some half-plane and satisfies [5], (2.3)].

Let N
O‘vSTL/BU
=TI r(22"
) 1211( . )
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where N > 1, (§, is an arbitrary complex number, and A = Zivzl Qy, > 1.
Suppose that the functional equation

¢ A(s)p(s) = e(@)g*C A — 5) (5 - 9)
is satisfied with § > 0, |e(¢)] = 1 and that the only singularities of the
function ¢ are poles. Let
/
Ax) =) an,

An<z
where the dash denotes that the last term has to be multiplied by 1/2 if
T = A\p. Let

QRe) = 5 [ (o)™ ds

27
Co
where Cy encloses all the singularities of the integrand.
LEMMA 4.1. We have
&) — s_ 1 _ _
AQ(x) = QY(x) = O(¢" PPy 2Auga=aat A=) 4 Oy~ |Q} ()])
o > al),
r<An<z+O0(y)
for every 0 < y < x, and u =  — /2 — 1/(4A), where B is such that

Zio:ﬂbnluﬁﬁ < 0.
If in addition a, > 0, then

_85 — s_ 1 _ _
A(z) — QR (z) = O(gHFF=0)y=2Aug 2 —ax A=) 4 Oy~ QY (x)]).
Proof. The proof is similar to that of Chandrasekharan and Narasimhan.
Their results follow immediately by changing b,, — e(q)qA5bn, tn — ¢ i

PROPOSITION 4.2. Let f € S, and let x be a primitive character mod-
ulo q. For any e >0, g <z and j = 2,3,4 we have

. 7J 47 —
(4.1) S )P x(n) = Op e (g7 512 5771 77),

n<x

Proof. Let Gaj(s, ), Ha;(s, x) be expressed as Dirichlet series

o0 o0 o0

Gaglon) = 30 M) S 00y $ i)
n=1 n=1 n=1

where asj(n) are the coefficients of Gaj(s); it is known that agj(n) are
nonnegative (see [I8, Lemma 7.1]). Then by the refinement of Landau’s
Lemma [3, Theorem 3.2] we derive that

471
(4.2) > agj(n) = 2P, (log ) + O(z 7+ ).

n<x
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For any 2° < y < x, this yields the upper bound of as;(n) in short intervals
by subtracting the & sum from the z 4+ y sum:

j 43:71+5
Z azj(n) = O(ylog"” z) + O(xuﬂ )
$<n§$+y

Clearly, it follows from Lemma [2.1] that
q"*?725(5)Ga;(s,x) = e(£,x)q" 1 Pya;(1 = 5)Ga; (1 = s, %)

If y is even, that is, x(—1) = 1, it is clear that Q(0) = G2;(0,x) =
L(0,x) = 0. Applying Lemma with the parameters

43 1 1
§=1, A:E, B=1, u=

2 247
we deduce from (1.4)) that

(43) ) az(n,x)

n<x

4 —4dy1 4T

=0(g7y ™ T) 10 Y lay(n)]) + Oa)

z<n<z+0(y)
i _a i W1
= O(q%y e 1) + O(ylogdes P2i ) + O(x4j+1+5)
i g
— Of’g(q4f+1xij+i+€)7

4J 4J-1
which follows by taking y = g/ +1x4/+1 _
If x is odd, that is, xy(—1) = —1, we have Q3(0) = G2;(0,x) < ¢*'/?
by the convexity bound (2.12), which may lead to a higher bound than we

47 o AL 2
expect when ¢2 > g¥+1x4+1 " namely, ¢ > x4 . However, we can treat

this case by shifting the variable. A new Dirichlet series is defined by

nasg; (n’ X)
ns

hi(s:x) = Gaj(s —1,x) = )

n=1

Y

which satisfies a functional equation

0" P y25(5)Gh;(5,X) = €(f, x)a" B 2955 (3 — 5)Gh;(3 — 5, ).
Using Lemma [4.1| for G3;(s, x) with the parameters

43 1 1
5 37 2 b ﬁ b u 2 2 . 4]

and Q9 (0) = G5;(0,x) = G2j(—=1,x) = L(~1,x) = 0, one derives by choos-
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. 4j 4J:71+s
ing y =q¥+1x4+1 " " that

(4.4) Z nag;(n, x)

n<x

4J 441 494

=0(qzy 2z z 2 )+O<:z: Z |a2j(n)|)+o(x1+3%j)

z<n<z+0(y)
Jo 4 J 2.47
=0(qTy T 2 7)) + O(ywloghe ™ z) + O (41 )
4.7 2.4j
= Ope(qP iz,

Then the estimate (4.3) also holds for odd x by partial summation. Note

4 A
that the estimate above is only established for y = g4/+! g1t

is, ¢ < &Y/~ For ¢ > x1/¥ ¢ by ([@.2) we obtain

° < z, that

49 4T
ZCLQJ n,x) < Zagj ) < xlog"? x K g1+l

n<x n<x

Combining all cases, one can derive that (4.3) is valid for any primitive x
and ¢ > 0. Moreover, we know from (2.15)) that

(4.5) AP Pxn) = 3 sy o, )by 0,0

n=uv
By Lemma it follows from the absolute and uniform convergence of
Hjj(s,x) in the respective regions of s that

(4.6) D> I ()Px(n) = bai(v,x) Y agi(u, x)

n<x v<x u<:c/v
4J 4l b
: —+¢€ | 2] v, X)|
4T +1 pait1
< q x E o1,

v=1 U43+1

LR U
<< q41+1x4J+1 ]

PRrROPOSITION 4.3. Let f € S, and let xo be a principal character modulo
a prime q. For anye >0, g < x and j = 2,3,4 we have

(4.7) Z |/\f(n)‘2jXO(n) _ jo(a:,q) + Of,s (w%—%s).

n<x

Proof. By Lemma

(4.8)  Fy(s,x0)

- H(l — ag)?U=0q%) %% Ga;(s) Haj (s, xo) =: Gaj(s)Ha;(s, q).
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Let by;(n, q) be the coefficients of Hy;(s,q). Then

bo.; , 1 k
(4.9) Haj(s, ) ®oy = (1) 3 2l @) logTn

ns
n=1

and

i (@) < 3737 Jbay (my x0) | (Ja(@)] + la(q)| 7).

i=0 gim=n

Further, from (2.17) and the convergence properties of Hy;(s, xo) we have

(410) Y [baj(n,q)]
< 3 (@ +la@ 7)Y [byj(m. x0)]

i<logy @ m<z/q’
491 27 —25\ ¢ ]
<3 (O 5 )
1<logy x q+1 m<z/qt M4+
491 2j —25\ ¢
< Y (Ia(q)l ‘;J?(QN >
i<logy x q4J'+1
J_
S$i7+1+€

It is easily seen from (4.8)) that
IAp(n)[Pxo(n) = agj(u)by; (v, q).

n=uv

Combining this with (4.2)), we obtain

Z IAr(n)| 7 xo0(n) = 2523'(%6]) Z azj(u)

n<zx v<zx u<z/v

baj(v,4) p, Polie o [025(v, 9
:CCZ]T ngj 10g +O x4j+1 azz]il .

v<zx v<zx U4J+1+€

By partial summation and (4.10)), we have
@11) S )P xo(n) = xi b0 p (1052 4 0 (a7
‘ n<x ! v=1 v " v
41
—: Maj(z,q) + O(z v+ 7).

It remains to compute Ma;(z,q). For convenience, suppose P, is a polyno-
mial of degree k, not necessarily the same at each occurrence. Then from
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(4.9), we have

> boi (v,
Msj(z,q) = x Z 2](Uq)Pn2j (logx — logv)

v=1
n2; oo
b )1
:ZZ 24 (v, 9) log* U;rPnQJ x(log z)
k=0v=1
naj 1, —s 2 2(j—i) ,—s\Ci. (k)
=Z<sz,q(q )] - el q )%sz(s)) o
k=0 i=0

X 2P, 1(logx)
& 2 - i\ ()
= Z(Lz_ﬁq(q’s) [1a- a(q)m*’)q’s)czf')
k=0 i=0
Then the result can be obtained from . In fact, a precise calculation
shows My;(z,q) = Roj(x,q) = ress—1F2;(s, x0)z°/s. =
Finally, as in the proof of Theorem combining Propositions [1.2]
and we have

lemj,k(log ).

S=

4 4

(412) Z ‘ ( )’23 = WR%(CU Q) + Ofe(q4j+1x4j+1+€)

n<x
n=l (mod q)

This completes the proof of Theorem
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