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A note on minimal zero-sum sequences over Z
by

Papa A. S1SsOkHO (Normal, IL)

1. Introduction. We shall follow the notation and definitions in Gryn-
kiewicz’s new monograph [15], and refer the reader to it for the definitions
that were omitted here.

For all integers = and y with z <y, let [z,y] ={i € Z: = < i < y}. Let
Go be a non-empty subset of an additive abelian group G. Let F(Gg) denote
the free multiplicative abelian monoid with basis G, and whose elements are
the (unordered) sequences with terms in Gg. The identity element of F(G)),
also called the trivial sequence, is the sequence with no terms. The operation
in F(Gy) is the sequence concatenation product that takes R, T € F(Gy) to
S=R-T € F(Go). In this case, we say that R (and T") is a subsequence of S.
For every S =s1-... s € F(Gp), let

the length of S, denoted by |S|, be |S| = ¢;
the sum of S, denoted by o(S), be o(S) = s1+ -+ + s¢;
(L1 the average of S, denoted by Say, be Say = a(5)/|5];
the infinite norm of S, denoted by |[|.S]|cc, be ||S]|cc = 1s<u1<) si.
i<t

For any g € G and any integer d > 0, we let

g =gy
——
d

where ¢l¥ denotes the empty sequence if d = 0.

A zero-sum sequence over G is a sequence S € F(Gy) such that o(S) =0.
Such a sequence is called minimal if it does not contain a proper non-trivial
zero-sum subsequence. Then the submonoid

Bo = B(Go) = {5 € F(Go) : o(8) = 0}
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of F(Gyp) is a Krull monoid (see e.g. [15]). The set A(By) of atoms of By is
the set of all minimal zero-sum sequences in By. A characterization of A(By)
would shed some light on the factorization properties of By (see e.g. [12, [13]).

Given a minimal zero-sum sequence S = s1-...-s; € A(Byp), we are
interested in bounding its length depending on its terms s; for ¢ € [1,¢]. We
are also interested in finding a natural structure for A(By) when Gy (and
thus By) is finite.

The study of zero-sum sequences in B(G) when G is a finite cyclic group
is a very active area of research (see e.g. [2, [, [6, 9 18, 19 22]), with ap-
plications to factorization theory (see e.g. [3, 10, 11l 12]). Similar, but less
extensive, investigations have been carried out when G is an infinite cyclic
group (see e.g. [4] 7, [13], [14]).

For all S € B(Z) with |S| finite and |S| > 1, there exist positive integers
al,...,an and by, ..., by, with ag <--- <a, and by < --- < b, such that

n m
(1.2) st=T]d", s =TJC-b)¥, s=85" 5"
i=1 j=1
where x; and y; are positive integers for all i € [1,n] and j € [1,m].

In his work on Diophantine linear equations, Lambert [I7] proved the

following theorem.

THEOREM 1.1 (Lambert [I7]). Let S be a minimal zero-sum sequence
over Z with |S| finite and |S| > 1. If S is as in (1.2)), then

‘S—i_’ < HS_HOO =bm and |S_’ < HS+Hm = ay.

This was reformulated and reproved in the language of sequences by Ba-
ginski et al. [4]. Perhaps due to inconsistent notation across various areas,
Theorem has been independently rediscovered by Diaconis et al. [8] and
Sahs et al. [21]. Currently, the best bounds for |S*| and |S~| are due to
Henk-Weismantel [I6]. They proved the following theorem of which Theo-
rem is a special case upon setting £ = m and k = n.

THEOREM 1.2 (Henk-Weismantel [16]). Let S be a minimal zero-sum
sequence over Z with |S| finite and |S| > 1. If S is as in (1.2)), then

-1 m
by —b; b;—b
(Jo) 1S <by— E L Za ijj+ E [ jal é—‘yj for all £€[1,m],
j=1 " j=t+1

k—1 n
_ ax — a; a; — ag
(Ie) [57]< ak*Z \‘ JxmL Z ’Vbl-‘mz for all k€ [1,n].

i=1 bm i=k+1
In this paper, we improve on Theorem [1.2] by proving the following the-
orem.
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THEOREM 1.3. Let S be a minimal zero-sum sequence over Z with |S|
finite and |S| > 1. If S is as in (1.2)), then

j=103Y "
1T < |-S5] = {WJ and [ST| < [S] = {ZT%J
2 j=1Yi die1 Ti
The bounds in Theorems are all tight for the minimal zero-sum
sequences

S = a[m] . (_b)[M]’

for all positive integers a and b. On the other hand, if we consider the
minimal zero-sum sequence S = 3. 421 (—1)[2. (—9)[, then Theorem [1.1
yields [S*| < 9 and |S~| < 4, Theorem [1.2) yields |ST| < 4 and |S7| < 4,
while Theorem [1.3 yields the tight bounds |ST| < 3 and |S™| < 3.

In Section [2| we prove Theorem by refining the method of Sahs et
al. [21I]. In Section |3, we define a natural partial order on the set A(Bp) of
minimal zero-sum sequences and discuss its relevance. In Section [4}, we show
that the bounds in Theorem are always sharper than or equivalent to
the bounds in Theorem [[.2l

2. Proof of Theorem Let G be an additive abelian group, and
let S =51-...-8 € F(GQ). For all i,j € [1,t] such that i # j, let S” be the
sequence obtained by removing the terms s; and s; from S and inserting
(anywhere) the term s; + s;. We call this process an (s;, s;)-derivation and
say that S’ is (s;, sj)-derived from S. We also say that S’ is derived from S
without specifying the pair (s;,s;). For instance, if S = 23] . (—3)[2}, then
S =201 (=3).(—1) is (2, —3)-derived from S, and S’ = 4l . 2l . (—3)[?] is
(2,2)-derived from S.

We will use the following lemma, which is a special case of Lemma 2 in
Sahs et al. [21I]. For completeness, we include a very short proof.

LEMMA 2.1. Let G be an additive abelian group. Let S = s1-...- s be
a minimal zero-sum sequence over G, and let i,j € [1,t] be such that i # j.
If 8" is (s;, sj)-derived from S, then S’ is also a minimal zero-sum sequence
over (3.

Proof. By definition S’ is a zero-sum sequence over G since s; + s; € G
and

o(S")=o0(s) —s; —sj+ (si+s;) = 0(S) = 0.

Suppose that S’ is not minimal. Then there exist non-trivial zero-sum sub-
sequences R and 7' such that S” = R-T, and the specific term s; + s; (there
may be other copies of s;+s; in S” and S) is a subsequence of either R or T,
and not both. Thus, either R or T is a proper zero-sum subsequence of S.
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This would contradict the minimality of S. Thus, S’ is minimal zero-sum
sequence. m

We now prove our main theorem.

Proof of Theorem [1.3 Let S be a minimal zero-sum sequence over Z

with |S] finite and |S| > 1. Then there exist positive integers aq, ..., a, and
bi,...,by, with ag <---<a, and by < --- < b, such that
n m
f=Tla", s =][-bpk), s=5%.5,
i=1 Jj=1

where x; and y; are positive integers for all i € [1,n] and j € [1,m].
We shall prove by induction on |S| > 2 that
(2.1) ST < =S, and |ST| < S

If |S| = 2, then we must have m =n =1, S =a; - (—b1), and a; — b = 0.
Since aq,b; > 0, the statement clearly holds. Assume that |[S| > 2
and holds for all minimal zero-sum sequences R such that 2 < |R| < |S].
If a; = bj for some ¢ € [1,n] and j € [1,m], then S = a; - (—b;), as
otherwise S’ = a; - (—b;) would be a proper zero-sum subsequence of S,
which would contradict the minimality of S. Thus, we may assume that

(a1, any N {b1, ... bm} = 0.

Without loss of generality, we also assume that a, = [|ST||oo > [|S ™ |leo = bm.
To prove the inductive step, we first show that |ST| < —S,,. Since

Tp >0, Yy >0, and a, — b, > 0, we can use Lemma to perform an

(an, —bp)-derivation from S, and obtain the minimal zero-sum sequence

R = (an [— b )[1] [ivn—l} . H agmz] . _b y'm—l] H [yj

where we omit the term a,, if , = 1 and the term (—bm) if yp, = 1.
Since |R| = |S| — 1, it follows from the induction hypothesis that

(2.2) IRT| =1+ ( Z:z: Zn:;c

et s
B ~ ( - )+Zj 1 y]
Since by, = ||S7 ||oo > [|R7||co, it follows from ) that

[RT| =) i < (vm = Db + 257 . Yibi _ —o(57) _ -S...

i=1 L+ (ym — 1)+ 375y 1571 o
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Thus,
n
(2.3) ST => wi=|R"| < -5,

Next, we show that |[S~| < S . Since ¢(S) = 0, we have o(ST) =
—o(S7). This observation and (2.3) yield
—o(S7)  o(ST) _ _o(Sh)
= , so [ST|< =S
5] |15 \5+|
Since |ST| and |S™| are integers, the theorem follows from and (2.4)
by taking the floors of S}, and —S,. =

REMARK 2.2. Let S be as in ([1.2]) and suppose that there exists ¢ € [1,m)]
such that

(2.4) ST < -85, =

> ity by,
Zﬁl Yj

Then the (ay,, —b¢)-derivation on S yields the minimal zero-sum sequence

(2.5) an > by > =S5, =

m
R = (an — b)Y - alzn1] Ha il —by) w1l H (—bj)[yj].
=1, j#t
Thus, by applying Theorem [I.3]to R, we obtain

(2.6) |57 = Zl’z = |RT| < [-Ry].

Since —R,, < —S,, (by the definition of R and (2.5)), the bound for |S¥]|
in is sometimes better than |ST| < | -S| given by Theorem [1.3, By
symmetry, we may sometimes obtain a better bound for [S™| in a s1m1lar
manner.

3. The structure of the minimal zero-sum sequences. Let Gg
be a finite subset of Z. We are interested in finding a natural structure on
the set A(Bp) of minimal zero-sum sequences in By = B(Gp). As mentioned
in the introduction, A(Bp) is also the set of atoms of the Krull monoid
By. There are other interesting interpretations of A(Bp). In the context
of Diophantine linear equations (see e.g. [16, 17, 20]), A(By) corresponds
to the union of all Hilbert bases @7 which are minimal generating sets of
all the solutions. In the context of integer partitions, each sequence S =
ap-...-ap-(=b1)-...-(=by) € A(Bp) such that p+¢q > 3, a; > 0for i € [1,p],
and b; > 0 for j € [1,q], corresponds to the primitive partition identity

(*) This union is also known as the Graver basis of the corresponding toric ideal
(see e.g. [24]).
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ai+---+ap=">b1+---+0by (see [§, p. 1]). Primitive partition identities were
studied by Diaconis et al. [8] who were motivated by applications in Grébner
bases, computational statistics, and integer programming (see e.g. [23), 24]).

In the process of characterizing A(Bp), we assume that S = s1-...- s¢
€ A(By) is equivalent to —S = (—s1)-...-(—s¢) € A(Bp) and we only include
one of them in A(Bp). For any positive integer n, define the n-derived set,
Dn(S),of S=3s1-... s € B(Z) by

D, (S)={5":4,j € [1,t], i #j, S"is (s;, s;)-derived, and ||S'||oc < n}.

Given R, S € B(Z), we write R <,, S if and only if R =S or R € D,(95).
The following proposition is a direct consequence of Lemma

PROPOSITION 3.1. Let n be a positive integer, Gy = [—n,n], and
By = B(Gy).

(i) IfS S .A(Bo), then Dn(S) - .A(BQ)
(i1) Pn = (A(Bop), <n) is a poset.

For instance, if S = 203 . (=3)[2 then Figure [1| shows the poset Ps.
Note that S" = 2B . (=6) is (=3, —3)-derived from S, but S’ & D3(S) since
|5 |co = 6 > 3.

2031 . (—3)[

-(=3) - 18] . (=3)

>< |

2[2]
2-1-( 121 (—2) ~ 2. (-1
3-(=3) 2. ( ><

\/

0

Fig. 1. The poset Ps

Let M,, be the set of maximal elements of the poset P, of Proposi-
tion [3.1] i.e., M,, contains all minimal sequences R € A(Bp) that cannot be
derived from any S € A(Bp). Then the following proposition is immediate.

PROPOSITION 3.2. Let n be a positive integer, Gy = [—n,n|, and
By = B(Go). If Q is a set such that M,, C Q C A(By), then

0) =QuU | Du(s)

SeQ
where we assume that S € A(By) is equivalent to —S € A(Bp).
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For instance, Figure [T] shows that
Mg = {288 (=3)P) 18] . (—3)l1]},
We also verified that
31) M, C {deen . (—p)lEm) g b e 1,0} forn e [1,5].

However, by using the 4ti2-software package [I], we found that (3.1)) does
not hold for n = 6. In particular,

My — {dmatan! . (—p)wtan]  a,b e [1,6]}
_ (o2 3l 51 ()2 100 3l 42 )2y,

Determining M,, (or a small enough superset of M), for all n > 0,
would directly yield an algorithm for generating P,, and an approach for
computing the cardinality of A(By) (e.g., by studying the Mébius function
of Pp).

4. Comparison of the bounds in Theorems & In this
section, we show that the bounds in Theorem are in general sharper than
or equivalent to the bounds in Theorem To do this, we will show that
it is enough to compare those two theorems for sequences S (where S is as

in (1.2])) such that

m n
(4.1) a <157 =) yi<an and b <|ST|=D 2 <bp
j=1 i=1
First, note that it follows from Theorem that
m n
(4.2) Zyj =S| <a, and le = |ST| < bp.
j=1 i=1

Let ¢ € [1,m], k € [1,n], and consider the upper bounds

by — b by — b
(4.3) UJL,:bg_Z{ - ]Jyj+ Z{ JJyj,

- . ay
7j=1 j=f+1
e —a " Ta;—a
k — Ug , — Uk
> - e e
=1 i=k+1

in the inequalities (.Jy) and (Ij,) of Theorem [I.2] where a; < --- < a,, and
by < < by

Without loss of generality, assume that b,, > a,. Then LC““T;C”J =0 for
1 <i < k <n, and it follows from that

(4.5) Ur, > ap>a; forall ke [l,n].
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Thus, it follows from (4.2), (4.5), and the fact that S} > a; that Theo-
rems and can only give meaningful upper bounds for |S™| if

(4.6) a <1571 =)y < an.
j=1

Next, it follows from the definition of —S; in (1.1} that
—0(S7) _ 2j1by;

(47) _Sa:/ = _ = m
|5~ Zj:l Yj
T beyy = s (be = by)yy + o (b — by
Z;n:1 Yj
l— m
Zj:i(b@ — bj)y; Zj:erl(bj — be)y;
= bﬂ - m + m .
Zj:l y] Zj:l y]
Since a; < -+ < a, and by < -+ < by, it follows from (4.6)) and (4.7) that
-1 m
_ (be — bj)y; (bj — be)y;
(48) _Sav < bé - Z —_— + Z —_—
j=1 n j=t+1 a1

b —b " Thy—b
¢ — Yy  — U¢
Sb/g—Z{ ]Jyfr Z[J —‘yj:UJe'
X Gnp . ai
7=1 Jj=0+1

Thus, Theorem and (4.8) yield
(4.9) ST < =S < =Sa < U,
which implies inequality (J;) of Theorem

Moreover, it follows from (4.9) and the definition of —S,, that
(4.10) by < —So, < Uy,

Thus, it follows from (4.2) and (4.10) that Theorems and can only

give meaningful upper bounds for |S™| if

n
(4.11) by <|ST|=D 2 < by

i=1
Similarly to the proof of (4.9), we can now use (4.11) to show (although
we omit the details here) that Theorem [1.3|implies inequality (/i) of Theo-

rem 7] i.e.
(4.12) 1S < LS&) < S < U,

Finally, it follows from (4.9)) and (4.12)) that the bounds in Theorem [1.3|are
in general sharper than or equivalent to the bounds in Theorem
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