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Some new families
of Tasoevian and Hurwitzian continued fractions

by

JAMES Mc LAUGHLIN (West Chester, PA)

1. Introduction. In this paper we exhibit several new infinite families
of regular continued fractions of Hurwitzian and Tasoevian type, continued
fractions whose value can be expressed in terms of certain infinite series.

Hurwitzian continued fractions ([2], [3]) are of the form

[Go;ah .. '7akaf1(1)7 . afn(l)’fl(2)7 . 7fn(2)7 : ]
=: [ag; a1, ..., ax, fi(m),..., fu(m) 5=

Here the f;(x) are polynomials with rational coefficients taking only positive
integral values for integral x > 1, and at least one is non-constant. The
integer n is termed the quasi-period of the continued fraction. The closed
form for Hurwitzian continued fractions is not known in general. This class
contains numbers like

e=1[2:1,2,1,1,4,1,1,6,1,...] = [ T,2m, 1]°°_,,
tanl=[1;1,1,3,1,5,1,7,1,9,...] = [1;2m — 1,1]%_,.

These continued fractions were also investigated by D. N. Lehmer [13],
D. H. Lehmer [14], and more recently by Komatsu in [5], [7], [8], [10] and [11].
A nice example that follows from Lambert’s [12] continued fraction

(1.1) etz 2 2
ef—e* 1+ 3 +5 +

is the following (see also [5]):

z

v 1 o0
\/;tan N =[0;u—1,1,(dk — v —2,1, (4dk + 1)u — 2|72;.
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A subclass of Hurwitzian continued fractions (with all polynomials f;(z)
of degree 1) is due to D. H. Lehmer [14], who found closed forms for the
numbers represented by regular continued fractions whose partial quotients
were terms in an arithmetic progression,

I (a/b) (2/6)
Tia/p)-1(2/b)

i 2/2)V+2m
I'(m 'v+m+1)

m=0

(1.2) [0;a,a + b,a+2b,a+3b,...] =

where

More transparently,
b~ 2k

o)
Z a/b k’-i-lk'

k=0 " """
S b2k ’

— (a/b)kk!
where (a/b)g =1 and (a/b)r = (a/b)(a/b+1)---(a/b+ k —1) for k > 0.
Lehmer also evaluated continued fractions whose partial quotients con-

sisted of two interlaced arithmetic progressions. Let a, b, ¢ and d be integers
satisfying

[0;a,a+ b,a+ 2b,a+3b,...] =

o-\»a

2bc = d(2a + b).
Then

d Lga/m)(4/Vbd
0;a,c,a+b,c+d,a+2bc+2d,...]= \f (2a/0)(4/ V) -
b I(aa/ey—1(4/V/bd)
An example that Lehmer gave of the former type was the following;:
P
= (m!)?
1;2,3,4,5,...] = "=

o0

n .
2 i 11
£ ml(m +1)!

Tasoev [18], [19] proposed a new type of continued fraction of the form

(1.3) [agsa,...,a,a% ..., a%d®, ... d%, . ..],

m m m
where ag > 0, a > 2 and m > 1 are integers. This type was further investi-
gated by Komatsu in [4], where he derived a closed form for the general case
(m > 1, arbitrary). Komatsu gave several variations of Tasoevian continued
fractions in [5]-[8]. In [16], the present author and Nancy Wyshinski derived
several variations of Tasoev’s continued fraction from known results about
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g-continued fractions. Two examples of our results from that paper are the
following.

EXAMPLE 1. Define
oo ( 1)ncnqn(n+1)/

F(c,d, q) ::Z

2 (G ulealds
and let w = ¢>™/3_ If ¢ > 1 is an integer and c is a rational such that a/c is
an integer, a/c > 2, then

0% 91 ak+1 5 * (c¢/a)F(—aw/a,w? 1/a)
e Hh e (L + /) P(—cw,w?, 1/a)’
EXAMPLE 2. For r, s and ¢ € C with |¢| < 1, define

ad (
¢(T357Q) :Z( q

— (G Dn(=5GD)n

n2+n)/2rn

Let m and n be positive integers and let d be rational such that dn € ZT
and dmn > 1. If n > 2 and m > 1 then

[07 17 d2k—2p2k—1 _ 27 1’ m2k—1 _ 17 d2k—1an:7 m2k — 1 ]Z°=1
¢(dm,d,—1/dmn)
é(—1/n,d,—1/dmn)’

In the present paper we continue our work with g-continued fractions,
giving g-continued fraction proofs for some existing families of Tasoevian
and Hurwitzian continued fractions. In addition, we also find the limits of
some new families of Tasoevian and Hurwitzian continued fractions.

We also evaluate various finite continued fractions containing arithmetic
progressions, deriving Lehmer’s results in the limit.

2. Tasoevian continued fractions. In [1], the following result on ¢-
continued fractions was proved:

THEOREM 1. Let a, b, ¢, d be complex numbers with d # 0 and |q| < 1.
Define

Hi(a,b,c,d,q) = 1 _—abgte —abg™ ! :
RO OOD =T atb)g+rd+ + (a+b)g +d +
Then
i b/d c/bd) (G+1)(G+2)/2
21) — - q_ c—aba j=o Dol ad/ s
Hi(a,b,c,d,q) (d+ aq)q i b/d c/bd) g U+1)/2

= (—aq/d);
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Here we are employing the standard notation for g-products:

n—1

(o= (5@l =1, (= ()= [[(1-24") ifn>1
k=0

This theorem immediately leads to some general results concerning Taso-
evian continued fractions.

THEOREM 2. Let ¢, e and m be integers, m > 1, and let d be a rational
such that dm? dem/e € N, and ¢+ dem/e, e + dm? > 0. Let

e—/e2+4e/c p_ et e2 +4e/c

2 ’ 2

a =

Then

dc >
(2.2) 0;¢+ ;m%_l,e + dm?"

n=1

o0 b/d nm—n(n+3)/2
3 : (b/d)

e/ a0 1/m;1/m)n(—a/dm?;1/m)n,
md+a X (b/d)nm—n(n—i-l)/Q
TLZ:;) (1/m;1/m)n(—a/dm;1/m),

Proof. With the stated values of a and b,

de o
0; c+ — anfla e+ dm?2n
(&

n=1

1 1
" “((a+b)+dm)/(ab) + (a+0b) +dm2 +
1 1
-+ —((a+b) +dm?>=1)/(ab) + (a+b) +dm?" + ---
_ —ab —ab —ab
(a+b)+dm + (a+b)+dm? + - + (a+b)+dmm + -
_ —ab/m —ab/m? —ab/m?"~1
(a+b)/m+d+ (a+b)/m2+d -+ + (a+b)/mr+d+ -

The result now follows from (2.1), upon setting ¢ = 1/m and ¢ =0. =

COROLLARY 1. Let ¢ and m be integers, m > 1, and let d be a positive
rational such that dm € N and ¢+ dm > 0. Let
c—Vc2+4 c+Ve2+4
—

= - b:
a 9 N
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Then
i (b/d)nm—n(n+3)/2

- i — (1/m;1/m)n(—a/dm2;1/m),
(2.3) [0;c 4+ dmn ]2, = md +a of (b/dy /2 )
r§) (1/m;1/m)p(—a/dm;1/m)y,

Proof. Let e = ¢ in Theorem 2. =

REMARKS. (1) We believe that the limit of the general Tasoevian con-
tinued fraction of the form [0; ¢+ dm™ |5 ; has not been evaluated before,
although special cases have occurred in the literature, such as [0;dm™ ]2,
by Komatsu in [5]. We believe that the evaluation of the general Tasoevian

continued fraction [0; ¢ 4+ %m%*l, e+ dm?m ]9 is also new.

(2) It is clear from Theorem 1 that (2.3) also holds for many cases where
the partial quotients in (2.2) or (2.3) are not positive integers. In partic-
ular, we can let the parameters assume negative values and then convert
the resulting continued fractions to regular continued fractions by removing
any resulting non-positive partial quotients. This will produce still further

general classes of Tasoevian continued fractions.
To accomplish this, we recall, as noted in [17], that

[m,n,0,p,a] = [m,n+p,a] and [m,—n,al=[m—-1,1,n—-1,—q].

We give two examples to illustrate the phenomenon, using the continued
fraction at (2.2):

COROLLARY 2. Let ¢, e and m be integers, m > 1, and let d be a positive
rational such that dm? dem/e € N. Let
e—y/e?+4e/c b_e+\/62+4e/c

“= 2 ) 2

(i) Suppose that dem/e —c —2 >0 and dm?* + e —2 > 0. Then

(2.4) 0;17%7%2”_1 —C—2,1,dm2"—|—e—2}
n=1
S () (m) 2
—1 efc =0 (=1/m; =1/m)n(—a/dm?; =1/m),
T e Sy R

Z (=1/m;—=1/m)n(a/dm;—1/m),

n=0
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(ii) Suppose that dem/je+c—1>0 and dm?® —e —2 > 0. Then

@25 [0:Cmt 11 dm—e—2.1, % 2t oo
e . -~
= (—b/d)"(—m)*n(n+3)/2

_ e/c =0 (—=1/m;—=1/m),(a/dm?;—1/m),
Comd+a X (_b/d)n(_m),n(nJrl)/Q

nZ:O (_1/m; _1/m)n(—a/dm; —1/m)n

Proof. The identity at (2.4) follows from (2.2) upon replacing m by
—m, removing the negative partial quotients from the continued fraction
as described above, and finally moving the initial —1 to the right side. The
identity at (2.5) follows similarly, upon replacing d by —d and m by —m. =

Before coming to the next result, we need some more terminology. We
call dy + K22 ¢ /dy a canonical contraction of by + K2 ay /by, if

(2.6) Ck :Ank, Dk = Bnk for k:0,1,2,...,
where C,,, D,,, A, and B, are canonical numerators and denominators of
do + K2 cn/dy and bg + K52 4 ay, /by, respectively. From [15, p. 83] we have
the followmg theorem:
THEOREM 3. The canonical contraction of bg + K22 ay, /by, with
Cp= A4, Dp=DBy fork=0,12,...,
exists if and only if box, # 0 for k=1,2,..., and is in this case given by
baay azazby /by asasbe /by
boby + a2 — a4 + bsby + a3b4/b2 — ag + bsbg + a5b6/b4
The continued fraction (2.7) is called the even part of by + K22 ay/by,.

If a continued fraction converges then of course its even part Converges to
the same limit.

(2.7) by +

THEOREM 4. Let u and v be positive integers, u,v > 1, and let e and f
be rationals such that eu, fv € N. Then

(2.8)  [0;eun, fo™ o2y

> (ef)~"(uv)—"n+3)/2
_ (1 _ 1 >ZO (1/uv; 1/uv),(—1/efudv?;1/uv)y,
- \euw  efulvte i (ef) " (uv) "(n+D/2
 (1/uv; 1/uv)n(=1/e fuv; 1/uv)y,

Proof. We consider the continued fraction
(2.9) [0; b1, eum, fom 52

n=1»
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with b; an arbitrary positive integer. Clearly, this continued fraction con-
verges, and is thus equal to its even part. By (2.7) this equals

(2.10) euby +1 — 1+ (efu)(wv) +u — 1+ (efu)(uv)?2 +u — -
eu u/(uwv) u/(uv)3

euby +1 — (1 4+u)/(wv) +efu — (1 +u)/(uwv)2 +efu — -
We now apply Theorem 1 to the first tail of the continued fraction above,
setting ¢ = 1/uv, ¢ = 0, d = efu, a = 1 and b = u. The result follows
upon inverting both the expressions resulting from (2.10) and the continued
fraction at (2.9), and then cancelling b;. =

REMARK. Komatsu [5] has a result concerning Tasoevian continued frac-
tions of the form [0;ua®,vb*¥]%,, but he does not explicitly compute the
limits, expressing them instead as ratios of series containing certain func-
tions, Ry, and Ry, which are defined recursively for n > 0. We believe the
result in Theorem 4 to be new.

In [14], where Lehmer investigated continued fractions whose partial quo-
tients were in arithmetical progressions, he remarked that it was also pos-
sible to evaluate continued fractions in which the terms forming the arith-
metic progressions were separated by constant strings of arbitrary partial
quotients. We next show that this can also be done with some classes of
Tasoevian continued fractions.

THEOREM 5. Let ¢, e and m be integers, with m > 1. Let aq1,...,a be
fixed positive integers and, for 1 <i <k, define P; and Q; by
P, 1 1 1

Qi_al +a2+'~ —i—ai’
and set C = Qp_1 + P +¢cQp and E = Qi_1 + P + eQr. We suppose
further that d is a positive rational such that Cdm/E, dm € N.
If k is even, set

E-E*{4E/C  _E+E*{iE/C

a= 5 7 5
Then
C e
(211)  |0a1,. ap e+ 5 dm? ' ay, o ag e + dm?
n=1
i (b/dQy,)m " +3)/2
P E/C = (1/m;1/m)n(—a/dQrm?; 1/m)n
C Qx Qr(mdQy +a) & (b/dQp)" —n(n+1)/2

)"m
2 (1/m; 1/m)n(=a/dQxm; 1/m)n

n=0
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If k is odd, set

E-JEZ—4E/C E+/E?—4E/C

a = s b:
2 2
Then
C o on-1 2 >
(2.12) O;al,...,ak,c+Edm" ,al,...,a, e+ dm2n
n=1
i (b/dQy)"m™r )2
P, g/ = (/mil/m)n(—a/dQrm?; 1/m)y

T Q' Qu(mdQy +a) SO il
' (1fm; 1/m) o (—adQums 1/m),

Proof. For any «,

. _abi+ B P (PeaQr — Qi P)/Q}
0;a1,..,ax, 0] = aQr + Qi1 Qx * Qi—1/Qr +
_ B n (—1)*/Q}
Qr  Qr-1/Qr+a’

where the last equality follows from a standard identity in continued frac-
tions. Thus

o0

C
[O;al,...,ak,c—i—Edmzn_l,ah...,ak,e—i—dmzn]

n=1
e (143
Qr  Pr+Qr dCm + Pp+ Q1 y T
RLAE L +e+4dm
Qk E Qr

= &_'_i (_1)k (—1)k
CQr Qg C+%m+E+kom2+“‘ .
E

If k£ is even, then

o0

C
[0;@1,...,%,04— Edm2”1,a1,...,ak,e—|—dm2n]

n=1

o0

m2n—1 F 4 koan] 7

n=1

P 1
—ZE L o0 4+ =2k
Qr Qk[

and (2.11) now follows from Theorem 2.

CdQy
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If £ is odd, then

C [e.e]
0;a1,...,ag,c+ —=dm?»1 ay, ... ax, e+ dm2"
E n=1
P, 1 (=C)dQx >
=—4+—|0;(-C) + —=—m> 1 E+dQym?"

and (2.12) likewise follows from Theorem 2. m

255

COROLLARY 3. Let ¢ and m be integers, m > 1, and let d be a positive
rational such that dm € N and ¢+ dm > 0. Let aq,...,a; be fized positive

integers and, for 1 <i <k, define P;,Q; by
P 1 1 1

Qi atat-ota
and set C' = Qp_1 + Py + cQy.
If k is even, set
_C—=VC%+4 b_C+vC2+4
2 T2
Then

(2.13)  [0;a1,...,ak,c+dm™ )02,

00 b/ko)n —n(n+3)/2
P 1 ;:0 (1/m;1/m)n(—a/dQrm?;1/m),

;(1/% 1/m)n(— a/kom 1/m)n
If k is odd, set
R NP s

Then

(2.14)  [0;a1,...,a,c+dm™ ]2,

N (b/dQy)"m "/
P, . Z% (1/m; Lfm)u(=a]dQum® 1jm),
T O T OmdQeta) & (b/dQe) m 2
Z%(l/m, L/m)(—ajdQms jm),

Proof. Set e = ¢ in Theorem 5. =

COROLLARY 4. Let ¢ and m be integers, m > 1, and let d be a positive
rational such that dm € N and c+dm > 0. Let k be an even positive integer,
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let F; denote the ith Fibonacci number and let C = 2Fy, + cFj41. Set

o V@i, Cor VR
=0, S —
Then
2.15) [0;T,....L,c+dmn ]
(2.15) | k Jnz1
i (b/dFkJrl)nmfn(nJrB)/Q
F, 1 = (1/m;1/m)n(—a/dFp1m? 1/m)y
= +
Frq Fk+1(mdFk+1 + a) i (b/dFkJrl)nmfn(nJrl)/Q
2 (1 1/m) (/i 1mi 1/m)

Proof. This follows immediately from Corollary 3, upon noting that
F;

0;1,...,1| = .
[ y Ly . > Fi+1 L
i

We also require some preliminary results before our next construction
(see also (2.6) above). The following theorem can be found in [15, p. 85].

THEOREM 6. The canonical contraction of by + K22 an /b, with Cy =
Ay /By,

Cp = Agky1, Dp=DBoyi1 fork=12,...

exists if and only if bogy1 # 0 for k = 0,1,2,..., and in this case is given
by
(2.16) bob1 + a1 aiasbz/by azasbsby /b3
' by — bi(as + bab3) + a2bs — as + babs + asbs /b3
asagbr /s aragbe /b7

— a7+bﬁb7+a6b7/b5 — a9+bgbg+agbg/b7 + ..

The continued fraction (2.16) is called the odd part of by + K52 ay,/by.
The following corollary is easily deduced from Theorem 6.

COROLLARY 5. The odd part of the continued fraction
C1 C2 C2 C3 C3 Cq4 Cq4
1T-14+1-1+1-1+1—--
18
C1C2  C2C3  C3C4
1+ 1 + 1 +--

This corollary implies the following result.

c1+
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COROLLARY 6. Let p and a;, i > 1, be complex numbers. If the continued
fraction

1/p  pl/ar  plar 1/pas  1/pas

2.17 —=
( ) 1 -1 4+ 1 - 1 + 1
p/as  plas 1/pas  1/pay
-1+ 1 - 1 + 1 —--
p/a2n—1 p/a2n—l 1/pa2n 1/pa2n
- 1 + 1 — 1 + 1 - ...
converges, then
—a2p—1 o 1
(218) O’p’ ;7 y —P,a2n = -+ [O, al,ag,as, . . ]
p n=1 p

Proof. The continued fraction at (2.17) is easily seen to be equivalent to
the continued fraction on the left side of (2.18), after a sequence of similarity
transformations is applied to the former continued fraction to transform all
the partial numerators into “1”’s. On the other hand, since the continued
fraction at (2.17) converges, it is equal to its odd part, which, by Corollary 5,
is the continued fraction

1+ 1/a1 1/a1a2 1/@2&3 1/a3a4
p L + 1 + 1 + 1 +-

1
=-+1[0;a1,a2,a3,...]. m
p

We will also make use of Worpitzky’s theorem (see [15, pp. 35-36]) to
ensure convergence of the continued fraction at (2.17).

THEOREM 7 (Worpitzky). Let the continued fraction K22 a,/1 be such
that |a,| < 1/4 forn > 1. Then K2 a,/1 converges. All approzimants of
the continued fraction lie in the disk |w| < 1/2 and the value of the continued

fraction is in the disk |w| < 1/2.

Corollary 6 can now be used to derive the limit of new Tasoevian contin-
ued fractions from existing Tasoevian continued fractions whose values are
known. The new continued fraction will contain an additional free parame-
ter. We give two examples.

THEOREM 8. Let ¢, e, m and p be integers, with m > 1 and p > 1. Let
d be a positive rational such that dm,dem/e € N, and ¢+ dem/e — 1,e +
dm? —1> 0. Set
e —/e? + 4de/cp? b_e+\/62+4e/cp2

“= 2 0= 2
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Then
(2.19) O;p—l,l,c—l—%m%*l—1,p—1,1,e—|—dm2n—1 h
L
1 e/ep® 150 (1/m;1/m)n(—a/dm?;1/m)y,
p md+a i (b/d)nm—n(n+1)/z
(L/m;1/m)n(—a/dm;1/m),

n=0
Proof. Replace ¢ by cp? in Theorem 2 and let the resulting continued
fraction be the continued fraction on the right side of (2.18). After the nega-
tives are removed (see the remark before Corollary 2) from the corresponding
continued fraction on the left side of (2.18), the continued fraction on the
left side at (2.19) is produced and the result follows. =

THEOREM 9. Let u and v be positive integers, u,v > 1, and let e and f
be rationals such that euw — 1, fv — 1 € N. Then

(2.20) [0;p—1,1,eu™ —1,p— 1,1, fo™ — 1]

n=1
1 1 1 = (1/uv; 1 uv),(—1/efp?udv?; 1/uv),
= ]; + (ep2u - €2fp4u2'U + 6])2) i (€fp2)7n(uv)7n("+l)/2 .

(L/uv; 1/wv)p(—1/efp?u?v; 1/uv),

Proof. The proof is similar to that of Theorem 8, except we replace e
with ep? in Theorem 4. u

n=0

REMARK. It is clear that many other continued fractions of Tasoevian
type could be produced from those listed in this section, by either replacing
various parameters by their negatives, or applying Corollary 6 differently
(for example, by replacing m by mp or mp? (instead of replacing e by ep?)
in Theorems 8 and 9). However, we feel these methods have been sufficiently
illustrated here and refrain from further examples.

2.1. Some implications of a result of Hurwitz and Chdtelet. Some of the
numbers whose Hurwitzian or Tasoevian continued fraction expansions are
described in this paper are of the form

5= ro+ t’
S
where « is a number with a known continued fraction expansion, and r,
s and t are integers. Sometime after completing an earlier version of this
paper, I became aware of two recent papers by Takao Komatsu [10, 11]
that considered some similar types Hurwitzian and Tasoevian continued
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fractions. Here I will describe a framework that explains the derivation of
many of those, and also several of the continued fractions in the present
paper.

Komatsu’s results derive from applications of the following lemma, which
he says is essentially due to Hurwitz and Chételet.

LEMMA 1. Let [ag;a1,as,...] be the reqular continued fraction of the ir-
rational number o and denote its nth convergent by pn/qn = [ag; a1, ..., ).
Moreover, let 3 = (roa+tg)/so, where o, so and tg are integers with ro > 0,
so > 0 and rgso = N > 1. For an arbitrary index v > 1 we have

rolao; at, . .., ay—1] +to _ Tropv—1+ toqu—1
S0 S0qv—1

::[bo;blv"'vbuflh

where the index 1 is adjusted so that p = v (mod 2). Denote its convergent
by
/
py—l

qu—1

= [bo; b1, ba, ..., by—1].

Then three integers t1, r1 and s1 are uniquely given satisfying the matrix

formula
(7”0 t0> <pu1 pu2) _ <pL_1 p2_2> <7”1 tl)
- / / ’
0 so/ \qv-1 Qv Q1 Qu-—2/ \0 51
where 11 > 0, 51 >0, r151 = N, —s1 <ty <711 and 3 = [bo; b1,...,bu—1, 5]
with B, = (riow, +t1)/s1.

For ease of notation in what follows, let

A; = (ai 1), B; = (bi 1), R; = <Ti ti).
1 0 1 0 0 sy

The above lemma implies that if there exist integers j, k£ and m, and
sets of integers r;, s; and t;, 0 < ¢ < m — 1, such that for all integers n > 0,
RoAnjAnjs1 - Anjrii—1 = BpgBuky1 - - Bukyj - 1R,

RiAnjvii Anjtiv+1 - - - Anjtio—1 = Brktjy Brk+ji+1 - - - Brkjo—112,
RoApjtinAnjtiot1 - - - Anjtis—1 = Bnktjo Bnk+jot1 - - - Brkjs—113,

Ry 2Anjvim_s - Anjtim1-1 = Brktjpm_s - Brktjp_1-18Bm—1,
Ry 1Anjtin_y - Anjrj—1 = Bnktjp_1 - - - Buksk—1Ro,

then

t
L L A
S0
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More concisely, it implies that if there exist integers j and k such that for
all integers n > 0,
ROAnjAanrl cee Aanrjfl = Bnank—i-l s Bnk+k—1R0>

then
roa+t
OZT0 — [bg; by, by, .-

S0
Theorem 1 in [10] is a consequence of the fact that

G ) o)
0 »/\1 0 1 0
B <a2j—1 1><1 1><v—1 1>
1 0o/\1 0o/\ 1 o0
Bifl_q g (1 1><vl 1>(v 1)
X (% .
1 o/\1 o/\ 1 0/\0 w
Similarly, Theorem 3 in [10] essentially follows from the fact that
<1 v — U2> <a2j 1> <a2j+1 1>
0 o2 1 0 1 0
_(F-1a <v—1 1)(1 1>
U1 o/VU 1 o/\1 o
(agjﬂ -1 1) <v -1 1) <1 1) (1 v —02>
X )
1 0 1 0/\1 0/\0 2?2

and Theorems 7-10 in [10] derives from the fact that
(1 —1><aj 1)_ 211 (1 1><v—1 1)(1 —1)
o v/\1 0/ \ 1 o\t o/\1 0o/\0 v/

after setting v = 2. Theorem 1 in [11] follows from the fact that
G ) o)
0 wv 1 0 1 0
_<a2j—1 1)(1 1) # 1 (1—1 1>
LU 1 o/\1 o0 1 0 1 0
(1 1) 2L <z 1><”_1 1><v —z>
X v l
10 1 0/ \1 0O 1 o/ \0 v
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—2l+1
- <a2j—1 1)(1 1> e <1 1)(1—1 1)
L1 o/\1 o 1 o/\1 o/\ 1 o0
as; _
24l 11 (1 1)(;-2 1)(1 1) votrl oy <v —l)
X v l .
1 0/\1 O 1 0/\1 O 1 o/ \0 w
Many other Hurwitzian and Tasoevian continued fraction expansions,
including several of the results in [11], may be derived from existing contin-
ued fraction expansions using the matrix identities above, and other similar
such matrix identities, but we leave it to the reader to derive the specific
matrix identities corresponding to particular theorems.
In the present paper, the continued fraction identity at (2.18) may be

regarded as following from a special case (m = p?, ag = 0) of the matrix
identity

(o =) (7 (%)
0 p*/\1 0 1 0
ST )6
= p m .
1 o) \10 1 o/ \1 0/\0 p?
However we keep the existing proof to manifest the variety of ways of de-
riving these continued fraction identities. Also, this particular identity was
not the basis for any of the results of Komatsu [10, 11] that we referred to,
and so the continued fractions we derive by using it do not follow from the
theorems in these papers.
We do not consider any further in the present paper the kind of matrix
identities exhibited above, although it should be obvious that similar matrix

identities will give rise to many other families of Hurwitzian and Tasoevian
continued fractions.

3. Hurwitzian continued fractions. We first recall some of the well-
known classes of Hurwitzian continued fractions and consider some elemen-
tary generalizations of them. We first note that Lehmer’s continued frac-
tion (1.2),

T/ (2/0)
Ttapy-1(2/0)

can easily be generalized. Replace a by ay/uv and b by by/uv, multiply both
sides of (1.2) by /v/u, apply a sequence of similarity transformations to
the resulting continued fraction to make it regular once more, and we get

[0;a,a+b,a+2b,a+3b,...] =
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(a/b) (Q/b\/W)
w1 (2o i0)

Komatsu also derives this generalization in [5], but his derivation is more
complicated. We note that several of the well-known classes of Hurwitzian
continued fractions follow as special cases of (3.1). For example, before re-
moving the negative partial quotients, Lambert’s continued fraction (1.1)
gives

v 1
3.2 —t = [0;u, —3v, 5u, —Tv, ...
( ) \/; an \/ﬁ [ 7u7 v7 u? ’U, :I?

which follows upon setting a = 1, b = 2 and replacing v with —v. The
continued fraction

(3.1)  [0;ua,v(a+0b),u(a+ 2b),v(a+3b),...] = \/?

(3.3) tanh

= [0; u, 3v, 5u, Tv, .. .|
Vuv

is clearly also a spemal case. The continued fraction
el/s — 1
el/s +1
is clearly a special case of (1.2). Thus, as Komatsu indicated in [9], the
continued fraction at (3.1) may be used to generalize several of the well-

known Hurwitzian continued fraction expansions. As in Corollary 2, further
variations follow upon replacing some of the parameters by their negatives.

[0; (4n + 2)s |52 =

We also recall a well-known continued fraction expansion for e?, z € C
(see [15, p. 563], for example):

1 z z z z z z z
T-T+2-3+2-5+2-7+

Set z = 1/ m? and apply a sequence of similarity transformations to the
resulting continued fraction to get

(3.5) m(1 — e V™) = [0; (4n + 1)m, 2m, —(4n + 3)m, —2m >,
=[0;m,2m—1,1,2n+1)m — 172,

If we set m = y/uv and multiply the left side of (3.5) and the first continued
fraction on the right side of (3.5) by \/v/u, we get

(3.6) v(1 — e YY) = [0; (4n + 1)u, 20, —(4n + 3)u, —20]%%,
=[0;u,2v—1,1,(2n+ )u — 1172,

(3.4) e* =

We have not seen the continued fraction expansions at (3.5) and (3.6) else-
where.

We are now ready to derive several new families of Hurwitzian continued
fractions, using Corollary 6.
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THEOREM 10. Let a, b, p, u and v be integers restricted in the case of
each continued fraction below so that the partial quotients are all positive.
Then

(3.7) 0;p—1,1,u(a+2nb) —1,p—1,1,v(a+ 2n+1)b) — 1]>2,
1,1 \/? L(a/v) (2/bpy/uv)
p w I(qp)—1(2/bpy/uv)’
(3.8)  [0;p—1,1,(4n+Du—1,p,(4n+3)v—1,1,p - 2];Z,
1 1 jv 1

p oV M v
(3.9) 0;p—1,1,(4n+1)u—1,p—1,1,(dn+3)v — 1|72,

=1+1\/?tanh L ,
p pVu pvuv

(3.10) [0;p—1,1,4n+1u—1,p—1,1,20 — 1,p,(4n+ 3)u — 1,
Lp—1,2v—-1,1,p—2]>2,
IR,

p

p

Proof. The claimed identities follow by applying the result in Corollary 6
to, in turn, (3.1), (3.2), (3.3) and (3.6) (replace u by up? in each case), and
then removing the negative signs from the resulting continued fractions. =

REMARK. Variants of each of these continued fraction identities could
be produced by replacing some of the parameters in each expansion in The-
orem 10 by their negatives, as in Corollary 2, but we do not consider that
here.

3.1. Finite continued fractions containing arithmetic progressions. Here
we find expressions for finite continued fractions of the form [0;a,a + b,
a-+2b,a+3b,...,a+ (n—1)b] and [0;a,¢,a +b,c+ d,a + 2b,c + 2d,. ..,
a+ (n—1)b,c+ (n — 1)d], where a, b, ¢ and d satisfy a simple algebraic
relation.

We first prove the following theorem.

THEOREM 11. Let

P, —c c c c
3.11 —_— = — I C—
(3:.11) Qn a —a+b—a+2b—- —a+(n-1)»

denote the nth approzimant of the continued fraction K52, —c/(a+ jb).
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Then
ln+1)/2) , . _
P,= ; <z—1> 1:[a+jb
(3.12) - N

=0

Qn= MZ/QJ <” . 7’> (—¢)f nij(a + jb).

Proof. The statements are easily checked to be true forn =1 and n = 2
(as usual, the empty product is taken to be equal to 1). Now suppose the
statements are true for n =1,..., k. We compute

(3.13) Pk+1 = (CL + kb)Pk - CPk—l

[(k+1)/2] & _
= (a + kb) Z <1_1> 1;[@‘1‘]5

=1
k—1—1

[k/2] 1
—cZ( i1 > )¢ H (a + jb)
7=t

k [k +1)/2) _
= —c[](a+jb) + (a + kb) <11> Ha—l—jb

j=1 i=2
lk/2]+1

D> <1_2'> —c)ijﬁ (a -+ b).

If £ is odd, then
[(k+1)/2] = [k/2] +1=[(k+2)/2]

and
. k—i . k—i
(a + kb) (’;__Q(—c)il;[(aﬂb) + (f:QZ)(—c)i -:Hl(aﬂb)
k—1i . .
B ; _ (k—1)! a+kb a+(i—1)b
= (=9 j:i(“ﬂb) (z’—2)!(k—2z’+1)!< i1 T h—2it2 )
k—i . . .
- ; (k —1)! (k—i+1D(a+ (E—i+1)b)
=CO @) oG a . G- nGk-2i+2)

(e T,

j=i
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and hence
L(k+2)/2] . k+1—i
k+1_l i .
Pa= 3 ("7 Il i)

If k is even, the extra |k/2] 4 1-th term at (3.13) provides the |[(k+2)/2]-th
term in the sum above. The proof of (3.12) for P, now follows.

The proof for @, is virtually identical, and so is omitted. m

COROLLARY 7. Let a and b be positive integers. Then

(n1)/2) i
> (1) e+

1 1 1 =1 j=t

(3.14) = — .
"TO et

D

ata+b+-+a+(n—1>b L2 (
i—0 j=i
Let f, g, h and k be integers such that 2gh = k(2f + h). Then

(3.15) l } 1 1 1 1
' ftg+f+h+g+k+-+f+n—-1)h+g+(n—-1)k

L)) )

=l =i
"o —i\ (29 \PTUU BN
O SO

Proof. The identity at (3.14) follows immediately, upon setting ¢ = —1
in Theorem 11. For (3.15), it is easy to see that

—c c c c
a —a+b—a+2b— - —a+@2n—1)b
! 1 1 1
 —afct+a+b+ —ajc—2b/c+a+3b+ -
1 1

+ —a/c— (2n—2)b/c + a+ (2n —1)b
Now make the substitutions
2fg gh 2g

“Toryn UTar+n ST Tor+w
and the continued fraction at (3.15) is produced. The result follows, after
some simple manipulations, upon making the same substitutions into the
ratio Pay/Q2n, where Pa, and Qg, are as defined at (3.12). m
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Lehmer’s result (1.2) easily follows from (3.14), upon re-indexing the
numerator on the right side by replacing ¢ with ¢ + 1, dividing top and
bottom on the right side by H?;& (a+jb), performing some simple algebraic
manipulations, and then letting n — oo.

COROLLARY 8 (Lehmer [14]). Let a and b be positive integers. Then
0 p—2k

& (@bl

c~\>—\
Il
o

thg

0;a,a+b,a+2b,a+3b,...] = =

(a/b)xk!

R‘

=0

4. Hurwitzian and Tasoevian continued fractions with arbitrar-
ily long quasi-period. We conclude by noting that the construction de-
scribed in Corollary 6 can be iterated to produce both Hurwitzian and Taso-
evian continued fractions with arbitrarily long quasi-period, with arbitrarily
many free parameters and whose limits can be determined. We give one ex-
ample, with seven free parameters and quasi-period of length 24, to illustrate
this.

THEOREM 12. Lete fop>1,g>1,r>2 u>1andv > 1 be positive
integers. Let E = ep?q 7“8 Then
4.1) [0;r—1,1,¢q—1,r,p—1,1,7r—1,q—1,1,r — 1,eu™ — 1,1,
r—2,1,g—1,r—1,1,p—1,r,q—1,1,r —2,1, for — 1|72,
1 1 1

T
pPrt qr? v

o0 " (uw)~ n(n+3)/2
1 1 nz;) (1/uw; l/uv n(—1/Efudv?;1/uv),
(Eu -~ E2fulv+ E) (Bf)~"(uv)~n(n+1)/2
T;) (1/uv; 1/uv)y(—1/E fu?v; 1/uv),

o0

Proof. For ease of notation, let

0 v —n(n+3)/2
:E: v (ef) " (uv)”

1 1 1/uv; 1/uv),(—1/efudv?; l/uv)
fle) = <€u - 62fu2’0+6> i (ef )™ (uv)~ —n(n+1)/ ’
vt (1/uv; 1/uv),(—1/efu?v; l/uv)

so that, by Theorem 4,
[0; ew”, for [52, = f(e).



Tasoevian and Hurwitzian continued fractions 267

Replace e with ep? and, by Corollary 6,

1
[pr, _eunv —p, fvn]zo=1 = ]; + f(epQ)

Replace p with pg? and, again by Corollary 6,

11
0; ¢, —p, —q, —eu™, q,p, —q, fo" |52, = ot flep*q®).

Repeat this step once more, by replacing ¢ with ¢r?, and then

[Oa r,—q,—7r,—p, 1,4, T, _eun’ r,—q,—7r,p,r,q,—T, f,Un ]?LOZI
1 1 1 9 4 8
= — — —5 e ).
ctoE T terd)

Finally, remove the negatives from the continued fraction to get (4.1). m
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