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1. Introduction. Let F/(X,Y) be an absolutely irreducible polynomial
with integer coefficients of degree > 2 such that the curve C' defined by the
equation F(X,Y) = 0 is rational. Let Q be an algebraic closure of the field
Q of rational numbers and Q(C) the function field of C over Q. Consider
the valuation ring Vi, of Q(X) consisting of all elements f(X)/g(X) such
that deg f < degg. We denote by C, the set of discrete valuation rings of
Q(O) lying above V4. We call an element V of Cy, defined over a subfield
k of Q if 7(V) = V for every 7 € Gal(k/k). Furthermore, we say that two
elements V' and W of C are conjugate over a quadratic field £ if V and W
are defined over k and there is o € Gal(Q/Q) which is not the identity on k
such that (V') = W. Finally, we denote by C(Z) the set of integer solutions
to the equation F(X,Y) = 0.

In the case where |C| > 3, E. Maillet [8], [9] proved that C(Z) is finite
(see also [6, Theorem 6.1, p. 146] and [7, Chapter 8, Section 5]). The first
explicit upper bound for the elements of C'(Z) was obtained in [13] by using
Baker’s method. For a more recent result see [17]. Furthermore, a practical
method for the explicit determination of all elements of C'(Z) is obtained in
[18]. Let us consider the case where |Co| < 2. In [19], a practical method for
the explicit determination of all elements of C'(Z) is given. Note that in this
case C'(Z) may have infinitely many elements. A necessary and sufficient
condition for C' to have infinitely many integer points is obtained in [19].
More precisely the following result has been proved:

THEOREM A. The set C(Z) is infinite if and only if one of the following
two conditions is satisfied:

(a) Coo comsists of one element and C(Z) has at least one simple point.

(b) Cw consists of two elements which are conjugate over a real quadratic
field and C(Z) has at least one simple point.
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Thus it is natural to ask for an estimate for the size of the smallest
simple integer point on a rational curve F(X,Y’) = 0 satisfying (a) or (b).
The purpose of this paper is to provide such an estimate. Moreover, in
the case where Co, has only two elements which are defined over Q or are
conjugate over a complex quadratic field, we calculate a bound for the size
of all integer points on the rational curve F(X,Y’) = 0.

Let d be the g.c.d. of the coefficients of F'(X,Y). We define the height
H(F) of F(X,Y) to be the maximum of |f|/d over all the coefficients f of
F(X,Y). Finally, we set N = max{degy F,degy F'}. We prove the following
results:

THEOREM 1.1. Suppose that |Coo| =1 and C(Z) has at least one simple
point. Then there is a simple point (x,y) of C(Z) satisfying

max{|z|, [y} < (5NOeN H(F)%)T2N°,

THEOREM 1.2. Suppose that |Cs| = 2. We have the following three
cases:

(i) If the two elements of Cwo are defined over Q, then the points (x,y) €
C(Z) satisfy
max{|z|, ly|} < (5N66NH(F)2)1360N11.

(ii) If the two elements of C, are conjugate over a complex quadratic
field, then the points (x,y) € C(Z) satisfy

max{|z|, [y} < (5N66NH<F)2)682N11_

(iii) If the two elements of Coo are conjugate over a real quadratic field
and C(Z) has at least one simple point, then there is a simple point (x,y)
of C(Z) satisfying

max{|z|, |y|} < exp{(5NOeN H (F)2)24000N "

In case (i) of Theorem 1.2, when the homogeneous part of higher degree of
F(X,Y) has the form ag(a; X +a2Y)*(a3X +a4Y)”, [2] and [24, Theorem 1]
imply a sharper estimate. Similarly, in case (ii), when the homogeneous part
of higher degree of F(X,Y) has the form ag(a1X? + a2Y X + azY?)” with
a? — 4ajaz < 0, we obtain from [15, Theorem 3] a sharper bound. Let
F,(X,Y,Z) be the homogenization of F(X,Y). We recall that the points
(z :y:0) of the projective plane with Fj(x,y,0) = 0 are called points of C'
at infinity. If the points of C' at infinity, in cases (i) and (ii) of Theorem 1.2,
are simple then the homogeneous part of highest degree of F/(X,Y’) has the
above form, respectively.

The aforementioned theorems generalise the results of [4] and [20] on
the smallest integer points of conics. Note that Theorem 2 of [4] shows that
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the existence of the exponential function in the bound of Theorem 1.2(iii)
is inavoitable.

The present paper is organised as follows. In Section 2, we obtain an
effective basis for the Riemann—Roch space of the divisor defined by the
sum of elements of Cs,. In Section 3, we give some lemmas which will be
used for the proof of our results. Finally, Sections 4 and 5 are devoted to
the proofs of Theorems 1.1 and 1.2, respectively.

2. Construction of a Riemann—Roch basis. Let k& be an algebraic
number field of degree d. We consider the set of standard absolute values
on Q containing the ordinary absolute value | - | and for every prime p the
p-adic absolute value | - |,. If £ = p"a/b, where a, b are integers not divisible
by p, then by definition |z|, = p~". We denote by M (k) the set of symbols
v such that with every v € M(k) there is associated precisely one absolute
value | - |, on k which extends one of the above absolute values of Q. For
every v € M (k) we denote by d, the local degree of the absolute value |- |,.
Thus for every a € k '\ {0} we have the product formula

[T e -1

veM (k)

Furthermore, we denote by My(k) and My (k) the subsets of M (k) consist-
ing of the symbols v such that |- |, is a nonarchimedean and archimedean
absolute value, respectively.

If x=(xgp:...:x) is a point of the projective space P"(k) over k, then
we define the field height H(x) of x by

Hk(X) = H max{]$0|m---,|$r’v}dv
veM (k)

and the absolute height H(x) by H(x) = Hy(x)"/?. Further, for z € k we
define Hy(z) = Hp((1: x)) and H(x) = H((1 : x)). For G € k[X1,..., Xn],
we define the field height Hy(G) and the absolute height H(G) of G as the
field height and the absolute height of the point whose coordinates are the
coefficients of G (in any order). If | - |, is an absolute value of k, then we let
|G|, be the maximum of |g|, over all the coefficients g of G. For x € P"(Q),
there are relatively prime integers zp,...,z, such that x = (29 : ... : 2,)
and it follows that H(x) = max{|zo|,...,|zr|}. Thus the definition of the
height of F(X,Y) given in the Introduction is consistent with the above
definition. For an account of the properties of heights see [23, Chapter VIII]
or [7, Chapter 3].

A k-system is a system {Ay }yenr(r) of real numbers such that A, > 1,
A, = 1 for all but finitely many v and A, lies in the value group of | - |,
when | - |, is nonarchimedean. The field norm of such a system is defined to
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be
N4} = [ A
veM (k)

LEMMA 2.1. Let F(X,Y) be a polynomial in Z[X,Y], without multiple
factors, of degree n > 2 in'Y and of degree m > 1 in X. Let y(X) = ¢o +
a1 X +... be a power series satisfying F(X,y(X)) = 0. Then the coefficients
o, C1, - - - generate a number field K of degree 6 < n and there are K-systems

{Avvem(ry and {By}oenr (k) with
NicfAu} < 3™ nm((m + 1)2(n + 1) H(F))2=1)p
and
Ni{B,} < BH(F)?)
such that for every v € M(K),
lejle <A™ (G =0,1,...).

Proof. We may suppose, without loss of generality, that the coefficients

of F(X,Y) are relatively prime. A well-known theorem of Eisenstein asserts

that there exist positive integers ag and a such that aga’ c;j is an algebraic
integer for all j. By [1], we have

a < ((m+1)H(F))*~ et

and ag = Aa”, where A is a positive integer with A\ < |a,.|. Let K be the field
generated by the coefficients cg, c1, ... Since for every element o€Gal(Q/Q)
we have a series y7(X) = o(cg)+o(c1)X +. .. which is still a root of F/(X,Y),
it follows that the degree of K is at most n.
For every v € My(K), we put A, = 1/|a|, and B, = 1/|A|,. Then
lejlo < ByALT™ (5 =0,1,...).

For all but finitely many v € My(K), we have A, = B, = 1 and A,, B, lie
in the value group of | - |,. Furthermore, the product formula gives

I 4%= [ lal® < (((m+)HF)™ 1)

vEMo(K) vEMoo (K)
and
II B'= II P <lal’
vEMo(K) vEMoo (K)

Following the method of [21] and using [10, Corollary 2], we obtain
;| < 2" H3H(F)(1 + ((m+ 1) (n+ 1)yn H(F))* Y™ (j=0,1,...).
Thus, given v € M (K), we have
leslo < BoATT™  (5=0,1,...),
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where
Ay =2+2((m+1)(n+1)V/nH(F)> ' and B, =3H(F).

Finally, we conclude that the norms of the K-systems {A, }yenr(x) and
{Bu}venm (k) satisfy the inequalities

Ni{ A} < (3¢5 0™ ((m + 1)%(n + 1) H(F)?)? 1)

and
Ng{B,} < (3H(F)?)°.

Let F'(X,Y) be an absolutely irreducible polynomial with integer coeffi-
cients. We assume that F'(X,Y") is of degree m > 1 in X and of degree n > 2
in Y. We denote by C the curve defined by the equation F(X,Y) = 0. Let
Y(C) be the set of discrete valuation rings W of the function field Q(C) of
C such that Q ¢ W. A divisor D on C is a formal sum

D=aWi+...+asWs,

where a1, ...,as € Z and W1, ..., W are pairwise distinct elements of X(C).
Given f € Q(C) and W € X(C), we denote by ordy (f) the order of
the function f at W. Let L(D) be the set of functions f € Q(C) having
ordyy, (f) > —a; and ordw (f) > 0 for every W € X(C), with W # W;
(i=1,...,5). Then L(D) is a finite-dimensional vector space over Q (see
[5])-

PROPOSITION 2.1. Suppose C' has genus zero and Coo = {V1,..., V. }.
Put N = max{m,n} and E = Vi + ...+ V.. Then there are polynomials
gi(X,Y) (i=1,....,7r+ 1) and q(X) with integer coefficients satisfying

degg < N%, degygi <4N?, degygi<N (i=1,....,r+1)
and
H(q) < (6N*H(F))*N’, H(g;) < H(F)S™°(5NSeNYN® (5 =1, r+1)
such that the fractions g1(X,Y)/q(X), ..., gr4+1(X,Y)/q(X) represent a ba-
sis of the space L(E).

Proof. By the Riemann-Roch theorem, dim L(E) = r 4+ 1. Theorem A2
of [22] implies that there are polynomials g1 (X,Y),...,g.4+1(X,Y) and ¢(X)
satisfying

degg < N(N —1), degygi <4N? degygi<N (i=1,...,r+1)
such that the fractions ¢1(X,Y)/q(X), ..., gr+1(X,Y)/q(X) represent a ba-
sis of the space L(FE). Furthermore, since the divisor E is defined over Q,
Theorem B2 of [22] shows that we may take the polynomials ¢g;(X,Y),...,

gr+1(X,Y) and ¢(X) to have integer coefficients. Replacing Lemma 21 of
[22] by the above Lemma 2.1 and making all the necessary changes in the
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next lemmas, we deduce that the vectors dy,...,0, of Lemma 26 of [22]
satisfy

H(8) < BNSeNH(F))BN®  (i=1,... n).
The equalities (A.5.6), (B.3.1) of [22] and the bound for H(J;) give the
bound for H(g;).

Let Fy(X,Y) be the partial derivative of FI(X,Y) with respect to Y.
We denote by R(X) the resultant of F((X,Y) and Fy (X,Y) with respect to
Y. By [22, Lemma 4],

H(R) < (3N3H(F))*V-1,

Let D(X) be the discriminant of F/(X,Y’) considered as a polynomial with
coefficients in Z[X]. By [22, Theorem A2], the roots of ¢(X) are among the
roots of D(X). We may assume, without loss of generality, that

g X)=(X—a1)...(X —ay),
where s < N(N — 1). Since D(X) divides R(X), we have R(a;) = 0 (i =
1,...,7). Thus [14, Lemma 4] and [23, Theorem 5.9, p. 211] give
H(q) <2YWV=UH(ay)... H(as) < (4H(R))NO-D,
Finally, using the bound for H(R), we obtain
H(q) < (6N°H(F))*"’,

3. Auxiliary results. In this section we give some results which will
be used in the proofs of Theorems 1.1 and 1.2.

LEmMMA 3.1 ([16, Lemma 3.2]). Let P(X,Y,V),Q(X,Y,W) be polyno-
mials in Z[X,Y,V,W]\Z. Denote by R(X,V,W) the resultant of P(X,Y,V)
and Q(X,Y, W), considered as polynomials with coefficients in Z[X,V, W].
Put degx P = my, degy P = ny, degy, P =11 and degy Q) = ma, degy Q =
ng, degy Q = ro. Assume that R(X,V,W) # 0. Then
H(R) < (n1 +n2)!((r1 +1)(my +1))"2((r2 + 1)(ma + 1)) H(P)"? H(Q)™.

LEMMA 3.2 ([7, Proposition 2.4, p. 57]). Let f and g be two polynomials
in n variables with integer coefficients and deg f + degg < d. Then

4~"H(fg) < H(f)H(g) <47 H(fg).

LEMMA 3.3 ([20]). Let G(X,Y) =aX? +bXY +cY?+dX +eY + f be
a nondegenerate conic with integer coefficients. Set 6 = b*> — 4ac. Suppose
that (z,y) is an integer solution to G(X,Y) =0. If § <0, then

max{|z|, [y|} < 9H(G)?
and if 6 > 0 is a perfect square, then
max{|z], [y|} < 20H(G)".
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LEMMA 3.4 ([15, Lemma 7]). Let F(X,Y) be a polynomial in Z[X,Y]
of degree m > 0 in X andn >0 inY. Let x,y € Q with F(z,y) = 0 and
deg F(z,Y) =n. Then

H(y) <2(m+1)H(F)H(x)™.
LEMMA 3.5 ([16, Lemma 5.1]). Let G(X,Y, Z) be a projective conic with

integer coefficients. Suppose that the equation G(X,Y,Z) =0 has a solution
over Q. Then there are x,y,z € Q with G(x,y,z) = 0 such that

H(x:y:z) <30H(G).

LEMMA 3.6. Let G(X,Y) be a conic with integer coefficients. Suppose
that the equation G(X,Y) = 0 has a solution (z,y) € Q?. Then there are
polynomials f1(T), f2(T), f3(T) € Z[T] of degree < 2 such that the conic
G(X,Y) has the parametrization

_ A(T) v fa(T)
f3(T) f3(T)
and the polynomials fi1(T) — Sf3(T), fo(T) — Sfs(T) € Z[T, S| satisfy
Proof. Write
G(X,Y)=aX?+BXY +7Y2 + 56X +eY +( = 0.
Setting Y = y + T'(X — z) in the equation G(X,Y) = 0, we obtain
xo @ gy 2O

G (D)
where
N(T) = axT” — 20y + )T — Bz — vy,
fo(T) = (- ay+6+7w)T2—2ﬁxT+ﬁy,
f3(T) =T? + 4T + B.
For every v € M(Q) we have
|fi(T) = S f3(T)]y < |Glomax{|z]y, [yl, 1}3°)

where e(v) = 1 if | - |, is archimedean and e(v) = 0 otherwise. Thus the
result follows.

LEMMA 3.7. Let R(X,Z,W) = Ro(Z,W)X*+...+R,(Z,W) be a poly-
nomial in Z[X,Z, W], M = maxo<i<,{deg R;} and R; ,(Z,W,U) the ho-
mogenization of R;(Z,W'). Suppose that f(T),q(T),h(T) € Z[T] with de-
grees < 2. Set RI(T) = Ry n(f(T),9(T),h(T))R(T)M~des Bi qnd R'(X,T) =
Ry(T)X" + ...+ R.,(T). Then

H(R') < 43M*+5M3 2 (R H(O)M,
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where © is a point in the projective space with coordinates the coefficients
of f(T), g(T) and h(T).

Proof. Let |- |, be an absolute value of Q. Using Propositions 2.1 and
2.3 of [7, Chapter 3], we obtain

|fk;gth—k—l|U < ’fk|v|gl|v|hM—k;—l|v4(3M2+5M)e(v)’
where e(v) = 1if | - |, is archimedean and e(v) = 0 otherwise. Thus
[RY(T)o < |Rlomaxc{| v, glo, [} (43 2M 3072) (),
which yields the required result.

LEMMA 3.8. Let § be a positive integer which is not a perfect square
and A any nonzero integer. Suppose that the equation X% — 6Y? = A has
an integer solution (xo,yo). Let (a,b) be the fundamental solution of the
equation X2 — §Y2 = 1. Then there exists a fundamental solution («, 3) of
the equation X2 —8Y?2 = A such that for every positive integer M, there are
integers m, n with 0 < m < n < M? and solutions (z;,w;) of X?> —6Y? = A
given by

zi+wiVe = (a+ V)" M a+ V) (i=0,1,...),
which satisfy
zi=x0 (mod M) and w; =yo (modM).

Proof. Let the solutions (a;,b;) (i = 0,41,42,...) of X2 —§Y? =1 be
defined by a; +b;V/§ = (a+bV3)’. Considering (a1,b1), .. ., (ap211, bar241),
we see that there are at least two indices 1 < j < s < M 2 + 1 such that
(aj,b;) = (as,bs) (mod M), and so (an,by) = (1,0) (mod M), where n =
s — j. It follows that for every integer ¢ we have a;, = 1 (mod M) and
bin, =0 (mod M).

Let (o, 3) be a fundamental solution of the equation X2 — §Y? = A and
k a positive integer such that

z0 + YoV = £(a + bV8)* (a + BVI).
Write k = ng +m with 0 < m < n. It follows that

20 + Yo Vo = (c+ d\/g)(aqn + bqn\/g)a
where

¢+ dvVs = £(am + by V3)(a + BVI).

Since agp = 1 (mod M) and by, = 0 (mod M), we find that z¢ = ¢ (mod M)
and yo = d (mod M). On the other hand, we deduce that the solutions
(2i,w;) of X2 —§Y? = A given by

zi+wi\/g: (C—i—d\/g)(am—i-bm\/g) (i=0,1,...),
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satisfy z; = ¢ (mod M) and w; = d (mod M), and so we obtain the required
result.

REMARK. For an account of the solutions of X? — §Y2 = A see [11] or
[12].

LEMMA 3.9 ([17, Lemma 3.1]). Let f(T), g(T) be two relatively prime
polynomials in Z[T| with degrees n > 1 and m > 1 respectively. Let {2 be
a point in a projective space having as coordinates 1 and the coefficients of
f(T) and g(T) (in any order). Then there exist o« € Z\{0} and A(T'), B(T) €
Z|T] with deg A(T') < m, deg B(T) < n, and

H(a),H(A),H(B) < (m+n— 1)H(Q)™"1
satisfying
AM)F(T)+ B(T)y(T) = a.

LEMMA 3.10 ([18, Lemma 2.1]). Let F(X,Y,Z) be a homogeneous, ab-
solutely irreducible polynomial in Q[X,Y,Z] of degree M > 3 and C the
projective curve defined by F(X,Y,Z) = 0. Let u(S,T),v(S,T),w(S,T) €
Z[S,T] be homogeneous polynomials of the same degree, with no common
nonconstant factor, such that the correspondence

(5,T) = (u(5,T),v(S,T),w(S,T))

defines a birational map ¢ over Q of P! to C. Then ¢ is a birational mor-
phism of P! onto C and degu(S,T) = degv(S,T) = degw(S,T) = M.
Furthermore, if (z :y: 1) is a nonsingular point of C' defined over Q, then
there exist s,t € Z with s > 0 and ged(s,t) = 1 such that © = u(s,t)/w(s,t)
and y = v(s,t)/w(s,t).

LEMMA 3.11. Let 0 be a positive nonsquare integer and (a,b) the funda-
mental solution of the equation X% — §Y? = 1. Then

a+ bV < exp{Vd (2 +log4d)}.

Moreover, if (o, 8) is a fundamental solution of equation X2 — §Y? = A,
where A is a nonzero integer, then

max{la, 18]} < 5v/TAlexp{V5 (2 + log 46)}.

Proof. The bound for a + bv/§ is obtained in [4, p. 86] as a consequence
of a result of Hua [3]. This bound and [11, Theorems 6.2.5 and 6.2.6] or [12,
Theorems 108 and 108a] imply the estimate for max{|al, |5]}.

LEMMA 3.12. Let f(X,Y) be an irreducible polynomial in Z[X,Y] such
that the equation f(X,Y) = 0 has infinitely many integer solutions. Then
the highest terms in X and Y occur separately, as aX™, bY ™.

Proof. This is a consequence of Runge’s theorem about Diophantine
equations (see [24]).
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4. Proof of Theorem 1.1. Suppose that Yoo = {V}. If degFF = 2
then Lemma 3.3(i) implies the result. So, we may assume deg F' > 3. By
Proposition 2.1, there are polynomials ¢;(X,Y) (i = 1,2) and ¢(X), with
integer coefficients, satisfying

degq < N2,  degygi <4N? degygi <N (i=1,2)
and
H(q) < 6N*H(F)?2N’, H(g) < H(F)S™°(5N0eN)34N°  (;=1,2),

such that the functions f; and f3 represented by the fractions g1 (X,Y)/q(X)
and g2(X,Y)/q(X) form a basis of the space L(V'). Since 1 € L(V), we may
suppose, without loss of generality, that f; = 1.

The function t = f lies in Q(C) and has only a pole at V' of order 1.
Thus Q(C) = Q(¢). Let  and y be the coordinate functions on C. Since
the only pole of x is at V, we see that x = A(t)/a, where a is a positive
integer and A(t) a polynomial in ¢ with integer coefficients. In view of our
hypothesis, we may suppose that the homogeneous part of highest degree of
F(X,Y) has the form ag(a1 X + a2Y)™ with as # 0. It follows that y is an
integral element over the ring Q[z], whence y has only a pole at V. Thus,
y = B(t)/b, where b is a positive integer and B(t) a polynomial in ¢ with
integer coefficients.

Put &(X,Y,T) = ¢(X)T — ¢2(X,Y). We denote by R;(X,T) and
Ry(Y,T) the resultants of ¢(X,Y,T) and F(X,Y), respectively, with re-
spect to Y and X. Lemma 3.1 yields

H(R;) < (5N8eNy3N F (R8N (5= 1,2).
Further, degy R; < 4N3 + N2, degy Ry < 4AN3 4+ N? and degr R; < N
(1 =1,2). Moreover, Ri(z,t) = 0 and Ra(y,t) = 0. It follows that aX — A(T)
and bY — B(T) divide R1(X,T) and Ra(Y,T), respectively. Using Lemma
3.2 we obtain
H(aX — A(T)), HbY — B(T)) < (5N8eN)36N" f()68N"

Furthermore, deg A < N and deg B < N.

Let (z9, yo) be a nonsingular integer point of C'. Thus, Lemma 3.10 shows
that there are integers sg, to, with ged(sg,tp) = 1, and tg # 0 such that
o — Ah(So,to)/atg and Yo = Bh(So,to)/ti, where Ah(S, T), Bh(S, T) are
the homogenizations of A(T), B(T), respectively, and deg A = u, deg B = v.
Hence atfy divides Ap(so,to) and bty divides By(so,to). If o and 3 are the
leading coefficients of A(T") and B(T'), respectively, then t( divides ged(«, ).
Further, sq is a solution of the congruences

a'ty! " A (S, to) = 0 (mod Lito|™), vt VB (S, t0) = 0 (mod Llto|™),
where L = lem(a,b), a’ = L/a, t = L/b and M = max{p,r}. On the other
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hand, Bézout’s theorem implies that C' has at most (N —1)? singular points
at finite distance. Thus there exists an integer sq, with |s1| < N2L|to|™ /2,
satisfying the above congruences such that (z1,y1), with 1 = Ap(s1,t0)/ath
and y; = By(s1,t0)/btg, is a simple point on C. We have

1] < JAIV + Dmax{|sal, ltol} < N*NAIL[to] Y < NN AN (ab) .
Hence, we obtain

21| < N2N((5N6€N)9H(F)17)4(N+1)2N7.
Similarly, we deduce that the same bound is valid for |y;|.

5. Proof of Theorem 1.2. Suppose that Yo, = {V;,Va}. If deg F' = 2,
then Lemma 3.3 implies the required result. Thus, assume that deg F' > 3.
By Proposition 2.1, there is a basis {f1, fa, f3} of the space L(V} + V2) and
polynomials ¢;(X,Y) (i = 1,2,3), ¢(X), with integer coefficients, satisfying

degq < N2,  degygi <4N?, degygi <N (i=1,2,3)
and
H(q) < 6N*H(F)?N,  H(g) < (5N0N)N H(F)S™N" (1 =1,2,3),

such that the fraction g;(X,Y")/q(X) represents the function f;. Since 1 €
L(V; + V), we may suppose that f; = 1. Further, we may suppose that
the coefficients of each of the polynomials ¢;(X,Y) (i = 2,3) and ¢(X)
are relatively prime. If for every i € {2,3} we have ordy,(f;) > 0, where
j € {1,2}, then 1, fa, f3 € L(V}) with k € {1,2} — {j}. Since dim L(V},) = 2,
it follows that the functions 1, fa, f3 are Q-linearly dependent, which is a
contradiction. Hence, for every j € {1,2} there is i € {2,3} such that
ordy, (f;) = —1. It follows that there are a,b,c,d € {0,+1} such that the
functions f = afs + bfs and g = cfy + dfs satisfy

ordy, (f) = ordy, (9) = -1 (k=1,2).

Suppose that f € Q(g). Then f = G1(g)/G2(g), where G;(T) € QI[T]
(i = 1,2) with ged(G1(T'), G2(T)) = 1. Since f has poles only at V; and V3,
we deduce that Ga(g) is a constant. Thus f = AG1(g), where A € Q. We
have

—1 = ordy; (f) = (deg G1) ordy; (g9) = —(deg G1).

Thus f = ag + a1g, with ag,a; € Q, which is a contradiction. Hence f does
not lie in Q(g). On the other hand, since the only poles of g are at V; and
Vo with order 1, we have [Q(C) : Q(g)] = 2. Therefore Q(C) = Q(f, g).
The functions 1, f, g, fg, f,¢* lie in the space L(2V; + 2V3). By the
Riemann—Roch theorem, the dimension of L(2V; + 2V4) is equal to 5. It
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follows that there are b; € Q (i = 1,...,5) such that
24+ b1g® +bofg+bsf + byg +bs = 0.
Since f does not lie in Q(g), it follows that the polynomial
G(X,Y)=Y?+ 01 X2+ 0oV X + b3V + by X + bs
is irreducible over Q. For any o € Gal(Q/Q) we put
GO(X,Y)=Y?+o(b))X? +0(b)YX + 0(b3)Y + 0(bs) X + o (bs).

The polynomial G°(X,Y) is irreducible over Q and, since f,g € Q(C), we
have G?(f,g) = o(G(f,g)) = 0. Hence G?(X,Y) = G(X,Y). It follows that
o(bi)="b; (i=1,...,5)andsob; € Q (i=1,...,5).

Put hi(X,Y) = ag2(X,Y) + bg3(X,Y) and ho(X,Y) = cg2(X,Y) +
dgs3(X,Y"). We consider the polynomials

gpl(XaKZ) = hl(X7 Y) - ZQ(X)v @Q(XaxT) = hQ(X7 Y) - TQ(X)

and denote by Ry (X, Z), R2(X,T) the resultants of &1 (X, Y, Z), ®o(X, Y, T),
respectively, with F'(X,Y") considered as polynomials in Y. Since the func-
tions f and g are not zero, we have R; # 0 (i = 1,2). Using Lemma 3.1 and
the bounds for the degrees and heights of ¢;(X,Y’), we deduce that

H(R;) < H(F)BN (5N6eN)3NT (5 =1,2).

Furthermore, degy R; < 4N3 + N? (i = 1,2), deg, R1 < N and degy Ry <
N. Let S(Z,T) be the resultant of R1(X,Z) and Ro(X,T) with respect
to X. If S(Z,T) is zero, then Ri(X,Z), Ra(X,T) have a common factor
of the form A(X) € Q[X]\ Q. Then R1(X,Z) = A(X)P(X,Z), where
P(X,Z) € Q[X, Z]. It follows that for every x,z € Q with A(z) = 0, there
is y € Q such that ®;(x,y,2) = 0 and F(z,y) = 0. Thus we have finitely
many values for  and y and finitely many for z, which is a contradiction.
Hence the polynomial S(Z,T) is not zero. Furthermore, deg S < 9N*. By

Lemma 3.1, we obtain

S(Z,T) < (5N6€N)316N10H(F)612N10.
Now, if we denote by = and y the coordinate functions on the curve C
we have F(z,y) = 0, &1(x,y, f) = 0 and ®2(z,y,9) = 0. It follows that

Ri(z, f) = 0 and Ra(z,g) =0 and so S(f,g) = 0. Thus we deduce that the
polynomial G(X,Y") divides S(X,Y). So Lemma 3.2 yields

H(G) < 4(degS+1)2H(S) < (5N66N)320N10H(F)612N10.
Let I;(X,Y) = Bio(X)Y* 4 ... + Bi,(X) (i = 1,2) be two irreducible
polynomials with relatively prime integer coefficients such that I;(z, f) =0

and Iy(z,g) = 0. Since the only poles of f and g are at V; and V4, it follows
that B; o(X) = ; € Z (i = 1,2). The polynomial I;(X,Y") divides R;(X,Y)
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and so, using Lemma 3.2, we obtain
18i| < H(I;) < 4Wes Bt F(R,) < (5NSeN )N H(F)S8NT (=1, 2).
Put f/ = (1 f and ¢’ = B2g. The functions f’ and ¢’ are integral elements over
the ring Z[z]. So, if (u,v) € Z? with F(u,v) = 0, then f'(u,v), ¢ (u,v) € Z.
On the other hand, the functions f’ and ¢’ satisfy the equation
G'(X,Y) = nY? +72X? + Y X + 1Y + 95X + 76 =0,

where

n=05 =05 3= bbb,
va = BiBabs, s = P1B3bs, Y6 = BiB3bs.
Furthermore,
H(G’) < (5N6€N)339N10H<F)646N10_
We denote by K the conic defined by the equation G'(f’, ¢') = 0. Since K is
irreducible, it follows that K is smooth and so the discrete valuation rings

of Q(C) are the local rings Op at the points P of K.
We have the following three cases:

CaAske 1: Vq and Va are defined over Q. Then V; and Vo are the local
rings at the points P; and P, of K which are at infinity. Hence, P; and P
are defined over Q. It follows that 73 — 4713 is a nonzero perfect square. Let
(u,v) € Z% with F(u,v) = 0. Then f'(u,v),¢'(u,v) € Z and hence Lemma
3.3 yields

max{|f'(u, v)|,|g'(u,v)[} < 20H(G")".

On the other hand, f'(u,v) = 1 f(u,v) and R;(u, f(u,v)) = 0. By Lemma
3.4, we obtain
[ul < 2(N + 1) H(R1)H(f (u,0))Y < 2(N + 1) H(Ry) max{|f'(u, v)], [ 1]}
Using the bounds for the quantities H(Ry), |51, |f'(u,v)| and H(G'), we
obtain . .

|u’ < (5N6€N)1360N H(F)2589N ]
Similarly, we deduce the same bound for |v|.

CASE 2: V] and Vi are conjugate over an imaginary quadratic field k.
Then we deduce, as in Case 1, that the points P; and P, of K at infinity
are defined over k, whence 735 — 47,793 < 0. Thus, working as in the previous
case, we obtain

max{|ul, [v]} < (5NOeN)082N" f () 1207V
CASE 3: V7 and V, are conjugate over a real quadratic field k. Since the
equation F'(X,Y) = 0 has infinitely many integer solutions, Lemma 3.12

implies that the highest powers of X and Y occur as isolated terms cX™
and dY™. It follows that the function y is an integral element over the ring
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Q[z]. Further, the homogeneous part of highest degree of F(X,Y) has the
form either ag(a; X + a2y )” or ag(a; X? + aa XY + azY?)". In the second
case, if a; = 0 or a3 = 0, then V; and V5 are defined over Q, which is a
contradiction. Hence a7 # 0 and a3 # 0. So interchanging the roles of X
and Y if necessary, we may suppose that N = n. Thus n = degF' > 3.
We denote by e; the ramification index of 1/z in V;. Since V; and V5 are
conjugate, we have e; = e3 = n/2. So n is even, whence N =n > 4.

The poles of the function = are at V7 and Vo which are the local rings of
the points of K at infinity. Thus z € Op for every P on K which is not at
infinity, whence z is regular on K. On the other hand, f, g € Q(C). It follows
that the fixed field of Q(C) = Q(f, g) under the action of the Galois group
Gal(Q/Q) is Q(C) = Q(f, ). Hence, z is a regular function of Q(f, g). Thus
there are A(X,Y) € Z[X,Y] and a € Z such that x = A(f, g)/a. Further, y
is an integral element over Q[z], whence the only poles of y are at V; and
Va. Thus, as previously, there are B(X,Y) € Z[X,Y] and b € Z such that
y=B(f.g)/b.

From our hypothesis that the curve C' has a simple integer point, we
infer that C' has infinitely many points defined over Q and therefore the
conic G(f,g) = 0 has a point defined over Q. By Lemma 3.5, there is a
point P on the projective closure of G(f,g) = 0 with coordinates over Q
satisfying

H(P) < 30H(G).
Further, the fact that V7 and Vs are conjugate over a real quadratic field k
implies that the points at infinity of the projective closure of G(f,g) = 0

are not defined over Q. Hence, P is not at infinity. Thus Lemma 3.6 shows
that the conic G(f, g) = 0 has the parametrization

@) _ fa(t)
f= f3(t)’ 9= f3(t)’

where f1(T), f2(T), f3(T) € Z[T] with degree < 2, such that the polynomials
FiT) = Z1o(T) (12 1,2) satisty

H(f{(T) — Zf3(T)) < 90H(G)*.

Since the only poles of f and g are at V; and V5 which are conjugate over
k, it follows that deg f3 = 2 and the two roots of f3(T") are distinct and
conjugate over k.

Now, replacing f and g in x = A(f,g)/a and y = B(f,g)/bby fi1(t)/f3(t)
and fa(t)/ f3(t), respectively, we see that there are Ay (T'), B1(T) € Z[T] such
that

Al B
afstyr YT bfs(t)e
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where p and ¢ are positive integers. We have
p=—ordy,(r) =e; =n/2 = N/2.
Furthermore, since ordy; (y) = ordy, (y), we obtain
q = —ordy,(y) = [Q(C) : Q(y)]/2 = m/2.
Since x and y have no other poles than V; and V5, we deduce that deg A; <
N and deg By < m. Moreover, we may suppose, without loss of general-
ity, that the coefficients of each of the polynomials A;(T") — aX f3(T)? and
Bi(T) — bY f3(T')? are relatively prime.
We denote by R3(X, Z,T) and R4(Y, Z,T) the resultants of ¢1(X,Y, Z)

and Po(X,Y,T), respectively, with respect to ¥ and X. Lemma 3.1 gives

H(R3) < (5]\766N)68J\f7H(F)134N77 H(Ry) < (5N66N)272N8H(F)536N8.

Further, degy Ry < 8N?(N — 1), deg; R3 < N — 1, degp R3 < N — 1,
degy Ry < 8N2(N — 1), deg, Ry < 4N? and degy Ry < 4N?2. Moreover,
R3($7fag) =0 and R4(ya f7 g) = 0. Let

R3(X,Z,T) = R30(Z,T)X" + ...+ R3,,(Z,T)
and M = maxo<;<,{deg R;}. We set
Ry i(T) = Ryin(J1(T), fo(T), f5(T)) f5(T) M8 1,
where Rs3;,(Z,T,U) is the homogenization of R3;(Z,T). By Lemma 3.7,
the height of the polynomial R3(X,T) = Rj o(T) X" +...+ Rj ,(T) satisfies
H(Ry) < 22" H(Rs)H(©)*V ",

where © is a point in the projective space with coordinates the coefficients
of f1(T), f2(T) and f3(T). Since

H(O) < H(fi(T) — Zf3(T))H(f2(T) — Z f3(T)) < 8100H(G)",

we get
H(R}) < 2™V H(G)*WV -V H(Ry).
The degree of R4(X,T) is < 8N3. Furthermore, Rj(z,t) = 0, whence the
polynomial af3(T)N/2X — A;(T) divides R4(X,T). Using Lemma 3.2, we
obtain .
H(af3(T)N?X — A((T)) < 4N H(R}).
Combining the bounds for H(R%), H(G) and H(R3), we deduce that
H(af3(T)N2X — Ay(T)) < (5NSeN)S0H (F)19%)32N
Suppose that f3(T) = oT? + BT + . Setting u = 2at + 3, we obtain
_ Li(w) _ Lo(uw)
T L) MY Y T ()
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where L;(U) (i = 1,2, 3) are polynomials with integer coefficients and
Ls(U) = (4a(U? = (82 = da)))™2,
The two roots of f3(T') are distinct and conjugate over k. Hence the integer
§ =% — day
is positive. Since N > 4, we have
6 < 5max{|al, 5], |7}* < 5H(afs(T)V?X — A(T))
< 5((5N66N)80H(F)153)32N11.
Furthermore,
H(aL3(U)X — Ly(U)) < 4¥ H(afs(T)N?X — Ay(T))?N+!
< ((5N6€N)81H(F)153)72N12.

It is easily seen that at least one of the L;(U) (i = 1,2) is not a constant.

So, we may suppose that deg L1 > 0. We put
Li(U,V) = L;,(U, V)V deg La=deg Li
where L; (U, V) is the homogenization of L;(U) (i = 1,2) and we denote
by L3(U,V) the homogenization of L3(U). By Lemma 3.9, there exists a
nonzero integer x and polynomials I'(U), A(U) with integer coefficients
satisfying
U)Li(U)+ A(U)aLs(U) = k
such that deg I' < N, deg A < N and
k], H(D), H(A) < (2N — 1) H(Q)2,

where (2 is a point in a projective space having as coordinates 1 and the
coefficients of L;(U) and aL3(U) (in any order). Since the coefficients of
aL3(U)X — Li(U) are relatively prime integers, we have

H(Q) = H(aLs(U)X — Li(U)).

According to our assumptions, there is a simple integer point (xg,yo)
on C. By Lemma 3.10, there are ug, vy € Z with ug > 0 and ged(ug, vp) = 1
such that

Ly (up,v0)

aL3 (’u,o, 1)0)

Ls(uo,vo)
CLLg(UO, U[)) ’
Thus

I'(ug, vo) L1 (ug, vo) + A(uog, vo)aLs(ug, vg) = m}é,

where ( is a positive integer < 2N and I'(U, V), A(U, V) are forms with in-
teger coefficients of degrees < N. It follows that Lg(ug,vg) divides m/g.

Since ged(ug,vg) = 1, we obtain ged((uZ — 511(2))N/2,v8) = 1 and hence
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(u? — 6v3)N/? divides k. Thus ud — dvZ = A, where ) is a nonzero inte-
ger with
I\ < NYH(02)%
Let (c,d) be the fundamental solution of equation X2 — §Y? = 1. By
Lemma 3.8, there exists a fundamental solution (1, 6) of equation X?—§Y? =

A such that there are integers r, s with 0 < r < s < a?(4a|\|)Y and solutions
(zi,w;) of X2 —§Y? = X given by

zi+wiVe = (c+dVo) ¥ (n+0vs) (i=0,1,..),
satisfying
zi = uo (moda(4alX)V?) and w; = vy (mod a(4a|N])N/?).
Thus the points P; = (z;,v;) (i =0,1,...) of C, with

~ Li(zi,w;) Lo(2i, w;)

o d vy =
(2 al yl CLL3(ZZ'7’I,U7;)7

alLs(z;,w;)
are integral.

Let Fx(X,Y) and Fy(X,Y) be the derivatives of F'(X,Y) with respect
to X and Y, respectively. As is well known, a singular point on C' which
is not at infinity satisfies the equations Fx(X,Y) = Fy(X,Y) = 0. Since
the degree of FI(X,Y) is equal to N, Bézout’s theorem implies that C' has
at most (N — 1)? singular points which are not at infinity. Thus at least
one of the points P; (i = 0,1,...,(N —1)?) is simple. Lemma 3.11 and the
estimates for §, A and H(£2) imply that for i = 0,1,...,(N — 1)? we have

maxe{ 2], [wil} < exp{((BN®e™)* H(F)!%%)*V),
It follows that
lzi| < (N + 1) H(Q)max{|z|, |wi|}¥ (i=0,1,...,(N —1)?).
Finally, Lemma 3.4 implies the result.
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