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On Hecke L-functions associated with cusp forms
by

A. SANKARANARAYANAN (Mumbai)

1. Introduction. Let f(z) = Y7, a,e?™"* be a holomorphic cusp
form of even integral weight k& > 0 with respect to the modular group I' =

SL(2,Z) and define the associated Hecke L-function by

(1.1) L¢(s) = Zannfs

for Rs > (k + 1)/2. Throughout this paper we assume that f(z) is a Hecke
eigenform with a; = 1. It is known (see [7]) that L(s) admits analytic con-
tinuation to C as an entire function and it satisfies the functional equation

(1.2) (2m) T (s)Lys(s) = (—1)*2@2m) = =) P(k — s)L;(k — s).
L#(s) has an Euler product representation (for $s > (k+1)/2)
(1.3) Li(s) = [[(1 = app™ +p"p72) 7"

P

The non-trivial zeros of L¢(s) lie within the critical strip (k —1)/2 < Rs <
(k+1)/2, symmetrically to the real axis and also to the line Rs = k/2. The
Riemann hypothesis in this situation asserts that all non-trivial zeros are on
the critical line Rs = k/2. From Deligne’s proof of Ramanujan—Peterson’s
conjecture (see [2] and [3]), we have the bound for the coefficients

(1.4) lan| < d(n)nkF—1/2,

We denote by N¢(T') the number of zeros 8+iy of L#(s) for which 0 < v < T,
for T not equal to any -y; otherwise we put

(1.5) N(T) :;i_r)r(l)%{Nf(Tﬂ-S)—l-Nf(T—E)}.
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Then one can show that (following Theorem 9.3 of [14])

(1.6) NA(T) = %log%—%—l—l%—Sf(T)jLO(l/T)
where
(1.7) S;(t) = %argLf(kz/Q—i-it).

The amplitude is obtained by a continuous variation along the straight lines
joining the points k/2+1,k/2+ 14T and k/2+ T, starting with the value
zero. Hence the variation of Sf(t) is closely connected with the distribution
of the imaginary parts of the zeros of L¢(s).

We now define, for 0 > k/2, T > 1 and H <T,

(1.8)  Ny(o,T,T+H) = {f+iv: Ly(B+iy) =0,32>0, T <y <T+H}|

2. Notation and preliminaries

e A, As, ... denote effective absolute constants, sometimes positive.

o f(z) < g(x) and f(x) = O(g(x)) will mean that there exists a constant
C' > 0 such that |f(z)] < Cg(x).

e ¢ denotes any small positive constant.

e Asusual, s = o +it, w = u + .

When £ is even, it is known that a,’s are real and in fact they are totally
real algebraic numbers. Hence a,, is real from (1.1) and (1.3). By Deligne’s
estimate, we also have |a,| < 2p*~1/2. We define a real number Aj, such
that a, = 2A;p(k_1)/2 and clearly |A}| < 1. Let o, and @, be the roots of
the equation z? — 2472z 4+ 1 = 0; note that |aj,| = 1. Therefore, from the
Euler product of Lf(s), we can write

(2.1) Ly(s) = [T(0 = app™) (1 —app™) "

with |a,| = p*~1/2 and a, = a,+a,. Taking logarithms and differentiating
both sides with respect to s we find that

I
4 m>1,p
Now we define
(2.3) Af(n) _ { (a;n + a?)(logp) if n=pm,
0 otherwise.

Hence we obtain

L/ oo
(2.4) —L—;(s) =" A (in Rs > (k+1)/2).
n=2
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Note that

(2.5) Ag(n) < 2(logn)nF—1/2,
Let x > 1 and write

(2.6) Az ¢(n)

Af(n) if1<n<u,
og(z3/n))? — 2(log(z?/n))?
| iyt L0 >2>(logi<)12g< ) R
og(x3/n))?
Af(n)% if 22 <n < a3

We define a non-negative smooth C'* function ¥y (t) as follows. For H < T,
0 ift<1+1/Uort>1+H/T—-1/U,

(2.7) Wy (t) = .
1 if14+1/U<t<1+4+H/T-1/U.

Also assume that Wy is chosen in such a way that

(2-8) v (1) < UP

where U is a positive parameter to be fixed later. Let ¢(&), ¢*(§) be suitable
smooth (C*°) functions satisfying ¢*(§) =1 — ¢(1/£) and

1 if [€] <2/3,
2.9 =
(2.9) 501, oo
Define
(2.10) L;l(s) = Z pr(n)n=° inRs > (k+1)/2,
n=1
so that from the Euler product for L¢(s), we have
1 if r=0,
—a, ifr=1
2.11 ") = b ’
(2.11) meP) =4 e g,
0 if r > 3.
Now, we define
1 if1<n<E¢,
log(&?/n) . 2
. = —_— <n<
(2.12) ge(n) log & if & <n<g%,
0 if n > &2,

and define \,, = p17(n)ge(n). Here & = TY with 0 < 6§ < 1/4 to be chosen
appropriately later. We introduce a Dirichlet polynomial as in [9],

(2.13) Me2(s) = Ao,
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In this paper we prove the following two theorems.

THEOREM 1. Fort> 2,2 <x < t2, we have

)= - L 5 D) intionn) o,

n%.t logn

AI,
S o)

n<x3

)

n<x3
+ O((04,t — k/2)logt),
where
Ozt =k/2+2max(f — k/2,2/log x)
with o0 = B+ iy running over those zeros for which
[t =l < &M log ) 7,
and Ag r(n) is as in (2.6).
As corollaries, by choosing = v/logt we obtain
S¢(t) = O(logt)

unconditionally, and assuming Riemann hypothesis, we get

B logt
Sslt) = O(loglogt)

THEOREM 2. Let B be any fixed small positive constant. Let

19  13.505
= —+ ——B B’ <1.
50 + 3 and <a<

Then for T < H < T, we have

B/

logT

— 157 (0—k/2)
)

H
Ni(o,T,T + H) < H(—

uniformly for k/2 <o < (k+1)/2.

REMARK 1. Theorems 1 and 2 (with T%/2*¢ < H < T and B’ = 1/2)
in the case of the Riemann zeta-function ((s) are due to Selberg [13]. The
importance of Theorem 2 is in the exponent of the log factor when |o—Fk /2|
< (logT)~!. In fact later developments in the theory allow us to take even
a much shorter interval in the case of ((s) in Theorem 2. Theorem 2 (with
H =T) in the case of L(s) is due to Luo [9]. Here we prove an analogue
of a result of Selberg for L¢(s) (Theorem 1) and the density estimate for
L(s) over shorter intervals (Theorem 2). We follow closely the papers [13]
and [9].

REMARK 2. It should be pointed out here that some more important
results have recently been proved in [1] assuming certain hypotheses (which
are true in this situation) for a class of Dirichlet series which are linear com-
binations of Euler products. We also suggest some basic references related
to our paper: [6], [8], [11], [12].
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3. Some lemmas

LeEMMA 3.1. We have §(s) = (2m)~°I'(s)Ly(s) is an integral function of
order 1.

Proof. 1t is standard. m
LEMMA 3.2. If s# o, t > 2, then

)= (=07 + ™)+ Ollogt)

uniformly for k/2 < o < k/2+ 10.

Proof. Since £(s) is an integral function of order 1 it has the Weierstrass
product representation

(3.2.1) HOET R || { (1 - g) es/a}

0
where bg, by are certain constants. Also we have

(3.2.2) &(s) = (2m)"°I'(s)Ly(s).
Taking logarithms and differentiating (3.2.1) and (3.2.2) with respect to s,
and using (for a < Rz < b)

/

ro. 1 L
(3.2.3) ?(z) =logz — 2 + O(]z] %),

we obtain the lemma. =

LEMMA 3.3. In the region defined by o < 1/4, |s —n| > 1/2 (n =
0,—1,-2,...), we have

L/
“L(s)| < Ay (log|s| + 1).
Ly
Proof. From the functional equation £(s) = e™*/2¢(k — s), we have
L r’ I’ L

(3.3.1) L—;(s) = 2log(2n) — = (s) = & (k—s) - L—;(k: — 3).

Note that, for 0 < 1/4, k — o0 > k — 1/4 and hence
f f

3.2 —(k — < 1.
(3.3.2) Lf( s)‘ S 2 ko <

Now the lemma follows on using (3.2.3). =
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LEMMA 3.4. There exists a sequence of numbers To, T3, ... such that
m<T,<m+1(m=2,3,...) and
LI
—f(s) < Aslog®m
Ly

fork/24+1>0>1/4, t =£T,,.

Proof. From the Weierstrass product representation of £(s), we obtain

/

L
(3.4.1) L—;()—bl—t—log(%r—— +Z s—o) 40"

=9g(s) +2(s) (say)

where
/

9(5) = by +1og(2m) — (), T(s)= D (s~ o)+ o).

e

Let s =0 +it,so = k/2+ 2+ it where 1/4 <o <k/2+42,t > 2 and ¢ is not
equal to any 7. Let §p be the distance of ¢ from the nearest v and let

(3.4.2) 0 = 6(t) = min(dg, 1).
Then for every zero o = [+ iy with 0 < 8 < (k+ 1)/2, we have

(343)  ls—of > (1= 2 8224 (1 =723 T{1+ (=)
and

(3.4.4) 50— 0 = (b/2+2— B + (= 7)? = 1+ (t— )",
Therefore from (3.4.3) and (3.4.4), we get

St

(3.4.5) |1 2(s) — X(s0)| = s—0)(s0—0)

k/2+2—1/4
Z (02/2)12{1 + (t = v)?}

On the other hand,
(3.4.6) R(s0) = Y (M L ﬁ)
4

|s0 — 0|2 |0

> {(k/2+2-8) +(t—7)*}"
> (k/2+2) 2 {1+ (t -7
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Hence from (3.4.5) and (3.4.6), we get

(3.4.7) |2(s) — X(s0)| <207 (k/2+2)*(k/2+ 2 — 1/4)RZ(s0).
This implies that
(3.4.8) L—ﬁ(s) —g(s)| = |2(s)] < 67H2(k/2 + 2)° + 1}| Z(s0)|

L/

< As(k)s™* I —L(s0) — g(s0)|-

Note that ‘i—;(s(})‘ < 1. Now applying the asymptotic expression (3.2.3) for
FT/(S) to g(s) and g(sp), we get

L/
_f
7
Now let m be any integer greater than 1, and v,, the number of ¢ for which
m <y < m+1sothat v, = N(m+ 1) — N(m) < Aslogm. If we divide
the interval (m,m+ 1) into v, + 1 equal parts, then one subinterval at least
will contain no + in its interior. We choose T}, to be the midpoint of such
an interval. If t = T},,, then 6 > 1/(2(vs, + 1)) and hence

Ly

L_f(S)

(3.4.9) < Ay(k)d logt.

< Aglog?m,

which proves the lemma. =

LEMMA 3.5. There exists a sequence of numbers To,T5, ... such that
m<T,<m+1(m=2,3,...) and

L/
72 (s)
Ly
foro>—-m—1/2,t=4T,, oro=—-m—1/2, |t| < Tp,.
Proof. This follows from Lemmas 3.3 and 3.4. m
LEMMA 3.6. For s # o, s# —q (¢=0,1,2,...), we have

< Azlog*m

L Ay 5(n) x5 (1 -9 3)2
)= = > L2+ (loga)
= - g )
Lf ngg’ n qzo Q+ S
x5 (1 — x@~ S)2
+ (lo ac —2
+ (log Z (s —0)?
Proof. First, we notice that for a1,y > 0,
1 a1+i00 ., 1 9 9 ify>1
(3.6.1) . y_gdw:{(ogy)/ ity > 1,
2 w 0 if0<y<l1.
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Fix oy = max(k/2+1,(k+1)/2 + o). From (3.6.1), we obtain

a1+i00 4, w\2 /
(362 > Aog(n) _ 1 | w(—%(s%—w))dw.

ns  2mi(log )2 w3 §

n<x3 a1 —100

After taking into account the residues at singularities between the contours,
we replace the interval (a; — iTy,, a1 + iT),) of the integration line by the
straight lines joining the points oy — i1y, —m —1/2 — 0 —iT,,, —m —1/2 —
o+ iTym, a1 +iT,, where m > 2 is an integer and T, is the number defined
in Lemma 3.5. We note that whenever u+ o > (k+1)/2+ ¢,
Ly
—(s+ w)‘ <1
Ly
and also from Lemma 3.5, the contributions from the horizontal portion
and the vertical portion tend to zero as m — oo. Therefore the integral on
the right hand side of (3.6.2) is equal to 27 times the sum of the residues
of the integrand in the half plane Rw < «;. The singularities are w = 0,

w=-q¢—s(¢g=0,1,2,...) and w = p — s, and the corresponding residues
are
L —q—=5(1 _ £—9—5)2 0—s(] — po—5)2
~(oga)? (s, U r T et ar)
Ly (¢+s) (s — o)

respectively. Since the series of the residues is absolutely convergent we get
the lemma. =

LEMMA 3.7. Let w = u+iv. Then for |v| > 10, we have
0 Tu+1U3(1 4 U—l)u+4

J1 = Uy (t/THt" dt < .

1= ) wt/T) [(w + 1) (w + 2)(w + 3)v]

— o0

Proof. Integration by parts and the properties of ¥y give

Tu+1’ S(iooo W((]fi) (t)tu+3+iv dt|
|(w+ 1) (w+ 2)(w + 3)|

(3.7.1) |J1| <

Let G(t) = WP ()t*+3, F(t) = vlogt. Then
G(t)
F'(t)

is monotonic in ¢ in the interval 1 + U~ <t <1+ HT~' —U~'. Also, for
any v > 0,

= vt ()t

> —31 —1\—u—4
0 >oU2(14+U77) >0
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since Wég) (t) < U3. Hence by Lemma 4.3 of [14], we have

(3.7.2) ‘ | o3t dr] < 40 ud 4 Uty

This proves the lemma for v > 0. For v < 0 the proof is similar. =

LEMMA 3.8. For |v| < 10, we have

©0 u+1
Jo= | Ty(t/T)t" dt <

— 00

{(2 . U—l)u+1 o (1 + U—l)u—i—l}'

u-+1

Proof. Using the properties of ¥y and taking the absolute value inside
the integral, a trivial estimation gives the lemma. m

LEMMA 3.9. If U =4T/H, then for k/2 < o < k/2+ ¢, we have

| J5| = ’ OSO J’U(t/T)(%>2k4U dt' <. H.

— o0

Proof. By a suitable change of variable, we have

T 2k—4o0 0o
| 5| = ’<%> T | WU(t)tQ’“_“"dt‘

— 00

T2k—40+1 1+HT™ ' -U"!
< | k=47 gy
— (27-‘-)2]6740'
14+U-1

<. T2k74a+1(H/T - 2/U)(1 + U71)2k740 < H

since 0 > k/2. m

LEMMA 3.10. For b >0, 0 > k/2, we have

Ao Avy,  (0102)? b2 2
Z (1}111)2 )20. ('Ul 02)21) << 5 (log 5) N
v1,v2 <82 ’

Proof. Since |\,| = |ptf(v)ge(v)] < d(v)v*=D/2 ] we have

Ulvgb -1
S Awde WS 00 (002

v1,v2<E? (111'1}2)‘7 (017’02) v1,v2 <E2

<e2( Y dw) <« £ (loge)?

v<E?

because o > k/2, and this proves the lemma. m
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LEmMA 3.11. We have
T+H
V ILp(k/2+ 1+ it) Mea(k/2 + 1+ it) — 1) dt < H/&**.
T

Proof. We write
(3.11.1) Ly(s)Me2(s) — Z

We note that a,, * pf(n) = ( ) = [1/n] (the Dirichlet convolution) and
hence ¢, = 0 for 2 < n < &. Also we notice that, by definition, ¢; = 1 and
for n > &,

(3.11.2) Cn = Zad,uf(n/d)gg(n/d).
d|n
Therefore
(3113)  fea| < Y d(m)m*=D2d(n/m)(n/m)*~V/? < dy(n)nl=D/2
m|n

since |pp(n/d)| < ansa, [9e(n/d)| < 1 and |am| < d(m)m*~H/2. Hence we
obtain

(3.11.4) len|? < nF7ldig(n).

From the Montgomery—Vaughan theorem (see [10]), on using (3.11.4) we get

T+H
Jy = S |Lp(k/2+ 1+ it)Me2(k/2 + 1+ it) — 1|* dt

= Z!%!Q “2(H +0(n))
n>§&
< H Z n- d16 Z n- d16
E<n<H n>H
H(logT) logT)'® H
(log 7)™  (logT)™ ’
52 H 62—8

which proves the lemma. =

LEMMA 3.12. If k/2 < o < k/2+1/1000 and u,v are co-prime positive
integers < T, then

oo

Js =\ @u@/T)|Ls(o +it)|* (n/v)" di

— 00
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o0

= (u) "Dy (20) | Wy (t/T)dt

— 00

+ ()~ *=9)D,, Wy (t/T)(t)T)* 4 dt

(MU)2876/1000U4T3/4+5
(0]
o )

where

QplGyl
D‘W(S) - Z Mls :

1=1
Proof. First consider the following expression:

(3.12.1) E = (w)°
x Yy i,g (\/W> Hy(s) Dy (s + 20,1) | Wy (t/T)t" dt

2T 2T
0<I</EwUTe 2) —oo

where

_ o
(3.12.2) Hl('w) — S ¢(€)€2m(l/\/ﬁ)§ I 1d§

0

and

o~ An Ol
3.12.3 D, 20,1) = .
( ) pr (0 4 20,1) ;(nu+l/2)w+za

We move the line of integration in (3.12.1) to Rs = —1/4. From Lemma 5
of [5], we have

14+
(3.12.4) Dy(w +20,1) = 0( w + 20| )
()

22y + 20 — k + 1/4)

uniformly in p,v,l > 1,u+ 20 > k — 1/4. Note that here u = —1/4. Using
integration by parts and from the properties of ¢(§), it follows that

(3.12.5) Hy(w) < —V|w|
From Lemmas 3.7, 3.8 and the inequalities (3.12.4), (3.12.5) we obtain
(’L”/)U—&—u/2+1/2+1/2 4rp3/4
3.126) E UtTerite
(3.12.9) (20 — F) () /22
- ()7 +23/8=k/2 AT ite < (1) 2876/1000 .
20—k 20—k

Now the lemma follows from Lemma 2.1 of [9]. =
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LEMMA 3.13. For o =k/2+ Ag/logT, with U = 4T /H we have

= 19/4+-¢€ ¢13.504 3
T 1
| |Lf(0+it)M§2(a+it)—1|2dt<<H+O< § . (log€) )
T H

Proof. From Lemmas 3.10 and 3.12, with b = 2876,/1000, we have
(3.13.1) Jo =\ W (t/T)|Ls(o + it)Me2(0 +it) — 1] dt

— o0

Aps A
= Z e U; (v1,v2)% J7
v1,v2<E2 (U1U2)

Aus Ay _
+ Z 17\U2 (Ul’v2)2(k U)J8

+ O(T3/4+8U4§13.504 <10g 5)3)7

where

Jr = Dvl/(vl,vz),vz/(m,vz)(20) S WU(t/T) dt,

Js := Doy f(01,02),02/(v1,02) (2(k — 7)) S WU(t/T)(t/T)2k_4U dt.
Also note that
3132) | w@/T)dt=T | wy(t)dt

1+HT '-U~!
=T | dt =T{HT ' - 2U"'} < H.
14+U-1

Now the lemma follows from the arguments of Section 3 of [9]. =

LEMMA 3.14. Let B be any small positive constant. For T19/20+13.5055/5
< H <T, we have

T+H
 1Lf(o +it)Mez(o +it) — 12 dt <. HT~ -9 —k/2B
T

uniformly for k/2 4+ Ag/logT <o < k/2+ 1.
Proof. We fix £ = TP so that the error in Lemma 3.13 is
(3141) < H74T19/4+13.504B+5(10gT)3 < H74T19/4+13.504B+61 < H
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for some other small positive constant £; (< 0.001B), since T19/20+13.5055/5

< H. Hence from Lemma 3.13 we have
T+H
(3.14.2) S |Ly(k/2+Ag/log T+it) M2 (k /24 Ag /log T+it)—1|* dt < H.
T
Also from Lemma 3.11, we have
T+H
(3.14.3) | |Lp(k/2+ 1+ it)Me(k/2+1+it) — 1] dt < HT P79,
T
Now we use the two-variable Gabriel convexity theorem (see [4]):
CONVEXITY THEOREM. Let g(s) be an analytic function in a specified
region and for any positive A, let

T+H
(3.14.4) G(o,\) = ( | lg(o + ity dt)A.

Then, for a<o <3 and any positive numbers \, u, withp = (6 — o) /(8 — «)
and q = (0 —a) /(B — «), we have

(3.14.5) G0, Ap + pg) < (G, A)P(G(B, )7

In the above convexity theorem, we take A = p = 1/2,a = k/2 +
Ag/logT, 3 =k/2+ 1 and g(s) = Ly(s)Me2(s) — 1. This implies that

k/24+1—-0 o—k/2— Ag/logT
P= 1— Ag/logT’ 1= 1— Ag/logT
Note that p+ ¢ = 1. From (3.14.2), (3.14.3) and (3.14.5), we obtain
T+H
(3.14.6) | |Ly(o+it)Me(o+it) — 1°dt
T

< HP(HT BR-9))1 « gT-B1@~9) « gT-B@-e)0-k/2)
and hence the lemma. =

REMARK. Let B’ =19/20 4 13.505B/5 where B is any fixed small pos-
itive constant. Let 7% < H < T, B’ < a < 1. We notice that

H , H Y05
<ﬁ> <T'"B  and hence (ﬁ) <T.

Therefore, we have

B
g\ 15 (0—k/2)
—(2—e)B(oc—k/2 —B(o—k/2
T2 Blo—k/2) < B /)S(TB/> .
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This implies that, for T* < H < T with B’ < a < 1,

ToH . 5\~ 0 k/2)
S |Lf(0'—|-2t)M£2(U+Zt)—1| dt<<H<TB,> ,
T

which holds uniformly for k/2 + Ajo/logé <o < k/2+1/2.

4. Proof of Theorem 1. We follow closely the arguments of Selberg
(see [13]). For > 2, t > 0, we define a number

(4.1) Ot = §—|—2mgx (ﬁ—g,é)

where ¢ runs through all zeros ¢ = 8 + iy for which
2318—k/2|

(4.2) =l < T

We notice that 5
ZQ: 752 e = O(logt)

and hence from Lemma 3.2, for ¢ > 2, taking real parts on both sides, we
obtain

L O-w,t - ﬂ _ L/
(4.3) Si=)_ CA " afeLf (024 +it) + O(logt).

Since zeros lie symmetrically with respect to the line o = k/2, we have
(4.4) S = (02t —k/2)
Do am—m) ~ B+ (-0
{(020 =8 + (t =7)*H (0w =k + 0)? + (t =)}

Arguing as in [13], we find that

(4.5) S1:= <%,t - §>2 - <ﬁ - §>2 +(t—)?

> 2 (70— ) + (g — kB +2( = 7))

Therefore from (4.4) and (4.5), we get
3
(46) S Son,—k/2)

Xz{am— 1+(t—7)2+(0zt kwl) - 7)2}

5 1
- g(Uz,t —k/2) ZQ: (Oat — B)?+ (t — 7)2‘
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From (4.3) and (4.6) we have

@n > ! b1 L}( + it)
’ 0 (O-w,t_ﬂ)z—'_(t_’Y) 3th_k/2 Lf O-wt
logt
+o(a¥t55)
Fort>2 2<z<t? o> 04.t, Lemma 3.6 yields
L Ay p(n)
f _ x, f _9
(4.8) L—f(s) = - ;3T+O( 7(logx)™*)

Z xﬁ o 1+:L'ﬂ 7)2
loga: )? {(c —y)2}3/2

where |w| < 1.

Now, arguing as in [13], we obtain

mﬁ—0(1+_xﬁ—0)2 200gaﬂaﬁ74_”/2
R R L A R G ER
Therefore from (4.7) and (4.9), we get

B—o 1 B—o
410 Z{ €z +'1" )) }3/2 (].ng)2 k/4 0'/2

(4.9)

Ly
(O’ it + Zt)‘
Ly
+ O(z*/4=7/2 (log 2)* log t).
Hence from (4.10), (4.8) becomes
L/

Ay _
—f(s) = — Z —Tfs(n) +O(l‘k/4 /2 logt)

(4.11) I

n<xs
/

5 4 wja-op2 Ly
o . t
+ = 5 W'z I (U ++it)
where |w'| < 1. Taking first 0 = 0, ¢, we get

Ly ; Az y(n)
(4.12) (@ +it) =0 > | ) +Ologt).
n<xz3

Therefore from (4.7) and (4.12), we get

Opt —k/2 Ay 5(n)
(4.13) Z 32 2~ O( Z o | | T Ollogt)

0 (O-.’E,t_lg) +(t_’}/) TL<I3 n ’
and
L Az 5(n) Az 5(n)
f _ z,f k/4—o/2 z,f

n<xd n<zd

+ O(2z*/4=7/2 10gt).
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Now,
o0 /
(4.15) argLy(k/2+it) = — | %L—f(a+7:t)da
k2 T
oo L/ L/
L ! :
= S (0 +it)do — (051 — k/2)S—= (04, +it)
o, L, Ly

Ox,t LI Ll

+ S %{—f(awm%t) f(O'—i—Zt)}d
Ly ™ Ly

k/2

=L +1,+ 13 (say).
Using (4.14), we find that

1
(4.16) L1 =S Z ng“+zt 1Ogn+0<logx

n<z3

From (4.12), we get

>+O<logt>.
log

) + O((044 — k/2)logt).

Z Ay, g (n)
naw,t+it
n<x3

Z Az 1(n)
nUz,t+it

n<x3

(417) I, = 0((am —k/2)

From Lemma 3.2, taking the imaginary part of both sides and arguing as in
[13], we find that

(4.18) |13 <10(0ws — £/2)) (0o f%;f{f_ 72

=0((on k)| ¥ T2

n<x3

+ O((04,t — k/2)logt)

) + O((044 — k/2)logt).
Now Theorem 1 follows from (4.15)—(4.18).

5. Proof of Theorem 2. It suffices to show that (for any fixed small
positive constant B, T < H < T, B’ < a < 1 where B’ is as in the
theorem)

(k+1)/2 H =7 (0—k/2)
G1) | (N0, T+ H) - Ny(o',T)) do’ < H(TB,)
for k/2 4 Ay1/logé <o < (k+1)/2.
Let &(s) = 1 — (Ly(s)Mg2(s) — 1)%. The zeros of Ly(s) occur among
those of @(s) with at least the same multiplicities. By Littlewood’s lemma
regarding the number of zeros of an analytic function in a rectangle (see
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[15]), we obtain

(k+1)/2
(5.2) | (Np(o!,T + H) — Ny(o’, T)) do’
7 1 T+H
<o | log|o(o +it)| dt
T
1 < / . / 1 T / . /
+ — S arg®(o’ +i(T+ H))do' — — S arg®(o’ +iT) do
2 ; 2w ;

In the range ((k+1)/2 + 4,00), we see that arg®(o’ + it) = O(277) and

hence
o

(5.3) | arg®(o’ +iT)do’ = O(1).
(k+1)/2+4
In the range (k/2,(k + 1)/2 + 4), from Jensen’s theorem (see [14]) and a
standard argument, we find that
(5.4) arg (o’ +iT) = O(log T).

Therefore we get
oo

(5.5) S arg (o’ +iT) do’ < logT.
Similarly we have

(5.6) | arg®(o’ +i(T + H)) do' < logT.

Since log(1 + |z|) < |z|, we obtain

T+H T+H
5.7 | logl|®(oc+it)dt < | |Ly(o+it)Me(o +it) — 1| dt
T T

B
H *W(U*k/m
<n(;4) |

Now the inequality (5.1) follows from (5.2) to (5.7). Hence it is enough to
assume that o — k/2 > (logT)~!. Therefore,

(58)  Ny(o,T,T+H)<(logT) | {N(o!,T+H)—Ny(o',T)}do’
o—1/logT
B
H *W(U*k/m
< H(TB,> log T
from (5.7) and this proves Theorem 2.
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