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The sum of divisors of a quadratic form
by

LiLu ZHAO (Hefei)

1. Introduction. Let 7(n) denote the number of divisors of n. Gafurov
[3, 4] investigated the sum

Sa(X)= Y r(m?+a?),
1<m,n<X
and obtained the asymptotic formula
Sy(X) = 41 X% log X + Ay X2 + O(X"1og” X),

where A; and Ay are certain constants. This was improved by Yu [10], who
proved that

Sa(X) = A1X2 log X +A2X2 + OE(X3/2+5)

for any fixed positive real number e.
Calderén and de Velasco [1] studied the divisors of the quadratic form
m? +m3 + m3. Let

(1.1) S3(X) = > 7(m? + m3 4+ m3).
1<mi,ma,m3<X

Calderén and de Velasco established the asymptotic formula

_8¢(3)
(1.2) S3(X) = mx?’ log X + O(X?).
Let
1 4 g azr? 3
o eEE ()
(a,q)=1
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and
2 —210 1 22\ 3
(1.4) 62_2 7 208d Z ( e< >>
q:l =1
(aq) 1
Define

(+°8) dw)3(§e<—x6> dz) dB,
0
T, = OSO ( e(228) dm) (i(logm) (—z8) dx) dg.

[en]

Recently, Guo and Zhai [5] improved (L.2) to

8¢(3)
5¢(5)

where € is an arbitrary positive number.

S3(X) = 2 X3 log X + (61 Ty + S 11) X° + O, (X3/37),

The purpose of this paper is to prove the following result:

THEOREM 1.1. Let S3(X) be defined in (L.1). Then

8
(1.5) S3(X) = 5§E §X31 g X + (61T + GoT1) X3 + O(X?log” X).
It is worth pointing out that the error term O(X?log” X) in (1.5} cannot
be replaced by o(X2log X). Otherwise, on considering X = N + 1/3 and
X = N +2/3 with N a positive integer, for j = 1,2 we have

S3(N +7/3) = C1(N +j/3)31og(N + j/3) + Co(N + j/3)® + o(N%log N).

This leads to a contradiction since S3(N + 1/3) = S3(N + 2/3). Therefore,
the room for further improvement is no more than O(log® X).

2. Preliminaries. Throughout this paper, we assume that X is a suf-
ficiently large real number. Let P = |5X |, where |x| denotes the greatest
integer not exceeding the real number .

Our initial approach is to install a smooth weight in our problem. Let
wo(x) be a function on [0, o) satisfying wg(x) = 1 for z = [0, 3], wo(z) =0
for > 4 and such that w((z) exists for x > 0. Let wq(z) be a function
supported on [1/2,3] for which wq(z) =1 for 1 < x < 2 and w{(x) exists
for 0 < x < 2. Now we introduce the function

w1 (x) ifx <1,
w(x) =141 if 1 <z <3X?
wo(x/X?) if x> 3X2.
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Note that w(z) is a smooth function supported on [1/2,4X?2]. By (1.1,
S3(X)= Y r(mi+mi+mi)= Y. T

1<mq,m2,m3<X 1<mq,m2,m3<X
1<n<3Xx?
m% +m% +m§:n

Since m1,mo,m3 < X and m% + m% + m§ = n together imply n < 3X2, we
conclude that

S3(X) = > r(n)w(n).

1<mi,ma,m3<X

n
2 2 2_
mi+ms+mz=n

In order to apply the circle method, we introduce the exponential sums

flay=3 e(m®a), h(a)= wn)r(n)e(na),

1<m<X n

where we write e(z) for ™. By orthogonality,

1
(2.1) S3(X) = | f(a)*h(—a) dov.
0

Let g be a smooth, compactly supported function on (0, c0). The Voronoi-
type summation formula asserts that

(2.2) Z T(n)e (?)g(n) =gt S (logx + 2y — 2log q)g(z) dz

n=1
= an\ - = an '\ -
+ Z T(n)e <—q> gy (n) + Z T(n)e (q) gk (n),
n=1 n=1
where (a,q) = 1, @ denotes the inverse of a modulo ¢ and

9v(y) = _2; S g(x)y()<47r;/@> dr, gx(y)= ;l S g(x)Ko<47r\q/:Ty> da.

0 0

Here Yy and Ky denote the standard Bessel functions. For the proof of
the above well-known formula, one may refer to Iwaniec and Kowalski [8|,
Section 4.5]. For 0 < z < 1, one has

2 2
(2.3) Yo(a) = = logg +0(1),  Ko(2) =log = +0(1)
and

(2.4) Y, (2),K,(x) <, 7" for real v > 0.
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If v >0 and > 1+ 2, then

Y, () —\/Z<sin(x /2 — 7 /4) + o(l Z”Q»,
K, (z) _\/ze—x (1 + O(l 2”2».

Their derivatives satisfy recurrence relations: for any v > 0,

(2.6) %(x”HBZ,H(x)) =ex' "B, (z)

wheree=1for B=Y and e = —1 for B= K.

(2.5)

3. The properties of the Gauss sum. We define
q 2
<am + nx

S(q,a,n):Ze .

) and  S(¢,a) = S(q,a,0).
z=1
LEMMA 3.1. Suppose that (q1,q2) = 1. Then

S(q12, 12 + a2q1,n) = S(q1, 0145, 1) S (g2, azqi, n).

LEMMA 3.2. Suppose that (2a,q) = 1. Then

S(q,a,n) = e<—4aq”2> (Z) S(q,1).

Moreover, |S(q,1)| = ¢'/2.
LEMMA 3.3. Suppose that (2,a) = 1. Then
1S(27, a,n)| < 2'+7/2,

> MG

a=1
(a,p)=1

The proof of Lemma [3.1]is elementary, and those of Lemmas [3.2H3.4] can
be found in [7, Chapter 7]. We define

LEMMA 3.4. One has

q _
am
Tlginy nangm) = 3 s<q,a,n1>s<q,a,n2>s<q,a,n3>e(q),
a=1

(a,q)=1
and write T'(q¢) = T'(¢;0,0,0,0).
LEMMA 3.5. Suppose that (q1,q2) = 1. Then

T(q1g2; 1, n2,n3,m) = T(q1;n1, n2, n3, m)T(g2; N1, n2, N3, m).
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Proof. The proof is standard. We have

T(q1q2; n1,n2,n3, M)

q1q2 —
am

= Y Slag,a,n)S(q1a2, a,12)S(q12, a, n3)€<>

p— q1492

(a,q192)=1

= = ’ a1q2 + azqg1m
= Z Z HS(Q1(]27Q1QQ +a2(J17nj)€<>.

a=1 4192

a2=1 j=1
(a17q1) 1(a2,q2) 1

By Lemma we obtain

T(q1g2;n1,n2,n3,M)

3 D
aiqgsm a2qiym
= E E H Q17alqgvnj)S(QZvaw%anj))e< 2 >€( - )

as=1  j=1 0 a2
(m#h) 1(0,2,(]2) 1

B T

as=1  j=1 il a2
(aMIl) 1(az2,q2)=1

= T(qi;n1,n2,n3,m)T(q2;11,n2,n3,Mm). =

In view of Lemma to obtain an upper bound for T'(q; n1,n2,ng, m),
it suffices to consider T'(p"; ny, na, n3, m).

LEMMA 3.6. One has
|T(2";n1,n2,n3,m)| < 92+r/2,
Proof. This follows from Lemma .
LEMMA 3.7. Suppose that p > 2. Then
(3.1) T(p"; 1,2, m3,m)| < p™/2,
(3:2) T (p; n1,n2,m3,m)| < p°.
Proof. By Lemma for p > 2 one has

s =) (o

| T(p";n1, 2,13, m)| < Z P < pP

Therefore,

((Z’p"‘):l
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This confirms (3.1)). To prove (3.2)), we deduce that

p T (2 2 2
—4a(ny +n5 +n5 —4m a
T(p;n1,n2,ng,m) = S(p,1)* ) e( (1 ; 3 ))(p)

a=1
(a,p)=1

= s () (Mot ) (;)()

(b,p)ZI

Then (3.2) follows from Lemmas and "

LEMMA 3.8. Suppose that ¢ = qi1q2 with (q1,q2) = 1, 1 square-free and
q2 square-full. Then

IT(q; 1, 2, ns,m)| < dgday’”.
Proof. This follows from Lemmas [3.5 immediately. m

From now on, we assume that ¢ has the decomposition ¢ = ¢1g2 with
(q1,92) = 1, where ¢ is square-free and ¢y is square-full.

4. Approximations for f(a) and h(«)

LEMMA 4.1. Suppose that (a,q) =1, ¢ < P and || < 1/(¢P). Then

—

S(g,a)
q

e(@B)de+ Y S(ga,b)E(b,q,p),

—3q/2<b<3q/2

O — X

(4.1 f<q ¥ B) .

where E(b,q,B) satisfies
(4.2) > |E(b.q.8)| < log(q +2).
—3q/2<b<3q/2

Proof. The result is implied by the proof of Theorem 4.1 of Vaughan [9].
One has

f<q +5) =S el = S e@B) S e(am?/q).

<X <X m=1

Then we can obtain

a 1

1 —q/2<b<q/2
where

Fb) = 3 e(@?8 — ba/q).

<X
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Note that [228 —b/q| < 1 for z < X. By Lemma 4.2 in [9],
(4.4) Fb)= > I(b+hg)+Ei(bqB)
—1<h<1

where
X

I(b) = S e(z?B — bx/q) dx

0
and F (b, q, 5) satisfies

When b # 0 and 0 < z < X, we have |2z3 — b/q| > 3|b/q|. Then by
integration by parts,

(4.6) I(b) < |q/b] for b # 0.
Set B = 3¢/2. On inserting (4.4)) into (4.3)), we obtain

f <Z + 6) _S@a) )ge(xQB) dz

:; Z S(q,a,b)](b)—l—1 Z S(q,a,b)Eq1(b, q, B).

—BE;%SB 9 —q/2<b<q/2
Define
g '(I(b) + E1(b,q,B3)) if —q/2 <b<q/2and b#0,
E(b,q,8) =< ¢ 'Ei(b,q,8) ifb=0,

g t1(b) otherwise.
We can see that

a S(q,a X
P(8+8) =00V ewnart Y SanBb.a5)

0 —B<b<B

It follows from (4.5)) and (4.6]) that

> [E(bq,8)| < log(g+2). =
—B<b<B

LEMMA 4.2. Suppose that (a,q) =1, ¢ < P and |B| < 1/(¢P). Then
(4.7) h(Z + B) =q! S (log z + 2y — 2log q)e(xfB)w(x) dx

+ Y e(—an/q)A(n, g, B),
n|#0
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where A(n,q, 8) satisfies

(4.8) > 1A, g, ) < qlog’(q+2) + |BP¢** X7/,
Inl£0

Proof. On applying with g(z) = e(xf)w(z), we obtain
h(Z + ﬂ> = ¢ | (log + 2y — 2log g)e(z)w(x) do
+ Y e(—an/q)A(n,q, B),

|0
where
_2%2(”) Se(a:ﬂ)w(x)yo(‘lﬂ\/ﬁ/w de ifn>1,
A=Y g

| e(@B)w(z)Ko(4m\/zlnl/q) do  if n < —1.

4 %

We use B to denote the Bessel function Y or K. In view of (2.6)), we deduce
from integration by parts that

[e.e]

| e(@B)w(z) Bo(4m/xln|/q) de
0 o0

o
B GQW\/W (S)(
2 00
oty ) (c@B)w(@) (e Balar /alnl ) do

0

e(zB)w(x)) (x'* By (4m\/xIn| /q)) dz

By the definition of w(x), we have w”(z) < |r72xs(z)| and w'(z) <
lz7 xs(x)|, where xg denotes the characteristic function of the set S =
[1/2,1] U [3X?2,4X?]. Thus,

(e(zB)w(2))"” < |w"(x)] + [w'(2)B] + w(2)|5]*
<z xs(x) + 2 xs(@)] 8] + |5|2X[1/2,4X2](f'3)
< &% xs(x) + 1B1*X 1 2ax2) (7).
From the above, we deduce that

[e.o]

| e(@B)w(x)Bo(4m\/xInl /q) dw

0
9 4X32

< = | (@ s (@) + 2|B)| Ba(dm/z[n]/q)| da.

Il
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By " and ' )
O(q1/2x—1/4’n’fl/4) if 2> ¢*/|n|,
4.9 Ba(dmy/z|n|/q) =
(4.9) 2( m/Q) {O(q%_llnl_l) if © < ¢*/In|.

When |n| > ¢?, we have

o0

S e(zfB)w(x)By(4my/z|n|/q) dx
0 9 4X?
< ,%‘ | (@ xs(@) +2182)q 2 n "V da
1/2

< q5/2‘n‘—5/4 + |B|2q5/2X7/2|n|_5/4.
Then we obtain

(4.10) > |A(n,q,8) < qlog*(q +2) + B> X?qlog(q + 2).
[n|>q?

We also have

| e(@B)yw(x)Bo(4m/xlnl/q) du
O o
= 62;’ - | (2miBe(zp)w(@) + e(zf)w' (x)) (zV/? By (47 \/x|n] /q)) da
0
= Ay + Ay + As,
where
Al = e27rq m S(QTriBe(xB)w(a:))($1/2B1(47r\/x]n]/q))da:,
0
4X2
Ay = —T— | (e(aB)u(2)) (@B (4m\/zln] q)) de.
e2my/Inl 52
1
Ay = —1— | (e(@B)w/(x))(«"/* By (4\/a]nl/q) da
€2m/|n| 12

We first handle A;. By (2.6)),

2 o0

Ar = g V CriBe(ad)u () (wBy(dm /2Tl /a)) da-

0
Then from (4.9)), we get
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9 4X?
A <<‘%‘ 3181+ 181" 2= 4|~/ d
q?/In|
7 q?/|n
1l V081 + 218 ¢*z n| " da
1/2

< ’B‘q5/2X3/2|n|75/4 + ’ﬁ‘2q5/2X7/2’n’75/4.
We apply (12.6) again to deduce that

9 4X2
Ao = o | (e@B)' @) @Ba(dn/alnl /) do
3X2
2 4X7?
4 -1\, 1/2,.—-1/4),1—1/4
<<4W2|n|3§{2(lﬂl+m g2 | da

< ]B]q5/2X3/2\n\_5/4 +q5/2X_1/2]n\_5/4.

When |n| < ¢2, by (2.4) with v = 1, we have

1 2
S x*1/2qx’1/2\n\’1/2 de <« L

VIl nl

It follows from the above that, if |n| < ¢?, then

4

Ag <

o0

2
| e(@B)w(x)Bo(dm/zInl/q) da < ‘%‘ + |B2gP2X 2|5/,
0
Therefore,
(4.11) S A(n,q, 8)] < qlog?(q +2) + |86 *X7/>.

In|<q?
Now ([4.8]) follows from (4.10) and (4.11). m

It follows from integration by parts together with trivial bounds that

X
X
4.12 20) de <« X
(4.12) (S) e(z*B) dx eSS
and
(4.13) | (logz — 2y — 2log g)e(wB)w () do < X?(log g + log X)

1+ X2|8|
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LEMMA 4.3. Suppose that ¢ < P and |B| < 1/(qP). Then, for anyv € Z,

> (44 )3h(—a—/3)e<—av/q>

(@) =1 g
q9) Y S(g,a)’e(-av/q) + D(g,p),
a:)1:1
where
X

Z(B,q) = ( S e(x?p) dx)g S (logz 4 2v — 2log q)e(—xf)w(x) dx

0
and D(q, B) satisfies

(4.14) > | ID@.B)dB < X?log® X.
g<P |B|<1/(¢P)
Proof. Let
X

v(B) = | e@’B)dz, V(B,q) =\ (ogx + 2y — 2log g)e(xB)w(x) du

0
Set B = 3¢/2. Then we introduce

3
D1: Z Z (HE(bj7Q75))A(n7qa_6)T(q;blab27b3an_v)?

—B<by,b2,b3<B ‘TL|750 j=1

-D2 = @ Z Z blaQa b27Qaﬂ)A(n7Qa _B)

q —B<b1,b2<B |n|#£0
X T(Qa b17 b27 07 n-— /U))

2
D3 = Y (Qﬂ) Z Z bl?Q) n » 45 _/B)T(Q7 b17070>n_v)7

7B<b1 <B |n|#0

T(¢;0,0,0,n —v),

Inl£0
3
D5 :M Z (HE(bj7q,,8))T(q;b17b27b37_U)v

q —B<by,b2,b3<B j=1

Dy = YLD S~ g g 8)E(be g, BT (g b1, 2,0, ),

q —B<b1,<B

2 —
Dy = COB0) N~ g g BT (g:,0,0, ).

q —B<b1<B



172 L. L. Zhao

By Lemmas [£.1H4.2] we get
q 3

> f(Z + ﬂ) h<—z - ﬁ) e(—av/q)
a=1

(a,9)=1

q

— T30 Y. S(a.o)e(-a/a)
a=1

(a,q)=1
+ D1 +3D2+3D3+D4+D5+3D6+3D7.

We only handle Dy, Dy, D5 and D7. The estimates for Dy, D3 and Dg can
be handled similarly.

By Lemma [3.8, T(g; by, by, b3, n — v) < ¢2¢3'%. Then by (1.2) and (1.8),
5/2 3/2 3/2
Dy < ¢3ay* (log? X)(q14210g” X + |51} 4y > X7/2).
Therefore,
> | IDildB < X?log® X.
<P |B|<1/(qP)
For Dy, one finds by (4.2)), (4.8) and (4.12]) that
5/2 X3

Dy < ¢%q
2 B3 (1+ X218))

575 (4122 log? X + |81%qy gy > X"/?),

Then one has

> | ID4ldB < X?log® X.
g<P|B|<1/(qP)
By (4.2) and (4.13)),
X2
D5 <« q2q5/2 log* X .
19 >q1q2(1+xz|m)

It follows that

> | IDsldB < X?log® X.
4<P |8|<1/(aP)

By (£2), (12) and (E13),

D7 < q3q5* (log? X) X :
aia3 (1 + X2|B|)?

Thus we have

> | IDsdB < X?log* X.
4<P|B|<1/(¢P)
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Similarly, we can prove
> | (Do +|Ds| + |Dg|) dB < X?log® X.
q<P|B|<1/(qP)

Therefore, (4.14)) is established. =

5. The proof of Theorem We apply the Hardy—Littlewood—
Kloosterman circle method to decompose the integral (2.1)), getting

RN COEC T

4<P =1 B(ga)

a,q)=1
where
1 1
Bee) = [_ a(g+d) alg+ q”)}
with ¢ and ¢” satisfying
P<qg+d,q+qd"<q+P, a¢d =1 (modgq), aq’ =-1 (modyq).
Note that

1 1 1 1
CB(g,a) C |——F%, 5|
2qP 2qP qP’ qP
We exchange the summation over a and the integration over 8 by the stan-

dard technique. One may refer to the proof of Lemma 13 of Estermann [2]
for this technique (see also Section 3 of Heath-Brown [6]). We have

q

G > | (.8

(aa51:1 BEeB(q,a)

q

= | D owBg > (.)e(—av/q)dB

BI1/(aP) I<P 5Ly

for some function o satisfying
(5.2) o(v;B,q) <

Therefore,

)= | Y owsa

a<P|B|<1/(qP) lv|<P

x 2: f(Z + B>3h<—z - B)e(—av/q) dp

(a,9)=1

1
1+ Ju|
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In light of Lemma [£.3]

SO=Y | Yowsa Y 275 ge-av/g)ds

g<P |B|<1/(qP) [v[<P a=1,
(a,0)=1

+> VY ewiB.9D(qg,8) dB,

a<P|B|<1/(¢P) |v|<P

where Z(3,q) and D(q, 3) are as in the lemma. We conclude by (55.2) that

q a 3
(53)  Ss(xX)=> > | 5((;,4 ) Z(3,q)dB + O(X?%log” X).

= g PEE

By (5.1)), we have

> > | S@9 15 448

<P a=1 BeB(ga)\[-1/(2aP)1/(2qP)]
(a,9)=1

,q)=

> | LD S 75 g)e(—av/g) B
)

q<P1/(2¢P)<|B|<1/(qP) [v|<P (
) 07 07 07 —v
= | > a(v;ﬂ,q>(¢1)z<ﬁ,q> dB.
q<P1/(2qP)<|B|<1/(¢P) [v|<P

Then we deduce from Lemma and (5.2) that

> | @9 15 g a3

<P a=1_BeB(ga)\|-1/(2¢P)1/(2qP)]
(a,9)=1

q2q5/2
<Y oy | tmegle

lv|<P a<P1/(2qP)<|BI<1/(qP)
On applying Z(8, q) < X°(log X)(1 + X?|8])~%/2, we obtain

g S(g,a)° 213
> > | L2 (5,0)d5 < XPlog’ X.

q<P a=1 geB(q,a)\[-1/(2¢P),1/(2¢P)]
(a,9)=1

Moreover, we have

55 ST | zgar< 3 000,

q<P |8]>1/(2¢P) q<P

< X%log? X.
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From 7, we get
_ : S(q, a)3 217
(56) Ss(x)=> > | S L(8:0) dB + O(X* log X)

0<P o=l |BI<1/(20P)

- Zif) S Z(B,q) dB + O(X*log" X)

g<p 1 |ﬁ\<1/(2qP)
= Z S q)dB + O(X?%log"” X).
q<P —00

Let

X
Zo(B,q) = ( S e(2?B) dw)gx (log z + 27 — 2log q)e(—xB)wo(x/ X ?) dx

0

By changing variables, we conclude that

(5.7) To(B,q) = X°(log X) J1(X?B)
+ X°(J(X?B) + (27 — 2log ) 1 (X?B)),

where
1
71(5) = ([e(@?p)d) S e(-2B)uo(z) do.
0
1
52(8) = (Jela®8) dz) " | (log w)e(~2B)uo(z) da.
0
Note that

IZ(8,9) — To(8, q)| < X*(log X)(1 + X?|8[)~%/2,
We deduce that

ZTq(f) | (@(8,9) — Zo(8.9) dB

q<P —00 .
IT T X3logX
< Z S dj.
g<P (14 X2|p[)3/2
Therefore, by Lemma [3.8]
T(q) T
(5-8) S 2§ (Z(8,9) ~ To(B.q) dB < X log X.

q<P T %
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By (3) 63,

5300 = S 10§ 2y(5.4) 5+ O 10gT X)

q<P —00
T T
q<pP 4 q<pP a
)(2 21
+Z 7 OgQ)X331+O(X210g7X),
q<P
where
W=\ ZB)ds, 3= | %(B)ds

It is easy to verify

T
—f) =6 +0(X log X),

q<P
T(q)(2v — 21
Z (q)( i . qu) _ 62 + O(X—l 10g2 X),
g<P 9
where &1 and &9 are given by (|1.3) and ([1.4) respectively. Then we finally
obtain
S3(X) = G131 X% log X + (6132 + 6231)X? + O(X?log” X).
Note that &1, G2, J1,J2 are constants independent of X. The proof of The-
orem [1.1]is complete. =
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