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1. Introduction. Let ¢ denote the Euler function, whose value at an
integer n > 1 is given by

(1) o) =[] r* - 1.

p|In

Recall that an integer m is said to be squarefree if p? { m for any prime p.
Using (1), it is easy to see that if m = o(n) is squarefree, then the following
properties hold:

If a prime p divides n, then p — 1 is squarefree.

p3 1 n for any prime p.

If 4| n, then p { n for any odd prime p (and thus, n = 4).
If 44 n, then p|n for at most one odd prime p.

These properties imply that n € {2,4, p, 2p,p?,2p?} for some prime p > 2
such that p—1 is squarefree. Hence, the problem of estimating the number of
integers n < z for which ¢(n) is squarefree reduces to that of estimating the
number of primes p < z for which p — 1 is squarefree. These questions have
been previously investigated in [9], where it is shown that for any constant
A > 0, the asymptotic relation

(2) #{p <z :p—1issquarefree} = an(x) + O( JfA >
log” x
holds (see also [8]), and consequently,
. 3a T
(3) #{n < x: p(n) is squarefree} = — w(z) + O( T >
2 log” x
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Here, « is the Artin constant (see, for example, [3, 7]):

azH(l—ﬁ) = 0.373956. . ..

p

As is clear from the analysis above, the prime p = 2 plays a crucial
role in the proof of (3) by limiting the number of distinct odd primes that
can divide any integer n for which ¢(n) is squarefree. A similar idea has
been exploited in [2] to establish an asymptotic expression for the number
of positive integers n < x for which ¢(n) is free of kth powers.

Now consider the problem of estimating the number of positive integers
n < x for which the odd part of ¢(n) is squarefree (in this case, we say that
m = ¢(n) is oddly squarefree). This problem is clearly more complicated in
that, by disregarding the power of 2 that divides ¢(n), one can no longer
control the number of distinct odd primes dividing n.

More generally, for a real number y > 0, let N'(y) denote the set of
natural numbers n with the property that p? { n for any prime p > y. We say
that n is y-squarefree if n € N (y). In particular, N'(1) is the set of squarefree
natural numbers, and A/ (2) is the set of oddly squarefree natural numbers. It
is easy to see that the set of y-squarefree numbers has an asymptotic density
equal to [, (1 —1 /p?). Our goal in this paper is to derive estimates for
the cardinality of the set

Fy(x) ={n <z :p(n) € N(y)}.
We also consider the problem of estimating the cardinality of the set
Ly(z) ={n<z:An)e Ny}

Here, A(n) denotes the Carmichael function, which is defined for an integer
n > 1 as the largest possible order of any element in the multiplicative group
of integers modulo n. More explicitly, for a prime power p®, one has

A( a)_{pa_l@—l) ifp>3ora<2,
g 2072 ifp=2and a>3,

and for an arbitrary integer n > 2 with prime factorization n = py* - - pzk,
one has

A(n) = lem[A(p1"), ..., A(peh)].
Clearly, A(1) = 1.

In what follows, we use the Landau symbols O, o, and =, and the Vino-
gradov symbols < and > with their usual meanings. Recall that, for positive
functions F' and G, the notations F' < G, F > G and F' = O(G) are all
equivalent, and F' =< G is equivalent to F' < G < F.

For an integer £k > 1 and a real number x > 0, we write log; « for the
recursively defined function given by log; + = max{lnz,1} and log,x =
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max{In(log,_; x),1} for k& > 2, where Inx denotes the natural logarithm.
When k£ = 1, we omit the subscript with the understanding that logx > 1
for all z > 0.

The letters p and ¢ are always used to denote prime numbers. As usual,
we denote by 7(z) the number of primes p < z, and for coprime integers
I,k > 1 we denote by 7(x;k,[) the number of primes p < x that satisfy the
congruence p = [ (mod k).
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2. y-Squarefree values of ¢(n). As in the introduction, we define
Fy(x) ={n <z :9(n) e Ny)},

where A (y) is the set of natural numbers n such that p? { n for any prime

p > y. Let
1
—1 1—— ).
) =tome [T (1-54)

y<p<log,
Here, and in what follows, an empty product is taken to be 1, as usual. Since

the estimate
1(1-521) - ()
et D — ogt ogt

holds as ¢t — oo for some positive constant c, it follows that

1 1 1 1
r(w,y)zw<1+0(—+ ))

logs y logszzx

uniformly for 2 <y <log, x.
The main result of this section is the following:

THEOREM 1. Uniformly for x and y > 2, we have

#FY () = o e <T<x’y) <1 i O@zi)))

Our proofs of both the upper and the lower bound are rather intricate
and rely on standard results from multiplicative number theory, including
the study of shifted primes free of prime factors from certain intervals, the
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use of sieves, and various averaging techniques. Several of the arguments
presented here use variations of techniques that are already present in the
literature, e.g. in [4], where similar techniques are used to study the aver-
age value of the Carmichael function. However, as we did not find specific
arguments in the literature which can be directly applied to our problem,
we develop these ideas here in some detail.

We begin with the following lemma;:

LEMMA 1. Let mi(z,y,2) be the number of primes p < x with the prop-
erty that if a prime q divides p—1, then either ¢ <y, orq> z and ¢* { p—1.
Then, uniformly for max{y, z} < %logaj and z — oo, the estimate

x
71—1(‘%7 Y, Z) - f(y7 Z)ﬂ-(m) + O<m>
holds, where
1
fl2)= 11 (1 e 1)'
y<p<z

Proof. For eachd > 1,let A3 ={p<z:p=1(modd)}. If B is the set
of primes p < x such that p — 1 is coprime to R =[] q, then

#B= n(d)#As =) pd)n(w;d,1)

y<q<z

dR dR
N ™) gy T
‘%M@wﬂ“%% )~ 25

= 1l 2)7() + 05 ) = fr (o) + 0 o E ),

zlogzlogx
where we have used the Bombieri—Vinogradov Theorem together with the
fact that
R< H q = exp(z(1 4 0(1))) < zt/3+oM) < z2/5
q<z
when x is sufficiently large. On the other hand, if C is the set of primes

p € B such that ¢?|p — 1 for some ¢ > z, then using the Brun-Titchmarsh
Theorem, we have

#C < Z 7T($;q271)<< Z m

z2<q<al/2 z2<q<azl/2
T 1 1/3 x
< — 42V I S —
log Z 2 Z zlogzlogx
z<q<axl/3 xl/3<q<a1/2

Since 71 (x,y, 2) = #B — #C, we obtain the stated bound. =
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Proof of Theorem 1. The range of y. We first note that it suffices to
assume that y < log% x. Indeed, if y > log% x, then the bound asserted by

Theorem 1 is
L exp (O (logg x logy m)) _ plo(1)
logs

On the other hand, it is easy to see that #F,(z) = (1 + o(1))xz. Indeed,
let us count the complement of F,(x) in [1,z], that is, the set consisting of
those positive integers n < x such that p?|o(n) for some p > y. Clearly,
every such integer n must be of one of the following types:

e p3|n for some p > y. The number of such n < z is at most
Z — << — = o(x).
p>y P

e p>|n and p|q — 1 for some ¢q|n, where p > y. The number of such
n < x is at most

DD IEEE) DD D

P>y g< p>y q<zx
it 4=1 (mod p)
1 xlogy x
< xlogyx Z p < 2 = o(x).
P>y

e p?|q— 1 for some q|n, where p > 3. The number of such n < z is at

most
Z Z —<< xloggarz xlong = o(x).

P>y q<00 p>y
p?lg—1

e There exist two distinct prime factors g; and g of n with g1 = g = 1
(modp) for some p > y. In this last and most numerous case, the
number of such n < x is bounded by

EE: EE: — < 1:2{: < 25: é:)z

q142

P>y  q1=g¢2=1 (mod p) P>y g<x
Q <q2<.’17 q=1 (modp)
xlo 2z
< xlogwsz P 82 = o(x).
ylogy
>y P

Hence, from now on, we can assume that y < log2 x.

Lower bound. Let x be a large real number, put z = log2$10ggfv and
k= | f(y,2)logy x]|. Note that f(y,z) = 1if y € [2,1og3 2], and that

log2

< k <logyz
logs z
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for all 3 in our range. Put w = exp(logs z), v = /(%% and let Z be the
closed interval 7 = [w, v].

Let P be the set of primes p € Z with the property that if a prime ¢ > y
divides p — 1, then ¢ > 2z and ¢ { p — 1. Since z < %logw if = is sufficiently
large, by Lemma 1, it follows that

(69 = 970 + 0 o)

uniformly for all ¢ € Z. Using partial summation, we derive that

Z 1 § dmi(t,y, z)

pE'Pp w t
mi(ty,2)|" C(t) 1 Y1
Tt 5 dt dt
! t:“’+f(y72)§u 2 o zlog2§,tlogt
= f(y,2)|logav —logow+ O —— ) | + O 4 %82V
logw logw  zlogz

1 1 1
:f(y,z)log2v<1+0<0g2w+ 08~ +—)>

logov  logwlogyv 2

logs x
=f<y,z>log2x(1+0<i>>,

logy

where we used the fact that f(y,z) > 1/log 2.

Let Q be the subset of P obtained by removing from P those primes p for
which p—1 has more than log3 2 distinct prime factors. Let K = |log3 x| +1.
Since

D

p<x
w(p—1)>log§ T

while f(y, z) > 1/logz > 1/logs x, it follows that

n Z%:f(y,z)logQ:c(HoGZiZ’i)).

peQ

1 1 1\’ 1 DX 1
_§27<Z—> < <—e OngjO( )> :0( >
P SRT q logs log x

q<z

Let also O be the set of powers of primes from Q. Clearly,

) Y=Y+ Xg)=Xo(3)

p*eQ peQ pZw peQ

_ logs
— ) og a1+ 0( 22 )).

Now let M be the set of squarefree natural numbers m with precisely k
prime factors, each one lying in Q, with the property that p(m) € N (z?).
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Note that if m € M, and p? | ¢(m) for some prime p > y, then p € [z, 2?].
For every positive integer m € M we write d(m) for the largest divisor of m
such that ¢(d(m)) lies in N (y); clearly, ¢(d(m)) € N(z). Let D be the set
of all numbers d such that d = d(m) for some m € M.
Let d be a fixed element of D; observe that d = d(m) < m < z/6 for
some m € M, and therefore d < /4 < (z/d)'/3. Let Py be the set of primes
P with the properties:

o 2!/t < P <uz/d
e If a prime ¢ > y divides P — 1, then ¢ > z and ¢ { P — 1.
e If a prime ¢ divides ged(P — 1, ¢(d)), then g < y.

Now let n be an integer of the form n = dP, where d € D and P € Pj,.
Note that n < z. Since P > d, it follows that P is the largest prime factor
of n. This shows that d and P are uniquely determined by n; hence, the
integers n < z constructed in this way are pairwise distinct. Since ¢(n) =
©(d)(P — 1), the conditions on P guarantee that ¢(n) € N (y); therefore,

(6) #Ty(x) > ) #Pa.
deD

To estimate #7Py, let us first observe that the number of primes P < x/d
such that either P < z'/4, or ¢2 | P —1 for some ¢ > z, is bounded above by

1/4 .2 1/4 z 1
m(x )—}—Zw(x/d,q ) < 7z )+d10gx Z =
9>z 2<q<(z/d)1/3
T 1
52 2
q>(z/d)'/3

1/4 £ z\*?
<@ ) + dzlogzlogx * (E)
x

< dzlog zlogx’

where we used the fact that z/d > %% > 7(z'/*)zlogzlogx and also
(z/d)'/3 > 2518 > 2log zlog z, if x is large enough. Thus, writing

Ry = H q,

>y
q<zorglp(d)

we see that

(7) #Py= 3" pld)r(/d;di, 1) +o(#>

s dzlog zlog x
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M =3 () Y

[cont: ] i o(dy)
' ~ w(z/d) x
* O< Z mlw/d;di, 1) o(dy) ‘ + dzlogzlog:c)
d1|Rg
= g(d)m(a/d) + O —————
—9@me dzlog zlogz )’

where

1
o= I (1-55)
>y
q<z or g|p(d)
Here, we have used the Bombieri-Vinogradov Theorem together with the
fact that Ry < ¢(d) < d < (x/d)'/3.

We now remark that g(d) > 1/logz. Indeed, ¢(d) has no more than
klog% x < log% x distinct prime factors larger than y, and every such prime
is larger than z by construction. Since z > logy z, from the Prime Number
Theorem, it follows that the number of prime factors of ¢(d) that are larger
than z cannot exceed the number of primes in the interval [z, z%] if x is
sufficiently large. Thus,

(52l 5 5o()

>y - 2<p<zt >z
qle(d)

= exp(—log4 +o(1)) > 0.2,

and therefore g(d) > f(y,z) > 1/log z.

Since
x T

d
mlw/d) > dlog(z/d) > dlogx’

from (7) we deduce that
x

#Pa > dlog zlogx’

Using this estimate in (6) and summing over all d € D, we obtain
T 1

8 _ -.

(8) #Fy() > log zlog x C;) d

To complete the proof of the lower bound in the theorem, it suffices to
find a suitable lower bound for the sum

szzg
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To do this, we begin by showing that the following estimate holds:

1
meM
where i
1 1
s=5(Z5)
peEQ

Using the multinomial formula, it is easy to see that (9) follows from the
two estimates

1 1\ 21
) el Ty) g

p*€Q PEQ

and

k—2
W owmn(Z) T e
preQ q>z2 p1,p2€Q

p1=p2=1 (mod q)
Indeed, the estimate (10) implies that the main contribution to S comes from
the sum S* of the reciprocals of squarefree numbers composed of k primes
from the set Q, while the estimate (11) implies that the main contribution
to S* comes from integers m lying in M rather than integers m for which
©(m) € N(2?). Concerning (10), using (4) and (5), we obtain

(e )y e L)y
i\ 2 ) 2 < g whsw

PrEQ PeQ

< i S < S o(9)
fly,2)logox ) wlogw — wlogw ’
where we have used the fact that k£ < f(y, z) logy x. Concerning (11), if we
combine the same argument with Mertens’ Theorem, it follows that

= OV N D

preQ q>z2 P1,p2€Q
P1=p2=1 (mod q)

() 2 % 3)

q>z2 peEQ
p=1 (mod q)
k 2 log? log?
<<S<7> 27« S 27— o(S).
f(y, z)logy ; 2 22log z

Thus, we obtain (9).
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We now turn to the lower bound for Sp.

Let M1 be the set of integers m € M with the property that there exist
two primes q1, g2 € [2,2%] and two prime factors p; and po of m such that
p1 = p2 = 1 (mod ¢1¢2). By arguments similar to those above, we have (since
z > logy )

1 1 1\F2 1
ZE<<k—2>!<ZF) 2 2, wm

meMy preQ q1,92€[2,22] Pp1,p2€Q
p1=p2=1 (mod q1¢2)

“(ms) 20 % 3)

q1,92>2 peEQ
p=1 (mod g1¢2)

log? 1\? log?
<5 Yy et <<Slog§x<zq—2> > L

M (q1g2)? 22log? 2

Next, let Mo be the set of integers m € M for which there exists a
prime g € [z,2%] and L = |logg x| distinct prime factors p of m with p = 1
(mod g). We have

1 1 1\** 1
Yoty XX

meMa =) q€lz,2?] p1<--<pr<w
P pi=1 (mod q),=1,...,L

<s(mms) Zal T 3)

q>z p<z

q>z

p=1 (mod q)
3L 2logy z\ (61og, x)* 1
sspy(F9) s HE I
92z 92z

Slogy x [ 6elogy x L=
52 ((L— 0z) S

Here, we have used Stirling’s formula to approximate (L —1)!, together with
the fact that

the estimate
(12)
p=1 (mod q)

which holds for large x and ¢ € [z, 2] (using, for example, the Siegel-Walfisz
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Theorem and partial integration), and the inequality
L—-1

Q > 67

6elog,

which holds when z is large and leads to the estimate

6el L=t 1

logy 2

221

Finally, let M3 be the set of those m € M\ (M; U My) for which
there exist at least T = |logy z/logs 2| distinct primes g € [z, 2] such that
for each prime g, there exist two distinct prime factors p1 4, and ps 4 of m

congruent to 1 modulo ¢. By arguments similar to those above, we have

> acem(Zw) 5

meMa3 acQ q1<---<qr Plsee
b 4i€[2,2%] p2i=p2i+1=1 (mod ¢;)
i=1,...T i=1,..,T
2% 2T T
<S(pmmr) = (2
f(ya Z) 10g2 x q1< -<qr p<z
[ ¥ 2] p=1 (mod ¢;)

3]

T
<537 Y H <4log2x>

q1<---<qr i=1
Qie[z’ZQ]
i=1,....,T

q2

<S(6log2x)2T< 1>T< S <36610g%:c

= T = T1/2 Tz

q>z

)

1

p

P27 <@

y

>T = o(S).

“P2r

In the above estimates we used, in addition to Stirling’s formula for 7! and

the estimate (12), the fact that the inequality
IR
— < -
q>z q z
holds for large z, together with the fact that
36 log3 « 37

< <1
2T~ logix

Now let My = M\ (M1 U Mgy U Mas). It follows easily that if m € My,

then there exist at most T distinct primes ¢ € [z, 2] such that ¢* | p(m

) (if

not, then either there exist two primes p and p’ dividing m such that p — 1
and p’ — 1 have at least two common prime divisors in [z, z2], which cannot
happen since m ¢ M1, or else there exist more than 7T distinct primes
q in [z,2%, and for each such ¢ there are two prime factors P1,q and po g4
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of m such that ¢ divides p; , — 1, @ = 1,2, which is again impossible since
m & M3). Also, the fact that m & My implies that if ¢% | o(m) for some
q > z, then there exist at most L prime factors p of m such that ¢ divides
p — 1. Thus, if m = m/d(m), then w(m') < TL < log, x/log3 2 = o(k) since
k > logy x/logs x. From our previous estimates, we immediately obtain

(zg)( 3 %)z > Les

deD m' <w meMa
w(m)<TL
Clearly,
T TL
S e ()" (2252
o, m T (TDIN = p (TL) TL
w(m/)<TL
= exp(O(%)) — eXp(O(f(y’ Z) 10g2 xlog4x>>‘
logs @ logs x
Thus,
1 1 1
(13) Sp = Z - > SexplO f(y,2)logy xlog, .
deD d logs =

By our choice of k, the definition of S, and the formula (4), we have

1 [ef(y,z)logyx logs x k
(14) S > 1172 ( 7 1+0 og, 7
logs log k
exp ,2) 1o x(l—i—O( + )))
(f (8, 2) log; logyz T Ty, ) logy @

2
— eXp<f(yaZ) 10g2$<1 + O(iiizi>)>

The lower bound of Theorem 1 now follows from the estimates (8), (13)
and (14), together with the observation that

flogyw,2) =[] (1_1%)

logy z<p<z

R

logy x<p<z p>log, x

_expllog(1+0( 0812} L of L 140 e
logs @ logy x logs

14o(1)

Upper bound. Since the bound in the statement of Theorem 1 is x
for y > log, z, we may assume that y < log, x for our proof of the upper
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bound. Let z = log, z/log3 . Since

o= T (1-55) - £ Leo(5h)

z<p<log, p= z<p<log, x p>z

1 log,
= 1 1 —1 =1
eXp<og2(ogzaf) og2z+0<log2m>> +O<log3$>,

we may further assume that y < z.
Let Ay (z) be the subset of integers n € F,(z) that are squarefree. Our
first goal is to establish the following upper bound:

(15)  #A,(2) < mxexp(f(y,z)log2x<1—i—OGziii))).

For any positive integer k, let m(z) be the number of positive integers
n < x such that w(n) = k. By a well known result of Hardy and Ramanujan
(see [5]), the following estimate holds:

(16) m(x) < (logy z + O(1))F 1.

x 1
logz (k— 1)
Using Stirling’s formula, we get

z (elogyx+O(1)\ !
log < k—1 ) '
Since the function appearing on the right hand side of (17) is increasing for
k< %logQ x once z is large enough, if we put K7 = |z], it follows that

xz x logy z log, =
3 M) < S (Ologd ) = —— exp (0(7
S log = log x log3 «

_ = exp O f(y,2)logy xlog, x
log x logs z

Using again the estimate (16), we note that if £ > Ky = |3elogy 2|+ 1, then
the inequality

z (elogyx+O(1)\" x (1 F x 1
< — 1
(@) < logar( k ~ logz \ 3 o)) < log z \ 2F

holds uniformly for such k provided that x is large enough. Therefore,

T 1 x
Z Wk($)<<@zk:2—k<< @

k> K>

(17) h(z) <

Thus, to prove (15), it suffices to bound the number of integers n € Ay(x)
for which w(n) lies in the interval [K7, K»]; let A7 (z) denote the set of such
integers n.

Fix k € [K1, K] and n € Aj(z) with w(n) = k. Let us write n = nina,
where ng is the largest divisor of n with the property that if a prime ¢ | p(n2),
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then g ¢ [y, z]. Notice that if ¢ € [y, 2] is a prime dividing ¢(n), then (since
n € Fy(x)) there exists a unique prime p|n such that ¢|p — 1; by the
maximal property defining no, it follows that ny is the product of all such
primes p. Since there are only 7(z) < log, x/loggx primes ¢ < z, we see
that ny has at least k — 7(z) = k(1 4+ o(1)) distinct prime factors.

Let Py . denote the set of all primes p < z such that p — 1 is free of
primes in the interval [y, z] and such that ¢* { p — 1 for any prime ¢ > z.
Suppose that n = ning (as above), where n; has precisely ¢t < 7(z) prime
factors, and ng has k —t prime factors, each of which necessarily lies in P, ..
For fixed ¢, the number of such n € Aj(r) is bounded by a constant times

N R 0D (O

p<z " NpEPy,;

To prove this, let P = P(n) be the largest prime factor of one such n, and
write n = Pm. Using well known results about the distribution of smooth
numbers (see, for example, [6]), we have

#{n <z :P(n) <exp(logz/logyx)} = = exp((1 + o(1)) logy x log; x)
= o(z/logx);

hence, we may assume that P > exp(logz/logy x). For a fixed value of m,
it follows that P can be selected in at most

m(xz/m) < v logy @

mlogx
different ways. Summing these contributions over m, we must now consider
whether P divides nj or ns. In either case, using the multinomial formula, we
obtain an estimate similar to (18), but in the first case, ¢t has been changed
to t — 1 in both the factorial and the exponent, whereas in the second case
k — t has been changed to £k —t — 1. At the cost of including an extra
factor of log, =, we obtain (18) in either case; this follows from the estimates
t < logyx, k—t < logyz, and

1 1 logs x logy
Z—>>10g2x>>1, Z - > B2 > B2 > 1.
D log 2z logs

p<z PEPy,z

Since t < 7(2) < logy x/logs 2, we have as above

1 1\’ elogQ:p—l—O(l))t ( <log2xlog4x>)
19) - S}« (2T exp(of 2821 08T
(19) t!(};ﬁp) ( t P loggm
_ exp<0<f(y72) logzwlogw))

logs z
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We now claim that

N e e o))

PEPy, =

To prove this, we apply arguments from our proof of the lower bound to
obtain the estimate

1 1
Z - = f(y,z)log2m<1+0<10g—3x>>.
pepy. P 082
Put Il =k —t. Then

(2 ) e (L) (o).

PEPy, »

Since | < k < log, x, we have the inequality
1 : log, 1
1+0( 28" < exp(O(logz x)) = exp| O f(y,2) logy wlogy @ ;
log, x logs
it therefore suffices to estimate the quantity

<ef(y, z) logy w)’
)

The maximum value of this function occurs at | = f(y, z) logy x, and for this
value we have

!
ef(y, z)log, x
(L) < exp( () o),
and the claim is proved.

Substituting (19) and (20) into inequality (18), and then summing (18)
first over all t < w(z), then over all k € [K, K3], we derive that

2
Aj(z) < Mexp((l + O(bg—4$>>f(y,z) logy x>

log logs =

= e (14 0(BE) ) py, 2 logy ).
log logs

Bearing in mind the contributions to Ay(x) coming from the values of k
outside [K1, K3], which have already been discussed, we obtain the desired
estimate (15).

Finally, we need to pass from A,(z) to the entire set F,(z). Suppose
that n = d?m lies in Fy(z), where m is squarefree. For fixed d, the number
of such numbers is at most z/d?. For those integers with d > log z, we have
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an overall contribution bounded by

1 x
= <L —
o Z d> " logx
d>logx

which is sufficient for our upper bound. On the other hand, for integers with
d <logx, by (15) we see that the contribution to F,(z) is at most

EENILEDS iexp(ﬂy,z)1og2xd(1+o(10g#9”d)>),

logx logs x
d<log x d<log x &xd 83 Td

where x4 = z/d?. Since each d < log z, we have the estimates
1
logzy = (1 + O< og2x>) log x,
log x
1
logy xq = (1 + O< 0g2x>) log, x,
log x

logs 74 = (1+0(1)) logy 7, logy g = (1+0(1)) log, 7,

and we deduce that

Z #Ay(av/d2) < 102:3 exp<<1 + O(ig?i))f(y, z)logsy x) Z %
3 a>1

d<logx
1
< exp((l +O( Og4x)>f(y, z)long).
z logs z

<
lo
This completes the proof of the upper bound and of the theorem. =

3. y-Squarefree values of A\(n). As in the introduction, we define
Ly(x) ={n <z:An) e Ny)},

where A\ denotes the Carmichael function. In this section, we follow closely
ideas from [9] that were used to establish (2). Our main result is the following
analogue of Theorem 1 for the function A:

THEOREM 2. For every fixed real number y > 2, there exists a constant
k(y) > 0 such that

#Ly(2) = (k(y) + o(1)) Tog2)I—o®’

a(y):H<1—#>.

soy\ o plp—1)

where

For historical interest, we remark that positive integers n with the prop-
erty that A\(n) is squarefree have been previously used in the primality test
of Adleman, Pomerance and Rumely (see [1]).
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Our principal tool for the proof of Theorem 2 is a well known theorem
of Wirsing [10], which may be formulated as follows:

LEMMA 2. Suppose that the real-valued multiplicative function f(n) sat-
isfies the following conditions:

e f(n) >0 for all positive integers n.

o There exist constants c1, ca with ca < 2 such that f(p®) < c1§ for all
primes p and integers a > 2.

e There exists a constant o > 0 such that

3 fp) = (a+o(1 ))@.

<z
Then

%f(n)=<m+o(l>logmg<§f )

where v is the Euler—Mascheroni constant, and I'(z) = Sgo e =1 dt.

The next result provides the essential analytic ingredient needed to de-
duce Theorem 2 from Lemma 2.

LEMMA 3. Lety > 0, and suppose that A > 0 is a fived constant. Then
the set of primes

Ply)={p<z:p-1€N(y)}
has cardinality
#P(y) = a(y)n(z) + O(x/(log z)"),
where a(y) is the constant of Theorem 2.

Proof. By standard arguments based on partial summation, it suffices
to show that

(21) Wy(z) = aly)v(z) + O(z/(log x)™),

where
Py(z) = Z A(n) and ¢(x ZA

n<x n<z
n—1eN (y)
where A(n) is the von Mangoldt function.
Let p(d) denote the Mobius function. Since the characteristic function
of the set N(y) is given by

S

d?n
pld=p>y
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it follows that

(22) Yylx) = Y p(d)v(z;d* 1),
d§I1/2
pld=p>y

where for integers k,l with £ > 1 and ged(k,1) = 1,
Pk, )= > An).

n<x
n=l (mod k)

Now let z = z'/2(log )5, where B = A + 5. By (22), we have

u
D )
d<z
pld:>p>y
where
T
Ri= ) ‘W:c;d?,l)—‘(d—z)’ Ry= ) wl(wd1).
d<z v z<d<zl/?
pld=p>y pld=p>y

By the Bombieri—Vinogradov Theorem, we have the bound

X
Ry < Z Y(x; k1) ‘ <
= (k)

Using the trivial bound ¥ (x; k,1) < z(log z)/k, we also have

1 1
Ry < Z e ogm a: g x1/2(logx)B+1 L 7——

(log x)4

= (log x)4
Therefore,
1(d) ( x >
+O0O —— ).
2 e O\ g
pld=p>y
Now
,u
SRS S )
d<z ¥ d>1
pld=p>y pld:p>y
where )
Ry :Z 2"
= w(d?)

Using the well known bound gp(k) > k/logy k, we obtain

lo _ _ 1
Ry <« E g2 << E W<<Z 1/2:.1' 1/4(10g$)B:O((10 :L‘)A>
d>z d>z g
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Consequently,

¢ ¥ b olman)
(og )"
p\d=>p>y

Using the multiplicativity of u(n) and ¢(n) (hence, also of ¢(n?)), we derive

that
p(d) R Y
; ¢(d2)_g<1 cp(p2)> pl;[y<1 p(p_l)) (¥),
pld=p>y

which completes the proof. =

Proof of Theorem 2. Let f(n) be the unique multiplicative function such
that f(p®) = 1 for every prime p < y and integer a > 1, and for any prime
p>vy, f(PP) = flp) =1if p—1€ N(y) and f(p*) = 0 if either a > 3 or
p—1¢N(y).

Clearly, A(n) € N(y) if and only if A\(p?) € N (y) for every prime power
p® dividing n. For any prime p < y, the latter condition holds trivially for
all @ > 1, while if p > y > 2, it is equivalent (since p is odd) to the two
conditions a < 2 and p—1 € N (y). Therefore, f is the characteristic function
of the set of integers n for which A\(n) lies in N (y).

By Lemma 3, we see that all of the conditions of Lemma 2 are satisfied,
with a = a(y); thus,

- 270~ (g -0 a1 (5 5

n<x p<z “a=0

To complete the proof, we can apply an analogue of Lemma 4 of [9] to deduce
that the estimate

H (Z . > (y)(log )W) + O((log )™ 1)

p<z “a=0

holds for some absolute constant 7(y) > 0. Taking

n(y)
K(y) = W(a(y))’

we finish the proof. =

4. Remarks and open problems. It is clear from the proof of our
Theorem 1 that if y is a bit smaller than (log, x)?, then almost all n have
the property that ¢(n) is y-squarefree. It would be interesting to investigate
whether there is a threshold, or a distribution. For example, is there a func-
tion y = y(n) such that the set of integers n for which ¢(n) is y-squarefree
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has asymptotic density 1/27 Or more simply, is there a function y = y(n)
such that the set of integers n for which ¢(n) is y-squarefree has asymptotic
density ¢ for some constant c in the interval (0,1)? We leave these questions
as open problems for the reader.
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