ACTA ARITHMETICA
168.1 (2015)

On the behavior close to the unit circle of the power series
whose coefficients are squared Mobius function values

by

OLEG PETRUSHOV (Moscow)

1. Notation and introduction. In this paper we study the series
o0
Mo(z) = Z/f(ﬂ)Z”.
n=1
We set

q

™ =e(0),  Sn(B)=)_ wmenp), T(x.1) =) x(ke(lk/q)
n<N k=1

for a character xy modulo ¢, and Y is a character conjugate to .

Let g(x) > 0. The equality f(z) = £2(g(x)) when x — a means that
there is an infinite sequence t; — a such that |f(tx)| > dg(tx) for some
d > 0. Let f(z) be real. The equality f(xz) = £24(g(z)) when x — a means
that there are infinite sequences t; — a, ur — a such that f(tx) > dg(tx),
f(ug) < —6g(ug) for some § > 0. The notations A < B or B > A mean
4] = O(1B).

In 1991 R. S. Baker and G. Harman [BH]| obtained results for p(n) from
which it follows that if for each Dirichlet character x the function L(s, )
has no zeros in the half-plane {Rs > a} then for any § € R,

(1.1) > pn)emBy =0((1-r)"7F),  r—1-,
n=1
where
a+1/4 if 1/2 <a < 11/20,
b=1< 4/5 if 11/20 < a < 3/5,

(1/2)(a+1) if3/5<a< 1.
This result is conditional and depends on the bound on L-function zeros.
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In this paper we study the series M(z) = > oo | p?(n)2" for which we
give an unconditional nontrivial estimate. The sum Mo(z) = >, _, p*(n) is
equal to the number of square-free numbers less than z. From the classical
result [HW], p. 269]

6
Mo(z) = T O(Vz)
it easily follows that
(1.2) Mo(r) = %(1—7“)_1+O((1—r)_1/2), r— 1—.

In 1967 I. Katai [Ka] proved the following result on the oscillation of the
remainder term in (|1.2):

6

Mo(r) = —2(1—7')71—1—(&((1—7’)70'25), r— 1—.

T
In our paper we study the series My(z), where z tends to the unit circle
along the radius z = e(f)r where 5 € R.

We will use the following notation: f(g) is a function of an integer argu-

ment defined by

0 if p3| ¢ for some prime p,
1
flg) = H<_p2 — 1> otherwise,
pla

where the product is taken over prime divisors of q.
In Sections 2—4 we prove some useful estimates.

In Section 5 we prove the following theorem on the behavior of M (e(5)r)
where 8 € Q.

THEOREM 1.1. For coprime integers l,q > 0 and real € > 0,

(1.3) Mo(e(l/q)r) = “éé;];(l — 7’)71 + O((l — T)71/275q3/4+5), r—1—.
The O constant depends only on €.

Theorem is applied to study the behavior of My(e(S)r) where 3 is
irrational.

In Section 6 we obtain some results on Diophantine approximation.

DEFINITION. The irrationality exponent of a real number [ is the least
upper bound of real numbers a such that

0<[8—p/al <1/q"
is satisfied by an infinite number of integer pairs (p, ¢) with ¢ > 0.

In Section 7 using the results of [S] we prove the following theorem.
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MAIN THEOREM 1.2. If the irrationality exponent of B is 2 then for any
e >0,
(1.4) Mo(e(B)r) = O((1 —7)~Y22),  r—1-.
The O constant does not depend on r.

In Section 8 we prove that the asymptotic equality cannot be ex-

tended to all irrational numbers: for each ¢ we construct an irrational number

such that Mo (e(B)r) = 2((1 — r)~1+9). We first prove

THEOREM 1.3. Let B8 be an irrational number, § > 0 and v — 2 >
max{11/2,2/8}. If there is a sequence of rational numbers ly, /g, with square-
free denominators such that

1B —ln/an| < c/qp,
then
Mo(e(B)r) = (A —r)"H0), r—1-.
From this theorem we deduce

MAIN THEOREM 1.4. For any 6 > 0 there exist irrational numbers [
such that

(1.5) Mo(e(B)r) = (1 —r)71H9),  r—1—.
COROLLARY 1.5. For any § > 0 there exist irrational numbers B such
that

(1.6) ISn(B)] = R(N'%), N = .

2. Preliminary results. Let a(n) be a function of a natural variable.

Let -
Z F(s) = Z a(n)n™%.

=1 n=1

n
For the Dirichlet series F'(s), a Dirichlet character y, and 8 € R we define

o
Fls.0 = 3 almxtmn,  FIA) = > “We(an).
n=1 n=1
We will write A <4,....q, B if A= O(B) and the O constant depends only
on ag,...,ak.

Let g be a positive integer and g = Hle pﬁi be its canonical represen-
tation. Let K(q) = {n €e N | n = Hle p;"'} where the m; are arbitrary
nonnegative integers. From the fundamental theorem of arithmetic it easily
follows that each n € N has a unique representation

(2.1) n = km,
where k € K(q) and (m,q) = 1.

-----
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LEMMA 2.1. Let a(n) be an arbitrary sequence of complex numbers, and
l € Z. Suppose that the Dirichlet series F[l/q](s) = > oo a(n)e(ln/q)n~*
is convergent for 0 = Rs > o9 > 0. Then

oo

D(s)Fli/ql(s) = | £ 2A(e(1/q)e ") dt.

0
Proof. This follows from the results of [H]. =

Let 5 €Q, B=1/q, q > 0, where | and ¢ are coprime. For the Dirichlet
series F'(s) we define

Cy(s) = Y 7(x,1k)a(k)k ™.
keK(q)

LEMMA 2.2. Let a(n) be an arbitrary sequence of complex numbers, and
q > 1. Suppose the Dirichlet series F(s) = > >, a(n)n™*® is absolutely
convergent for s > og. Then for any l € Z and s with Rs > oy,

s emelin/a) _ L5~ R, y).

(n,g)=1 n? #(q) X (mod )
Proof. We have
> I e
(n,9)=1 n=1
where u(n) = e(ln/q) if (n,q) = d u(n) = 0 if (n,q) # 1. Since
u(n) = ﬁ X ( modq) 7(X,)x(n) we obtam

(n)e(ln/q) _ 1 )
(n%: n -~ 9(q) Z T(X,1)F(s,x). =

LEMMA 2.3. Let a(n) be a multiplicative function and suppose the Di-
richlet series F(s) is absolutely convergent in {Rs > o1}. Then

(2.3) F[B( Z Cy(s)F (5, x)-

X (mod q)

x (modq)

Proof. Let Aj be the set of natural numbers that have k in the repre-

sentation (12.1]). Then
N=|| 4.

keK
Let S = ZnEAk = (Bn) Then

(2.4) F[B)(s) =Y Sk,

keK
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where
Sk=alk)k™ Y e(lkn/q) O‘XZ).
(n,q)=1
By Lemma [2.2]
2.5 g = 4k 1 v, k) F (s, ).
(2.5) b= ¢(q)x(§q)7(x )F (s, x)

From ({2.4), (2.5) and the definition of C,(s) we obtain (2.3). =

The following lemma reduces the calculation of Cy,(s) to the calculation
of Cy,(s) where x; are principal characters modulo p;".

LEMMA 2.4. Let xo be a principal character modulo ¢ = py"* ...pJ"". Let
Xi be principal characters modulo p;"*. Then

Cyo(s) = Cxi(5) ... Oy, (s).

Proof. From the properties of the Ramanujan sum [MV] p. 110] it easily
follows that for any [ satisfying (I,q) = 1 we have 7(xo,lk) = 7(x1,1k) ...
T(Xr, k) = 7(x1,07") ... T(X7r, PI*"). Using the multiplicativity of a(n) we
obtain

o o alp).aph) i ir
w® = > L (s ) - (e )
i1=0,...ir=0 P1 ---Pr
m . . . m . . .
=D a)rOa,pP e Y alpr )T ey
i1=0 ir-=0

Let w(n) be the number of prime divisors of n. We will use the simple
estimate

(2.6) w(n):O< lnn >

Inlnn

The proof can be found in [MV] p. 55]. From (2.6)) we obtain, for all A, ¢,
(27) Aw(") <<A,E ne.
Hence we easily derive an estimate for the function f(q) of Section 1. Since

—2
)= oty = 5= < 27! f(0*) = iy < 2077 and f(p) =0 < 2p77,

we have

(2.8) flg) < g7 12¢@ «, g1t

3. Residues and asymptotic formulas. In this section, as usual,
o =Rs, t = s, and xp is a principal character modulo g. Denote by Fj(s)
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the function ((s)/((2s). It can be represented by the Dirichlet series

o 1(n)
(3.1) Fi(s)=> -
n=1
For the Dirichlet series Fi(s, x) we have the representation
L(s,x)
F = —0
1(87X) L(28,X2)

Using the Mellin inversion formula [FGD. p. 4], Lemma and representa-
tion (3.1) we deduce

24100

(3.2) Mo(e(l/q)e™™) = x*I'(s)Fi[l/q](s) ds.

i)

2—1i00
Let II be the rectangle with vertices 2—iT, 24T, 0.54+c+iT, 0.5+e—3T. Let
I =1[2—4iT,2+iT), 1] = [2+iT,0.5+ec+iT], II] = [0.54+¢+iT,0.5+c—iT],
IV =[05+¢—1iT,2 —1iT).

0.5+ & +iT 11 24T
A

111 I =z

105 +e—iT v 2 —iT

The contour IT

Let E1(q), F2(q) be constants depending only on g and e. Using, for each
character x modulo ¢, the simple estimate

‘L(Sl, X)

<((o), o>1,

and the estimate
|L(s, x)| < Er(Q)lt],  [t| — oo,

uniformly with respect to o € [0.5 + €, 2], we obtain

L(s,x)

(3.3) L2527

< Ex(q)lt],  |t] — oo,
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uniformly with respect to o € [0.5+¢, 2]. Since Cy(s) =3 _yc k(g b )T(X, lk)

and p%(n) = 0 if p? |n for some prime p, the sum in C)(s) is ﬁmte Hence
the functions C, (s) are entire and

(3-4) [Cx(s)] < D(g), Rs €[0.5,2],

where D(q) is a constant depending only on ¢. Since I'(s) < [t|e~ 2!l when
|t| = oo and o € [0.5 + ¢, 2], from (3.3]) and (3.4)) we deduce

(o +iT)Fy[l/q)(0 +iT) < e~°I7|

for some « > 0. Hence

(3.5) 271 (s)F[l/q)(s)ds — 0, [t — oo,
II

(3.6) | a7 I (s)Fi[l/q)(s)ds — 0,  [t| = oo
v

Since for each nonprincipal Dirichlet character x the function L(s, ) is
holomorphic in IT and L(s, xo) has a simple pole at s = 1 in I, by the
Cauchy theorem on residues we have

S x°I'(s)F1[l/q](s) ds = ress—1 x°I'(s)F1[l/q](s).
i

Using Lemma relations (3.5)—(3.6) and equation (3.2)) we obtain

(3.7)  Mo(e(l/q)e™™) = rese—y x I (s)F1[l/q)(s)
1 1/24e+ioc0
+5= | a7 r(s)R[l/q)(s)ds
1/24e—ioc0
= ress=1 @ “I'(5)Cy, (8)F1(s, x0)
1/24e+ioc0 1
+ S x=°I'(s) o(q) Z Cx(s)Fi(s, x) ds.

211 )
1/2+4e—ico X (mod q)

Let us calculate the residue. As usual ¢ = p{"* ...p[". Applying Lemma
to u?(n) we obtain

= (x5,
Cyo(1) = Cy, (1) ... Cy, (1), where Cy,(s)=> ——2pu2(ph)
=0 P
and x; are principal characters modulo p;-nj. Note that CXJ. (s) =0if m; > 2.
If mj =1, then Cy,(s) = —1+(p; — 1)/pj. and Cy (1) = —1+4(p; — 1)/pj =
—1/p;. I mj = 2, then Cy,(s) = —p;/p; = —1. Hence
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ress—1 = °I'(s)F1[l/q](s) = ress=1 x~°I'(s) Cxo (S)Fl(s,x())

?(q)
_ T Cy(D) ( 1>1 _fl@)
~@ oo LUY3) “@
where f(q) is the multiplicative function defined in Section 1. Consequently,
£(0) 1/2+e+ico
(3.8) Mo(e(l/q)e ™) = AT S x°I'(s)F1[l/q](s) ds.
<(2> 1/24e—ioo

4. Inequalities for L-functions. The following lemma enables us to
give a uniform (with respect to ¢) estimate of L(s, x).

LEMMA 4.1. For each nonprincipal character x modulo q, and for

0<o<l,
’Z x(n)n=?

n<x

<L q%(lfg) log q.

Proof. Let x > /q. Then using the Abel transform [Kl|, p. 43] we obtain

xT

Z x(n)n™? = X(z)x™% + o S Xttt

n<r 1
where X(t) =, ; x(n). Hence
Va z
d xtnn 7 =X(@)r 7 +o | X7 dt+o | Xt dt.
n<x 1 Va

Using Pélya’s estimate X (z) < /qlogq (see [MV) p. 307]) we obtain
| X (z)2~7| < ¢"*(logq)z=7 < q1=9)/2logq. Further, using the trivial in-
equality | X (¢)| <t we deduce
Va Va
‘a | X(t)t"”ldt‘ <o | t7dt <, gz,
1 1
Applying Pélya’s estimate again we obtain
€T €T
‘ | X(t)t_"_ldt‘ < qloggq |t 'dt
Va Va

o0

< Valogq | 77 dt <, /ig~?logq = q21"") logg,
Va
so the lemma is proved in the case x > ,/q.
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If x < ,/q, then

> oxmn | < 3 T < (V)T = g0,

n<x n<f

and the lemma is also proved for z < ,/q. =
The following result will be applied in the proof of Theorem

THEOREM 4.2. Let x be a character modulo q, and 0 =Rs, 0 < o < 1.

Then

|L(5,X)| <oe [slg! =72t

Proof. Consider first the case x # xo modulo g. Using the Abel trans-
form we get

L(a—a—i—sx—sx 51Zx n7 du.

n<u

Hence

L(s,x) = ]L(a—e+5+2tx)\<\zt+a]§ e 1‘2)(

n<u

Thus by Lemma
o

[L(s, )| < [slg" =72 (log q) | w7 du <. |s]q! =)/
1

If x = xo modulo ¢ then by .,

|LsxO|—‘H1— ‘<<||H1—|—p 7) < |s|(1+277)<@
plg plg
Loe |Slg5. m

5. Proof of Theorem 1.1

LEMMA 5.1. For each m € N,

S e m)? = ¢X(a).

X (mod q)
Proof. We have
q—1 q—1
Slrem)f =Y (Zx<x>e<mx/q > xw)e(-my/q))
X x x=0 y=0

=33 ay ~y)/a)

X T,y
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(Z wyl)em -y)/q)

X
X

1
1:01

Z

where Z; y 1s the sum over invertible elements z,y of Zq. =

8
\ \

Proof of Theorem 1.1. Since }L%Q(ji%)] < |L(s,x)|¢(20) for s > 1/2+¢
we have
L(s, x)

(51) ‘L(%,X?)

Using the definition of Cy(s) and Lemma and changing the order of
summation, we obtain

<e [L(s; x)|-

u oy L(sx)
62 Ao = ¥ 5 T gt
L(2s,x?)
k’EK(q X (mod q)
Using (5.1)), (5.2) and Hélder’s inequality we deduce
e(nl
|F1[l/ql(s w{n)e(nt/g) ‘

kGK (modq)

<3 Z “ ) S )1, X))
kGK(q X (mod q)

csk > 0 TS e [3
kGK (¢) X (mod q) X (mod q)

By Lemma [5.1) and Theorem [4.2 for Rs = 1/2 + ¢ we obtain

IF/g)(s)] <o — [ +p2)(a)/0(a)ls[2q2/2+
?(q) oia

= [s| [J@ +p7 2 9)/dl@)g />t <|s| [J (1 + p~1/27%)g¥/4He/2,
plg ola

Since for fixed o > 0 by 1} we have []
Rs =1/2 + ¢ we obtain

p|q(1 +p7 %) < 20 <« ¢¢/2, for

|F1[l/a)(s)] << |slg®**=.
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Further, from (3.8]) and rapid decrease of |I'(s)| when |Ss| — oo we deduce
Mo(e(l/q)e”)
A0

- <(2)

_ f(Q)x—l +O(£—1/2—€q3/4+6)’ -

- <(2)

6. The behavior of convergents of a continued fraction

1/24e+ioc0
xfl—i—O( S x*1/2—€|F(1/2+€+it)||1/2+g+it‘q3/4+edt>
1/2+e—ioc0

LEMMA 6.1. Let 8 be a real number with irrationality exponent 2. Let
Dn/qn be the convergents of its continued fraction. Then for each & > 0,

(6.1) Gni1 < qpt,
where n > N (e, 3).

Proof. Assume that there exist a subsequence ny — oo and € > 0 such
that

qnj+1 Z erL;:E
Then using [Khl p. 16, Theorem 9], we obtain
1 1

< < )
Qg1 qar©

contrary to the assumption that the irrationality exponent of 5 equals 2.
Hence there exists an N(g, 3) such that (6.1) is true for all n > N(g,5). m

_ Pni
(6.2) \/s n

k

7. Proof of Main Theorem 1.2

LEMMA 7.1. Let 8 be a real number with irrationality exponent 2. Let
gn be the demominators of convergents of its continued fraction. Then for
any c,d satisfying 0 < ¢ < d there exists an xg such that every x > xqg can
be represented in the form x = ¢}, where n € N and A € [c, d).

Proof. Note that ¢, is an increasing sequence tending to co. Take an
e such that ¢(1 +¢) < d. Let 9 = AN (5 Where N(e, ) is defined in
Lemma Then if z > xo, we have = € (g5, g5, 1], Where n > N (e, 8), and
by Lemma log,, = < log, g5, < log,, qﬁ(HE) = ¢(1 +¢) < d. Hence
x = g2, where A € [c,d]. =

LEMMA 7.2 (see [S]). If ¢ and a are integers satisfying |3q — a| < ¢ 1,

then
1SN (B)] <ep N5 4 N7g.

LEMMA 7.3. We have
Sn(B) <pe NV,
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Proof. Let l,,/qy be the convergents of the continued fraction of 5. Then
| = In/qn] < 1/q2, so by Lemma
SN(B) <<ﬁ,€ N1+Eq—1 + qu
Since g, 11 < ¢-1¢ if n > No and g1 > qn, each sufficiently large N satisfies

the inequality ) -
g2 < N < g2+,

1
Hence ¢;' < N 2059 and ¢, < v/N. Thus Sy(8) < N'/2*21 for each
€1 >0.m

Using the Abel transform, from Lemma we obtain . Thus The-
orem 1.2 is proved.

Since the irrationality exponent of every algebraic number equals 2, by
Theorem 1.2 we obtain

COROLLARY 7.4. Let 8 be an algebraic number. Then
Mo(e(B)r) = O((1—r)7?79),  r—1-.

8. Proof of Theorems 1.3 and 1.4. In this section we consider the
case of numbers [ that are well approximated by rational numbers with
square-free denominators.

LEMMA 8.1. Let 8 be an irrational number, v > 0 and ly,/qm be a
sequence of rational numbers such that

18— lm/am| < 1/},
Then
19 (e(B)e™™) — Mo(e(lm/qm)e ")| <p g, x>
Proof. Since |8 — Ly /qm| <5 1/gh we have

Z qu (n)e(n Z pe(n)e(nlm/qm)e™ ™"
n=1
< Z,u —ln/qm)) — e

Using the estimate |e(z) — 1| < |z| we obtain

’Z uz(n)e ZM nlm/Qm) e

oo
n
< Zﬁ(n)ln(ﬁ —ln/qm)le™™ g Y e <,

dm

n=1

Proof of Theorem 1.3. Let © = ¢, where A = }(max{11/2,2/6} +
~v —2). Note that A > max{11/2,2/§} and A < v — 2. By Theorem [1.1] and
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Lemma 8.1} for any £ > 0,
Mo(e(B)e™) = g((gg ait + O(qp /2T gd/ 4t + g, 724
= Clgn)an 2 + O(gpV/2He13/4%e 4 g4,
where C(gy) > 1.

Since A < y—2 we have A —2 > 2A —~. The inequality A > 11/2 yields
A(l/24¢) +3/4+¢e < A—2 for some € > 0. Hence

Mo(e(B)e ™) = Clan)gy > +olgs 2), n— oo.

A-2
Using the inequality A > 2/ we obtain log,—1 ¢4 =2 = % =1-2/A>

1 — 4. Since 27! > 1 we have ¢=2 > 271%°. Hence

Do (e(B)e™)| = lan (Clgn) + o(1)| = 4~ *(Clan) + o(1))

> A2 > 710

Proof of Main Theorem 1.4. Such numbers can be constructed by means
of the method of inserted segments. Let v > 2+max{11/2,2/6}. Let us find
a rational number [y /q; where ¢ is a square-free integer and find a real 6,
with |61] < 1/¢]. Let us find a square-free number g2 and an integer lo such
that lo/q2 # 11/q1 and

EERES) N NP
a2 a2 aq1 q

and a 6y such that 02| < 1/¢5. Let us find a square-free number g3 and an
integer [3 such that l3/qs # l2/g2 and

Il3—1 1 1 l l
|:3 73+ :|CR2:|:2_9272+92:|7
q3 q3 q2 q2

and a 03 such that |03] < 1/¢3, etc. Thus we construct a sequence of segments
R; with length tending to zero and with R;y1 C R;. Let a = (), R;. Since
a € R; for each i we have |a — I;/q;| < 20; = 2/¢]. By Theorem 1.3 we
obtain inequality . n

Using the Abel transform we obtain Corollary [I.5
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