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1. Introduction. Let (M, g) be a closed n-dimensional Riemannian
manifold with metric g and Laplace-Beltrami operator A. Let N(¢) denote
its spectral counting function, which is defined as the number of eigenvalues
of A not exceeding t. Hormander [13] proved Weyl’s law

vol(B,,) vol(M)
(2m)"
where vol(B,,) is the volume of the n-dimensional unit ball.
Let

(1.1) N(t) = "2 4 O =1/2),

_ vol(By) vol(M) /2

(2m)™ '
Hormander’s estimate (1.1) is in general sharp, as the well-known exam-
ple of the sphere S™ with its canonical metric shows [13]. However, it is
a difficult problem to determine the optimal bound of R(t) in any given
manifold, which depends on the properties of the associated geodesic flow.

Many improvements have been obtained for certain types of manifolds (see
[1-4, 7,9, 14, 16, 18, 24, 29]).

1.1. Weyl’s law for T?: the Gauss circle problem. The simplest compact
manifold with integrable geodesic flow is the 2-torus T? = R?/Z?. The ex-
ponential functions e(mz + ny) (m,n € Z) form a basis of eigenfunctions of
the Laplace operator A = 92 + 85, which acts on functions on T?. The cor-

responding eigenvalues are 47%(m? + n?), m,n € Z. The spectral counting
function

R(t) = N(t)

Ni(t) = {)\j € Spec(A) : \; < t}

is equal to the number of lattice points of Z? inside a circle of radius v/t/2.
The well-known Gauss circle problem is to study the properties of the error
term of the function Ny(t).

In this case, the formula (1.1) becomes

t
= — +O(t4?

47T + ( )7
which is the classical result of Gauss. Let R;(t) denote the error term in
(1.2). Many authors improved the upper bound estimate of R;(t). The latest
result, due to Huxley [14], reads

(1.2) N (t)

(1.3) Ri(t) < 131/416 1(26957/8320
Hardy [10] conjectured that
(1.4) Ri(t) < t'/4Fe,
Cramér [5] proved that
T o)
1 r2(n)
. -3/2 2 g, _ L
[Jim T §\Rf<t>\ dt=C, C= T
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which is consistent with Hardy’s conjecture, where r(n) denotes the number
of ways n can be written as a sum of two squares.
Ivié [15] first used the large value technique to study the higher power
moments of Ry(t). He proved the estimate
T
(1.5) VIR ()| dt < A/
1
for each fixed 0 < A < 35/4. The value of A for which (1.5) holds is closely
related to the upper bound of R;(t). If we insert the estimate (1.3) into
Ivié’s machinery, we see that (1.5) holds for 0 < A < 262/27.
Tsang [26] studied the third and fourth moments of R;(t). He proved
the following two asymptotic formulas:

T
(1.6) | R3(¢) dt = esT™/* 4 O(TT/4-1 /1),
1
T
(L7) | R1(t) dt = caT? + O(T%71/23F9),
1

where c3 and ¢4 are explicit constants.
Heath-Brown [11] proved that the function t~'/4R;(t) has a distribution
function f(«) in the sense that for any interval I we have

T ' mes{t € [1,T]: t Y*R;(t) e I} — Sf(a) do
I

as T — oo. He also proved that for any real number k& € [0,9] the mean

value
T

lim T4 | Ry(2)[* dt
T—oo ]
converges to a finite limit as 7" tends to infinity. Moreover, the same is true

for
T

lim 774\ Ry(t) dt
T—oo 1
with k = 3,5,7,9.

In [30], the author proved the following result. Let A > 9 be a real
number such that (1.5) holds. Then for any integer 3 < k < A, we have the
asymptotic formula

T
(1.8) \ RE(t) dt = ¢, T/ O(T HH/A=0Fe),
1
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where ¢, and d; > 0 are explicit constants. In particular, the asymptotic
formula (1.8) holds for £ =3,...,9.

We remark that we can take d3 = 7/20, which is due to Tsang and comes
from the third moment of the error term of the Dirichlet divisor problem.
However, Tsang did not publish this result.

For the fourth moment of R;(t), the author [31] proved that we can take
5y = 3/28.

1.2. Weyl’s law for a (21+1)-dimensional Heisenberg manifold. Letl > 1
be a fixed integer and (H;/I, g) be a (2] + 1)-dimensional Heisenberg man-
ifold with a metric g. When [ = 1, in [24] Petridis and Toth proved that
R(t) = O(t°/61og t) for a special metric. Later in [4] this bound was improved
to O(t'19/16+¢) for all left-invariant Heisenberg metrics. For [ > 1 Khosravi
and Petridis [18] proved that R(t) = O(t!~7/41) for rational Heisenberg man-
ifolds. Both in [4] and [18], first a 1)-expression of R(t) was established and
then the van der Corput method of exponential sums was used. Substitut-
ing Huxley’s result of [14] into the arguments of [4] and [18], we can get the
estimate

(1.9) R(t) = O(t=77/416 (1og £)26957/8320)

for all rational (2] + 1)-dimensional Heisenberg manifolds.

It was conjectured that for rational Heisenberg manifolds, the pointwise
estimate

(1.10) R(t) < ti—1/4+e

holds (see Petridis and Toth [24] for [ = 1 and in Khosravi and Petridis
[18] for I > 1). As an evidence supporting this conjecture, Petridis and Toth
proved the following L? result for H;:

S

I3

2
N(t:u) — —— vol(M(u) /22| du < C5t3/2+9,

672

where I = [1 —¢,1 + ¢]. They also proved

127
7)
T

Now let M = (H;/I',g;) be a (21 + 1)-dimensional Heisenberg manifold

with the metric
. Dyxar 0
' 0 o )’

N(E) — — vol(M)B3/2| dt > T3/,

672
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where Io;y9; is the identity matrix. M. Khosravi and J. A. Toth [19] proved
T

(1_11) S ‘R(t)’Q dt = C2,IT2H_1/2 + O(T2l+1/4+5),
1

where Cy is an explicit constant.

M. Khosravi [17] proved the asymptotic formula

T

(1‘12) S Rg(t) dt = 037lT3l+1/4 + O(T3l+3/14+a)
1

for some explicit constant C3;.

The aim of this paper is to prove some power moment results for R(t),
analogous to the results for R;(t) stated in Section 1.1. The plan of this
paper is as follows. In Section 2 we state our main results. In Section 3 we
give some background on Heisenberg manifolds and a new -expression of
R(t). In Section 4 we quote some preliminary lemmas. We shall prove our
theorems in Sections 5-7.

Notations. For a real number t, let [t] denote the integer part of ¢, {t} =
E—[t], w(t) = {t} — 1/2, || = min({t},1 — {t}), e(t) = e*"t. By e we
always denote a sufficiently small positive constant. C, R, Z, N denote the set
of complex numbers, of real numbers, of integers, and of positive integers,
respectively; n ~ M means that N < n < 2N; d(n) denotes the Dirichlet
divisor function, r(n) the number of ways n can be written as a sum of two
squares, and p(n) the Mdbius function. Throughout this paper, £ always
denotes logT.

2. Main results. From now on, R(t) always denotes the error term in
Weyl’s law for the (2! + 1)-dimensional Heisenberg manifold (H;/I’, g;).

2.1. New results for power moments of R(t). Our first result is an ana-

logue of (1.5) for R;(t).
THEOREM 1. Suppose A > 0 is a fized real number. Then

(2.1) |R(t)|* dt < THHAC=Y4) g4 (0 < A< 262/27),
)

(
(2.2) IR(t)[A dt < TAT-DHHEE L4411 (4 5 962/27).

T
1
T
1
REMARK 2.1. Let Ag > 1 be a positive constant such that
T
(2.3) | IR(t)| "0 dt < THHAU=T/DFe,
1
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Then Theorem 1 states that we can take Ag = 262/27. The value of Ay
for which (2.3) holds is closely related to the upper bound of R(t). The
exponent 262/27 follows from (1.9). If the conjecture (1.10) would be true,
then obviously (2.3) would be true for any Ag > 0. Conversely, if (2.3) were
true for any Ay > 0, then we could show (1.10) as follows. The estimate
(2.3) implies

T

| |R@rz)| % do < THH AU/ T,

T/2

Suppose |R(27x)| reaches its largest value Vj at some z¢ € [T/2,T]. Ac-
cording to the formula (5.11), we have

T
VOAOH(mé_l/2 log :vo)_l < S |R(27rx)|A0 dr < T1+A°(l_1/4)+5,
T/2

which implies that
1+1/24Ag(1—1/4)+2¢

‘/0 << T Ap+1

Now the conjecture (1.10) follows by choosing Ag large.

Before stating our next theorem, we introduce some notations.
Suppose f: N — R is any function such that f(n) < n°, and k > 2 is a
fixed integer. Define

(24) spolf) == > W (1<v<h),
Y SRy iy e SRRy
k—1 E—1
25) B0 =3 (1)l contatre = 20)/),
v=1
) e(lh/2)h*2 (- b\
(26)  n(n):= n:h%;h) (2r — h)1/2 <1 2r — h) '

We shall use sy, (f) to denote both the series (2.4) and its value. The conver-
gence of sy, (f) was already proved in [30]. It is obvious that |7(n)| < d(n).
Suppose Ag > 2 is a real number, and define

Ko :=min{n € N:n > Ay, 2|n},

- Ao —k
s(k) =224 (k—6)/4, o(k,Ag):= m,
51(1{2,140) = M 52(]{;7140) = U(k7A0)

25(Ko) ' 2s(k) + 20 (k, Ao)”
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THEOREM 2. Let Ag > 9 be such that (2.3) holds. Then for any integer
3 <k < Ag, we have the asymptotic formula

T _
(2.7) [ RE@ar = 20T BT s
: k-3k/4+kl _
| (I kq3k/Atkl (4 + k(41 — 1))
+ O(T1+k(lfl/4)f51 (k,Ao)+s).
REMARK 2.2. From Theorem 1 we see that for k € {3,...,9}, we can get

the asymptotic formula (2.7) with Ay = 262/27. Moreover, (2.7) provides
the exact form of the main term for SlT RF(t) dt with k > 10. From Theorem 2
we see that if the conjecture (1.10) were true, then for all £ > 3 we could

get an asymptotic formula for S1T RF(t) dt.
When 3 < k <9, we have the following improvement of Theorem 2.

THEOREM 3. For 3 < k < 9, the asymptotic formula (2.7) holds with
01(k, Ap) replaced by do(k,262/27).

REMARK 2.3. Note that 85(3,262/27) = 181/1402 and J5(4, 262/27) =
11/230, which are small compared to the corresponding results for Ry(t).
The following Theorem 4 improves these two exponents.

THEOREM 4. We have

227/4 Gllng(Tl)

98 T3H1/4 4 o(Blte
(2:8) § ()3 r3974(1 4 121) O,
T
24 813By(m)
4 4\71 4l 41—3/28+4¢
1

The following two theorems are analogous to Heath-Brown’s results for
R (t).

THEOREM 5. The function t~=VY R(t) has a distribution function f(a)
in the sense that for any interval I C R we have

T ' mes{t € [1,T] : t""VIR(t) € I} — | f() dov
I

as T — oo. The function f(a) and its derivatives satisfy

dF _
Wf(a) <Lax (14 |af) A

fork=0,1,2,... and f(a) can be extended to an entire function.
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THEOREM 6. For any real number k € [0,262/27) the mean value

T
Jim T REYD (R [F at
— 00 1

converges to a finite limit as T tends to infinity.

REMARK 2.4. Our approach yields a different proof of the formula
(1.11), and the error term estimate O(T2+1/4+€) therein can be improved
slightly to O(T2l+1/ 4£3). However, it is difficult to improve the exponent
20 + 1/4. For the constant C5; in (1.11), we have a new expression:

29/2_4ll2B2<Tl) 99/2—41]2 o0 Tl2(’rl)

C pr—
PPNt 2(4l 4 1) (1)2R2A32(41 4 1) A= n3/2

n=1

analogous to the expression of C' in Cramér’s result for the mean square of
Ry (t).

2.2. Idea of the proof. M. Khosravi and J. A. Toth [19] introduced an
extra parameter and then used the Poisson summation formula to write the
corresponding error term in a form which can be estimated by the method
of stationary phase. Finally, they eliminated the parameter and got the
asymptotic formula (1.11). This approach worked well for the mean square
of R(t). M. Khosravi [17] used the same approach for the third moment of
R(t) and proved (1.12). But it is difficult to use this approach for the kth
moment when k > 4.

In this paper we shall use a different approach. We establish an analogy
between R;(t) and R(t) and then prove our theorems by using this analogy.

It is well-known that R;(¢) has the following truncated Voronoi formula:

(2.10)  Ry(t)
= _21/2713/2 E r(n)n*3/4t1/4 cos(2\/7E+7r/4) + O(tl/Q“N*l/z)
™

n<N

for 1 < N < t, which follows from Lemma 3 of Miiller [22]. The formula
(2.10) plays an essential role in the proofs of all results stated in Section 1.1.

R(t) is a sum involving the row-teeth-function ¢(u) and does not have
such a direct and easily usable Voronoi’s formula at hand. However, by using
the finite expression of 1(u) (see Lemma 4.2) and van der Corput’s B-process
(see Lemma 4.3) we can prove a formula (see Proposition 6.1) analogous to
(2.10). This formula, although weak in comparison to (2.10), is enough to
prove all our results.

Nowak [23] and Kiihleitner and Nowak [20] first studied mean squares of
error terms involving ¥ (u), where they used another finite Fourier expansion
of ¥(u), much more precise than Lemma 4.1. However, in our paper, we
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only use Lemma 4.1 to study the upper bound of R(t). For the asymptotic
results for R(t), we shall apply Lemma 4.2, which seems more convenient.
The method of this paper can be used to study the power moments of other
error terms involving the function ¥ (u).

3. Background on Heisenberg manifolds and the -expression
of R(t). In this section, we first review some background on Heisenberg
manifolds (see [6], [8], [25] for more details). Finally, we give a ¢-expression
of R(t).

3.1. Heisenberg manifolds. Suppose z € R! is a row vector and y € R/
is a column vector. Define

1 = t 0z t
7($7yat) =10 I, y|, X($7y7t) =10 0 y
0 0 1 0 0 0
The (2] + 1)-dimensional Heisenberg group H; is defined by

H = {V(x’yvt) 1XL,Y € Rla te R}a
its Lie algebra is
o ={X(z,y.t): 2,y R t € R}.

We say that I is a uniform discrete subgroup of H; if H;/I" is compact.
A (21 + 1)-dimensional Heisenberg manifold is a pair (H;/I', g), where I is
a uniform discrete subgroup of H; and g is a left H;-invariant metric.

For every I-tuple 7 = (r1,...,7) € Nsuch that rj |rji1 (j = 1,...,1—1),
let rZ' denote the I-tuples x = (x1,...,2;) with ; € r;Z. Define

L= {y(z,y,t) :x,y €2 t € ).

It is clear that I, is a uniform discrete subgroup of H;. According to Theorem
2.4 of [8], the subgroup I classifies all the uniform discrete subgroups of
Hj up to automorphism. Thus (see [8, Corollary 2.5]) given any Riemannian
Heisenberg manifold M = (H;/I, g), there exists a unique [-tuple r as before
and a left-invariant metric g on H; such that M is isometric to (H;/I,q).
So (see [8, 2.6(b)]) we can replace the metric g by ¢*g, where ¢ is an inner
automorphism such that the direct sum split of the Lie algebra $; = R* & 3
is orthogonal. Here 3 is the center of the Lie algebra and

0 =z O
R = 0 0 y cx,y € R
0 00
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With respect to this orthogonal split of §; the metric g has the form

h 0
0 gus1 )

where h is a positive-definite 2] x 2] matrix and go;41 > 0 is a real number.
The volume of the Heisenberg manifold is given by

vol(H /T, g) = |Iv|\/det(g)
with |I| =7y -r for r = (ry,...,1).

3.2. The spectrum of Heisenberg manifolds. Let X be the spectrum of
the Laplacian on M = (H;/T, g;), where the eigenvalues are counted with
multiplicities. According to [8, p. 258], X can be divided into two parts
21 and Yy, where X is the spectrum of the 2/-dimensional torus and Xy
contains all eigenvalues of the form

2mrm? + 2rm(2ny +---+ 2+ 1), meN, nj € NU {0},
each counted with multiplicity 2m/’.

3.3. The y-expression of R(t). In this section we shall prove the follow-
ing 1-expression of R(t).

LEMMA 3.1. We have

(3.1) R(2mz) = _21(l4—1)! Z m(z — m2)llw<x _ % _ é)

1<m< /7 2m
+O(xl*1/2).
Let
(3.2) N(t) = Ny(t) + Nr(t),
where

N](t) = #{)\621 :)\St}, N]](t) = #{)\EZQ Z)\St}.
For Ni(t) by Héormander’s theorem we have
1/t 1
. Ni(t) = —(— —1/2y,
(3.3 0 = g (52 ) +0E)

3.3.1. Proof of Lemma 3.1 for l = 1. Suppose [ = 1. It is easily seen
that

(3.4) Nrr(t) = Z om.

m24+m(2n+1)<t/27
m>1,n>0
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Thus we get
Ni(2rz) = Z 2m = Z 2m + O(y/x)
m24m(2n+1)<z m24m(2n+1)<z
m>1,n>0 1<m<y/z,n>0

= Z 2m Z 1+0(z)

1<m<\/z 0<n<z/2m—m/2—1/2

2m 2 2
1<m<\/z
— Z 2m<x_m>
2m 2
1<m<z
x m
-y 2m¢<2—2+2)+0(\/§)
1<m<+/z
2 30 7 zx _m 1
3 Sy 2ml/’(zm 2+2>+O(ﬁ)’

which combined with (3.3) for [ = 1 proves Lemma 3.1 for the case [ = 1.

3.3.2. Proof of Lemma 3.1 for | > 1. Suppose now [ > 1. In this case
for Ny;(t) we have

(3.5) Np(t) = Z om!
m24+m(2n1+--+2n+1)<t/27
"’l’b>07 ’I’LJZO
- ) om! )1
m2+m(2n+l)<t/2m n=ni+--+n;
m>0,n>0 n;>0
- Z om! <n +i- 1)
-1
m2+m(2n+1)<t/2m
m>0,n>0
2

BRG] 2 it

m2+m(2n+1)<t/27
m>0,n>0

+ ! Z min!=2 + O(t=1/2)

(-2
m=+m(2n+1)<t/2m
m>0,n>0

= 21(t) + Sy (t) + Ot~ 1/?),

say. In order to evaluate X ;(t) and Xy ;(t), we need the following
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LEMMA 3.2 (Euler-Maclaurin summation formula). If f € Cl|a,y],
a € 7, then

Yy

> fm) =V () + @) (1) dt — () f(y) + f(a)/2.

as<n<y

Suppose d > 0 is a fixed integer. By Lemma 3.2 we get

y—(y)+1/2 if d=0,

d _
(3.6) Z nt=q yd+l
0<n<y d+1

—P(y)yt+ 0y ifd>1.
By (3.6) we get

2 oz om 1
(37) 21’1(27['1') = l—' Z m <27n — E — 2)

C1<m<Vz
2 o o mo =t x m 1
R QO‘z‘Q ¢@m‘z‘ﬁ

+ 0($l_1/2)

and

(3.8)  Xoy(27z) =

1<m</x
Write
!
(3.9) Z m! <2$ — % - é) =27 Z (x —m? —ml)t — 2712,
1<m<yT " 0<m<\/z
Let u(t) = (x —t? — tI)!. It is easy to check that
s w2 Lo I e !
Su@ﬁﬁ:(%+lyx+u2—§x+%quﬂ% | v () dt < o!712,

0 0

By Lemma 3.2 we have

(3.10) Z (x —m? —ml)!

0<m</z
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From (3.9) and (3.10) we get

(3.11) 3 ml(;n—?—éy

1<m<\/z
(11)%2! I+1 _
BRCESN AR o C
Write
-1
3.12 m! z_m_ 1 = iHt m(z —m? —ml)t
2 2 2
1<m<yz " 1<m<z
Let v(t) = t(x — t> — t1)!~1. Tt is easy to check that
e 1 e
| v(t)dt = 5 2+ 0, | e ) dt <2
1 1

By Lemma 3.2 we have

(3.13) Z m(x —m? —ml)! !

1<m<VE
= \f(v(t) + ()0 (1)) dt — p(Vr)o(vVa) +v(1)/2 = %xl +0('71?)
From (3 112) and (3.13) we get
(3.14) > l<2fn - % —~ ;)H = 2%55[ +O(z1?),

-1
(e _m_ L o _m_ 1
(8.15) 22 " <2m 2 2) w(Qm 2 2)
m2+mli<z
x m\! ! x m 1 /
_ N e 1—1/2
= 2 m <2m 2) ¢<2m 2 2> +0 )
m24+mi<z
o T m =1 x m 1 I-1/2
= > m <2m‘2> w(zm‘z‘z)w@ )
1<m< VT
Now Lemma 3.1 follows from (3.3), (3.5), (3.7), (3.8), (3.11), (3.14) and (3.15).
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3.4. A weighted lattice point problem. For any positive integer d, define

fr(d) := Z mint=L.

d=m(m~+2n+l1)
m>0,n>0

From the proof of Lemma 3.1 it is easy to see that

ol+1y) l+1 B
(3.16) R(2mx) = vZfR SoESy A2 _ o Ao 1?).

So evaluation of the countmg function N (27x) is equivalent to studying the
asymptotic behavior of the mean value ), fr(d).

4. Some preliminary lemmas. We need the following lemmas. Lem-
ma 4.1 is due to Vaaler [27]. Lemma 4.2 is well-known; see for example,
Heath-Brown [12]. Lemma 4.3 is Theorem 2.2 of Min [21] (see also Lemma 6
of Chapter 1 in [28]). A weaker version of Lemma 4.3 can be found in [20],
which also suffices for our proof. Lemma 4.4 is Lemma 3.1 of [30]. Lemma
4.5 is the first derivative test. Lemma 4.6 is the famous Halasz—Montgomery
inequality (see for example, Ivié¢ [15]).

LEMMA 4.1. Let H > 2 be any real number. Then
Py =3 a(h)e(hu) + 0( 3 b(h)e(hu)),
1<|h|<H 0<|h|<H
where a(h) and b(h) are functions such that a(h) < 1/|h| and b(h) < 1/H.
LEMMA 4.2. Let H > 2 be any real number. Then

TOEEEDY ;zf‘*O(mm(LzﬂLﬂ>)'

1<[h|<H
LEMMA 4.3. Suppose Ai,...,As are absolute positive constants, f(x)
and g(z) are algebraic functions in [a,b] and
Ay 1 As 7 As
— < < = < — >1
< 2 e < B Uz,

l9@)] < AuG, 19/ (@)] < AGU, - Ui 2 1,
and |a, (] is the image of [a,b] under the mapping y = f'(x). Then
S glmetsm) =S b2 () — un,)

a<n<b a<u<lf f//(nu)

+O0(Glog(B—a+2)+Gb—a+R)(U+UY)
+O<Gmin[x/ﬁ, max<é>, <;>>D
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where ny is the solution of f'(n) = u,

(#) = 1]l if t is not an integer,
B —a ift is an integer,

)1 if a <u<pf, ora,B are not integers,
“ 1/2 if a or B are integers,

o (VT s
i/ 1" i f" <.
LEMMA 4.4. Suppose f(n) is an arithmetic function such that f(n)<n®,
1 <wv <k are fized integers, y > 1 is a large parameter, and define

Y f(na) -+ fnk)
skw(fiy) = E W, 1<v<k.
VAT i VAT VAN Sl VAT

N, N <Y
Then
sk (f) = sk (f9)] <y 2, 1<v<k.

LEMMA 4.5. Suppose A,B € R, A # 0. Then

2T
S cos(AVt + B) dt < T'/?|A|~".
T

LEMMA 4.6. Let S be a vector space over C with inner product (a,b),
and HG’HO =V (CL,Q). For any §7 $1,---, PR E 87

D IE e < ||E||3g13;{§ > e i)l

I<R ~ <R

5. Proof of Theorem 1. In order to prove Theorem 1, we shall prove
a large value estimate of R(x). For simplicity and convenience, we consider
the function R, (x) := R(27x).

5.1. Large value estimate of R.(x). In this subsection, we shall prove
the following

THEOREM 5.1. Suppose T' < x1 < --- < xp < 2T satisfy |Ri(zs)| >
VT2 (s =1,...,M) and |x; — x| >V > T7/32L% (i # 5). Then
(5.1) M < TV 3L 4 T/Ay—12 4L,

Proof. Let V' < Ty be a parameter to be determined later. Let I be
any subinterval of [T,2T] of length not exceeding Ty and set G = I N
{z1,...,zp}. Without loss of generality, suppose G = {z1,..., 2, }-
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Now let J = [—£/2+120i§2—10gv

4 J _ T m 1
R@= gty L mleomdu(g-g)

3=0 m~gl/2 j2i+1

VTZ—1/2
ro(F )

4 A -1\ <
_ j - I—1—5 271+1
T2 —1)! Z(_l)ﬂ< J ) IO

jlzo ]:0 m~x1/2/2j+1
T m 1 VTi-1/2
. w(gm B 2+z> *O(g)

2 y2r2-1
L2

]. Then by Lemma 3.1 we have

By Cauchy’s inequality we get

-1 J
L 1
R@) < LY Z‘ 3 mz—l—hmzj1+1¢<;n_fg+2>

31=0 =0"smgl/2 j25+1

Summing over the set G we get

(52)  MoVT*' < > |Ru(xs)|?
s<Mj

ceYY Y

=11, 21, ( % _m 1
2, &7 m ¢<2m 2+2>

J1=0 j=0 s<Mpy mwggi/?/gjﬂ
. . x m  1\|?
< L2 § § xl—1—31m2]1+1w s 4o
2m 2 2
$SMo'yyoql/2 j95+1

for some fixed pair (j1,7) with 0 < j; <7 —1and 0 <j < .J. For this pair
(j1,7), let N =T1/2277 and H = N2 +2y-17-1/2=71£2 By Lemma 4.1 we
get

(5.3)  MyV?r*-t

2 I-1—j1, 2j1+1 Ts  hm
<L Z Z c(h) Z xy TItmAN €<h<2m2>)

s<My'1<h<H mNIé/2/2j+1

where ¢(h) is some function such that ¢(h) < 1/h.
For any integer h > 0, define

A I-1—j1, 2j1+1 T hm
S(xvhajla.j)'_ Z iy Tt €<—h<27n_2>>

mNI1/2/2j+1
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Taking
x hm

f(m) = _h<2m — 2>, g(m) = xl—l—j1m2j1+1

in Lemma 4.3 we get

(5.4)  S(x;h,jr,J)

e7ri/4 br$l_1/4hj1+3/4

h(227-141/2)<r<h(22i+141/2)
+ 0112 ).
Insert (5.4) into (5.3) to get
(55)  MVPT*"' < L* Y |D(ws; H, g1, §)” + MoT? ' £*
s<Mpy
< ‘CQ Z |D($S;H7j17j)|27
s<Mpy
where
D(l‘, Ha j1>j)

2= 1/4pi1+3/4
= > ch) > br—jlwe(—\/a:h(%—h)).

lsh<H h(220—141/2)<r<h(227+1+1/2) (2r—h)

Z brc(h)h1+3/2

y(n; H,j1,7) = (2r — pyi i

n=h(2r—h),1<h<H
h(227—141/2)<r<h(22i+141/2)

and Ng = H?(2%7*1 4+ 1/2). Then it is easy to see that v(n; H, j1,7) < d(n)
and Ng < TV ~2L£*. Thus we have

2
(5.6) MV? < LT )

s<My'n<Ny
. . 2
< £2T1/2 Z Z Z fY(anu?lv]) e(_\/@)
s<Mp' v n~Np2-v—1 nd/t
2

< [’3T1/2Z Z Z ’Y(n’g}jl’j) e(_\/m)

v SSMO 7’LNN027U71

(s H, g1, J
< LAT/? Z Z (713/41) e(—y/nws)

SSMO TLNN(]Q*U*l
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for some 0 < v <« L, where in the third “<” we used Cauchy’s inequality
again. Let N; = Ny27v~!. Then N; <« TV 2L%.

The procedure below follows the proof of Theorem 13.8 in Ivi¢ [15], so
we give only an outline. Take £ = {£,}°2, with &, = v(n; H, j1,j)n —3/4 for
n ~ Ni and zero otherwise, and take ¢y = {@sn}ne; with ¢, = e(—\/nxy)
for n ~ N and zero otherwise. Then

H,
g 905 Z 7 nng/jl’ )6(_\/71/1'5)7

n~Nyp
(9011’§0l2) = Z e(\/ﬁ(\/ Tsy =/ x52))7
n~Ny
Iy(n; H, j1, j)|? ~3/2 20 ~1/2 a3
= <N > d*(n) < Ny UL
n~N1 n~N1

By Lemma 4.6 we get

~1/2
(5.7) MoV? < LTTY2N; / Inax Z ’Z Vn(y/zs, — ./3:52))’
so <My n~N1
1/2 ~1/2
<<£7T1/2N1/ + LTTY2N; /
2 |3 e V)

s2<Moy, sa#s1 n~Ni

By the Kuz’'min-Landau inequality and the exponent pair (4/18,11/18)
we get

v N1 n <|\/$s1 - \/9552’>4/18N11/18
n~Ni ‘\/:Usl _\/x82’ VN !
< VNIT N (!3651 —x32|> /18N11/18
‘xsl _:L'82| VNlT !
VvVNIT
L TN,

‘x51 - .1’32|

Y e(Vn(yEs —Es,)) <

<

where we used the mean value theorem and the estimate |xg, — xs,| < Tp.
Insert this estimate into (5.7) to get

(5.8) MoV?2 < LTTY2N? 4 £TT/2 N2
JNT
x max Y. <1 + T‘1/9T02/9N11/2>

s1<Mpy xr — X
s2< Mo, sa7#s1 s |

< £7T1/2N1/2 + LTyt +£7M0T1/2_1/9T02/9
< LTV 4 LTM T ST,
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where we used the facts that {xs} is V-spaced and Ny < TV ~2L*. Take
Ty = VIT-7/4£732 1t is easy to check that Ty > V if V >> T7/32£% For
this Ty we get
My < LOTV 3.
Now we divide the interval [T, 27" into O(1+47/T}) subintervals of length
not exceeding Tp. In each of them, the number of z is at most O(LTV ~3).
So we have

(5.9) M < LOTV 31+ T/Ty) < LOTV ™S 4 LT/ 4y 12,
This completes the proof of Theorem 5.1.

5.2. Proof of Theorem 1. When A = 0, Theorem 1 is trivial. When
0 < A <2, it follows from (1.11) and Holder’s inequality. So later we always
suppose A > 2. It suffices to prove the estimate

2T
(5.10) | [Ru(2)|* dx
T
< TIH3A/AHAU-D) 1ot T if 2 < A < 262/27,
BEPAFAND) 104441 T if A > 262/27.
Suppose ¢ < y < x/2. By (3.16) we get
|Re(x +y) — Ru(2)]
< > fr)+ [+ T = T (@ 4 y) -2
z<n<lz+y
< Z71? Z d(n) + 2712y < 272y log z,
r<n<z+y
where we used the well-known estimate
Z d(n) < ylogx
r<nlz+y

and the obvious bound fr(n) < n!~12d(n). So there exists an absolute
constant cg such that

|R.(z 4 y) — Ru(z)] < coz! ™ ?ylogz,
which implies that if |R.(x)| > 2coz!~"?ylog x, then
(511)  [Ru(z +y)| = [Ru(2)| = |Rulx +y) = Ru(2)| = coa’Pylog .

From (5.11) and a similar argument to (13.70) of Ivi¢ [15] we may write

2T
(5.12) | [Re(@)|do < THATNL LNV N Ry (2|4,
T \% r<Ny
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where TV4 < V = 2m < TBYMSLA yl=1/2 < R, (2,)] < 2VTI=1/2
(r=1,...,Ny)and |t, —ts| >V for r #s < N = Ny.
If 2 < A < 11, then by Theorem 5.1 we get (recall V < T131/416£4)
(5.13) VY |Ru(a)|t < TR Ny yAT
r<Ny
< TAU=Y2) Oy A=2 | palpls/dy A=y
131

< TA(Z—l/Q)(T1+416(A—2)£4A+1 n T1+A/4£41)
< TA(l_l/g)(T%ﬁmH + T1+A/4£41).
If A > 11, then by Theorem 5.1 we get
(5.14) VY |Ru(z,) |t < TAVA N, VAT
TSNV

< TA(Z’1/2)(£9TVA’2 + £41T15/4VA’11)

< TAI-1/2) (T1+}§}) (A-2) paA+1 + T15/4+ 2a- 11)£4A—3)

< TA(Z*1/2)+71044+11631A [LAA+L

Now (5.10) follows from (5.12)—(5.14) by noting that (154 + 131A4)/416 <
1+A/4for2 < A <262/27 and (154+131A)/416 > 14+ A/4 for A > 262/27.

6. Proof of Theorem 2. Suppose that 3 < k < Ag, where Ag > 9 is a
fixed real number such that (2.3) holds. To prove Theorem 2, it suffices to

evaluate the integral S Rk( ) dx, where T is a large real number.

Suppose H is a large parameter to be determined later. By Lemmas 3.1
and 4.2 we have

(6.1) R.(z) = F(z) + O(T'"2G(z)),
where

Fo = o 2 xS mie-mt (w1 1),

1<|h\<H m<yz@

' 1
G(r) = m;ﬁmlrl(l’ H|z/2m —m/2 +1/2] > '

6.1. Upper bound of S;T G(z) dz. In this subsection we prove

LEMMA 6.1. We have
2T
(6.2) | G(a)de < T*?H™'L.
T
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Proof. Obviously we have

, 1
(6.3) Gla)< Y m1n<1, HTa/am T 1/2||>
2m<V2T
1
+ min| 1, )
Qm_gﬁ < Hllz/2(2m - 1)||
< Gi(z) + Gao(x),
where
1
Gi(z)= min(l, )
oW Hllz/m +1/2|
1
Gao(x) = min<1,).
= 2 Hle ]
m<4VT
Thus
2T 2T 2T
(6.4) | G)de < | Gi(z)dz + | Ga(2)da.
T T T
We have
2T 1
(6.5) S x)dr < Z S mln(l, Hia/m + 1/2H> dx
m<4vT T
2T /m 1
< in(1l, — | d
mzﬁm T§m mm( Hux+1/2||> ’
1/2 1
<ry T )a
ey 0 "Hlz+1/2|
1/2 1
< T3/? (1, ) de < T*?H™L.
(S) Hlz+1/2]) "
Similarly,
2T
(6.6) \ Go(z)de < T¥?H L.
T

Now Lemma 6.1 follows from (6.3)—(6.6).

6.2. An analogue of Voronoi’s formula for R.(x). To prove an analogue
of Voronoi’s formula for R,(z), our main tools are Lemmas 4.2 and 4.3.
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From the definition of F'(x) we have
(6.7) F(x)

i 2 i X (-5 1)

1<|h|<H m<\z

gl—1 =1
ZWZ(_ ( > Z Z 1= 20+

§1=0 1<|h|<H m<T

xelh xom_ 1
§<—1>f1<Z.1>F<x;j1>, <<2m 2 2>>
=0

Jj1=

21—l
N
say, where

I=1=j1,,2j1+1 x_@_ﬁ
F(x; 1) Z Z x m <h<2m 5 2))

1<|h|<H m<z
Let J = [(L£ —log £)/21log 2]. We get

(6.8)  F(x;1)

Ty s i)

b H<h<-1 =0 /7231
J
1 e(—lh/2) I=1—j1. 2j1+1 r m
=D hzzx m e M 5 T 2
1<h<H J=0 mn~/z2-3-1
+0(z!71£%)
7
1 e(lh/2) I—1—j1, 2j1+1 rm
__m'z h Z Zx m e_h2m_2
1<h<H J=0 m~/xz2-7-1
J
1 e(—th/2) I—1—j1, 2j1+1 r._m
EEAD i~ D DD DI e U ity
\<h<H =0 mey/z2-i-1
+0(z! 1%
X b
= -2+ 24061,
T 1
where

J
e(lh/2 .
23: Z ( / ) S(l‘,h,]l,])
1<h<H §=0
with S(z;h, j1,J) defined in Section 5.1.
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Inserting the formula (5.4) into X5 we get

J
69) m=emi Y RS 3

1<h<H 3=0 h(227-141/2)<r<h(22i+1+1/2)
bTCCl—l/4hj1+3/4

(2 — h)ir+5/4 e(=

—1/4p01+3/4

e(lh)2) /
—e Y / 3 We(— zh(2r — h))

1<h<H h<r<h(227+1+1/2)
+O(T' 1223,

wh(2r — h)) + O(T'~1/2£3)

where the prime on the last sum means that if A is an even integer, then the
term r = h(22/*1 + 1/2) should be halved.

Inserting (6.9) into (6.8) we get
(6.10)  F(x;751)

1 e(lh/2) / = 1/4pii+3/4
T om 2 h 2 (2 — h)ir+5/4

1<h<H h<r<h(22J+141/2)
x(e(\/xh(2r — h) 4+ 1/8) — e(\/zh(2r — h) — 1/8)) + O(a!~1/2£3)
B 9pl—1/4 Z e(lh/2) Z/ pi1+3/4
I Th (2r _ hyn+o/a
T 1<h<H h h<r<h(22J+141/2) (2T h)]H_ /
x sin(2m/zh(2r — h) + 7 /4) + O(z' =12 £3)
_ 2zl 1/4 Z e(lh/2) Z/ pi1+3/4
a (2r — pyito/a
T 52 her<h(@75141/2) (2r — h)7t5/

x cos(2m\/Th(2r — h) — w/4) + O(z' 12 L3).
From (6.7) and (6.10) we get
921, 1-1/4

==

Z/ cos(2m\/xh(2r — h) — 7 /4)

1<h<H h<r<h(227+141/2)

-1 ;
(1 =1\ e(lh/2)hir—1/4 1
_1) S\ A)T /23
XE ( 1)1< i >(2r—h)j1+5/4+0(x L)
J1=0

92—1,1-1/4 , e(lh/2) h -1
=== 1-—

(- Z Z h1/4(2r—h)5/4< 2r—h>

1<h<H h<r<h(227+141/2)

x cos(2m\/zh(2r — h) — 7/4) + O(z =12 3).
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Define
e(lh/2)h}/? ho\H
H,T) .= 1-— .
m(n; H,T) Z (2r — h)1/2 2r —h
n=h(2r—h),1<h<H
h<r<h(227+141/2)
We then have
92—1,1—1/4 n: H,T
(611) F(.T) = m Z ( n3/ ) COS(27T\/ xrn — 7T/4)
T 1<n<H2(227+141/2)

+O(@! 2L,

where the “primed” terms for which 2 | 2 and r = h(22/714+1/2) are absorbed
into the error term.

Obviously, |7;(n; H,T)| < d(n). By the definition of J we see that if
n < min(H,TL™?), then 7;(n; H,T) = 7(n), where 7;(n) was defined in
Section 2.1.

From (6.1) and (6.11) we get the following proposition, which is an ana-
logue of Voronoi’s formula.

PROPOSITION 6.1. Suppose T<x<2T, H>T, J=[(L —log L)/2log2].
Then

22_l$l_1/4 7(n; H T

m Z ( n3/4 ) COS(?W\/[ETL 7T/4)
T 1<n<H?2(227+141/2)

+O(T 112G () + T 2LP),

where 7;(n; H,T) = 7y(n) for n < TL2.
Now suppose T¢ <y < TL 2 is a parameter to be determined. Define

Fi(z) := 6! ~1/4 Z 3/4 cos(2m/xn — w/4),
(6.13) 1<n<y
Fy(z) := F(z) — Fi(x),
where 6 := 227/(1 — 1)!r.
6.3. Evaluation of S;T FF(z)dz. The kth moment of F(z) provides the

main term in Theorem 2, so in this subsection we shall evaluate S;T FF(z) da.
For simplicity we set I = {0,1}. For each i = (i,...,ir_1) € I¥71, put
li| =41 + - - +ix—1. By the elementary formula

(6.12)  Ru(z) =

(6.14)  cosay - --cosay

1 , ) ,
= > cos(ag + (=) ag + (—1)2ag + - + (—1)*'ay)

2k—
iclk—1

we have
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FF(z) = gfF0=1/4) Z Z Tl ) Tl;}f Hcos 21\ /n;x — 7 /4)
‘)

’I’L1<y nk<y

9k k(-1/4) Tz -7 (ng) . .
a0 Z Z ) cos(2mv/za(n;i)—nB(i)/4),
ielk-lmi<y  np<y
where n = (nq,...,n;) € N¥ and

a(n;i) == y/ny + (1) y/ng + -+ (1)1 /ng,
B0 i 14 (1) o b (1),
Thus we can write

k
(6.15) Fi (@) = 5ibr ($1(2) + Sa(a),
where
i) = U0 Y conompiye) Y ML,
HS L nj <y, 1<j<k

a(n;i)=0
Sa(x) == ZF=1/9)

Yy U o ora i)y — m8()/4)

e s i<k (7T
a(n;i)#0
First consider the contribution of S;(x). We have

2T
(6.16) | Si(z)dx

’ () - () %
. [ANAS AR 5 _
= ) cos(—mB(i)/4) > g [ 2+ g
iclh—1 nj<y,1<j<k 1 k T
a(n;i)=0
It is easily seen that if a(n;i) =0, then 1 < |i| <k —1. So
Ti(n1) - --m(n
(6.17) Z l(( 1) l)(g/f) = Splif (115 Y)-
ny<y i<jsk LT
a(n;i)=0
By Lemma 4.4 we get
2T 2T
6.18) | Si(z)da = Bi(n) | FV dx + O(TH RIS ¥E 712
T T

where

Bi(m) := Z cos(—m3(i)/4) Z Tl(n1)n:)(£f)

n PR
ielk—1 neNF (m
a(n;i)=0
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For any i € I*1\ 0, let

Stsiy = 3 Tma) )

Z e

a(n;i)=0

It is easily seen that if |i| = |i| or |i| + |i'| = k, then

S(m;1) = S(m;1') = 535 (1)

From (—1)? =1—25 (j =0,1) we also have (i) = k — 2[i|]. So we get
k—1
(6.19)  Bi(m)=Y»_>  cos(—mB(i)/4)S(n;1)
v=1 [i|]=v
k—1
= Sk () cos(m(k — 2v)/4) Z 1
v=1 li|=v
k—1

v

(k - 1) Sk () cos(m(k — 2v)/4) = By(m).

1

v
Now we consider the contribution of Sa(x). By Lemma 4.5 we get

2T
(6.20) | Sa(2) dw < T2 (y),
T

d(ny) - - - d(ng)
Uk(y) = _
ie%:1 ”ij,zlzéjSk (n1---np)3/*|a(n; 1)
a(n;i)#0

where

In [30] the author proved
(6.21) Unly) < y* 0,

where s(k) was defined in Section 2.1. Thus

2T
(6.22) S Sg(x) dr < T1/2+k(l—1/4)+€ys(1€).
T

Hence from (6.15)—(6.22) we get
LEMMA 6.2. For fized k > 3, we have

27 2T
21+k—lklkBk(Tl) B
(6.23) S FF(z)de = )k S =YD g
T T

+ O(T1+k(l—1/4)+ay—1/2 + T1/2+k(l—1/4)+ays(k)).
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6.4. Upper bound ofs Fk Yz)Fy(x) dx. Let
Ny := H?(227T1 11/2),  J:=[(L—logL)/2log2].
By (6.14) we have
Ff N @) Fa(a) = 000 57 37 30 0 ”“HTTZ( ))3/4 i

y<n1<N2 na<y nE <y

X H cos(2m\/n;x — 7 /4)

j=1

0kkll/4) Tn,HTT
I I I A
ielk—1 y<ni<Nana<y np<y
X cos(27r\/5 a(n;i) — m3(i)/4).
Thus
k

(6.21) Fi @) Bafa) = el (S5(a) + Si(a),
where

Sy(x) = zFI=1/4) Z cos(—mp3(i)/4)
Sl Ti(n1; H,T)m(ng) - -1 (n
>y b ),

n
y<n1<Nj n;<y,2<j<k (m
a(n;i)=0

54($) _ xk(lfl/z;) Z Z Z Tl(nl; H, T)Tl(:;))5/4 Tl(nk)

n
ielk—1 y<n1 <Nz n;<y,2<j<k (m1

a(n;i)#£0
x cos(2ra(n;i)yx — w3(i)/4).
By Lemma 4.4 we have
2T
(6.25) | Sa(z)dx
T 2T

d(ni) - -d(ng) v ka—1/4)
S DD DD D el
ielh—1y<ni<Np nj<y,2<j<k ° 1 k T
a(n;i)=0

_ d(ny)---d(ng)
1+k(1—1/4) any)---alng)
<7 Z Z Z  (ngomp)3t
iclk—1 y<n1<N2 n;<y,2<j<k
o(n;i)=0
k—1
< TVHEVD S s (diy) — s (d)] < TR0y 712,
v=1
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Now we consider the contribution of S4(z). By Lemma 4.5 we get
2T
(6.26) | Su(z) de < TR (8, 4 ),
T

d(ny)---d(ng)
24 - . )
ieﬂz’“ y<7§k2y nj<y,z2<j<k (n1 - nie) (s )|
o(n;i)#0

- d(nl)"'d(nk)
X5 = Z Z Z (n1 -+ ng)3/4 (s 1)|

iclF—1 k2y<n; <Ny n;<y,2<j<k

where

a(n;i)#£0
By (6.21) we have
(627) < Uk(ka) < ys(k)Jrs.
When n; > k%y, it is easy to show that |a(n; )| > n1/2, which implies that
d(ny)---d
(6.28) Tp< Y 3 (n1) - - - d(nyg) < =D/ pk

3/4,,5/4
K2y<m <Ny <y, 2<j<k (M2 k)40

on noting that

Z d(n)n~** < y'*logy, Z d(n)n=>* < y~*logy.

n<ly n>y
From (6.24)-(6.28) we have
2T
(629) S F]{C_l(l’)FQ(x) dﬂf < T1+k‘(lfl/4)+€y*1/2 4 T1/2+k‘(171/4)+€y8(k)'
T

6.5. Higher moments of Fy(z). From now on, we take H := T40,
We first study the mean square of (). Recall that No= H?2(22/14+1/2).
Since 7(n; H,T) = 7(n) for n <y < TL~2, we have

3/4
n
y<n<Na

> 1T (o

y<n§N2

< T4 T2

which implies

(6.30)
2T 2T
| S (2)de < T%71/2
T T

“H.T 2
Z T(”gi/él) e(2v/nx)| dx+THL3
n

y<n<Na
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d?(n) d(n)d(m) T2H+1/2 8
< T2+1/2 Z L7 Z
n3/2 3/4 _ ./ 1/2 ’
y<n<Na / y<m<n<Na (mn) / (\/> m) Y /

where we used the estimate 3. _ d?(n) < ulog®u and the well-known

Hilbert inequality.

n<u

2b(Ko)

Now suppose ¥y < T. Then from Lemma 6.2 we get

2T
S |Fy ()50 do < THH0U=1/4)+e
T

which implies

2T
(6.31) | [Fi(z)| 0 do < THHA0U-1/ 4+
T

since Ag < Kj. Trivially we have

1
G(x) = Z min<1, > < T2
Wy H|x/2m —m/2+ 1/2||

By Lemma 6.1 we have

2T 2T
6.32) | GY(2)de < TW V2| G(a)do < TPV HT L < TL.
T T

From (2.3), (6.31) and (6.32) we get

2T 2T
(6.33) | [Fa(z)[* do < | (|Ru(z)|™ + | Fy(x)| Y + T2 G (1)) da
T T

< T1+Ao(l71/4)+5
For any 2 < A < Ay, from (6.30), (6.33) and Holder’s inequality we get

2T N 2T 2(4g-A4) | Ag(4-2)
(6.34) | 1B@)tde = | [Fa(z)] %2 T 402 da
T T
2T Ag—A 2T A—2

< Q F2(z) d:r) Ao=2 (é | By ()| 0 d:c)m

< T1+A(l*1/4)+€y_%.
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This yields

LEMMA 6.3. Suppose T¢ < y < TY/2(Ko) gnd 2 < A < Ag. Then

2T _ _Ag-A_
(6.35) | [Fo(a) |t do < T AUy a2t =)
T

6.6. FEvaluation of §2TT F¥(x)dx. Suppose 3 < k < Ag and T¢ < y <
T1/2(Ko) By the elementary formula

(a+b)F = d* + ka* b 4+ O(|a*20?| + |b|F)

we get
2T 2T 2T
6.36) | Fr()de= | Ff(z)do+k | Ff 7' (2) Fa() dao
T T T
2T 2T
+o(§ FE2(2) F3 ()| da + | !Fg(x)]kdx).
T T

By (6.31), Lemma 6.3 and Holder’s inequality we get

2T
(637) ) [P @) F (2)| da
T
2T k—2 2T 24, Ag—k+2
< (V1R@Pdz) ™ (§|Fo@) 50t de)
T T

< T1+k(lfl/4)+ey—4L2€40__k2) '

Now from (6.29), (6.37), and Lemmas 6.2 and 6.3 (A = k) we get

2T
(6.38) | F¥(z)dax
T
21+k—lklkBk(Tl) 2T Ag—Fk

e ) A e o S )

21+kflklkBk - 2T ) e
_ (l!)kﬂk (1) Sxk(l 1/4) dg;+0(T1+k(l 1/4) 51(kﬁA0)+€)

by choosing y = T/25(Ko)
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6.7. Proof of Theorem 2. By Proposition 6.1 and the elementary formula
(a-+b)F = a* + O(lal*~1[b] + [b[¥) we get

(639)  Ri(x) = F¥(a) + O(F (@) T 126 a) + [F (o)7L
+ O(Tk(l_1/2)Gk(ﬂj) + Tk/2£3k)
Lemma 6.1 and Hélder’s inequality yield

2T
(6.40) | [F(2)* TG (2) da
T
2T k=1 2T Ag Ag—k+1
< T2 [ |P@)Aode) ™ (] Glay s tinde)
T T
2T Ag—k+1
« TR (e | Gaya) 0
T

k—1 Ag—k+1

« T2 3 40/44) 5 (poag S p—(A0-2)) g
< TY/A+k(1=1/4)

By Holder’s inequality again we get

2r 2T k=l gg—k+1
(6.41) | [F()F 7120 e < Tl’1/2£3<g |F(z)| A da:) Ao T4
T T

< TLHk(=1/4)=1/4+<
From (6.39)—(6.41) we get

o _ o
| R (2) de = 21+k(z'1;ikg;k(n) [ 2H-1/) g 4 O(TIHRO-1/0-81 (kA0 )

* e '
T

which implies that
T
(6.42) | RE(z)ds
1
B 21+kflklkBk(Tl
(I)krk

_ 21+k_lklkBk(Tl) Tlt+k(I-1/4) + O(T1+k(l—1/4)—51(k,Ao)+e)'

(IMkrk(k(l—1/4)+ 1)
Now Theorem 2 follows from (6.42) on noting that

T
) Sxk(l—l/ll) dr + O(T1+/€(l—1/4)—51(k,Ao)-i—E)
1

T T/2m
(6.43) \R¥t)dt =27 | RE(x)dz+0(1).
1 1
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7. Proofs of Theorems 3 and 4. Throughout this section, let Ag =
262/27 and H = T262/27,

7.1. Proof of Theorem 3. The proof is almost the same as that of The-
orem 2. So we only give an outline.
Applying the argument of the proof of Theorem 5.1 to Fj(x) directly, we
can show that
2T
(7.1) | [Fu(x)| 0 do < THHAU=T/4) £50
T

for y < T77/208 Here we remark that if we want to get the result of the type
(7.1) we have to assume yT2? < T when recalling the formula (5.8), where
6 = 131/416.

From (7.1), (6.32) and (2.3) we get

2T
(7.2) | [Fo(z)| 0 do < THHAU—1/4)Fe,
T

From (7.1) and (7.2) we can show that the conclusion of Lemma 6.2
holds for y < T77/29% Using other estimates in the proof of Theorem 2, by
choosing y = T*=2)/2(A0=2)s(k) we get

2T I+k—lk [k 2T i
SRf(x) dx = 2 1" Bi(m1) S LR1=1/4) d$+O(T1+k(l—1/4)+gy7%)
7 DR

+ O(T1/2+k(l71/4)+sys(k))

2T

_ UHR=IkIE By (1) S G g L O(TIHRI=1/0)=62(k262/2T) ey

(I)krk

which implies Theorem 3.
7.2. Proof of Theorem / (the case k = 3). By the argument of Section
6.3 we get

2T 4-2073 27
(7.3) | Fi@)de = 271" Bs(n) [ 23019 gy
O
T T
L O(THH A4y =1/2) 4 (T3 14775 (y)),

where Us(y) was defined in Section 6.3. In Lemma 2.6 of [32], the author
proved

(7.4) Us(y) < y'/*F=.
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By the argument of Section 6.4 we get
2T
(7.5) | Fi(2)Fa(z) do
T
& T3/ Aey=1/2 | p3l=1/4,1/4 08 | T3l_1/4U§f(y),

HOES SIS Z d(n1)d(n2)d(n3)

3/4 YR
i€l2 y<n1<9y na<y,n3<y (n1n2n3) / |a(n, 1)|

where

o(n;i)#0
By (7.4) we get
(7.6) Us (y) < Us(9y) < y/*¥e.
Trivially we have Fy(z) < x!=1/4y/4L£. So by (6.30) we obtain
2T 2T
(7.7) S |Fy () F2(z)| do < T4y S |F2(x)| da < T3HYAy~1/44
T T
for y < T. The trivial estimate Fy(r) < 2! and (6.30) yield
2T 2T
(7.8) S |5 (z)| do < T S |Fy(2)[2 do < TOHY/2y1/28,
T T

From (6.36) with k = 3 and (7.3)—(7.8) with y = TL~2 we get

2T 2T
2423 B3 (1)
3 _ 371 3(1—-1/4) 31+
S F°(z)dr = e S x dx + O(T>™9),
T T
which combined with the arguments of Section 6.7 gives
2T 2T
24213 By (1)
3 _ 3\ 3(1—1/4) 3l+e
(7.9) ; Ri(w)de = —g 3 ; x dz + O(T*7°).

The formula (2.8) follows from (7.9).

7.3. Proof of Theorem / (the case k = 4). By the argument of Section
6.3 we get

2T 2T
25_4ll4B4(Tl) _
T T

+ O(T4l+€y_1/2) + O(T4l_1‘/174(y))7
where
d(ny)d(ns9)d(ns)d(n ) T1/2
Via) =y, > (n1)d(ng)d( 33/4( 1) m1n<T, m)
iel® n;<y,1<j<4 (n1n2nzns) a(n;i)
a(n;i)#£0
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In [31] the author proved that if y < T3/% then
(7.11) Via(y) < T13/28+,
From (7.10) and (7.11) we get

2T
(712) | Fl(z)dax =
T

25~ By (1) 4 al-1 41-3/28
e ) A e O,
T

By the argument of Section 6.4 we get

2T
(7.13) | Fi(a)Fa(z) do < Ty =12 4 T2 1220 47UV, o (),
T

where

d(ny)d(ng)d(ns)d(ng) T2
vam =y Yy dmldnedigding mm<T’ \a(n;m)‘

ield y<n1<16y n;<y,2<j<4 (n1n2n3n4)

a(n;i)#0
From (7.11) we find that if y < 7%/4, then
(7.14) Vau(y) < Via(16y) < T1=3/28+=,

From Section 7.1 we know that the estimate of Lemma 6.3 holds for y <
T77/208 Taking A = 4 in Lemma 6.3 we get

27
(7.15) | F(x) do < THHey 777208,
T
Taking k = 4 in (6.37) we see that
27
(7.16) | FP(2)F3 (z) da < THFey~77/208
T

for y < T77/208,
From (7.10)(7.16) and taking y = T"/3 we get

27 27
2544 By(7)
4 R e A S 2 41-1 41—3/28+
;F (x)dx = ()it ;x dx + O(T ),

which combined with the arguments of Section 6.7 gives

2T o
25—4ll4B
(7.17) S Ri(m) dxr = Wi(m S $4l*1 dx + O(T4lf3/28+€)‘
T : T

The formula (2.9) follows from (7.17).
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8. Proofs of Theorems 5 and 6. We shall follow Heath-Brown’s ar-
gument [11]. We first quote some results from [11]. The following Hypothesis
(H), Lemma 8.1 and Lemma 8.2 are Hypothesis (H), Theorem 5 and Theo-
rem 6 of [11], respectively.

HypotHESIs (H). Let M(t) be a real-valued function, a;(t),aa(t),...
be continuous real-valued functions with period 1, and suppose there are
nonzero constants 71,72, ... such that

OED> an(’ynt)D dt = 0.

N—oo 7,50 e

1 T
lim lim sup T (S) min(l,

LEMMA 8.1. Suppose M(t) satisfies (H) and the constants ~y; are linearly
independent over Q. Suppose further

1 oo 1
lan()dt=0 (neN), > lal(t)dt< oo,
0 n=10
and there is a constant p > 1 such that
1

max |a,(t)] < n'™,  lim n* S aZ(t) dt =
t€[0,1] n—oo o

Then M (t) has a distribution function f(«) with the properties described in

Theorem 5.

LEMMA 8.2. Suppose M(t) satisfies (H) and
T
§ IM ()% dt < T

for some K > 0. Then for any real number k € [0, K), the limit

1 7T
li - k
Jim = VM (1) dt
0
ex1sts.
Suppose T < x < 2T, H=T?J

= [(£ — log £)/21og 2]. Define
M(LL’) _ x7(2l71/2 (:1/,2)
2

i

2 o0
w(n nr
an(x) = n3(/4) E l7“3/2 ) cos(2mry — w/4),
r=1
Tn = \/ﬁ

It is easy to check that a,(z) satisfies all conditions of Lemma 8.1 for any
fixed constant 3/2 < pu < 7/4. By Proposition 6.1 we have

M(z) = My (x) + Ma(x) + Ms(x),

/\
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where
22-1 T,
M (z) = (T Z l:()’/4) cos(2rxy/n — w/4),
1<n<T L2
22-1 Ti(n; H, T
MQ(SU) = m Z l(n3/4) COS(QWJD’\/E — 7T/4),

TL-2<n<H2(227+111/2)
Ms(z) = O(T~Y2G(2?) + T2 L3).
It is easy to see that for any integer N < T'/3 we have (recall that 7;(n; H, T))
< d(n))

M@) =Y aula)|

n<N
roTn
< Z nz(”/‘l) cos(2mc\/ﬁ7r/4)‘
n<TL—2

d(nr?
+Z 3/4 Z i )—HM2( )| + Ms(x)
n<N r>\/T/f

> ' ”5)74) cos(2mz/n — 77/4)‘ + NY2P=VAL5 4 | My(x)| + Ms(z),
n
n<TL—2

<

where Y’ means that n has a square-free kernel greater that N.
We have (note that 7;(n) < d(n))

2T 2

S Z/ ZE)Z) cos(2mwy/n — w/4)| dx
T 'n<TL-2
3 d2 ) 3 1/2 €
=T Z n3/2 +o T)<T ) o +TT<TN” log® N + T¢.
n<TL-2 n>N
Similarly to (6.30) we have
2T
| [Ma(2)[? do < TN7'/?1og? N.
T
By the trivial estimate G(u) < v/u (u ~ T') and Lemma 6.1 we get
2T 2T 2T
| [Ms(2)do < T7' | G*(a?) dw + £° < | G(2?)da + L°
T T T
V2T

< | Gy Pdy+ 8 <TPHL+ L8 < LF.
JT
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From the above estimates and Cauchy’s inequality we get

2T
1 2
limsupf S ‘M(:c) - Z an('ynx)‘ dz < N~'/210g® N,
Tooo & 1 n<N

whence Hypothesis (H) follows. From Lemma 8.1 with u = 5/3 we get
Theorem 5.

Now we prove Theorem 6. According to Lemma 8.2, it suffices to show

that
T

(8.1) |2 H VD R(z) P de < T
0
for any real number 0 < k < Ag := 262/27.
Fix 2 < k < Ay. Suppose z ~ T, y = T390 [ = T5 We have
R(z) < |Fy(2)] + |Fa(a)| + T'72G (2) + T 1202,
where F(x), Fo(z) and G(z) were defined in Section 6. By Lemma 6.2

2T
S |F1 (l‘)|10 de < T1+10(l_1/4),
T
which implies that
2T
S |Fy () |F da < THHRIL/A),
T
By Lemma 6.3,
2T
S |F2($)|k dr < T1+k(l71/4)7(Agfk)/2(Aof2)s(1O)+€ < T1+k(lfl/4)'
T
By Lemma 6.1,
2T 2T
S THI=D Gk () de < THI=1/D(k=1)/2 S G(x) dx < THE=1/4-2,
T T
From the above estimates we get
2T
S |R(3§)‘k de < T1+k(l—1/4)
T
and correspondingly,
T
S ’R($)|k de < T1+k(l_1/4),
0

which implies (8.1) by partial summation. This completes the proof of The-
orem 6.
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