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1. Introduction

1.1. Background. For a real number o« > 1, the homogeneous Beatty
sequence corresponding to « is the sequence of natural numbers given by

Bo = (lak])ren,

where |t| denotes the greatest integer < t. Beatty sequences appear in a
variety of contexts and have been extensively explored in the literature. In
particular, summatory functions of the form

(1) Salfow)=" Y, f(n)
n<z,ncBqy

have been studied when the arithmetic function f is

e a multiplicative or an additive function (see [1, 2, 8, 9, 10, 11]);
e a Dirichlet character (see [2, 3, 5]);
e the characteristic function of primes or smooth numbers (see [4, 6, 7]).

For an arbitrary arithmetic function f we define
(2) S(f,z) = Si(f,2) =) f(n).
n<x

Abercrombie [1] has shown that for the divisor function 7 the asymptotic
formula

(3) Sa(7,2) = a71S(r,2) + O (2 7F)
holds for any £ > 0 and almost all « > 1 (with respect to Lebesgue measure),

where the implied constant depends only on a and e. This result has been
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improved and extended by Zhai [14] as follows. For a fixed integer r > 1,
let 7.(n) be the number of ways to express n as a product of r natural
numbers, expressions with the same factors in a different order being counted
as different (in particular, 7o = 7 is the usual divisor function). In [14] it is
shown that the asymptotic formula

(4) Sa(Tr, 1) = ails(Tra x) + O(aﬁ(ril)/r+€)

holds for any € > 0 and almost all & > 1 (in the special case r = 2 a similar
result has also been obtained by Begunts [8]). The estimate (4) has been
further improved by Lii and Zhai [11] as follows:

O(x(r=1/rtey if 2 < < 4,

1
(5) Sa(mr,2) = @™ 5(7, x) + { O (24/5+<) if 7 > 5.

1.2. Our result. In this paper, we use the methods of [1] to derive an
asymptotic formula for S, (f, ) which holds for almost all @ > 1 whenever
f satisfies a rather mild growth condition. In particular, we do not stipulate
any conditions on the multiplicative or additive properties of f (or on any
other properties of f except for the rate of growth). Our general result, when
applied to the divisor functions, yields a statement stronger than (3) and
an improvement of (5) for all » > 4, and it can be applied to many other
number-theoretic functions (and to powers and products of such functions),
including:

the Mébius function p(n),

the Euler function ¢(n),

the number of prime divisors w(n),

the sum o4(n) of the digits of n in a given base g > 2.

On the other hand, we note that although the results of [1, 11, 14] are
formulated as bounds which hold for almost all o, the methods of those
papers are somewhat more explicit than ours, and the results can be applied
to any “individual” numbers o whose rational approximations satisfy certain
hypotheses; thus, one can derive variants of (3), (4) and (5) for specific values
of a (or over some interesting classes of «, such as the class of algebraic
numbers).

1.3. Notation. Throughout the paper, implied constants in the symbols
0, < and > may depend (where obvious) on the parameters a,e but are
absolute otherwise. We recall that the notations U = O(V), U <« V, and
V > U are all equivalent to the assertion that the inequality |U| < ¢V holds
with some constant ¢ > 0.

We also use ||t]| to denote the distance from ¢ € R to the nearest inte-
ger.
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2. Main result
2.1. Formulation. We define
(6) Ao(f.x) = |Sa(f.2) — a7 'S(f, @)|

and

M(f,z) =1+ max{|f(n)| : n < z}.

THEOREM 1. For fized € > 0 and almost all real numbers o > 1, the
following bound holds:

Ao(f,x) < 2*¥FEM(f, 2).

2.2. Preparations. We follow the arguments of [1]. For any real number
x > 1, let ¢, be the trigonometric polynomial of Vaaler [13] given by

Ye(t) = D ax(m)e™™  (teR),

1<|m|<a1/2

where for each integer m in the sum we put

(1) az(m) =

As in [1, Section 3] we note that the inequality

_mmg (1 — |mgl) c.ot(7rmx) + [myg| with  m, — m_
2mim /2 +1

|u(l —u)cot(mu) <1 (0<u<1)

immediately implies the uniform bound

(8) to(m) < —— (1< |m| < 242),

ml
The function 1, is an exceptionally good approximation to the “sawtooth”

function ¢ (t) = {t} — 1/2, where {t} denotes the fractional part of ¢t € R.
Indeed, by [1, Corollary 2.9] we have

csc?(mt) csc?(mt)
(x1/2 +1)2 x

(9) [9(t) = ¥a(t)] < 5

To prove the theorem, we can clearly assume that o > 1 is irrational. In
this case, one sees that a natural number n is a term in the Beatty sequence
B, (that is, n = |ak| for some k € N) if and only if a~!n lies in the set

{teR:1—-a ! <{t} <1}.
As the characteristic function &, of that set satisfies the relation

&) =a ' +(t) — ot +a)
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for every t € R, it follows that

Yot =) f(n)ala " n)

n<x,n€EBqy n<x
=Y f)a + (@) = plaH (n+ 1))
n<x
Taking into account the definitions (1), (2) and (6), we see that
(10) Aa(fr2) < 1Qalfr )|+ Y |f(n)|Ra(n, x),
n<x
where
Qa(f, ) Zf % a n) Ve (a™ (n+1)))7
nlx

Ro(n,z) = [Y(a”'n) — ¢u(a” )| + (@™ (n+ 1)) — ¢u(a” (n+1))].

2.3. Growth of the function Q. (f,z). We need the following estimate on
the finite differences of the function Q,(f,x), which could be of independent
interest.

LEMMA 1. For a fized irrational o > 1 we have

Qalf,y) = Qulf,2) < (y—2)M(f,y) (1 <z<y<2e)
Proof. For any t € R we have

Vy(t) — Ya(t) = S1+ 52,
where
1= Z (ay(m)_am(m))€2mmt and Sy = Z ay(m)eQFimt'
<fml<et/2 21/2<|m|<y!/2
In view of (8) the latter sum is bounded by

1 1/2 _ ,1/2 .
S< Y <! T < Y
2/ 2<|m|<yl/2 ‘m’ x

To bound S7, we put
F(u) = mu(1 — |u]) cot(mu) + |ul,

so that az(m) = —F(m,)/(2mim) in the notation of (7). If 1 < |m| < z!/2
then
__m@'? =y [ml(y — =)
My — My = < )
(212 + 1) (y1/2 + 1) x3/2
and since F' is continuous and piecewise-differentiable on the interval (—1, 1)
it follows that

F(my) — F(myg Yy—x
ay(m) — ag(m) = — ( y2)mm( )<< 23/2
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Therefore,

Si< D lay(m) - as(m)] < =

1<|m|<z!/2
Thus, we have established the uniform bound
(11) Uy() —va(t) < == (teR 1<a<y<2m).

Now write
Qa(foy) — Qalf.x) = S1 + S + Ss,

where

=Y f(n)(Wy(a'n) — Pu(a'n)),

Z f(n (n+1)) = ve(a (n+1))),
Z F)(hy(a™ n) =y (o™ (n+1))).
z<n<y

Using (11) we see that

Sj < (y—2)M(f,x)  (1=1,2),
and clearly,
Sy < (y — @) M(f,y).
This completes the proof. m

2.4. Concluding the proof of Theorem 1. Now put A = a~! and expand
Qa(f,x) as a Fourier series in A:

Q)\ 1 f, Zf Z ax(m)(e%rim’rv\ o 627rim(n+1))\)

n<z 1<|m|<a1/2
= Z g(n) Z ax(m)e%rimn)\
n<z+1 1<|m|<z!/2
= Z o2mikA Z g(n)az(m),
1<|k|< (z+1)21/2 n<z+1
|m|<al/2
nm=~k
where
f(n) ifn=1,
gn) =1 f(n)—f(n—1) if2<n<u,

—f(n—1) ife<n<xz+1.
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By the Parseval identity we have

1
2
12)  fl@aaPa= Y | > gmanm)]
0 1<|k|<(z+1)z1/2 n<atl
mI<a?/2
nm=k

The inner sum on the right of (12) is bounded above by

Z g(n)ay(m) < M(f,x) Z L

m|
nszl |k|/(z+1)<|m|<z!/?
|m|<z1/2 mlk
nm=Fk

K M(f,z)r(|k|) min{1,z/|k[}.
Thus, the integral on the left of (12) is bounded by

1 (k 2
§)|Q“(f,x)y2dx < <ZT(1€)2+$2 > (kQ) )M(f,:v)z

k<z r<k<(xz+1)zl/2

< z(logz)*M(f,x)?,
where we have used the bound (see [12, Chapter 1, Theorem 5.4])
Z 7(k)* < z(log z)?
k<z

together with partial summation (for the second sum).

Now put
3

T 1+3¢
and observe that the preceding bound implies
1
[1Qx1(f, N9 dA < N®(log NY*M(f,N®)2 (N = 1).
0
Then, since

N lQa (fNO)P
A1\
Nz:us)N@H(logN)GM(f dA<<Z logN =%

it follows that the integral

1 00

S(Z |Qx-1(f, N®)? )d)\
) 2o Mo (10g N)SMI(f, NO)?
converges. This implies that the series

|Qa(f, NO)I?
Z N@+1 (log N) GM(f N@)
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converges for almost all & > 1. Let « be fixed with that property, and note
that

Qu(f.N) < NO+D2(1og NP M(f,N®) (N > 1).

For any given real number x > 1, let N be the unique integer for which
N <z < (N +1)®. Then

Qalf, N) < 2@/ log 2)> M (f, ) = a*/***/*(log x)* M (f, x)
< 22PTEM(f, z).
By Lemma 1 we also see that
Qa(f.2) = Qa(f, N?) < (N +1)° = N)M(f,z) < N°'M(f,z)
< x(@_l)/eM(f,:C) = m2/3_€M(f,x).
Therefore,
(13) Qalf,x) < 2P+ M(f, )

for almost all a.
To bound the sum in (10) we put

| logx
- [ 2log2 |’

and for each j =1, ..., L we denote by N; the set of natural numbers n < x
for which

27771 < min{|la" |, | (n + 1|} < 277.
We also denote by N, the set of natural numbers n < x such that
min{|la”"n, o~ (n + 1)[|} < 27D,
If n € Nj, then (9) implies that
Ro(n,z) < (csc®(ma™tn) + esc?(ma™t(n + 1))zt
< (la™ )2+ lla™ (n+ 1))

and the bound |¢(t) —¢,(t)| < 1, which follows from [1, Lemma 2.8] (which
in turn follows from [13]), implies that R,(n,z) < 1 holds for all n € N;
therefore,

1« 9%l

L

D 1f ()| Ra(n,z) < x> 25 3" [f()[+ > [f(n)]

n<x Jj=1 neN; neN.

L
< (a7 S MG+ AL M ).

j=1
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Using [1, Lemma 2.4 and Corollary 2.7] one sees that for almost all o > 1
and uniformly for z > 1, the upper bounds

;| <2792+ (logz)®  (j=1,...,L)
and
N < 27 %z + (log )3

hold. Since 2 = 21/2, it follows that

(14) > 1f(n)|Ra(n,z) < &2 M(f, )
n<x
for almost all o > 1.

Combining (10), (13) and (14), we obtain our main result. m
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