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Distributions and Euler systems in global function fields
by

SUNGHAN BAE (Taejon) and LINSHENG YIN (Beijing)

0. Introduction. An ordinary distribution on Q with values in an
abelian group V (ordinary distribution from Q/Z to V, in Kubert’s ter-
minology [Kul) is a map © : Q/Z — V satisfying

(0.1) 9(%) _ dié@(”l?) - Y e

a€Q/Z,da=n/m

for every positive integer d. Ordinary distributions on Q form a category. The
image of the initial object of this category is called the universal ordinary
distribution on Q.

Let u, be the group of nth roots of unity, e the group of all roots of
unity, and p’, = poo\{1}. A circular distribution on Q is a Galois equivariant
map ¢ : pt, — QX such that

(0.2) v(e) = I ¢(©.

(l=e

for any ¢ € pX and any positive integer d. The most well-known example
is ¥({) = 1 — ¢. By an appropriate identification of po, with Q/Z one can
view a circular distribution as a certain (punctured) distribution with Galois
equivariance.

Let F be a finite abelian extension of Q and let m be the formal product
of all prime numbers which split completely in F'. An Euler system over I
is a collection {&, € F(fn)* },jm such that

(0.3) &, is a global unit,

(0.4)  Ne(upn)/Fun)éon = g,frp _1, where Fr), is the Frobenius map at p,
(0.5)  &pn = &, modulo all prime ideals above p.
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Distributions and Euler systems play very important roles in the cy-
clotomic theory of Q. The condition (0.4) may be interpreted as a certain
restatement of (0.1) or (0.2). Thus one can expect close relations between
distributions and Euler systems.

In fact, Anderson and Ouyang ([AO]) studied Euler systems via the
group cohomology of the universal ordinary distribution on the rational
number field. They constructed the universal Euler system {x,, € Um}m‘m,
where U,, is the universal ordinary distribution of level m, and the universal
Kolyvagin classes {c¢y € HY(Gm, Upn/MUp)}pjm induced from the univer-
sal Euler system, where G, = Gal(Q((r)/Q) and M is an odd positive
integer. Then they showed that any Euler system and the corresponding
Kolyvagin classes can be recovered from the universal ones by specializa-
tion and that the universal Kolyvagin classes satisfy a universal recursion
independent of the choice of real abelian extension F' of Q.

Moreover, Seo used Euler systems to attack Coleman’s conjecture on
the Galois module structure of the set of circular distributions. He then
introduced a method of constructing Euler systems from circular distri-
butions and gave some evidence indicating that the notions of circular
distribution, Euler system and circular units are essentially the same
([S1, §4]). He also computed the torsion subgroups of the groups of cir-
cular distributions and of circular distributions with a certain congruence
condition ([S2]).

The concept of distributions on general global fields was first introduced
by Yin [Y] generalizing the concept of distributions on Q of Kubert. It has
proven to be very useful in studying the arithmetic of global fields, in par-
ticular, of global function fields. The cyclotomic theory of global function
fields was well developed by many authors using sign normalized rank one
Drinfeld modules. Using this theory, one can define circular distributions
and Euler systems on global function fields, and study their properties anal-
ogous to those of circular distributions on the rational number field. In this
article we consider the above questions studied by Anderson—-Ouyang and
Seo in the case of global function fields.

The rational number field and global function fields with a fixed place
of degree one, which we will call infinity, have many properties in common.
The most important are that they have only one infinite place and that
the Galois groups of ray class fields over the Hilbert class field are direct
products of inertia groups. In contrast to the rational number field, global
function fields have nontrivial class groups. As a result the group cohomol-
ogy of the universal ordinary distribution on a global function field is not
well understood. But in the study of Euler systems, we only need to consider
principal ideals. Thus we can also use the group cohomology method in the
global function field case.
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NOTATIONS.

e k : a global function field with the field of constants Fy,
e 00 : a fixed place of k with degree one,
e A : the ring of functions of £ which are regular away from oo.

We assume that ¢ > 2. Denote by ¢ the unit ideal of A.
e K, = the Hilbert class field of (k, o).
For an integral ideal m of A,

e Ky := the cyclotomic function field of the triple (k, m,oc0) with con-
ductor m in the sense of Hayes [H1],
o Gy :=Gal(Kn/k), Hp:=Gal(Kn/K,) ~ (A/m)*,
o K = UpKm G:= Gal(K/k) = limnGm, H := Gal(K/K.) =
limy, Hon
Let oy be a generator of Hy.
glesP 2 gleer 2 .

— 7 (A
e Np:=3 ., op and Np:=) i 4 wp

Note that Ny(op — 1) = (g4°8P — 1) — N,. For a square-free ideal m, let

[ ] Nm = Hp‘mNp, NI{I‘I = Hp‘mN/
For each integral ideal g of A let

e n(g) := the number of distinct prime divisors of g,

e o(g) := Zp ordy(g).

1. The universal ordinary distributions and Anderson’s resolu-
tion
1.1. The universal ordinary distribution. We briefly recall some basic
facts about the universal ordinary distribution on a global function field k.
(See [Y], [BK] for details. But note that our notations are slightly different
from those of [Y].) Fix a sign function, i.e. a multiplicative function, sgn :
ks — Foo = F, with sgn(0) = 0, where Fy, is the residue field at co. We
call x € k positive or monic if sgn(z) = 1. Let T" be the set of all nonzero
fractional ideals of A and T, the set of all nonzero integral ideals of A. For
m € T, let Ty, be the set of all nonzero fractional ideals which can be written
as am™! for some a € T,, and let T/, be the set of all nonzero fractional ideals
which can be written as am™! for some a € T, prime to m. We see that T
is the union of Ty, with m € T, and Ty, is the disjoint union of T}, for all
ideals n | m.
We define an equivalence relation ~ on 7" for u and v in 7', u ~ v if and
only if v = (1 + z)u for some z € u=! with 1+ x positive Let

T:=T/~, Tu:="Tn/~, =T/~ .
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Note that, when k = Q, T can be identified with Q/Z and under this
identification T'(,,y becomes (1/m)Z/Z, and T’(m) =((1/m)Z/Z2)* = {a/m €
(1/m)Z)Z : (a,m) = 1}.

For §f € T we denote by {f} the image of f in 7. Then T, acts on T by
n{f} = {nf}, and Gy, acts on T\, by o{f} = {af} where o = o, is the element
in G associated to the ideal a with (a,m) = e via the Artin map. Since
T = Umn T, T becomes a G-set. In this way every a € T can be uniquely
written as 0,{0, '} for some o, € G,, which can be thought as the analogue
of r/s with ;s € Z, (r,s) = 1 in the case of rational number field. In this
sense, one may call o, the numerator and 0, the denominator of a. Or, one

may view o U <% Z/Z> U S,

n

and

T ~ | | Gal(K./k).

Thus one may think of 7' as an analogue of Q/Z.
An ordinary distribution on k with values in an abelian group V is a
function © : T — V such that
=260

nb=a
for any integral ideal n of A and a € T. Let A be the free abelian group
generated by the symbols [a] for a € T, and Ay, the subgroup of A generated
by the symbols [a] for @ € T. Then Gy, acts on Ay by ola] = [oal, and
hence G acts on A.
Let U be the subgroup of A generated by the elements of the form

(1.1.1) E(n,a)=[a] = Y [} forn€T, abeT",
nb=a

and let Uy = U N Am. Note that, fora € T % and a prime ideal p, we have

) —Fry'lal = ) olpTa] ifpto,
0€C(Kap /K)
(112)  E(p.a)= R .
- > olpla if po.
O'GG(Kap/Ka)

Here Fry, is the Frobenius map at p in G(Kp/k) and p~ta = g,{p~ 1o '},
where o, is any extension of o, to Kpp,. Let U = A/U and Uy = Am/Un.
Then an ordinary distribution on k& with values in V is a homomorphism
from A to V whose kernel contains U/, that is, a homomorphism from U
to V. Define u : T — U to be the map induced by a + [a] : T — A. Then u
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is the universal ordinary distribution, i.e. the initial object in the category
of ordinary distributions on k. By abuse of language we call U and Uy, the
universal ordinary distribution and the universal ordinary distribution of
level m, respectively. It is known that the group Uy, is free abelian of rank
|Gm| and U is free abelian ([A], [Y]).

1.2. Anderson’s resolution. In this section we briefly recall the construc-
tion of Anderson’s resolutions of U and Uy,. Fix a total ordering “<” in the
set of prime ideals of A. Let L be the free abelian group with basis {|a, g]} in-
dexed by a € T and g € T, square-free. We let G act on L by o[a, g] := [oa, g].
The degree of [a, g] is defined to be —o(g) = —n(g). Define, for a square-free
integral ideal g and a prime ideal p,

w(p.g) = { (—1)Ha:dlg.a<p}l ifp|g,
7 0 otherwise,
and a differential operator d by

dla,g] = > wp,9) ([a, '] = D [b,ap 7))
p pb=a

Then (L, d) becomes a complex and the map [a,¢] — [a] induces an iso-
morphism HY(L,d) ~ U. For an integral ideal m, let Ly, be the subgroup
spanned by the symbols of the form [a,g], where g|m and a € ng_1.
Then Ly, is d-stable and the map [a,¢] — [a] induces an isomorphism
HOLy,d) ~ Uy. Let M be a positive integer dividing ¢4°&? — 1 for any
p|m and let Ly ps = Lin/ML,.

Following Anderson ([O, Proposition 3.2, 3.6 and Appendix by Ander-
son]), we have

THEOREM 1.2.1.

(a) For m € T, the complex (Lw,d) is acyclic in nonzero degrees and
HO(Lu, d) = Up,.
(b) The complex (L, d) is acyclic in nonzero degrees.
Upn/MUy  if m=0,
(© £ (Lma) = { Y
0 ifn#0. m
We give Ly, a double complex structure. An element [a,g] of Ly, is of
bidegree (p1,p2) if p1 = n(0a) — n(m) and p2 = n(m) — n(2a) — n(g). The
differentials d; of bidegree (1,0) and da of bidegree (0,1) are defined by

dy s LBP2 — LR (g gl = " w(p, g)Nplpla,gp '],
P
and

dy : LP1P> — [prp2tl Zw p,8)(1 — Fry)[a, gp~ 1]
p
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Then d = dq + do, d% = d% = didy + dod; = 0, and

Y P1,P2
= @ e
p1+p2=p

2. Group cohomology of the universal ordinary distribution.
In this section we fix a square-free integral ideal m. We use the group Hp,
instead of G. The group cohomology for Gy, is very hard to understand
because Gy, is not a direct product of inertia groups. Still the results we
get here are weaker than those of [O] because our A is not a principal ideal
domain. But when studying Euler systems in §3 we only consider principal
ideals.

2.1. Double complex K. Let m™ be the formal coth power of m. Let
K be the free abelian group generated by the symbols [a, g, h] indexed by
[a,9] € Ly and | m*>. We say that [a, g, ] has bidegree (p,q) if n(g) =
o(g) = —p and o(h) = ¢. Let d and § be the differentials on K of bidegree
(1,0) and (0,1), respectively given by
d=> d, and 5= 4,
p p
where
dpla. 9,8 = w(p, 0) ([a,an ", 6] = > b.ap 1. 0)),
pb=a
5]3[@, 8,0 = (_1)O(g)+zq<p ordq b (1- JP)[av g.bp] if ordp by is even,
Npla, g, by] otherwise.

Note that d is induced by the differential d on L, and thus we can decompose
d into dy+ds. Let Ky = KQZ/M. We usually write M* or M** for a module
M to specify the complex (M, d) or the double complex (M, d, ¢).

Set B

(la;b] 1 a € T, h| m™)

(la,b] = Zpb:a[b’ bl :a€ Tmp—lvh | m)
We consider U* as the double complex (U**;0,0) concentrated on the ver-
tical axis. Let u : K** — U** be the map

[a,g,h]H{{a’b] ifg=e,

0 otherwise.

U* .=

PropoOSITION 2.1.1 (][O, Proposition 5.1]). The map u is a quasi-iso-
morphism between K** and U**. Therefore

t*otal(K*’*) = H*(HmatUm) and Ht* (K}k\;) = H*(Hm,Um/MUm). u

otal
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2.2. Spectral sequence for K**. Now we study the spectral sequence of
K** from the first filtration. Note first that

EPU(K™*) = HI(KP*) = H(Hy, LP).

SincSLP =By, 1ps=p L7 = Doig)=—p gy jm L ,g» Where Ly g := ([a, 9] :
a € ng/,1>, we have

EPUR) = @ @ HY(Hy, Ly g)-
o(g)=—p glg'|m

HY9(Hy, Ly 4) is isomorphic to H(Hy, Z|G.]) by Shapiro’s lemma. We write
this as H1(Hy 4, Z[G.]) to keep track of g.
The induced differential d; is exactly the map

(x - =Y i, g)xp> : HY(Hy 0, ZIG]) — ED HI (Hypy 1 gy 1, Z[G:),
plg

where x, is the restriction of x in HY(Hyp,-1 go-1,Z[G]). The induced dif-
ferential do on Ej is
da(7) = w(p,9)(1—Fr,h)r,
plg
after identifying HY(Hy 4, Z|G.|) = H1(Hy go-1, Z[G]).
Unlike the rational case, do may not equal to 0 because of the nontriv-

iality of the class group of k. But if m is divisible only by principal prime
ideals, then dy = 0.

2.3. The compler Q**. Put S** = ([a,g,h] € K**:a ¢ T, if g|h), and
Q** =K**/S** = (la,g,b] :a € T,, g|b).
The induced differential d on Q** is

dla,g,b] = > w(p,g)(1 - FryHa,ep", 0],
p

which is not 0, in general.

ProrosiTIiON 2.3.1. The quotient map f : K" — Q** is a quasi-
isomorphism.

Proof. Let Ey(K**) = (EYY(K)). Then as in [O, §5.3], for each ¢, E7" is
the double complex M, = (M}""*,dy, d3), where
My = P H(Hye Z)C,
alg’

o(g')=—p1
o(g)=—p1—p2
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with d; and ds as in §2.2. Let
‘Ci';* = <[a,g, []] rac Te7 g | hv * = O(h)>7
L = ([{A}.g.b] - g|b. % = o(h)).

Then L = Lif|G.]. Since L is di-stable, one can follow the proof of Propo-
sition 5.4 of [O]. The Ej-term of the spectral sequence for the second filtra-
tion of the double complex M, is given, for m = n(m), by

b HiUH= G HIULYIG] ifp=-m,
o(g)=m—p2 o(g)=m—p2
0 otherwise.
Therefore M, degenerates at E» and

EI(K™") = H™ P (Ng),

B (M) =

where
Ny=(Np= @D HULYIG ).
o(g)=m—p2
On the other hand, Q** = @g‘mﬁ’g*. Since di = 0 on Q**, we have
EPHQ™) = @ y(g)=—p HI(Ly)[Ge, and so EY(Q™*) = H™TP(N;). There-
fore fo is an isomorphism, which implies that f is a quasi-isomorphism.

The quotient map also induces a quasi-isomorphism between K}k\/[* and
Q}‘W’*. The differential 6 on Q;’j is 0. But since d is not 0, the spectral sequence
for Q) does not degenerate at Fy. Thus it is not easy to give a basis of
H*(Hw, Upy) and H*(Huy, Un/MUy,). However we can get an explicit basis
for HO(Hp, Up/MUy,).

THEOREM 2.3.2. There is a basis of HO(Hy, Un/MUy) consisting of
{cgo € H'(Hum, Un/MUy,) : g|m, o a representative of Ge/Ag}
where Ag is the subgroup of G, generated by Fr, with p|g.
Proof. Write z(g, ) to denote [{e},g,h]. For g|m, h|m> and g|b, let
C(g,h) be the complex
0= Z/M(GJx(a.h) = D Z/M(Gr(ap~".b) —
Mo = Z/M[G(e, ) = 0,

where dz(g’,h) = 32, wp,g")(1 — Frp)z(g’p~1, h). Then the kernel of d at
degree 0 is Z/M|[G.|s(Ag)z(g, g) if g = b, and 0 otherwise. Therefore the set

{os(Aq)x(g, g) : 0 a representative of G./Aq}

is a basis of the Oth cohomology of the complex C(g, g). It is easy to see that
Q}7 is the direct sum of the complexes C(g, h) for g|m, h|m*> and g |b. Let
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C(g,0) be the cocycle of K}/ lifting os(Ag)z(g, g), and ¢g o be the image of
u(C(g,0)) in H(Hpy, Un/MUy). Hence we get the result. m

The basis of H°(Hy, Uy /MUy,) constructed in the proof of Theorem 2.3.2
will be called the canonical basis.

If m is divisible only by principal prime ideals, then the differential d on
Q*M’* is trivial, and it is easy to compute the cohomology of the complex K}k\/[*
In this case we actually have

Um = @ Um,m

o€,

and most of the results in [O] would hold for Uy, for any ¢ € G.. In
particular, we have

COROLLARY 2.3.3. For g|m and o € G, let cgs be the image in
HO(Huw, Up /MUy ,) of the cocycle lifting ox(g,g). Then {cgos} is the
canomnical basis of HO(Hm,[Um’U/MUm’g).

Define the diagonal shift operator Ay on K by

—1 —1 .
Alla,g,b) = { fa, g0, 5171 if (] g and (]9,
0 otherwise.
Then A induces endomorphisms of H(G, U/MU) and of H*(G, Uy /MUy,).

3. Euler systems and Kolyvagin classes. Let F' be a finite abelian
extension of k, containing the Hilbert class field K,, such that oo splits
completely. Let M be a positive integer prime to ¢(¢—1). Let m be the formal
product of prime ideals p, which splits completely in F' and M | g8 — 1.

Let Fy, = FKy and Oy be the integral closure of A in Fi,. Let Ky,
be the compositum of all fields Ky, with m|m, and Fy,, = FKu. Then
G' = Gal(Fm/F) is isomorphic to Hy = lilyy, Hw. Put O := O, and
Om = Um‘m On. For each integral ideal m dividing m and a prime ideal [,
let O (1) be the localization of O with respect to the multiplicative sys-
tem of elements prime to [, Oy = O (), and Op, (1 = Uyjm Om,1)- Let

Um = Unpjm Um and T = Upyym T

3.1. The universal Fuler system and the universal Kolyvagin class. Let
T be the subset of Ty, consisting of elements a such that the restriction
of o, is the identity on K,. Let [U%n = Um,ia- Let [|m be a prime ideal. For
a,b € TL,, we write a ~ b if one of the following two conditions is satisfied:

m/m

1) [[o, =0y and 0 = 03 on K -1,
2) 0, = 0yl and o, = op Fry on Ky,.

Let I; be the subgroup generated by the elements of UL, of the form [a] — [b]
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with a ~( b. It is easy to see that I is Hy,-stable and
(O’[ - 1)U}n C I

Thus we may view UL /I as an Hpy,/Hr-module, and we have an exact

sequence
[t|—Fr(
—— U1 = Uhy /I — 0,

ml—1

0— U

m[—!
where the map UL, — U}, /I is induced by the inclusion and |I| = g9°".
As in the rational number field case we have the following analogue of Propo-

sition 3.7 of [AO].

PROPOSITION 3.1.1 (cf. [AO, Proposition 3.7]). For every prime ideal [
dividing m there exists a unique homomorphism

Dy: H(Hy,, UL, /MUL,) — H°(Hpm, UL /MU 1)

ml—1
such that

or— 1)z [| — Fr
( ‘M Jo_ (I i Y od Ii & Di(r mod MU;,) =y mod MUL .
for all x € UL, representing a class in HY(Hpy,, UL, /MUL)) and y € UL

m[—1
representing a class in HO(Hm,Urln[,l/MUlln[,l). Moreover,

DiH(Hy,, UL /MUL) € H(Hy,, UL o1 /MUL 1)

ml—1

for all integral ideals m dividing m and divisible by [. =

The difference in the proof of Proposition 3.1.1 from the classical case is
the definition of g, which in our case is

oi(la]) = Fr[_l[[ - al.

For each m|m there exists a unique element 7y, in Hy, whose restric-
tion to K, is H#q‘mFrq for p|m, by the Chinese remainder theorem. Let
Tm € Uy, be the class represented by nm{m~1}. Then from the relation (1.1.2)
and the definition of I}, we have

Ny = (Fri—1)z g1 and  Zg = Ty-1 mod I
for all integral ideals m dividing m and prime ideals [ dividing m.
We call the family
{ij € Ulln - U%n}mhn
the universal Euler system.
For each prime ideal [|m, one sees easily that

(01— V)Npzm = —NiN, o1z = (Fry—1) N, -1 21 = 0 mod MUy,

m
Hence N! xyn € UL C UL represents a class cyy € HY(Hp, UL /MUL). We
call ¢y, the universal Kolyvagin class indexed by m. Again we have the fol-
lowing analogue of Proposition 4.5 of [AO].
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PROPOSITION 3.1.2 (cf. [AO, Proposition 4.5]). The family {cm} of the
universal Kolyvagin classes satisfies
(%) [lm = Dicm = Cpr-1.

We call the relation (x) the universal Kolyvagin recursion.

REMARK. As in the classical case (JAO, Proposition 5.8]) one can show
that the endomorphism of H(Hy,, UL /MUL) induced by the diagonal shift
operator Ay coincides with D;. Thus the canonical basis {¢yiq} satisfies the
universal Kolyvagin recursion and the universal Kolyvagin classes {¢y } form
a basis of H?(Hy,, UL, /MUL)).

3.2. Euler system and Kolyvagin class. We call a collection {{m € Fiy }mjm
an Euler system if

(3.2.1) Em€ O form#e,

(3.2.2) M= gt

and

(3.2.3) Em =E&m-1 modulo the radical of the ideal [Oy,

for a prime ideal [ dividing m. In [AQ] it is assumed in the definition that
&, is a unit, which is not necessary.

ExAMPLE 3.2.1. Let F = K, the maximal real subfield of K, and
Fn = FKy,. Let q be a prime ideal not dividing vt and A be a nonzero q tor-
sion point of a sign-normalized rank 1 Drinfeld module p. For m | m define

Em = NKp e/ Fn (A -3 A(P));
plm
where A(p) is a fixed nonzero p torsion point of p. Then {{m}m is an Euler
system.

EXAMPLE 3.2.2. Let F' and Fi, be as in Example 3.2.1. Define
Em = Nk, /Fn (A -> )\(P)),
plm
where A is a nonzero t torsion point of . Then {{m}m is an Euler system.
REMARK 3.2.3. Let F(p) be a subfield of FK, of degree M over F and
F(m) = [[,j F(p), as in [XZ]. Then the two Euler systems in the proof of
Theorem 3.3 in [XZ] are just the norm Np, /p(m)ém of {m in the examples

above. It would be an interesting problem to find an example which does
not arise in this way.

As in [AO] we can identify H(Hy, F/FiM) with F*/F*M . Moreover,
(image of HO(Hy, O5/OM) in HY(Hw, Fip/ FiM)) € Ofy /O

for all prime ideals [ not dividing m.
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Let {¢m} be an Euler system. Fix an integral ideal m # ¢ dividing m. For
each prime ideal [ dividing m one can show that fm n(1=90 = 4 hod oM
and so ,

¢mm mod OM € HOY(Hy, OF JOXM),
Therefore there exists a unique class fn € F*/F*M such that
5%‘ = Ky mod FiM
and moreover, we have

m#£e ([Lm)=¢ = ﬁme(’)z‘[)/(’)z‘[])”

for all prime ideals [. We call k, the Kolyvagin class indexed by m associated
to the Euler system {{m}.

3.3. Some operators and Kolyvagin recursion. Let | be a prime ideal
dividing m. Let vy : (’)2‘0 / (’)2‘[])‘4 — (O/1)}; be the unique homomorphism
such that

vi(x mod (’)([) ) = 2(11=10/M pod (O

for all z € Of. Let [Jo: F*/F*™ — Cy ® (Z/MZ) be the unique homo-
morphism such that
[z mod F*M]; = Oy mod (C([))M

for all z € F*, where C(j is the group of fractional Oy-ideals. As in the
classical case (cf. [AO, §2.4]) there exists a unique isomorphism

expy: Cy ® (Z/MZ) — (O/)y
such that
exp[(xN‘(’)([) ® (1 mod M)) = (z'=)N=D/M 1104 /10y

for all z € F{". Then, for all integral ideals m dividing m and prime ideals [

dividing m,
exp([Km]1 = ViFm-1 mod /[0, (y)-

We say that a system of classes {en € F*/F*M}m‘m satisfies the Koly-
vagin recursion if, for all integral ideals m dividing m and prime ideals [,
the following hold:

emz#e (lm)=e=en€ (’)Ek[)/(’)zk[])”

o [|m = exp(em|i = ViEm-1-

PROPOSITION 3.3.1 ([AO, Proposition 3.9]). Let ¢ : UL, — O}, be any

Hm-equivariant homomorphism such that §Iy C 1+ /1Oy, ) for all prime
ideals | dividing m. Let

K HO(Hp, UL /MUL)) — H(Hpy, FfJF2MY = B/ M
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be the homomorphism induced by &. Let {cm € HO(Hu, UL/MUL)}m be
any system of classes satisfying the universal Kolyvagin recursion. Then the
system {Kkcm € F*/F*M}m‘m also satisfies the Kolyvagin recursion. m

Note that, for the Hy,-equivariant map &, £(ym) = &(xm) modulo primes
over [ is equivalent to {Iy C 1+ /IOy, (- We see that an Euler system {{m}
and its Kolyvagin classes {km} can be recovered from the universal Euler
system {zy} and the universal Kolyvagin classes {cn} by the map &.

4. Circular distribution

4.1. Circular distribution. Let K := U Km and T° := T\ Te. A G-
equivariant map f : T° — K* is called a circular distribution on k if, for
any a € T° and n € T,

(4.1.1) 11 7®) = f(a).
nb=a

From the G-equivariance we see that f(a) € Ky, for any a € T9,. Let C be the
set of all circular distributions on k. Then C becomes an R = Z[G]-module

via
(r- )(a) =[] o(f(a))™,
where r = ) n,0. Denote by Ny the norm map from Ky, to K, for n|m.

PROPOSITION 4.1.1 ([S1, Theorem 2.1)). Let f : T° — K be a G-
equivariant map. Then the condition (4.1.1) is equivalent to the following
two conditions:

e For any prime ideal p of A and a square-free ideal m # ¢ with pfm,

(4.1.2) Npm’mf({pflmfl}) _ f({mfl})lfFrgl'
e Forn—i2>1,
(4'1’3) Np"m,p"*imf({pinmil}) = f({p’*”m’l}) | ]

LEMMA 4.1.2. Let p and | be two distinct prime ideals of A. Let L,
be a prime ideal of K lying over I. Then the decomposition group of
Ly in K it /Kppu is montrivial for any sufficiently large u, where p is
the characteristic of k.

Proof. Let d, be the inertial degree of £, in Kppu /K, Let x € A be
such that
Nk Lo = (x), sgn(z)=1.

Then from [H1, §4], d, is the order of x in (A/pP")*. Write 29t = 1 + 2,
where z € p™ \ p™TL. Let ¢ be such that p! < m < p!*!. Then d; = d.
Let v > t. Then it is not hard to see that d, = dip*~t. Hence the result
follows. m
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LEMMA 4.1.3. Let f € C and p be a prime ideal of A. If m is divisible
by at least two distinct prime ideals (resp. a p-power), then f({m=1}) is a
unit (resp. a p-unit).

Proof. Let £, be a prime ideal dividing f({p~""}) in Kpu, which is prime
to any prime ideal above p. The condition (4.1.3) and Lemma 4.1.2 imply
that the principal ideal (f({p~?"})) is divisible by any sufficiently large
power of £,, which is a contradiction. Hence f({p~?"}) is a p-unit. Again
by (4.1.3), f(p~°) is a p-unit for any positive integer s. A similar argument
implies that f({m~!}) is a unit if m is divisible by at least two distinct prime
ideals. m

Let F be an R-submodule of C consisting of f € C such that for any
nonunit integral ideal m and any prime ideal [ with [tm,

(4.1.4) w1 = F(m ™ )™ mod £,

where £ is any prime ideal above [.
Let 1) : T° — K* be the G-equivariant map defined by

Y({m™}) = A = E(m)em(D),
where {(a) is the &-invariant of a and ey is the Drinfeld lattice function
associated to a. See [H2] for details. From Theorem 5.1 of [H1],

e({m™)) = o™ (T m ) = w({Tm )T mod £,
which implies that ¥ € F. As in the classical case one can state an analogue

of Coleman’s conjecture, that is, F = Ri.

4.2. Torsions in circular distribution. In this section we describe the
torsion subgroups of C and F. Let S be any nonempty set of square-free
integral ideals. Let dg be a G-equivariant map on T° defined by

~ if there is s € S such that
ds({m™1}) = m and s have the same prime factors,
1 otherwise,

where v is a fixed generator of ;. Then it is easy to see that §s ¢ F, unless
S is the set of all square-free integral ideals. Let J C H be the sign group,
which is isomorphic to F. Let D be the R-submodule of C generated by dg
for all S as above.

LEMMA 4.2.1. D is the submodule of C consisting of all elements f such
that f11 =1, that is, the values of f lie in Fg-

Proof. Suppose that f¢~! = 1. For each i with 0 < i < ¢ — 1, let
S; = {m : m square free and f({m~1}) =~'}.
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Then we can easily see that
f=1]0,. =
i

One can follow [S2, §3] to obtain
PROPOSITION 4.2.2. Let f € F. Then {f({p;"" - 9, })}nien € Fy if
and only if
lun[ (f{py™ - op; ™ p ")) : K] =00 for some i.
Moreover, if f({pl_“1 cepy e p ) € Fy for all m, then

[Ke(f({pr™ -0 " op 1)) s Ke(f (o™ - P )z
for all sufficiently large n. m

COROLLARY 4.2.3. Cior =D. =

Let 6 be a G-equivariant function on T° defined by §({m~1}) = ~.

PROPOSITION 4.2.4. Fior = (0).

Proof. Let 1 # f € Fior. Then f = Hg;f (5@1 Then S; # 0 for some 4.
Let n € S; and p be a prime ideal not dividing n. Then

= F(fn ') = ({01} mod P,

Since ¢ > 2, pn € S;. In this way we see that every square-free integral

ideal divisible by n lies in .S;. Now processing backwards we see that every
square-free integral ideal lies in .S;, which implies the result. =

REMARK 4.2.5. One easily sees that § = ¢!, where 0y(Am) = YAm.
But in the classical case, the circular distribution doqq in [S2], defined by
00dd(¢m) = £1 depending on whether m is even or odd, is not contained
in Ry, as we now prove.

PROPOSITION 4.2.6. With the notations as in [S2, §3|, we have
Sodd ¢ R
Proof. Suppose that doqq = 71 for some r € R. On Q({12) we can write
r=n1id4+ny,0 + N;T + Ny 0T,
where o(i) = i, 0((3) = (1, 7(i) = —i and 7((3) = (3. Since ¥(¢) =1 — ¢,
(1) —1=7r-9(G) = (=) (1 = gg)minotnriner,
(2)  L=r-9(iG) = ()" (=)™ (i3 )" (L — i)™ Her e

From (1), ny + ner must be odd, but from (2) it must be even, which is a
contradiction. m

Therefore Coleman’s conjecture in the classical case should be F; = Ry,
where F; is the free part of F.
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4.3. Circular distributions and Euler systems. Let Ep be the set of all
Euler systems on F'. Let C'r be the group of cyclotomic units in the sense
of [ABJ].

Let f € F and t be a nonunit integral ideal prime to m. For m | m, define

a(f? t)m = NKm[fy‘]/Fm f(ajmt)7

where [f, | denotes the least common multiple of f and t. Then we have the
following lemma as in the classical case ([S1, Lemma 4.1]).

LeMMA 4.3.1. {a(f, )m}mm is an Euler system. m

REMARK 4.3.2. (a) The examples in §3.2 are obtained from «(1),t) for
some appropriate t.

(b) In the classical case, for t prime to the conductor of F', o(f,t) does
not give any new units of F', so this case was not considered in [S1]. But in
the global function field case, elliptic units in the sense of Hayes ([H2]) can
be obtained in this way.

Let gp(m) (resp. ﬁp(m)) be the Gy-submodule generated by the ele-
ments &, (resp. af,t)n) for n|m with {{,} € EF (resp. f € F and t # ¢
prime to m). Let Ep(m) (resp. Cr(m)) be the group of global (resp. cyclo-
tomic) units in Fi,. Let

Ep(m) = Ep(m) N Ep(m),  Fp(m) = Fp(m) N Ep(m).
It is shown in [ABJ, Theorem 3.9 and 5.1] that if ¢ does not divide
q(q — 1)[Fw : k], then the ¢-class number of F.} is equal to the (-primary

part of Ep+/Cp+. Then following the same argument as in §4 of [S1], we
have

THEOREM 4.3.3. Let ¢ be a prime number as above and m|m. Then
Ep(m) @ Zy = Fp(m) ® Zy = Cp(m) @ Zy. =
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