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1. Introduction. A basic result in the Geometry of Numbers is Min-
kowski’s Second Convex Body Theorem. Given a closed symmetric convex
body K in R™ and a lattice A in R", the ith successive minimum A;, 1 <
i < n, with respect to K and A is the least number A > 0 for which A\K

contains 7 linearly independent lattice points. Clearly, Ay < --- < A\, and
Minkowski’s Theorem ([8]) says that

2" det A det A

— <A A <2

n! Vol(K) =17 =% Vol(K)’

where Vol(K) is the volume of K and det A the determinant of A.
Suppose pi1, ...,y are reals with gy + -+ 4+ p, = 0, and for @ > 1 let
Tg : R™ — R" be the linear map with
P = (p17 e 7pn) = (Qulplv cee 7@“”?7@)-

Then a symmetric convex body K gives rise to the bodies K (Q) := To(K)
parametrized by ). We propose to study the successive minima A;(Q),
., A\n(Q) with respect to K(Q), A as functions of Q. Trivially,

0<M(@) < < M(Q),
and since Vol(K(Q)) = Vol(K), Minkowski’s Theorem gives
(K, A4) < M(Q) - M(Q) < eo( K, A),

where ¢; (K, A), co(K, A) depend only on K, A.

Our study is inspired by Diophantine Approximation where, beginning
with Dirichlet’s Theorem, a family of systems of inequalities parametrized
by @ > 1 comes into play. Suppose n > 1,

/‘lela :U’sz:un:_l/(n_l)a
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and let &1,...,&,-1 be real numbers. Then Dirichlet’s Theorem on simulta-
neous approximation asserts that for any @) > 1 the system of inequalities
2| < Q"

|€1IL’ - yl‘ < Q'LQa

|€n—12 — Yn—1| < Q'

has a nontrivial solution in integer points x = (z,y1,...,Yn—1). When C
is the unit cube of points p with |p;] < 1,1 < i < n, and A = A() the
lattice of points p = (z,&12 —y1, ..., &{n—1T — Yn—1) With x € Z™, Dirichlet’s
Theorem asserts that there is a nonzero lattice point in C(Q), i.e. that the
first minimum A;(Q) with respect to C(Q) and A is at most 1.

Much work in Diophantine Approximation is implicitly about the func-
tion A1(Q) and we believe that a study of the complete set of functions
A(Q), ..., A\ (Q) will lead to new insights.

Suppose now that

pr=-1, pp=-=p,=1/(n—-1),
and let A*(£) be the dual lattice to A(§), which consists of points p =
(x =&y — — &n-1Yn—1,Y1,s - - -, Yn—1) With x € Z™". Dirichlet’s Theorem

on linear forms may be interpreted as saying that for any ) > 1, the body
C(Q) contains a nonzero point of A*(¢). Thus if 14(Q), 1 < i < n, are the
successive minima with respect to C(Q) and A*(§), then v1(Q) < 1. Again
we will be interested in all the functions v1(Q),...,v,(Q). In the special
situation where & = a’, a € R\ {0}, see also [7].

The reciprocal body C* of C consists of the points p with |p1|+ -+ |p]
< 1. Therefore C* C C C nC* and the successive minima A} (Q) of C*(Q)
with respect to A*(§) have

(1.1) vi(Q) < N (Q) < nvi(Q).

In the general context formulated at the beginning, we observe that each
Ai(Q) is a continuous function of @) since K(Q) is closed. In the next step,

we wonder whether for given s, 1 < s < n, there are arbitrarily large values
of ) with

/\S(Q) = )‘s+1(Q)-

When A = {iy < --- <ig} ©{l,...,n}, set pa = > ;c4p; and let 7y :
R” — R® be the map with

7"-A(p) = (p’ip ce apis) € R°.
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Our result here is as follows:

THEOREM 1.1. Suppose for every s-dimensional space S spanned by lat-
tice points (i.e. points of A), there is some A of cardinality s with pq < 0
and wA(S) = R®. Then there are arbitrarily large values of Q with As(Q) =

/\s—l—l(Q)-

It will be seen in Section 2 that when 1,&;,...,&,-1 are linearly inde-
pendent over Q, Theorem 1.1 applies for each s, 1 < s < n, in the context
of Dirichlet’s Theorem on simultaneous approximation, as well as on linear
forms.

Thus there are arbitrarily large values of @ with A\s(Q) = As+1(Q) as
well as arbitrarily large values of @ with v5(Q) = vs41(Q). Also, there are
arbitrarily large @ with \5(Q) = A}, 1(Q).

In general, there is a nonzero lattice point p in A\;(Q)K(Q). This point
has

p[2¢e3>0 and [|p| < eshi(Q)Q,

where 1 = max(pg, ..., fin), so that

(1.2) /\1(@) > C5Q_“ > 0,
and hence by Minkowski’s Theorem,
(1.3) An(@Q) < ceQ Y.

Next we define ¢;(Q) for @ > 1 by
A(Q) =¥ Q. i=1,... n
The 1;(Q) are again continuous and we have 0 < 11(Q) < --- < ¥,(Q), as

well as

(1.4) [1(Q) + -+ ¥n(Q)] < e7(K, A) /log Q@

by Minkowski’s Theorem.
The quantities

¥; = limsup;(Q) and ﬂizlgninf%(@

Q—o0

are finite by (1.2), (1.3) and satisfy the inequalities
@1 < e S%n and %1 < e Sy

and also@izgi fori=1,...,n.

By definition, if n > 1, and Q is large we will have 15(Q) < 7. Given
that there are arbitrarily large values of @ with A\s(Q) = As+1(Q), there will
be arbitrarily large values of @ with 1511(Q) = 1¥s(Q) < n and therefore

(15) v <D

n
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THEOREM 1.2. For 1 <1i¢<n we have

(16&) @1’*’”'"’_@1'—1—’_%1'4_@1‘—}—1+"'+@n207
(1.6b) yl+-~+gH+¢i+g+l+~-+9nso.

Suppose now that we are in the context of Dirichlet’s Theorem on si-
multaneous approximation, so that A = A(§) with 1,&,...,&,—1 linearly

independent over Q, and K = C. In this context we have
THEOREM 1.3.

(17) nﬂg < (n - 1)@2 +y17

(18) W 2 (0= 16, +7,

We will connect 1), %, and U, yn to classical approximation exponents
as studied by Khinchin [4], [5], Jarnik [3], etc., and most recently by Roy [11]
and Bugeaud and Laurent [1], [2].

Given § = (&1,...,&—1) with 1,&;, ..., &,—1 linearly independent over Q,
the quantities w (resp. w) are defined as the supremum of the numbers 7
such that there are arbitrarily large values of X for which (resp. such that
for every large value of X)) the system of inequalities

|.’L”SX, ‘le’—yz|§Xﬂ7 forZ:l,,n—l,

has a nontrivial solution x = (z,y1,...,Yn—1) € Z™.

On the other hand, w* (resp. @*) is the supremum of the numbers 7 such
that there are arbitrarily large values of X for which (resp. such that for
every large value of X) the system

’513 - "z_:l §iyi
i—1

has a nontrivial solution in integer n-tuples x. It will not be hard to prove

<X |yl <X fori=1,...,n—1,

THEOREM 1.4.

(1.9) @+ DA+8,) =@+ DA +) = ——,

(1.10) (w*+1)(ni1—u}n>:(@*+1)<ni1—¢}n>:nﬁl.

Consequently, w,w,w*, @* determine @hyl,@n,yn and wvice versa. We
will show that Khinchin’s transference principle between w and w* is equiv-
alent to

g1+(n—1)%20 and @n—{—(n—l)ngO,

which however is weaker than the linear inequalities of Theorem 1.2.
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In the context of Dirichlet’s Theorem on simultaneous approximation we
now specialize further to the case of dimension two in Jarnik’s and Laurent’s
papers, which corresponds to n = 3 in our notation.

THEOREM 1.5. When n = 3, then

(1.11) U1+, + 2010, = 0.
THEOREM 1.6. When n = 3, then also
(1.12) 20, + 1y < —1,(3+ 20 +49),
(1.13) 25+, > —P1(3+ 203 +49)).
On account of (1.11) the relations (1.12), (1.13) are equivalent to
(1.14) 20, + 3 < Py(3 4205 —29)),
(1.15) 23 + 9, >, (3+2¢, — 21)3).

Observe that there is some symmetry: (1.11) is invariant under inter-
changing 1, g?), and (1.12), (1.13) are interchanged if we interchange %1,@3
as well as 1)1, %, and reverse inequalities. The same holds for (1.14), (1.15). It
will be shown that (1.11) is equivalent to Jarnik’s relation between w and @,
and that (1.12), (1.13) are equivalent to Laurent’s refinement of Khinchin’s
transference principle as stated in [6].

However, 1), and %, 1 =1,2,3, do not give sufficient information on the
functions 11 (Q), ¥2(Q), ¥3(Q). In fact, we will give a rather precise descrip-
tion of them, and consider this description to be the most interesting part
of our investigation. It is this description, which we postpone to Section 6,
that will provide the tools for the proof of Theorems 1.5 and 1.6, carried
out in Sections 7 and 8.

2. Proof of Theorem 1.1. For any @) there is a space V(Q) of dimen-
sion s containing s linearly independent lattice points in \s(Q)K(Q).

LEMMA 2.1. Suppose A\s(Q) < As+1(Q) for Q@ > Qo. Then V(Q) is
unique for Q > Qo, and in fact is constant: V(Q) =: S for Q > Qo.

Proof. It V(Q) and V'(Q) are two spaces with the above property, their
span V(Q) + V'(Q) will contain at least s 4+ 1 independent lattice points in
As(Q)K(Q), so that A\s(Q) = As+1(Q). Hence by our hypothesis, for @ > Qo
there is a unique space V(Q).

We claim the following continuity property: if some sequence X1, Xo, ...
tends to X, where X; > Qo and V(X;) =S forl =1,2,...,then V(X) = S.
For when @ runs through an interval J, then K(Q) will be contained in
a bounded region of R™, and since \s(Q) is continuous, so will be A;(Q) K (Q).
This region will contain only finitely many lattice points. Replacing
Py, P, ... by a subsequence if necessary, we may suppose that V(X)) is
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spanned by fixed independent lattice points p1, . .., ps lying in A\s(X;) K (X)).
Since As(Q) is continuous and K (Q) is closed and varies continuously with @,
we see that pj € A\(X)K(X) for j =1,...,s, hence indeed V(X) = S.

Given a space S and an interval J = [Qo, Q1] where Q1 > Qo, let J(S)
consist of the numbers Q € J with V(Q) = S. The sets J(S) cover J
and are disjoint by the uniqueness of V' (Q). Moreover, they are closed by
the continuity property established above. Since Q € J is bounded, there
are only finitely many spaces S having S = V(Q) for some @ € J, hence
only finitely many nonempty sets J(S1),...,J(S;). But a finite number of
nonempty mutually disjoint closed sets can cover J only if there is just one
such set. Therefore J(S) = J for some S, hence V(Q) = S for @ € J. Since
Q1 > Qo above was arbitrary, V(Q) = S for Q@ > Qp. =

Proof of Theorem 1.1. Suppose there was a (g and a space S as in
the preceding lemma. Then Ag := AN S is a lattice in S. Also, Kg(Q) :=
K(Q) N S is a symmetric convex body in S whose s-dimensional volume
we denote by Volg(Q). Given @ > Qo so that V(Q) = S, then (by the
uniqueness of V(Q)) S contains independent lattice points p1, ..., ps with
P € A\ (Q)K(Q), hence in fact with p; € AgNA;(Q)Ks(Q) for 1 < j <s.
By Minkowski’s Second Convex Body Theorem applied to Ag(Q), Ks(Q),
we have

M(Q) - As(Q) = (4, S, K) /Volg(Q).

On the other hand, applying Minkowski’s Theorem to A, K(Q) yields

A(Q) - An(Q) < e2(A)/VOl(K(Q)) = c2(A)/Vol(K) = ¢3(4, K),
hence A\1(Q) - As(Q) < ca(4, K), so that finally
(2.1) Volg(Q) > ¢5(A, S, K) > 0.
If A is as in our hypothesis, we have

Volg(Q) = Vol(K(Q)) < ¢(S)Vol(m4(K(Q)))-

But if p € K(Q), then maA(p) = (piy»---,pi,) has |p;| < er(K)Q" (1 <
j < s), and therefore
(2.2) Vol(ma(K(Q))) < cs(K)QM.
Now (2.2) and pa < 0 yield Volg(Q) — 0 as Q — oo, a contradiction to
(2.1). =

COROLLARY 2.2. Suppose 1,&1,...,&n—1 are linearly independent over
Q and p1 + -+ -+ p = 0 with p; <0 for2 <i<n. Let \;(Q), 1 <i<n, be
the successive minima with respect to K(Q) and A(§). Then for every s < n,
there are arbitrarily large values of Q for which A\s(Q) = As1+1(Q).

Proof. First suppose that s = n — 1 and set 49 = {2,...,n}, so that
pa, < 0. By Theorem 1.1 it will suffice to show that any (n —1)-dimensional
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subspace S spanned by lattice points has m4,(S) = R"~! = R®. Since A
consists of points p = (2,12 — Y1, ..., &n—12 — Yn—1) With (z,y1,...,Yn—1)
€ Z", the space S will consist of points p where (z,y1,...,yn—1) € Z"
satisfies a nontrivial equation

(2.3) cx+cy1+ -+ cn_1Yn—1 =20

with integer coefficients. We have to show that m4,(S) is not a proper sub-
space of R"~! say given by a nontrivial equation

di(&1z —y1) +- - +dp1(§n17 —yn—1) =0
with real coefficients. This equation may be rewritten as
(2.4) (di&1+-+dpabp1)z —diyr — - — dp—1Yn—1 = 0.
We have to show that (2.4) is not a consequence of (2.3), i.e. that the
respective coefficient vectors are not proportional. If this were the case, we
could, after multiplication by a factor, in fact suppose that they were equal,
henced; = —¢c;fori=1,...,n—1and c1{1+- - -+cn_1£n—1 = ¢, contradicting
the independence of 1,&1,...,&,-1.

Now suppose that dim S = s with 1 < s < n— 1. Then S can be embed-
ded in a space S’ spanned by lattice points with dim S’ = n—1. We saw that
7a,(S") = R"1 and it follows that T := 74,(S) has dimension s. There is
some (pj,, . . ., p;, )-coordinate space of R"~! such that the projection of 7' on
this space is surjective. Now we have m4(S) = R® with 4 = {i; < --- < is}.
Since pq < 0, the corollary follows. m

REMARKS. (a) Corollary 2.2 applies in particular in the context of Di-
richlet’s Theorem on simultaneous approximation, where p; = 1 and pg =
ce =y =—1/(n—1).

(b) The assertion of Corollary 2.2 is not true in general when the num-
bers 1,&1,...,&,-1 are linearly dependent over Q. For instance take n = 3,
p1 =1, po = pu3 = —1/2 and & = a, & = a+ 1, where o has bounded
partial denominators in its continued fraction expansion. The convergents
pv/qu, v = 0,1,..., to a will have ¢,+1 < cq, for some c. Given large @
there will be some v with ¢ 2Q%* < ¢, < Qui1 < Q3% Then

o —p| <qt <FQ (e +1) —py —q] < QY
and the same holds with v + 1 in place of v. It easily follows that A\;(Q) <
A2(Q) < QY4 hence certainly Ao(Q) < \3(Q) for large Q. Observe that,
the points (q,, oo — py, @ (¢ +1) — p, — q,) lie in a space S of dimension 2.

(c) For the existence of arbitrarily large values of @ for which A\s(Q) =
As+1(Q) the fact that two consecutive successive minima are dealt with is
crucial: answering a problem raised in [12], Moshchevitin [10] showed that
for any s < n—1 there exist {; € [0,1),1 < j < n—1,suchthat 1,&;,...,&—1
are linearly independent over Q, As(Q) — 0 and As12(Q) — o0 as Q — 0.
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COROLLARY 2.3. Suppose 1,&1,...,&.-1 are linearly independent over
Q and py + -+ pn, = 0 with p; > 0 for 2 <i < n. Let \}(Q), 1 <i<mn,
be the successive minima with respect to K(Q) and A*(§). Then for every
s < n, there are arbitrarily large values of Q for which N5(Q) = X 1(Q).

Proof. Observe that x —&1y1 — - —&n—1Yn—1 # 0 when (z,y1,...,Yn—1)
lies in Q™ \ {0}. So if A; = {1}, every nonzero space S spanned by lattice
points has 74, (S) # 0, in fact m4,(S) = R. Hence when dim S = s < n,
there is some A = {1 < iy < -+ < is} with m4(S) = R®. Since pa =
- Zi¢ 4 i < 0, the conclusion follows via Theorem 1.1. =

REMARK. Corollary 2.3 applies in particular in the context of Dirichlet’s
Theorem on linear forms, where p; = —1 and pg = -+ = p, = 1/(n — 1).

3. ¢, ¢, and the proof of Theorem 1.2. For A C {1,...,n} set
=2 (@), dai=limsupva(@), v, = liminfa(Q).

i€A Qo0
LEMMA 3.1. When A, B are complementary nonempty subsets of
{1,...,n}, we have B
¢A + %B =
and moreover
D ¥ < v, <|Almaxy,  [Alming; <g, <Y P
i€EA €A
Proof. By (1.4) we have 14(Q) +¢p(Q) — 0 as Q — oco. So when € > 0
and @ is large, we have ¥4(Q) < %A—i—e and ¥g(Q) > —1 4 — 2¢. Since € > 0
is arbitrary, this yields ¢ , > —th g, ie. Yy + 5 > 0. When € > 0 and Q is
large, we have ¥p(Q) > 1/1 —eand P4(Q) < —1, + 2€, hence eventually
a4+ Yy <0. This proves the first assertion.

The estimates B -
D biSYa VA< ¥
i€A €A
follow immediately from the definitions.
If A= {i; <--- <ig}, there are for ¢ > 0 arbitrarily large values of @
with 9;, (Q) < Y, =+ € hence

sz ) < 1Al(%;, +¢) < [Almaxyp; + |Ale.
€A
On the other hand, for any € > 0 there are arbitrarily large values of @) with

Vi, (Q) = 1, — €, hence
> wi(@Q) = [AI(;, — ¢) = [Almin¥; — |Ale

i€A
and the lemma follows. =
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Proof of Theorem 1.2. Taking A = {i}, B={1,...,n}\ {i} we have
Ozﬁfﬁ'@BS%"‘(@1+"'+%—1+%+1+'“+$n),
OZJAJFQB2%*@1+"'+%_1+%+1+”'+$n)' n

4. The functions Lq,...,L, and proof of Theorems 1.3 and 1.4.
We now specialize to the situation of Dirichlet’s Theorem on simultane-
ous approximation. Thus A(§) consists of points p(x) = (z, &2 — y1, - -,
&n—1T — Yn—1) where 1,&,...,&,—1 are linearly independent over Q and
x = (x,y1,..-,Yn—1) runs through Z". Further, C(Q) consists of points
p=(p1,...,pn) with |p1| < Q and |p;| < Q=1 (; = 2,... n). Therefore
p(x) lies in AC(Q) precisely if

2 <AQ, &z — ;] < AQTVY for 2 < j <.

Hence A\(Q) (i = 1,...,n) is the least value of A\ such that there are 4
independent points x for which the above system of inequalities is satis-
fied. If A\1(Q) < ¢/Q, then the above x has |z| < ¢, and |1z — y1] <
/\1(Q)Q_1/("_1) < Q=1 has no solution y; for large Q. Therefore

(4.1) M(Q) = f1(Q)/Q,
where f1(Q) tends to oo as @ — oo.

Given x € Z™ \ {0} we let A\x(Q) be the least A > 0 with p(x) € AC(Q).
Then for any @ > 1 and i € {1,...,n} we have \;(Q) = A\x(Q) for some x
depending on () and . In particular,

AM(Q) = min A\ (Q).

x€Z"\{0}

Clearly,
Mx(Q) = max{|x|Q_1 max. {|§]x - Z/J|}Q1/ " 1)}

1<5<n

Since A (Q) > Q' (1) (otherwise, we will restrict to points x with z # 0),
and since A\ (Q) = A_x(Q), we may suppose = > 0.

It will be convenient to replace @ as well as A\;(Q), Ax(Q) by their loga-
rithms. Accordingly we set

(4.2) q:= logQ,

(4.3) Xi(q) := i(e?),

(4.4) Li(q) == log Ai(e?) = qxi(q),
(4.5) Lx(q) := log Ax(e?),

and with these notations we obtain

Lx(q) = maX{log o] =g, max {log|gw —yjl} + }
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Thus Lx(q) has its minimum at some g = ¢(x), and is linear with slope —1
for ¢ < g(x) and slope 1/(n — 1) for ¢ > ¢(x). When @ lies in a bounded
range, there will be only finitely many x having \;(Q) = Ax(Q) for some i.
Therefore the functions L; will be continuous, piecewise linear, with slopes
among —1 and 1/(n — 1).

When € > 0 and g is large, then 1, — e < x;(q) < ), + €, and therefore

q, —o(q) < Li(q) < qp; + o(q).

Set x1 = (1,y2,...,yn) with [§; —y;] < 1/2 (1 < j < n). It is easily seen
that in some interval 1 < Q < Qo, the function A\ (Q) equals A, (@), and is
decreasing. Since L; is piecewise linear with only finitely many pieces within
any bounded interval, there will be numbers 0 < ¢1 < g2 < --- tending to
infinity such that L; has its local minima precisely at qr, £k = 1,2,....
There will be points x; with L1(gz) = Lx,(qx), and in fact there will be
a neighborhood of g, with Li(q) = Ly, (q). More precisely, if o1 = 0 and
k. k+1 for k> 0 is the g-coordinate of the point of intersection of the graphs
of Ly, and Ly, , then for k > 0,

Li(q) = Lx,(q) for qr—1x < q < qr k41,
which also holds for k = 1 if we define L;(0) = 0.

Ly will decrease with slope —1 in [gx—1,qx] and increase with slope
1/(n—1) in gk, gk k+1]. Thus Ly will have its local maxima at gx jy1, k =
1,2,.... Moreover,

L1(qrk+1) = Ly (qr k1) = Loy (@i k1)
and since xy, Xgy1 are easily seen to be linearly independent we have
Lo(qrk+1) = L1(qrpt1)-

So if L; has a local maximum at ¢ (hence ¢ = gj 441 for some k), then
L1(q) = La(q).

qk—1 qk—1,k dk k,k+1 Qk+1
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REMARK. It is well known, and follows from our arguments in Section 2,
that for n > 3 there are arbitrarily large k with xp,Xpy1,Xg+2 linearly
independent. On the other hand, according to Moshchevitin [9], when n > 3,
then there are numbers 1,&1,...,&,_1 linearly independent over QQ such that
Xf, Xkt1, - - -, Xgtn—1 TOr every large k span a space of dimension at most 3.

The function L] will have its local minima at numbers ¢f < ¢5 < ---,
and Li(qf) = Lj‘(l*(ql*) for certain points x7j,x3,.... For suitably defined

441 With ¢ < g1 < g/ we will have
Li(q) = L;l* (q) for QZ‘LLL <g< ql*,1+1

with L] having slope 1 in [ql*—l,l’ql*] and slope —1/(n — 1) in [ql*,qf,l_i_l].
Moreover, L5(g/;,1) = Li(¢/;,)- So when L7 has a local maximum at g,
then L1(q) = Li(4).

Mahler’s inequality Af(Q)An4+1-i(Q) < 1, where the implied constants
depend on n only, gives

(4'6) ‘L;‘(Q) + Ln+1—i(Q)| <c (Z =1,... ’n)

where the constant ¢ depends on n only. Further, L;(q) = qi;(e?), so (1.4)
yields

(4.7) [Li(q) + -+ + Ln(g)] <c
if ¢ = ¢(n) was chosen large enough, and we also have
(4.8) [L1(g) + -+ Lo(g)l < e

It is not hard to see that A\5(Q) > f7(Q)/QY ™Y with f;(Q) tending to
infinity with @, in analogy to (4.1), and therefore by Mahler’s inequality
M(Q) = A5(Q)~! < QY1 /f#(Q). But this, together with (4.1), tells us
that

(49 Li@)>—q+a(Q) and Lu(g) < 5 ~ga(Q)

with ¢1(Q), gn(Q) both tending to infinity.
We had

¥i(Q) = log \i(Q)/log Q@ and  xi(q) = ¥i(e?) = Li(q)/q,
so that

Y, = limsup ¥;(Q) = limsup x;(q),

(4.10) . = liminf ;(Q) = liminf y;(q).

We now set

Vi (Q) =1og Ai(Q)/log @ and  x;(q) = ¥i(e?) = Li(q)/q,
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so that
¢; = limsup ¢7(Q) = limsup x; (g),
¥ = liminf ¢} (Q) = liminf X} (q).
Inequality (4.6) yielgsZ [V (q) + Ynti1-i(q)] < ¢/log @, so that
(4.11) Gite,,, ;=0 and 4P, ;=0 (i=1,..,n).

LEMMA 4.1. Ifi # j and L; has slope —1 in some interval, then for q,q
in that interval,

La) - () = =L v oq),

Here and throughout, the implied constants in =< ,0(...),< depend only
onn.

Proof. Say q > ¢'. Each L; has slopes —1,1/(n — 1) so that

(4.12) L)) - L) <2 a<i<m),

By (4.7) and (4.12),
Li(q) — Li(¢d) = = _(Lilq) — Li(¢)) + O(1)
75
= —(Li(q) — Li(¢)) = > (Lulg) — Li(¢)) + O(1)
1£i,j

/

u— / —
Zq—q'—(n—Q)zL q1+0(1):q q1+0(1).

The lemma follows from this and from (4.12) with [ = j. =
Proof of Theorem 1.3. For k > 2 we have

Li(gr-1%) = La(ge—1,) <0,  Li(qr) = L1(qe—1%) — (@ — qr—1)
and by Lemma 4.1,

Qk — Qk—1k
LQ(Qk) = L2(Qk71,k) + Tll + O(l)
Therefore

(4.13) nLa(gk-1) = (n — 1)La(qk) + L1(qx) + O(1).
Since both sides are < 0, and gx—11 < qx,
na(qr—1,6) < (0 — 1)Ya(qr) + ¥1(ar) + O(1/qk—1.k),
hence we may infer that
ny, < nliminf ¢o(ge—1x) < (n — 1) limsup a(gy) + lim inf 1 (gx)
which is (1.7).
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The proof of (1.8) is dual to that of (1.7): by (4.11) we need to show that
n} < (n— 1) + ).
Lemma 4.1 is replaced by the fact that if < # j and L] has slope 1, then

Lita) - L(d) = L= 0 4 oq).

Instead of (4.13) we have
nLy(qr k1) = (n—1)Ls(qr) + Li(gr) + O(1);
now we proceed as in the first part of the proof. =
Proof of Theorem 1.4. 1f 6 > ¢, then
’x‘ < Ql-l—t97
Go —y| <Q VD fori=1,... n—1

has a nonzero integer solution for certain arbitrarily large values of Q). Set-
ting

(4.14)

X =Q"% and =-1+ S L —
@ 1 (n—1)(1+0)
the system (4.14) becomes
(4.15) lz| <X, |z —y| <X fori=1,....,n—1

Therefore w > 1, and since @ is arbitrarily close to yl, we obtain

w> -1+

(n—1)(1+1%,)

hence
n

L+w)(l+y,) >

n—1
When 1 < w, (4.15) has a solution for certain arbitrarily large numbers X.

Setting
n

(n=1)1+n)
the system (4.15) becomes (4.14) and hence ¢, < 6. As 7 can be taken
arbitrarily close to w, we obtain

%IS—I—Fm = (1+w)(1+y1)§n_1

Therefore the first expression in (1.9) equals n/(n — 1), and the proof for
the second one is similar.

We had ¥}(Q) = log \*(Q)/log @, hence \!(Q) = Q¥ (@), and we now
define ;(Q) by 14(Q) = Q™(@. By (1.1), |m(Q) — v(Q)| < n/logQ, so
that

Q=XY0+ and g=-1+

T o= limsupm(Q) = ¢, and 7, := liminf m(Q) = ¥*.

—1
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Therefore, by (4.11), 1,, = —f{ = —m and ¢ = —@T = —71, so that in
order to establish (1.10) we need to prove

(w*+1)<1+771> z(df"+1)<1+m> S

n—1 n—1 n—1

This is proved similarly to (1.9). =

Laurent in [6] gives best possible upper and lower bounds for w, @, w*, @*.
Since

1
<w<oo and —<w<l1
n—1 n—1

are best possible, (1.9) gives the best possible bounds

n—2
C2(n—1)
Further, n — 1 <w* < oo and n — 1 < &* < oo, so that by (1.10),
1

n —

~1<¢, <0 and <1 <0.

1
and oggng .

0<1, <
n—1

Again these estimates are best possible.

REMARKS. (a) Jarnik’s identity @ = @* —1/@* is equivalent to equation
(1.11) of Theorem 1.5, for this identity is in turn equivalent to

0 —1 1 3 29, —1
it SUUSP R S SEPI B S
oF 2, +2 2, +2
1 2+ 1

© ST © D=0

(b) Khinchin’s transference principle ([5]) says that

*

w > (n—2)5*—|—n—1 and w*>(n—1w+n-—2.

The first of these inequalities yields

w*+(n—2)w*+n-1 n—1
w+12> = )
(n—2w*+n-—1 n—2+1/(w*+1)
hence by Theorem 1.4,
n/(n—1)> n—1 . on—1

L+y, “n=241/(n-1)-¢)n-1)/n n-1-9,
sothat n —1—1, > (n—1)(1 +1,), hence (n — 1)y, + 1, <0.
The second relation in Khinchin’s transference principle leads to gl +

(n — 1)1, > 0. Conversely, these relations imply Khinchin’s transference
principle. Observe that they are consequences of Theorem 1.2.
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(c) Laurent’s refinement of Khinchin’s relations between the approxima-
tion exponents in [6] states that

W@ =) w1l

~ ~ )
w* 4+ w* w*

which is equivalent to the pair of inequalities (1.12), (1.13) of Theorem 1.6.
For expressing the classical approximation constants in terms of gl,gg,

b5 using the equations from Theorem 1.4, a lengthy but straightforward
computation translates Laurent’s inequalities into

3g¢—mg—z%@3§w S—@%—ig—@&@{
1 =2y, - 2+ 2y,

which turns out to be precisely equivalent to (1.14), (1.15) and hence to
(1.12), (1.13).

5. The functions L, Ly, L3. We now turn to the case n = 3 in the
context of Dirichlet’s Theorem on simultaneous approximation. It would be
nice if we had L1(q) + L2(q) + L3(q) = 0 in place of the case n = 3 of (4.7).
We therefore introduce the new triple of functions (L1, Lg, L3) with

Li:=1Li, Ly:=0L}—Ly, L3:=-L}
whose properties will now be investigated.
LEMMA 5.1. If ¢ is the constant of (4.6)—(4.8), then:

(i) Ly + Lo+ L3 = 0.

(ii) |L (q) — Li(q)| < 2¢ fori=1,2,3.
(iii) Ls(q )>L1( ) — 4c and L3(q) > La(q) — 4c.
(iv) Li,Ls have slopes alternating between —1,1/2, whereas Ly has

slopes among —1,1/2,2.

(v) An interval where Ly has slope 2 has length less than 3c.

(vi) In an interval where L3(q) — Lo(q) > 4c the function Lz has no
local minimum, and in an interval where Ly(q) — L1(q) > 4c the
function Ly has no local mazimum.

(vii) If {i,j,k} = {1,2,3} and Li has slope 1/2 in some interval, then

(L + L) will have slope —1/4 in this interval. Lj, Ly, will al-
ternate having respective slopes 1/2,—1 and —1,1/2, hence their
graphs will zigzag around a line with slope —1/4.

(viii) Suppose i # j in {1,2,3}. If L; has slope —1 in some interval,
then

1
—(¢—4q)| <4c

Lita) - Lild) - 5

for q,q" in that interval.
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Proof. (i) is obvious from the definition of L; (i = 1,2, 3).

For (i) observe that L1 — L1 = 0, Ly — Ly = —(L* 4+ L3) and Ly — Ly =
Ly —Ly— Ly= (L} + L3) — (L1 + Lo + L3). Now apply (4.7) and (4.6).

Next, (iii) follows from (ii) and the fact that

Ly—Ly=Ly— Ly = (Ly—Ly) + (Ly — Ly) > Ly — Lo,
L3 — Ly = (L3 — L2) + (L3 — L3)+ (Lo — La) > (L3 — L3)+(L2 — L2).

Concerning (iv) note that Ly = L has slopes —1, 1/2, L} has slopes
1,—1/2, so that L3 has slopes —1,1/2. The assertion now follows from (i)
above.

(v) When Lj has slope 2 in [¢/, ¢], then

1 -

00 =5 (Eala) ~ La(4) < 5 (Eala) = La(d) + 2 < § (g — ) + 2,

hence ¢ — ¢’ < 3¢ < 3c.

(vi) Suppose Lz — Ly > 4c in some interval. Observe that

Lg — .Z/Q — (L; — LT) = _I/Q — L; = _(L2 + L;) + (L2 — [~/2>

Combining this with (4.6) and (ii) implies L5 — L] # 0, i.e. Ly # L.
Therefore L] has no local maximum, and Ly = —Lj] no local minimum in
the interval. When Lo — L1 > 4e, then La(q) — Li(q) > Ly — L1 —2¢ > 0,
hence La(q) # L1(q), so L1 = Ly has no local maximum.

(vii) is fairly obvious.

(viii) is essentially the case n = 3 of Lemma 4.1. =

6. Top and bottom intervals. It may happen that, for all large g,
Ls(q) — Li(q) < C,
where C' is a constant to be specified below. Then ﬂ =, =0fori=1,2,3

and (1.11)—(1.13) trivially hold.
The other extreme is when

(6.1) Ls(q) — Li(q) > C

for all large q. We will treat this case in detail. It is also possible that all
large ¢ lie in a sequence of intervals which alternate between ¢’s in the two
extremal cases. In this case 1, = ¥, = 0, and this also implies (1.11), (1.12)
and (1.13). In large intervals where L3(q) — L1(¢) > C, the situation is
essentially the same as if the equality holds for all large ¢, so we will not
elaborate on this case.

We will now suppose (6.1) holds; we set v = 4¢, where ¢ is the absolute
constant of the last section. There are arbitrarily large values of p with
L3(p) = La(p) and hence L3(p) — La2(p) < 7, so (6.1) implies La(p) — L1 (p) >
C — v > ~, provided C' > 2v. Also, there are arbitrarily large numbers p*
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with Lo (p*)— L1 (p*) < 7, hence L3(p*)— La(p*) > 7. So by the Intermediate
Value Theorem there are arbitrarily large values of p with

Ls(p) — La(p) =,
as well as arbitrarily large numbers p* with
Lo(p") = Li(p*) = -
If p, p* are such numbers, then Lz(p*) — La(p*) > C' — v and
Ly(p*) — La(p") — (La(p) — L2(p)) < 3|p - p,

so that Ls (p) — Lo (p) > C'—~—3|p—p*|, which together with Ls (p)— La(p)
= v yields 3|p — p*| > C' — 2+, hence
(6.2) p—p*|>C/3-2y/3 >~
if C > 5. . . . .

For every p with L3(p) — La(p) = v, hence Lo(p) — L1(p) > 7, there is a
smallest a and a largest b with a < p < b such that

Ls(a) — La(a) = Ly(b) — L2(b) =

and Lo(q) — L1(q) > v for a < ¢ < b. Such an interval [a,b] will be called
a top interval. Tt is not required that L3(q) — La(q) < v in this interval.
Also, it may happen that @ = p = b, so that the interval consists of a single
number.

For every p* with Ly(p*) — L1(p*) = 7 there is a smallest a* and a largest
b* with a* < p* < b* such that

Ly(a®) = Li(a”) = La(b") — L1 (b%) =

and L3(q) — La(q) > ~ for a* < ¢ < b*. Such an interval [a*, b*] will be called
a bottom interval. By (6.2), a top interval has distance greater than 7 from
a bottom interval.

For intervals I = [r,s] and I’ = [/, s'] we write I < I’ if s < r’. We may
thus arrange all the top and bottom intervals into a sequence

Lh<Dhb<lIg<---.

There cannot be two adjacent top intervals in this sequence: for if [a,b] <
[a’,b'] were two such intervals, then Lo(q) — L1(q) > v for a < ¢ < ¥, and b
would no longer be the largest number as required in the definition of top
intervals. Similarly, there cannot be two adjacent bottom intervals. Hence
after a change of notation, our sequence becomes

h<<lhb<Iy<--,
where, say, each I; is a top interval and each I7 a bottom interval. If I; =
[aj,bj] and I} = [a}, b}] then

<CL;_1 Sb;_l < aj Sbj <a;f Sb}k < aj+1 Sbj—i-l < ---



84 W. M. Schmidt and L. Summerer

In [b]_ 1 a;] we have Ly(q)—Li(q) > 7 and hence, by Lemma 5.1(vi), the
function L; has no local maximum. There will be some pj in [bj_;,aj] such

that f)l is decreasing for b}k‘—1 <g< p; and increasing for p;f <g< aj. The
cases p;f = b;?_l and p; = a; are not ruled out. Also, there will be a p; in
[bj,aj11] such that Ls is increasing for b; < ¢ < p; and decreasing for
Pj < q < ajy1-

Let now j be fixed and assume j is large, so that ¢ € I; is large. We
claim that we cannot have both p}f, pj larger than b;. For if this were so, set
p = min{p;,pj} and observe that Lj is increasing in [bj,p] C [bj, p;] with
slope 1/2 and Ly is decreasing in [bj,p] C [bj_;,p;] with slope —1, so that
L is increasing with slope 1/2. Hence

Ls(q) — La(q) = Ls(bj) — La(b;) =
in [bj,p], and there is no ¢ in this interval with La(q) — Li(g) < . This
contradicts the maximality property of the right endpoint b; of I; = [a;, b;].
A similar reasoning shows that we cannot have both pj, Pj smaller than a.

J
This yields the following possibilities. If p; < b;, then p; > a7, and con
versely, p; > a;? implies pj < b;. In short,

(6.3) p; <b; and p;>aj.
The second conceivable possibility is when p;-‘ > bj and p; < a;‘f, but then,
by the above remarks and the fact that p; < a;, pj > bj, we have

(6.4) pj=0b; and p;=adj.

In fact, this cannot occur if C' is chosen sufficiently large. For if p; = b;
and pj = aj, both L1, L3 have slope —1 in [bj,a ] so that a; —bj < 3c by
Lemma 5.1( ). Further, Ly, Ly are close to each other at q= a;f and Lo, L
are close at ¢ = bj, so that L3 — Ly is small in [bj,aj], ie. Ly — L < ¢,
which for large C' contradicts (6.1).

Let us now assume pj < b; and p; > a , so that we have b;- < pj- < b;

Lo is decreasing with slope —1. In fact, we may suppose that p;f < aj, hence

< aj. Then Ly and L are both increasing in [bj, a*] with slope 1/2, hence

bj_l Sp}f <aj <bj < a"f.
For otherwise pj > a; and Ly has slope —1 in [ % _1,pj), hence in [b7_4, a;].

By Lemma 5.1(viii),
|La(b5_1) — La(q) — (La(b}_y) —

La(q
for ¢ in this interval, and since Lz(aj) — L2(a;) = 7, we deduce that
| L3 (b* i) — LQ( 1)| < 8c+ v = 12c. Moreover, La(bj_;) — L1(bj_1) =,

NI <8¢
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so that . )
L3(b;_1) — L1(bj_1) < 12¢+ v = 16¢.

But this contradicts (6.1) provided C is chosen large enough, i.e. C' > 16¢c.
Similarly, by a dual argument, we will also have

bj <CL;-< Sb; < Dpj Saj_H.

The following figure illustrates a possible behavior of Ly, Lo, L for p; <
q < ajt1.

In [a;, bj] the function L1 has slope 1/2, so that by Lemma 5.1(vii), Lo, L3
will zigzag around a line with slope —1/4 indicated by dots in the figure.
The graphs of the functions are different near p%, pj—1 depending on whether
p; <Dpj-1 (as shown in the figure) or p; = pj-1 (which in the figure holds for
j+1in place of j, i.e. pj,; > p;). Note that p; > p;_1 yields p; —p;_1 < 3c
by Lemma 5.1(v).

REMARKS. (a) In the notation of Section 4, suppose the local minima of
Ly = Ly in [p}, p},,] are assumed at pj = qx < gr+1 < -+ < @ = pj,1. Then
the points xj,Xg11,...,X; span a 2-dimensional space. For otherwise [ >
k4 2, and there is an r, k < r < [, with xg, x,, x; linearly independent. If ¢
is the g-coordinate of the point of intersection of the graphs of Ly, , Lx,, then
it is clear from our figure that both g, ¢ lie in the interior of I} = [aj-, bj]; in
particular, a} < b}. Moreover, Ly, (qr) = Li(qr) = fll(qk), and both Ly, and
Ly have slope 1~/2 in gx < g < aj, so that ka(a;f) = f/l(aj) < E3~(a;) — .
Both Ly, and L3 have slope 1/2 in a; < q <, so that Ly, (q) < L3(q) —
< L3(g). But by the independence of xj,x,,x;, and since Ly, (§) = Lx,(q)
> Ly, (q), we have L3(q) < Lx, (G), a contradiction.
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(b) When a; = b; or aj = b}, which we believe to be a relatively common
event, the figure is much simplified. (In fact, keeping the notations from (a)

we have a;k» = b;* if Xp, Xg41,Xgr2 are linearly independent.)

(c) We believe that our description of the functions Li(q), L2(q), L3(q),
hence implicitly of A1(Q), A\2(@), A\3(Q), is close to “best possible”. That is,
given functions as described in the figure, there are numbers &1, & for which
the resulting f/l, Iig, Ls are close to the given functions.

7. Proof of Theorem 1.5. We introduce the functions X;(q) := Li(q)/q
for i = 1,2,3. Then
Li(q) _ Li(a)

1
q q q

Xi(q) — ¥i(e?) =
so that we have
(7.1) P, = limsup y;(q) and ¢, = liminf Xi(q)
by (4.10). Moreover, by the case n = 3 of (4.9) we have the estimates

q 1 q
(72) R > -1+ 2 g < 4 -2,
q 2 q
hence for large ¢,
(7.3) —1<xi(q)<1/2 fori=1,2,3.
LEMMA 7.1.

Li(a) + La(by) = 0(1),  fa(ad) + Ralby) = —251(a)Ralby) + O(L/by),

where the implied constants depend only on ¢, hence are absolute.

Proof. We will drop the subscript j. We have f/g(aj‘) — Li(a*) = 0(1),
hence 2L;(a*) + L3(a*) = O(1). Similarly, 2L3(b) + L1(b) = O(1). Both
Ly, Ls have slope 1/2 in [b, a*], so that

Ls(a*) — Ls(b) = % (a* —b) = Ly (a*) — L1 (b),

which yields

Therefore

La(a*) + Ls(b) =
Also,

Ly(a*) = —Li(a") = La(a*) = —2L1(a*) + O(1) = 2L3(b) + O(1),
so that
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Therefore
$1(0%) + %s(0) = — (bla(a®) + 0" Ls(0))
pe (bLy(a*) — a*Ly(a*)) + O(1/b)
= (b= a)Ea(a) +01/b)
=~ L) Es0) + 001/
= —25(a")s(8) + O(1/b).
LEMMA 7.2.

(i) If some L; is increasing (resp. decreasing) in an interval with large
endpoints, then also X; is increasing (resp. decreasing) in that in-
terval.

(ii) Forq € I} = [a},b}] with large j we have X1(q (a;)+0O(1/aj).

)< xa
(i) For q € I; = [aj, b;] with large j we have x3(q) > x3(b ) (1/b ).
_ Proof. (i) Suppose ¢ > ¢' are in the interval. If L; is increasing, then

Li(q) — Li(¢d') > 3(q¢ — ¢'), yielding

0 2 W 1+ 5 (0= 1) = 6@+ (5~ %)) 1= /o) > 5l

by (7.3). If L; is decreasing, then L;(q) — Li(¢') = —(q — ¢'), so that
Xile) = Xi(d)d' /e — 1= d'/a) = xi(d) = A+ x(@) (L - ¢'/q) <Xild)
by (7.3).
(ii) We have
Fa(a3) > 5 (Ba(a) + Ea(a})) — O(1) =~ Ls(a?) — O(1),
so that for large j,

and hence (7.2) yields

(7.4) %)) > — + 5 9s(e)/a} — O(1/a3) > .

Moreover

oy
S
A

|t ORI NOR R
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hence by (7.4),
%10) < a(@})as/a — § (1- a3/q) + O(1/g)
— (e - (§+ e >) (1~ a3 /4) + O(1/g) < 1(a5) + O(1 /).
(iii) is proved in a dual way. m
Set Z; := [pj—1,pj), I; [pj,pjﬂ] and put

:= max o; = miny .
P : e xi1(q), oy min X3(q)

LEMMA 7.3.

() X1(aj) < pj < Xa(aj) +O(1/aj),
(i) X3(bj) = 05 > x3(b;) — O(1/b;).

Proof. Since L; is increasing in [pj—1,a}] and decreasing in [b}, p;], we
see from Lemma 7.2(i) that p; = Xi1(q) with ¢ € [a},b]] = I}. But by
Lemma 7.2(ii), in fact p; < X1(aj) + O(1/a}). Now (i) follows, and (ii) is
proved in a dual fashion. =

Proof of Theorem 1.5. By combining Lemmas 7.1 and 7.3 we obtain
pj + 05+ 2pjo; = O(1/min{b;, aj}) = O(1/b;).
For large j the inequalities —1/3 < p; < 0 hold by (7.4) and Lemma 7.3(i),
so that 1 +2p; > 1/3 and hence

=P o,
%5 =~ O/,
All large reals lie in the union of the intervals 75,73, ... as well as of the

intervals 77,75, ..., and as the function p — p/(1+2p) for p > —1/2 is
increasing, we conclude

. Ii . m
¢3:1iminfajzliminf(— Pi ) _ o umsuppy Y1

1+ 2p; 1+ 2limsupp; 1424,
and this is precisely (1.11). =

8. Proof of Theorem 1.6. Let K; be the interval [b;_1,b;] and K be
theﬁnterval [aj , aﬁl] Further, let m;, m} be numbers in Kj, K7 respectively
wit

P3(m;) = maxyps(g) and <p1(m]) = min ¥ (q).

e 4K

LEMMA 8.1.
(8.1) 2x1(my) + X3(m;)
(8:2) 2x3(mj) + X1(m])

—X3(b;)(3 + 2X1(m;) + 4X3(m;)) + O(1/m;),
—x1(a7)(3 + 2x3(mj) + 4x1(mj))+ O(1/m).
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Proof. Since x3 increases in [bj_1,p;—1] by Lemma 7.2, we have m; €
[pj—1,b5]. Now Ly increases with slope 1/2 in [p},pj—1]. Either p; < p;_1,
or p; > pj—1 and pj — pj—1 = O(1). In either case, since m; € [p;_1,b;], we
have

Fa(my) = Li(bg) — 5 (b —mj) +0(1).
Since m; < b; and L3(b;) has slopes among —1,1/2,
Ls(my) < L(b;) + (b; —my).
Therefore
2L1(my) + Ls(m;) < 2L1(bj) + Ls(bj) + O(1) = —2La(b;) — Ls(b;) + O(1)
= —3L3(b )+ O(1).
Dividing by m; we obtain
(8.3) 2%1(myj) + X3(mj) < —3%3(bj)b;j/m; + O(1/m;).
On the other hand,
2L1(m;) + 4L3(mj) < 2Ly (bj) + 4L3(b;) + 3(bj — m;) + O(1)
= —2L2(b )+ 2L3(b )+ 3(b; —m;) 4+ O(1)
= 3(bj —my) + O(1).
After division by m; and addition of 3 we get
(8.4) 3+ 2x1(my) + 4x3(m;) < 3bj/mj + O(1/m;).
This, in conjunction with (8.3), gives (8.1).
(8 2) is proved in a dual fashion: there is some symmetry of the graphs

of Ll,LQ,L3 about the point ( (bj + al ) 0) This is not a strict geomet-
ric symmetry, but our arguments remaln valid if Pj- 1,a3,bj,a],bj,pj+1

are respectively replaced by pj_H, bj, j,b], aj,pj—1, if L1, Lg, L3 are respec-

tively replaced by Ls, Lo, Ly, and 1nequahtles are reversed. Thus for instance

X3(b;j) = L3(b;)/b; is replaced by X1(aj) = Li(aj)/aj.
We now have m; € [a;f, ; +1), and (8.3), (8.4) are respectively replaced

by
2X3(mj) + X1(mj) = =3X1(aj)aj/mj + O(1/mj),
3+ 2x3(mj) +4x1(m}) > 3aj/m; + O(1/m3).
Thus (8.2) follows. m

Proof of Theorem 1.6. For given € > 0 we have x3(b;) > ¥, — €, and
(8.1) yields

2x1(m;) + Xs(mj) < — (¥, — €)(3 + 2x1(my) + 4xs(my;)) + O(1/my),
hence
X3(m;) (1 +49,) < =3¢, — (2+ 2¢,)X1(m;) + O(e)
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when j is large. Moreover, x1(m;) > ¢, — €, so that

923(?77,3')(1 =+ 4%3) < —3£3 — (2 + 2%&%1 =+ O(E)
Since by definition of m,

g = limsup x3(m;),
j—oo
we obtain

E3<1 =+ 4%3) S _3%3 - (2 + 2%3)£17
hence (1.12). The relation (1.13) is established in a dual way. =

9. Some consequences

COROLLARY 9.1. Again in the context of Dirichlet’s Theorem on simul-
taneous approrimation with n = 3,

(9.1) V3> 0,(3+20)) and ¢ <y (3+2¢s).
Proof. (1.12) and (1.15) can be rewritten as
3ihy + 200, + g <P (=20, —403),  Bb, — ), — 205 <P (=20, + 2¢3).
Adding the first of these inequalities to twice the second, we obtain
9%& — 303 < —6@12%,
which gives the first relation of (9.1). We noted that (1.12), ..., (1.15) remain
valid if Y.,z aswellas ¢y, 93 are interchanged and inequalities are reversed.

This also holds for the consequences of (1.12),...,(1.15), and hence the first
relation of (9.1) implies the second. =

COROLLARY 9.2. If¢, =1y or 1, = 1y, then

(9.2) Y, =¢; fori=1,2,3.
When ¢, = 15, then either (9.2) holds or
@1 =-1, % :QQ = —1/47 @2 :Qg :@3 = 1/2-

Proof. Assume ¢, = ;. Then we have Y, = 1y < 1(3 + 2¢3) and
hence either ¢y = ¢, = 0or 1 =3+ 2¢3 > 3, which is impossible. Now by
(1.5) we have ¢, < ¢, < ¢y, hence ¢, = 0, and ¥, + ¢, + 3 < 0 yields
Yy = b, = Y3 = 0 so that (9.2) follows.

If h, = 1hy, we have 31, = 3y < 21hy + gl, which implies 1, < gl and
this is only possible if ¥y = gl = 0. As before, this yields 3 = 0 as well,
and again (9.2) follows. B

Now let ¢, = tb3. Then we have ¢35 = ¢, > 1,(3 4+ 2¢,) and hence
either ¢3 = ¢, =0 or 1 =3+ 2y, > 3, which is only possible if Y, =-1
In the first case ¢, < 1y < 1p3 (we used (1.5) again) implies 1, = 0, and
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¥, +1hy+1hg > 0 yields ¥, =y =1, = 0 and hence (9.2). In the second case
@ZJI = —1 and in view ofi/) +@2+7j}3 > (0 we must have @02 = % = @ZJ3 =1/2.

Then 9, +v, —1—21/111/1 = 0 yields ¢; = —1/4, and Y, < Py gives Y, = —1/4,
which concludes the proof =
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