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On the cyclotomic elements in K, of a rational function field
by
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and SHANJIE CHI (Qingdao)

1. Introduction. Let A be an abelian group and n a positive integer.
Write 4, = {a € A | a" = 1}. For a field F, let K2(F') denote the Milnor
Ka-group of F (see [§]). Tate [14] proved that if F' is a global field containing
the nth primitive root of unity (,, then

(B2 (F))n = {Cn, F™}

Suslin [I3] generalized Tate’s result to any field containing (,,. The condition
(n € F is restrictive. For example, K2(Q) is a torsion group having elements
of any orders by the Dirichlet Theorem, but only elements of order 2 in
K5(Q) can be described by the above result. So, we are led to a question:
For a field F' not containing (,, how to describe the elements of (Ko(F')),?

Browkin [I] considered cyclotomic elements in Ky(F), i.e. elements of
the form {a,®,(a)}, where @, (z) denotes the nth cyclotomic polynomial.
Let

Gn(F)={{a,®,(a)} € Ks(F) | a,Pp(a) € F*}.

It is proved in [I] that G, (F) C (K2(F)),. Now, the question might be
whether every element of order n in K3(F') can be written in the form
{a,®,(a)} (up to an element of order 2 if n is even), or for what n the
following is true:

(1'1) (KQ(F))n = Gn(F)

If n = 3, this is true for F' = Q by [I] and for any field F' with ch(F) # 3
by Urbanowicz [15]; if n = 4, it follows from [1I] for F' = Q and from [9] for
any field F' with ch(F') # 2 that every element of order 4 in K3(F') can be

written in the form {a,®4(a)}v where a € F* and v € Ko(F) with v? = 1.
Moreover, it is proved in [I] that if n = 1,2,3,4 or 6 and F' # Fy, then G,,(F')
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is a subgroup of Ky (F'). Browkin [I] proposed the following conjecture (see
[11], [I7] for more general formulations):

CONJECTURE ([1]). For n # 1,2,3,4,6 and any field F, G,,(F) is not
a subgroup of Ko(F'), in particular, G5(Q) is not a subgroup of K2(Q).

This conjecture implies that G,,(F) € (K2(F))n, that is, (1.1) is not true
in general. In other words, in the n-torsion of Ky(F'), there exists at least
one element which is not a cyclotomic element. However, the picture is not
quite as conjectured: in fact, the conjecture is not true for local fields, i.e.
the equality (1.1) does hold for local fields [18], [19], [5].

As for global fields, we pointed out in [I§] that the above conjecture
should be true. In fact, Qin proved in [10] that neither G5(Q) nor G7(Q)
is a group and in [9] that Gon(Q) is a group if and only if n < 2. Xu
[16] found that the conjecture can be reduced to a problem about rational
points of curves, and hence could prove by using Faltings’ Theorem on the
Mordell conjecture [3] that if n is an integer having a square factor and if
n # 4, 8,12, then the conjecture is true for any number field F'. By using the
results of Manin [7], Grauert [4] and Samuel [I2] on the Mordell conjecture
on function fields, a similar result can be established for function fields over
an algebraically closed field (see [17]). See [2] for recent work on this topic.

Unfortunately, the methods used for the above cases do not work for the
case of n square-free, in particular, they fail for n being a general prime
number > 5 even for the rational number field Q. So the unsolved part of
the conjecture, in particular for global fields, seems curiously difficult.

In this paper, for a prime number [, we investigate cyclotomic elements
in the l-torsion of Ky(F') for F' = k(x), the rational function field over k.
We prove that if [ > 5 is a prime number and ch(k) # 2,1, and if &;(z) is
irreducible in k[x|, then Browkin’s conjecture is true (see Theorem 2.1). The
proof depends on the fact that the field k(z) has a nontrivial derivation, so
it does not carry over to number fields.

2. Main results

THEOREM 2.1. Let I > 5 be a prime number and let k be a field with
ch(k) # 2,1. Assume that ®i(x) is irreducible in klx]. Then Gi(k(x)) is not
a subgroup of Ko(k(x)).

Proof. Suppose that G;(k(z)) is a subgroup of Ks(k(x)). Let

B = {w, @) Ho + 1,8z + 1)},
Then 5 € Gi(k(x)), so there must exist two coprime polynomials f, g in k[x]
with f(z) monic such that

B=A{f/9.2(f/9)}
We will prove that this is impossible.
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We use the symbol p to denote a prime in k[z]. By the definition of the
tame symbol 7, we have

vp(P1(f/9))
({19, 0(F/9)}) = (~)»U/9m(519) g/(?/g»vp 7 (mod p)

_ { (/)@ D) (mod p) if vy(f) = vp(g) = 0,

1 (mod p) otherwise,

where @;(f,g) := ¢ &;(f/9).
We claim that if vy (f) = vy(g) = 0, then

(L1010 = | Ténﬁzj) Y \Tz:?@l( >)>)’

D1(f, 9
In fact, if 1| vy(Pi(f,g)), then clearly 7,({f/g,P:i(f/g)}) = 1 (mod p).
Now, suppose that I { ve(P(f,9)). If 7({f/9,P:1(f/g)}) =1 (mod p), that
is,

(f/9)* "9 =1 (mod p),

then in virtue of (I,v,(®;(f,9))) = 1 we know that f/g =1 (mod p), that
is, f = ¢ (mod p). Hence, from [ { vy(P;(f,g)), we know that

plDi(f,9)=1g'"" (mod p).

So p| g, which contradicts vy (g) = 0. Hence, 7,({f/9,?1(f/9)}) # 1 (mod p).
Secondly, since @;(z) and @;(z + 1) are both irreducible in k[x], we have

z (mod &(x)) if p=Pi(x),
n({f/9:2(f/9)}) = ™ (B) = { z+1 (mod &y(x +1)) if p=dy(z+1),
1 (mod p) otherwise.

Comparing the above computations, we find that the value vy, (®;(f,9))
is either nontrivial at the primes @;(z) and @;(x + 1), i.e

vp(@i(f, 9)) # 0 (mod 1)

for p = &y(z), @i(x + 1), or [ | vy(Py(f,g)) for primes p other than @;(x) and
@l(l' + 1)

Hence, we conclude that there exist integers ey, eg satisfying 1 < ej,eq <
[ — 1 such that

(2.1) (f,g) = ad(z) ) (x + 1)°2h!

for some « € k.

Now, we will determine upper bounds of the degrees of f and g. We
write (2.1) as

(2:2) ' =g = a(f — g)®i(x) &y + 1)20.
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Differentiating, we get

(23) WS =gdh)
= ady(x) ' By (x + 1) — o )Bi(@) (4 1D
+e1(f — 9)P)(x)Pi(x + 1)h + ea(f — g)Pi(x)P)(x + 1)k
+1(f — 9)Pi(z)Py(z + 1)H].
From (2.2), (2.3) and the equality
W (f'=g) =g -1 =g d ™) =1 fd = gf),
we deduce that
(2.4) By(x) by (x + 1) fg - gf

since (f,g) = 1.

Let deg f = 0, degg = n and degh = A. Since &;(x,y) is a symmetric
polynomial, we can assume that 8 > 7.

First, we assume that fg' — gf’ # 0.

Obviously deg @;(f,g) = (I — 1)6. Hence from (2.1) and (2.4) we get

(2.5) (1—=1)0 =X+ (e1 +e2)(l - 1),

(2.6) (=D +€e1—1)+(e2—1)] <O0+n—1.

From (2.5) it follows that [ — 1| A. Let A = (I — 1)A;.
Cram. A =0.

Eliminating e; and e from (2.5) and (2.6) we obtain
(2.7) (-1)0—-2)—A<0+n—1.
Since e; > 1 and ez > 1, from (2.6) we deduce that

(—DA<O+n-—1.
Hence (2.7) implies

(z—1)(0—2)§(9+n—1)(1+1> <(20—-1)——.

-1 -1
Consequently,
(1—-1)%6—2) <216 —2) + 3,

SO

0—2<37l<3 forl>5

—(l-1)2%2-2 -
It follows that 8 < 5, and so
A 20 — 1
Al < 9 <1 forl>5.

B R (EE A (RS )Y

Hence A1 =0, so A =0, as claimed.
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Now (2.5) and (2.7) simplify to
(2.8) O=e +e, (—1)(0-2)<0+n—-1<20-1.

Cram. If0 > 2, thenl =5 and 0 = 3.

From ej,ep > 1 it follows that 6§ > 2. If § > 2, then, by (2.8),

20 — 1 3 =6 if =3,
l<1+9—2:3+0—2{<5 if 6> 3.

This proves the Claim.

CASE 6 = 2. Then e; = e =1 and (2.1) takes the form
(2.9) Pi(f,9) = a®i(z)Pi(x + 1),

where deg f = 2 > degg. Note that f({)g(¢) # 0 when ¢ = (. From (2.9),
we have

9(9) f(©)

=, 7=Cl_r, for some 1 <r <[-—1.

f(©) 9(¢)

Therefore, ¢ is a root of two polynomials:
F(z) =2"f(z) — g(x) € k[x] of degree r + 2, and
G(z) = f(z) — 2! "g(x) € k[z]  of degree <1 —7r42.
Hence
(2.10) @y(z) | F(z) and &(x)|G(x),
since @;(z) is irreducible in k[x]. Clearly, F'(z) # 0.
If G(z) = 0, then f(z) = 2!=" = 22 and g(x) = 1, since (f,g) = 1 and
f(x) is monic of degree 2. Consequently,
Bi(f,9) = @iz, 1) = Pi(z”) = P (2)Py(—2).
From (2.9), we have @;(—z) = &;(z + 1). The computation of both sides
leads to the following equalities in k:
I+1=0, [+1=2,
so 2 = 0, which is impossible since ch(k) # 2. Therefore G(z) # 0.
Now, from (2.10), we get
(2.11) [—1<r+2 and [ —-1<[—7r+2.

Hence [ < 6, s01 =5.
Substituting [ = 5 in (2.11) we obtain 2 < r < 3. If r = 3, then [ —r =
5 —3 =2, so we get from (2.10) the following divisibilities:

(2.12) ®s(x) |22 f(x) — g(x) or @s(x)|f(x) —a?g(x).
From (2.9) it follows that
g =1 = (°, fe=1 =¢!=*, forsomel<s<[—1.

f(¢=1) 9(¢—1)
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Proceeding as above we obtain the following divisibilities:

(213) Ps5(2)|2*f(z—1) —gle —1) or P5(x)|f(z—1) —a?g(z —1).
When the second divisibilities in (2.12) and (2.13) hold, we have deg g = 2.

Since all polynomials in (2.12) and (213) are of degree 4, and f(z) is
monic, we have

(2.14)  P5(z) = 2?f(2)—g(x) or  —cd5(x) = f(z)-a2?g(x),
(2.15) Ps(z) = 22 f(x—1)—g(x—1) or —cbs(x) = f(z—1)—2%g(z—1),

where c is the leading coefficient of g(x).
The formulas (2.14) and (2.15) lead to the following four cases:

L. &5(x) = 2 f(z) — g(z) = 2> f(z — 1) —g(z — 1).
Hence 2%(f(z) — f(z — 1)) =
deg(g(x) — g(x = 1)) < degg(z) <

2. —c@s(x) = f(z) —a?g(x) = (x —1) —2%g(z - 1).
Then f(x)— f(z—1) = 2?(g(z) — g(x —1)). This leads to a contradiction,

since deg f(z) = deg g(z) = 2 implies that f(x) # f(x — 1), g(z) # g(x — 1)
and deg(f(z) — f(z —1)) < 2.

3. &5(z) = 22f(x) — g(v) and —c®5(x) = f(x — 1) — 2%g(x — 1).

From the first equality it follows that f(z) = 2% + 2 + (1 — ¢). Then the
second equality gives —c(x + 1) = f(x — 1) (mod z?). This is impossible,
since f(x —1) =22 —2+ (1 —¢c) = -2+ (1 —¢) (mod z?).

4. &5(z) = 22f(x — 1) — g(x — 1) and —cP5(x) = f(x) — 2%g(x).

From the second equality it follows that g(x) = cz? + cx + (¢ +1). Then
the first equality implies that x+1 = —g(x—1) (mod x?). This is impossible,
since g(z — 1) = cax? —cx + (c+ 1) = —cz + (¢ + 1) (mod 2?).

Thus, in all four cases we get a contradiction.

CASE # =3, 1 =05.

1. Assume that n =60 =3, e; + e2 = 3.
1.1. e1 = 2, eo = 1. Similarly, we get

f=Gg=08k—@Pa+1-¢). Bek)
where 1 <1¢,7 < 4. Let
f=azd +bx® +ax+d, g=ar®+byx? + cox + dy,
where a1,b1,c1,d1,as,b2,co,ds € k and ajas # 0. Then
(a1 = Gsaz)z® + (b1 = Gsba)a? + (e1 — Gsea)a + (di — Coda)
=Bl + (1= ¢ = 262" + (2657 = 26, + (a + (G = )],

( ) — g(x — 1). This is impossible, since
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where 1 < 7,7 < 4. Equating the coefficients, we have
(a1 — b1) + (ba — a2)(s5 — 2a1¢f — alC5 + 202 + axd T =0,
1 — 2G5 — 2a1¢E — 202t — a1 — 2015 + 2020 + ap B =0,
—daGs — a1 + a1 S + @ — G =0,

where 1 <14,j < 4.

1.1.1. If ¢ = j, then a contradiction is obtained by checking the cases
1=1,2,3,4 directly.

1.1.2. If i # j, we get a similar contradiction.

1.2.e1 =1, eg =2. Then

f=Gyg=B—E)a+1-¢)P Bek(G)
where 1 < 4,j < 4. Similarly we have
(2a1 — by) + (b2 — 2a2)G5 — a1Ch — 2a1¢L + azCE™ + 200t =
(a1 —c1) + (ca — a2)(s — 2a1C5 — 2a1C5 + 2(12CZ+1 + 2a2Cg+1
+ a1(5 + 2a1C5+J — a2C52]+1 — 2@2C§+j+1 =0,
dy —daGs + a1t — aaCi —2a1 T + 20200 + a1 VT - ap (P = 0,
where 1 <17,5 < 4, a similar contradiction.

2.2=np<0=3,e1 +exa=3.
2.1. e = 2, eo = 1. Similarly we have

f=Gg=B—-EP@+1-¢), Bek)
where 1 < 14,5 < 4. Let
f=az® +bi2® + iz +di, g =box® + cox + da,
where a1, b1, c1,dy, b2, ca,do € k and a1by # 0. Similarly we have
(a1 — by) + baCs + 2a1¢E — a1l =0,
c1 — cols + 2a1CE — 2a1Cé+j —a13 =0,
— dyGs — a1 + ar (3 =0,

where 1 <4,j < 4, a similar contradiction.
2.2.e1 =1, eg = 2. We have

(2a1 — by) + baGs — arCh — 201 = 0,
(a1 — c1) + €265 — 201G — 201 + a1 (P + 201 =0,
—doGs + a1 — 201G + ar T =0,

where 1 < 4,7 < 4, a similar contradiction.
In summary, the equality (2.1) does not hold if fg’' — gf’ # 0, So we
conclude that Gy(k(z)) is not a subgroup of Ky(k(x)) if f¢' — gf’ # 0.



216 K. J. Xu et al.

Now, we consider the case of f¢’ — gf’ = 0. In this case, we must have
ch(k) # 0. Indeed, if ch(k) = 0, then from f¢' —gf' =0 and (f,g9) =1, we
have f|f  and g|¢'. So f' = ¢’ = 0, since ch(k) = 0. Thus f and g are both
nonzero constants. Hence

Usl"l(ac) (d)l(f7 g)) = 07
a contradiction.

Assume that ch(k) =p # 0 and fg' — gf' = 0. Then from (f,g) =1, we
have f' = ¢ =0, so, as is well known, we have

f(@) = fi(a?),  g(x) = g1(a"), for some fi(z),g1(x) € klz].
Hence, differentiating (2.1), we have
0 = W0 @ (2) &y (2 + 1)
W er®(2)" " @) By + 1) + eady (@) By + 1) (o + 1)),
So we get
0= IW&)(x)P)(x + 1) + hle1®)(x)P(x + 1) + ea®Py(x)P)(x + 1)].
If ' # 0, then &(z)®;(x + 1) | h. Let h = hy - &;(x)P;(x + 1). Then
0 =1[h P (2)Dy(x + 1) + hi(Py(2) Py (x + 1))@y (2) Py (x + 1)
+ @y (2)Pi(z + 1)[e1®)(2)Pr(z + 1) + e2®y(2) Py (x + 1)].
So
0 = I[hPy(2)Dy(x + 1) + ha(Di(2)Pi(z + 1))]
+ hie1®y(z)Py(z + 1) + e2dPy ()P (2 + 1)]
= W ®)(2)P)(z + 1)
+ h[(L+ e1)P)(x)Dy(z + 1) + (I + e2) Py (x)P)(z + 1)].
Repeating this procedure, we get a nonzero polynomial h,, € k[z] such that
h = (®(x)Py(z + 1))™hy,  with A, =0, m >0,
and that
0= (ml+e1)®)(x)P)(x + 1) + (ml + e2)Py(z)P)(z + 1).

Since @)(z)P;(x + 1) and &;(x)P)(x + 1) are linearly independent over k, we
have the following equalities in k:

ml+e; =0, wherej=1,2.
So, as integers, we can write
ml+ej = pe;-, where j =1, 2.
Hence, the equality (2.1) becomes
@ (f1(2P), g1(2P)) = o/ By (xP) i Py (aP + 1)°2.
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Let X = «P. Then
(LX), 1(X) = /By (X) I i (X +1)°%.
Repeating the above discussion we will stop at the sth step, that is,
f@) = fs(a™),  gla) = gs(a™),

with fs(x),gs(z) € k[z] satisfying fsg. — flgs # 0, such that

s s s\ (8) s (s)
P(fs(a? ), gs(a?)) = o' Pya? )1 Py(a? +1)%2 .

Let X = zP°. Then
(s) (s)
(2.16) D(fs(X), 9s(X)) = o'P(X) " Py(X 4+ 1)%

with fs(X)g;(X) - f;(X)gs(X) 7é 0.
Let 65 = deg fs and s = deg gs. Then

(2.17) 0, = e\ + e,
(2.18) 1—1)(el + el —2) <20, — 1.

From (2.17), (2.18), much as from (2.5), (2.6), we can prove that if 05 > 2,
then ! = 5 and 6, = 3. A similar discussion for (2.16) leads to a contradiction.
If 6, = 2, then the discussion is also similar. =

REMARK 2.2. From Izhboldin [6], we know that if p is a prime number
and F' is a field with ch(F) = p, then (K3(F)), = 1. Hence, the condition
ch(k) # [ in Theorem 2.1 is not unnecessary.

COROLLARY 2.3. Let ! > 5 be a prime number. Then Gi(Q(x)) is not a
subgroup of K2(Q(x)).

COROLLARY 2.4. Assume that F is a number field and 1 > 5 is a prime.
If FNQ(¢) = Q, then Gi(F(x)) is not a subgroup of Ko(F(x)).

Proof. It is well known that

[F(Q) : F] =[F-Q(q) : F] =[Q(¢) : FNQ(Q)] = [Q(¢) : Q] =1 - 1.
Hence @;(z) is irreducible over F'. m

Clearly, if a prime number p does not ramify in F, then F N Q(¢;) = Q.
For a cyclic extension F'/Q of degree n, according to Chebotarev’s density
theorem, the density of rational primes [ which are inert in F' is ¢(n)/n,
where ¢ is the Euler function.

COROLLARY 2.5. Letl > 5 be a prime and d square-free. If d # 1* :=
(—=1)=D721 then G(Q(Vd)(x)) is not a subgroup of Ko(Q(Vd)(z)).

Proof. In Q((;), there is only one quadratic field Q(v/7*), so if d # I*, we
have Q(vd) NQ(¢) = Q. =
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As for cyclotomic fields, we have

COROLLARY 2.6. Letl > 5 be a prime and m a positive integer. If 11 m,
then G1(Q((m)(x)) is not a subgroup of Ka2(Q((m)(x)).

Proof. Tt follows from [ {m that Q(¢n) N Q(¢) = Q) = Q. =

COROLLARY 2.7. Let l,p be different odd primes with | > 5. If p is a
primitive root of 1, then G|(Fp(z)) is not a subgroup of Ko(Fy(z)).

Proof. 1f [ is a primitive root of p, then p (mod!) has order [ — 1. As is
well known, this implies [F,(¢;) : Fp] =1 — 1, so &;(z) must be irreducible
over ). m

It is very easy to find concrete primes satisfying the condition of Corol-
lary 2.7. For example, 3 is a primitive root of 5.

COROLLARY 2.8. Letl > 5 be a prime number and let k be a field with
ch(k) # 2,1. Assume that &;(x) is irreducible in k[x]. Then in the l-torsion
of Ko(k(z)), there exist at least two elements which are not cyclotomic,
in other words, there exist at least two elements in (Ka(k(x))); which cannot
be written in the form {a,®;(a)}, where a,®j(a) € k(zx)*.

Proof. Note that {a,®;(a)}™' = {a™!, &;(a”1)}. u
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