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1. Introduction. Let w = (x,),>1 be a sequence of real numbers and
let f: R — C be periodic with period 1 and integrable over [0, 1]. We say
that f is of bounded remainder (with respect to w) if the sequence

N 1
(s - N swyr)

is bounded. In this paper we investigate the classical case w = (na)p>1,
a € [0, 1] irrational, more closely.

Let c4 be the characteristic function of a set A and {z} = = — [z] be the
fractional part of the real number x. For NV given define

Dy(w) = su ‘ c xn}) — Nz|,
N( 0<mgl Z [0,2) { n}
the so-called *-discrepancy of the sequence w = (zp)p>1. Let f : R — C
be periodic with period 1 and of bounded variation V' in [0, 1]. Then a well
known theorem by Koksma ([27, p. 143]) says that

N 1

|3 fan) = N f() da| < VDi (@),

n=1 0
For every sequence w this inequality is best possible. On the other hand,
there may exist, for w given, a large class of functions f of bounded varia-
tion for which the left hand side is much smaller than the right hand side.
Note that the right hand side is never bounded above for infinitely many N
(except when f is constant); but the left hand side may be bounded.
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The concept of functions of bounded remainder was first introduced by
P. Liardet in [29]. See also [2]. We refer the reader to [13] for the cases of van
der Corput sequences and to [23] for a g-adic transformation sequence. For
the concept of functions of bounded remainder for multi-dimensional (na)-
sequences the interested reader may again consult [29]. Here we restrict our-
selves entirely to the one-dimensional case of (na),>1-sequences, where a €
[0,1] is irrational. We say that a periodic function f: R — C with period 1
is of bounded remainder with respect to « if it is integrable over [0, 1] and

1

N
]svuzpl ’ ;f({na}) - N(S]f(a:) daz‘ < 0.

We denote by By the set of all irrational a’s for which f is of bounded
remainder with respect to a. For a good overview of the whole subject for
(na)-sequences the reader is referred to [21].

Let {2 denote the set of real irrational numbers. Throughout the paper we
use the term “periodic” instead of “periodic with period 1”. For f: R — C
and y € Rlet L, f(z) = f(z+y).

If f is an arbitrary function in L°°, the question whether o € B does not
make much sense: we could alter f at the countably many points {an}, n>1,
thereby changing By, without changing the class of f. In order to exclude
pathologies it is also desirable that By = By, ; for all x € R; this condition
comes from the fact that the sequences (na),>1 and (na+x),>1 have about
the same discrepancy and hence for “reasonable” functions f with mean 0
over [0, 1] the sequences (ZnN:1 f(na))n>1 and (Zﬁ:}:l f(na+z))Nn>1 should
not differ to such an extent that one is bounded while the other is not. Hence
we restrict ourselves to the smaller class of so-called regulated functions
[10]. Recall that f: R — C is called regulated if there is a sequence of step
functions which converges uniformly to f on all compact subsets of R. In
case f is periodic we may assume in addition that these step functions are
again periodic. Equivalently, a function is regulated if and only if for every
z € R both limits f(z—) := limy_.z t<p f(t) and f(z+) = lmy_z 50 f(T)
exist. The vector space of regulated periodic functions is a Banach space

with the topology of uniform convergence. We denote by || - ||y the norm on
this space.
For a € 2 let [ap; a1, az,...] be the continued fraction expansion with

convergents p,/qn, where p_o = 0, p-1 = 1, g2 = 1, g1 = 0, p, =
AnPn—1 + Pn—o and ¢, = anqgp_1 + qn—2 for n > 0. Let us now consider the
following example.

EXAMPLE. For a € {2 and x € R put

oy = { /e o = fama) £ 12

0, else.
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Then the function f is regulated and even continuous at 1/2. Nevertheless,
a € By \BLl/Qf, hence By # By s in general.

This example shows that even within the class of regulated functions
the concept of By is not quite appropriate. For this reason we have finally
to restrict ourselves to periodic regulated functions with only finitely many
discontinuities in [0, 1].

We note that if f and g are such that the set of all x € [0,1) with
f(x) # g(x) is finite, then By = By,.

The aim of this paper is to determine the set By for a given regulated f
with only finitely many discontinuities in [0, 1]; this can be done in two steps.
First, if f can be written as a sum of a periodic continuous function g and a
periodic step function h then By = B;NBy,; otherwise By = (). This is proved
in the last section of this paper. There is also a simple (and almost obvious)
criterion for the existence of such a decomposition. Hence the whole problem
is reduced to step functions and to continuous functions. If f is a step func-
tion, By was first determined by Oren [33]. Corollary 3 in the next section
provides a more transparent criterion. These results are not Diophantine in
nature; roughly speaking, they tell us that o € By if and only if the lengths
of the intervals where f is constant are in the additive group generated by 1
and «. This changes drastically if f is continuous. All known results suggest
that whether a € By or not depends on approximation properties of o by
rationals (i.e. on its continued fraction expansion). We know nothing about
these approximation properties for general continuous functions f but there
are some results for functions which are smooth in some sense. Several rel-
evant references are given in Section 4. In that section we also develop a
method by which one is able to find By if f is a primitive of a function of
bounded variation. In Section 5 we test our method on some examples.

The whole matter is closely connected with the cylinder flow over an
irrational rotation: let o € £2 and S! = R/Z the one-dimensional torus, and
let us identify o with its residue class a+Z in S*. The group Z acts on S* via
r.g=x+ga (x € St, g € Z). Let f : S — C be a Borel measurable function
with mean 0. Then vy : S x Z — C with vy(z,n) := >, _, f(z + ma) is
a so-called cocycle, as for g,h € Z and x € S* we have the cocycle property
v(x,g) +vs(x.9,h) = ve(z,g+h). The function f is completely determined
by vg, as ve(z,1) = f(x) for all z € S'. Hence in our setting we may
also call f a cocycle. A cocycle vy (and the corresponding f) is called a
coboundary if there exists a Borel measurable function w : S' — C such
that vs(z,g) = w(z.g) —w(x) for a.e. (v,9) € S* x Z (or, what is the same,
f(z) = w(z + a) — w(z) for almost all x € S'). Two cocycles fi, fo are
called a-cohomologous if they differ by a coboundary only. In case f is a
coboundary the corresponding function w is called a transfer function.
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Associate to any such cocycle the skew product (cylinder flow) ¢y :
St x C — S xC, ¢f(z,y) = (¥ + a,y + f(x)). Note that in the notation
above, for n > 0,

n—1

Of(z,y) = (:U +no,y + Z flz+ ioz)) = (z.n,y +ve(z,n)).
=0

There is a vast literature on the question whether ¢ is ergodic. The inter-
ested reader may consult e.g. [1], [15], [21], [24], [30] or [40] and the references
there. By a theorem in [40], if f; is a-cohomologous to fa, then ¢y, is er-
godic if and only if ¢y, is. For more general situations the reader may again
consult [40]. It is easily seen that for f continuous and a € By, ¢f cannot
be ergodic.

A classical theorem by Gottschalk and Hedlund [16] in topological dy-
namics says (in our special case) that for periodic continuous f with mean 0
we have a € By if and only if f is a coboundary in the sense that there exists
a periodic continuous transfer function g, that is, f(x) = g(x +«a) — g(z) for
all x e R.

Apart from the space of continuous functions there are other spaces
for which such a coboundary theorem holds (that is, the transfer func-
tion lies in the same space as f). Assume that f is periodic, has mean 0,
Felr(0,1]) (1 <p<o0), a€ 2, Fy(x) =30 flz+na) and ||Fy||,
is bounded. Then there exists a periodic function g € LP([0, 1]) such that
f(z) = g(x + ) — g(x) almost everywhere. This has first been noticed by
Browder [11] and by Browder and Petryshyn [12] in a more general set-
ting. The reader is also invited to consult [1] and [29]. For the space of
r-times differentiable functions f the reader is referred to the papers by
Herman [25] and Veech [42]. If f is a periodic step function, the correspond-
ing coboundary theorem has been proved first in [33] by an interesting ab-
stract argument.

2. A coboundary theorem. The following proposition shows that if
[ has only finitely many discontinuities we have By = By s (in order to
avoid the unwanted example in Section 1). The first part of the following
proposition—which is essentially taken from [29]—is based on the cocycle
property.

PROPOSITION 1. Let a be irrational, c,xo real numbers, f : R — C be
periodic and Riemann integrable over [0,1], Fy : R — C,

N 1
Fyn(z) =) flx+na)— NSf(x) dx
n=1 0

and assume that sup 1 |Fy(z0)| < c. Then for allp > 1 (including p = oo)
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we have ||Fn||p, < 2c. Finally, if f is requlated with at most finitely many
discontinuities in [0, 1), then |Fx||u s uniformly bounded.

Proof. We may assume that S(l) f(z)dr = 0. As (zo+am),,>1 is uniformly
distributed we get
1

1
S\FN(m)wx:A}iian |Fn (0 + am)P

M=

0
M N+m m »
- N}@mn;\ ; f(mo+na)—;f(fvo+na)‘
M

Hence (||Fn||p)nv>1 is bounded independently of p. Passing to infinity we get
the result also in the case p = oo.

As for the last assertion we assume first that f is left continuous. Then
IFN]|co = ||FnN|lw and we are done in this case. From this the general case
is easily deduced.

Proposition 1 implies that for all z € R and f as above, By = By .

The following proof is a generalization of the corresponding proof in [16].
We note that the method applies to more general situations; the mapping
f in the proof below could be replaced—as long as f is periodic, regulated,
right or left continuous and has only finitely many discontinuities in [0, 1]—
by any orientation-preserving homeomorphism of S* such that for all x € S*,
{0™(z) | n € Z} is dense in S*.

THEOREM 1. Let f : R — C be a periodic requlated function which is left
(resp. right) continuous and which has only finitely many discontinuities in
[0,1]. The following assertions are equivalent:

(1) a€B f

(2) There exists a periodic regulated function g : R — C which is left

(resp. right) continuous and has only finitely many discontinuities
in [0,1] such that for all x € R,
1
f@) =\ f(2)de = g(x + @) — g(x).
0
Any two periodic requlated solutions of this functional equation differ by a
constant.
Proof. We may assume that S(l) f(x)dx = 0.

As (2)=(1) is trivial we restrict ourselves to the converse assertion and
assume that f is left continuous. Let S* := R/Z, f : S' = C, f(zx + Z) =
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f(x), 0 : 8" - S 6x+7Z) =x+a+7Z for N>1, Fy : S! — C,
Fu(z) = SN F(0" (@) and ¢ 81 <€ — S'C, p(z,y) = (0(z), y+ F(2)).
Note that ¢ is a bijection and that ¢"(z,y) = (0™(z),y + F,(z)) for n > 0.

Let (an)n>1 be a sequence in S 1 convergent to a. We say that it tends
to a from the left (resp. right) if for n > 1 there are z,, € a,, and = € a such
that (2 )n>1 tends to x and z,, < x (resp. z, > ). Note that this concept
does not depend on the choice of z,, and z. If (ay),>1 tends to a from the
left (resp. right), then (6(an))n>1 tends to 6(a) from the left (resp. right).
If (an)n>1 converges to a € St from the left (resp. right and = € a), then
(f(an))n>1 converges to f(a) (resp. to f(a+) := f(z+)) independently of the
choice of (ay)n>1 (resp. and of ). For n > 0 let Fy(a+) = S0 f(6(a)+).

We say that a subset B C S x C has the property () if B # 0, B is
compact and (a,b) € B implies that (6"(a),b+ F,(a)) € B for all n > 0 or
(0™(a),b+ Fy(a+)) € B for all n > 0.

For the reader’s convenience we outline the plan of the proof and how
it differs from the case when f is continuous. The closure of the (positive)
orbit B(z,y) of (z,y) € S' x C under ¢ and the closure of the orbit of
the corresponding ¢t—when f is replaced by z — f(z+)—both have the
property (x). Zorn’s lemma implies again the existence of a minimal subset
By with the property () but in contrast to the continuous case it is no
longer the graph of one function but the union of two graphs of functions g
and h which differ only at the discontinuities of f. The function g has the
desired properties, while h would satisfy f(z+) = h(z + ) — h(z).

Let us first prove that the closure B(xz,y) of {¢"(z,y) | n > 0} has
the property (x) for all (z,y) € S x C. Note that by our assumption on
« and by Proposition 1 this set is compact and clearly not empty. Assume
that (a,b) € B(x,y). Then there exists a non-decreasing sequence (n;);>1 of
positive integers such that a = lim;_,o 0™ (z) and b = y + lim; oo Fp; ().
There exists a subsequence (n;, )x>1 such that (6" (z)),>1 tends to a from
the left or from the right. We may assume that this is the original sequence.
Note that 6(a) = lim;_, 6" () and lim; .o f(0" (z)) = f(a) or f(a+).
Hence

b+ fla) =y + lim Fyp () + lim f(0" (2)) =y + lim F, 41(x)
j—00 j—00 Jj—00
or

b+ fla+) =y + lim F, (2) 4+ lim f(0" (x)) =y + lim F, 11(2).
j—00 J—00 J—00
Thus it is proved that (6(a),y + f(a)) € B(z,y) or (8(a),y + fla+)) €
B(z,y), where the first (resp. second) case happens if (6™ (x));>1 tends to
a from the left (resp. right). As (0" (z));>1 tends to 0(a) from the same
side we can repeat the argument again and again.
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Analogously the closure BT (z,y) of {(6™(z),y + F.(z+)) | n > 0} has
the property (x).

Next we consider the set B of all subsets of B(z,y) which have the
property (x). Let B’ be a non-empty subset of B which is totally ordered with
respect to inclusion and let B’ = (\z.p B. Then clearly B’ is compact and
again not empty. Let (a,b) € B', By = {B € B' | ("(a),b+ F,(a)) ¢ B for
some n > 0} and By = {B € B’ | (6"(a),b+ F,(a+)) ¢ B for some n > 0}.
We prove that one of these two sets is empty. If not, choose B; € By and
By € By. If By C By, then (0™(a),b+ F,(a+)) € By C By foralln >0, a
contradiction. The other case is absurd for a similar reason and hence the
assertion is proved. If By = 0, then (0"(a),b + F,(a)) € B’ for all n > 0.
Otherwise (0™(a),b+ Fy(a+)) € B for all n > 0. Zorn’s lemma implies the
existence of a minimal subset By of B(z,y) with the property (x).

We note that for (a,b) € By we get either B(a,b) C By or B (a,b) C By,
hence by the minimality of By either By = B(a,b) or By = B*(a,b).

Next we prove that for all a € S! there exists exactly one b € C
with B(a,b) = By. Let (ag,bg) € Bg. There exists an ng such that f
is continuous at 6"(ag) for all n > ng. Replacing ag by 6" (ap) if need
be we may assume that f is continuous at all the points 6"(ag). Then
B(ag,by) = BT (ag,bp) = By. There exists a sequence (n;j);>1 such that
(0" (ap));j>1 tends to a from the left. The sequence (Fy,(ap));j>1, being
bounded, has a convergent subsequence. We may assume that the original
sequence converges. Put b := by + lim; . [, (ag). Then (a,b) € B(ao, bo)
= By. As (60" (ag));>1 tends to f(a) from the left, we can repeat this
argument and get B(a,b) C By, hence By = B(a,b). Assume now that
B(a,b) = B(a,b+3) = By. Let 15 : St xC — S x C, vg(z,y) = (z,y+ ).
Then it is clear that 1g o ¢ = ¢ o3, hence Yg(B(z,y)) = B(¢g(z,y))
for all (z,y) € S' x C. Our assumption implies ¢3(By) = By and hence
Yn(Bo) = 7/1g(BO) = By for all positive integers n, which is impossible for
B # 0 as the union over n of the left hand side is unbounded.

Analogously for every a € S! there exists exactly one b € C with B (a, b)
= By. Hence there are two functions g, h : S — C such that for all z € S!
By = B(z,g(x)) = B"(x,h(z)). Note that this implies g(#(z)) = g(z) +
f(z) and h(f(x)) = ( ) + f(z+) for all z € S'. Define g,h : R — C by
g(x) = g(z + Z) and h(xz) = h(z + Z). Then g and h are periodic and
gz +a) = ()+f() h(z + a) = h(z) + f(z+) for z € R.

The set D := {0"(ap) | n > 0} is dense in S! and has the following
property: for all a € S! and all sequences (a;)j>1 in D which tend to a
from the left, (g(a;));>1 tends to g(a) (as this sequence cannot have two
different accumulation points according to the above). This implies that for
any sequence (a,)p>1 which tends to a from the left, (g(an))n>1 tends to
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g(a). Hence g is left continuous. Similarly & is right continuous. Now again
the complement D’ of | J,,~, 6" (F), where F is the set of discontinuities of f,
has the property that it is dense and that h|D’ = g|D’. Hence if (ay)n>1 is
any sequence in S' which tends to a given a € S* from the right, (g(an))n>1
tends to h(a). This implies that g is regulated. Similarly & is regulated.

_ Assume now that there are infinitely many zj € St with 0y, == g(ay) —
h(zr) # 0. Then there exists an ny € Z; with 0™ (z;) € F. We may
assume that k is so large that 6~ ”k*"(F) NF = ( for n > 0. Note that
F(0~(2)) = g(2) —g(0"(x)) and f(§~"(x)+) = h(z) — k(6" (z)). Then for
n > 0,

FOT" (@) = (07" (zx)) — 907" (ax),

FOT Hap)+) = RO () — (07" (zx)),
) =

and hence g(0~"(x1)) — h(0~"(x1)) = (0" Y(zx)) — h(0~" (). There-
fore 0, = g(0~"(zx))—h(0~"(zx)) for n > 0, which implies that g(z)—h(z) =
0, for all z in a dense set. This is a contradiction.

Finally, let us prove uniqueness. Assume that ¢ and h are two such
functions with f(x) = g(x + a) — g(x) = h(x + a) — h(z). Then g — h has
periods 1 and «, hence the group of periods contains Z+ «Z and so is dense.
As g — h is regulated, g — h is constant.

COROLLARY 1. Let f : R — C be a periodic requlated function which is
left (resp. right) continuous and which has only finitely many discontinuities
in [0,1], and let g : R — C be a regulated periodic function such that f(zx)—

Sé f(z)dx = g(x + ) — g(x) for all x € R. Then g has only finitely many
discontinuities in [0, 1].

Proof. This follows immediately from Theorem 1.

COROLLARY 2. Let f : R — C be a periodic requlated function which
has only finitely many discontinuities in [0,1]. The following assertions are
equivalent:

(1) o€ Bf.
(2) There exists a periodic, bounded and integrable function g : R — C
such that f(x) — S(l) f(x)de = g(x + a) — g(x) for all z € R.

Proof. We may assume that S(l) f(z)dx =0.
As (2)=(1) is again trivial, we prove the converse. Put f(x) = f(z—).

Then f is left continuous, regulated and f(x) = f(z) for all z with at
most finitely many exceptions in [0, 1]. Hence o € Bs. By Theorem 1 there

exists a left continuous regulated function g : R — C such that f(z) =
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g(z + o) —g(z). Put
g9(x) =g(x) - i(f(fc +ia) — f(z +ia)).
i=0
As f has only finitely many discontinuities, the sum is finite for every x and
9z + o) =g(z +a) - i(f(ﬁia) — [z +ia)).
i=1
This implies Z

g(a +a) = g(z) =g(z + ) = g(z) + (f(2) - f(z)) = f(2).
If ¢ is an upper bound for | f|, [g| and for the number of discontinuities of f,
then 2¢? + ¢ is an upper bound for |g]|.

REMARKS. (1) Uniqueness in Corollary 2 is no longer true, as together
with g also g+ h is a solution of the functional equation f(z)— S(l) flx)dx =
g(x 4+ a) — g(x), when h is any bounded function with periods 1 and a.

(2) Corollary 2 is no longer true if we demand that g should also be
regulated. For example let zy € [0,1) and let a € C*. Put

fla) = {a, {z} = 0,

0, else.
Clearly By = (2. Assume that g : R — C is regulated and that in addition
f(x) = g(x + @) — g(x). Then g(na + x) — g(x) = a 3375 Cuo—katz(z) and

hence for n > n,,
a, r€x9g—aly+7Z,
+x)—glx)=
glna+2) = g(x) {0, v & x0—aly + 7.

If we let {na} tend to 1 — z from the left we see that g attends exactly two
values, both on dense sets, which is impossible if g is regulated.

Nevertheless, g = —aczy—qz, is bounded and has the property that
9@ +a) —g(z) = f(2).

In the next corollary we prove that Theorem 1 also implies general-
izations of various known results. Hecke [19] and Kesten [26] have proved
that for f(z) = cjg({z}) (0 < B < v < 1), By consists of all a’s for
which v — 8 € Z + Za. It has also been noticed in [14] that for f =
Clyy+B8)+Z — Cly' y/48)+25 @ € By if and only if 8 € Z+aZ or y—+' € Z+aZ.
More generally, Oren [33] was the first to find a necessary and sufficient
condition for o € By if f is a step function. He proved that o € By if and
only if >, ./ (f(z + ka+) — f(z + ka—)) = 0 for all z € R. Here we prove
another such equivalence. The reader is also invited to consult [32, Theorem
3.1] and for ergodicity the papers [1], [15, Section 1.5] and [34].
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COROLLARY 3. Assume that o € §2. The complex vector space of peri-
odic step functions with o € By is generated by the functions of the form
cr+z, where I C[0,1) is an interval whose length is in Z + oZ.

Proof. Let G :=Z + aZ and assume that I C [0, 1) is an interval whose
length is in G. Then by the Hecke theorem, a € B.,. For completeness we
give a short proof. We may assume that I is of the form [0, 3) and g = {na}
for some n > 0 (otherwise consider 1 — cr47). With g(z) = = > {z —ia}
we have g(z + o) — g(z) = cryz(z) — B

Assume that conversely f(z) = Z?i_ol a;cr,+z(x), where I; C [0,1) are
pairwise disjoint intervals. We may assume that f is right continuous, for f
differs from a right continuous step function only by a linear combination
of step functions of the form cgiz. Then f = Z;l_ol a;Cig, g, 1)+7, Where
6o =0< 1 < -+ < B =1 Put a1 = apm_q1. Then f = ay1 +
S @iy — ag)ep g1z and

m—1 m—1
f(z) = fla—) = Z ai(cp+z(x) — cﬁi+1+Z(x)) = Z (@i — ai—1)cg4z(x).
=0 1=0

Let T C R be a complete system of representatives of R/G with 0 € T,
and let g be periodic and regulated with f(z) — f(z—) = g(z + a) — g(x)
(note that o € By N By(._)). Then for k,n > 0,

m—1
Z — 4i-1)¢g,—a(zn[—kn—1))+2(2) = g(z + na) — g(z — ka).
1=0
If we let {na} tend to y from the right and {ka} to z from the left we get
m—1
glx+y+) —glx — 24) = Z (a; —aj—1)cg+q(x) forall z,y,z € R.
=0

This implies that the right hand side is in fact zero. For t € T let J; :=
{i|0<i<m,B; €t+ G}. Then

m—1

0:2( — a1 C@+G—ZZ i — Qi—1)Ci4G-

i=0 teT icJy
As the sets t + G are pairwise disjoint we get ), ; (a; —a;—1) = 0. (This is
more or less Oren’s condition; but we can go one step further.)

For t € T put fi = > ;5 (ai — ai—1)cjp g,)+z- Then clearly f; is a right
continuous periodic step function and f; = 0 with at most finitely many
exceptions ¢t € T'. Furthermore, f = ap—1 — Y ,cp fi- We prove that if 3, 3’
are two discontinuities of f;, then 3 — 3’ € G. We distinguish two cases.

Assume first that ¢ # 0. Then the condition ), ; (a; —a;—1) = 0 tells
us that f; is continuous at 0. Hence 8 = f3;, #’ = f3; for some i,j € J;, and
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hence 3 — 3 € G. Therefore f; can be written as a linear combination of
step functions of the form ¢; where I has length in G.
If t =0, then 3,8’ € G (possibly = 0) and hence again 5 — 3’ € G.

REMARK. One must not think that if f is a periodic step function of
the form f = """, a;cr,4z with pairwise disjoint intervals I;, and if o € By,
then the lengths of the I; have to be in Z + aZ. Consider the example
f = cChyrtp)42 = Cy y4+8)+z In [14], when 0 < 4" — v € Z + Za. In that case
J can be rewritten as ¢y 117 — Cly4+8,4'+8)+2-

3. On functions of bounded remainder with respect to all irra-
tionals. We now investigate the case By = {2 more closely. For the special
case of f analytic the corresponding multiplicative problem was attacked
in [3]. For a complete version of the proof the reader is referred to [4]. For
f € C*9 the reader may consult [28]. If f is a C!-function and f’ is Lipschitz
continuous see [23].

Note that if f(z) = e>™% and h # 0 is an integer, then | 2711\[:1 f(na)| <
1/|sinmha| for all a € {2 and hence By = §2. More generally, By = {2 for
every trigonometric polynomial f. In this section we prove the converse.

PROPOSITION 2. Let f : R — C be periodic, integrable over [0,1] with
S(l] f(z)dx =0, let Fn(z,a) := 27]:[;01 (x +na), and assume that the set of
a € 2 for which ||Fn(-,a)l]1 is unbounded has cardinality less than that of
the continuum. Then there exists a trigonometric polynomial t with f =t
almost everywhere.

Proof. We may assume that f is real-valued. Let (cp)pez be the sequence
of Fourier coefficients of f. We have to prove that ¢, = 0 for h large. We
argue by contradiction.

Suppose A := {h > 0 | ¢, # 0} is infinite and let B be the set of all
irrational «’s with continued fraction expansion [0;ay,az,...] and conver-
gents py /¢, such that there exist two sequences (m¢):>0 and (g¢)¢>0 of non-
negative integers—the first strictly increasing, the second consisting of pos-
itive numbers—with am, +1|cg,q,,, | > g¢- It is clear that if B # (), then B has
the cardinality of the continuum, as at the infinitely many indices m; + 1 we
can replace an,,+1 by any integer a;nt 41 > Gmy+1. We now prove that B # 0.

We construct (mq)i>0 and (g¢)i>0 by induction on t. Let mg = 0, choose
go € A and let a; be any positive integer with ai|cy,| > go. Assume now
that mo,...,m¢, go,...,9: and aq,...,am,+1 are already defined. For 0 <
kE<m;+11let pr/qr =[0;a1,...,ar]. Let h € A be chosen such that

The inequality A > @y, ¢m,+1 implies that there are positive integers u, v with

h = ugm,+1+vqm,. We may assume that v < u: the interval (ﬁ, qL)
my my my
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has length
v v—u h
— = > 1
Gmitl Gme T et Qg1 (Gmg + Gme+1)
and therefore contains an integer w. If we put v/ = u + wg,, and v/ =
U — WG, +1 We get 0 < v’ < and h = U g, 11 + V' G, -
Define my1 and a2, - -, Gm,yy by /U = [0;@my42, . -5 Gm,y, |- Then
p
L = [05a1, -y Gmyyy] = (0500, -y Qg1 1w/
qmt+1

_ pmz-H% + Dmy _ Pmy+1U + Pm, U
qmt+1% + Gmy h

Hence there is some g¢y1 > 0 with g4y1¢m,,, = h € A. Finally, choose
Ay, +1 Such that ap,,.,+1]en| > gi41 to complete the construction of an
element in B.

As B has the cardinality of the continuum there exists an o € B such
that [[Fn(-,a)|l1 is bounded. But then there exists a periodic integrable
function ¢ : R — R with f(z) = g(z + @) — g(z) almost everywhere. Let
(dp)nez be the sequence of Fourier coefficients of g. Then ¢, = dj, (e?™* —1)
and hence, as (dp)nez tends to 0 for |h| — oo, we get |cp| < 2|sinwha| for
|h| large. In particular,

gt .
< |cthmt| S 2|S1n Wgt(tha - pmt)|
amt+1
27 gy
< QTFQtIthOé _pmt’ < At 1q 5
me mi

and if ¢ is large this is a contradiction.

COROLLARY 4. Let f : R — C be a periodic, requlated, left or right
continuous function with only finitely many discontinuities in [0,1). The
following assertions are equivalent:

(1) By = 12

(2) 2\ B has cardinality less than that of the continuum.

(3) f is a trigonometric polynomial.

Proof. 1t is clearly enough to prove that (2) implies (3) if S(l) f(x)dx =0.
For a € R and positive integers N let Fn(z,a) = Zi\gl (z +ia). Then by
Proposition 1, ||[Fn(-,a)|1 is bounded for o € By. Hence by Proposition 2
there exists a trigonometric polynomial ¢ with f = ¢ almost everywhere. As
f is left or right continuous we get f = t.

It cannot happen that the remainder of f is uniformly bounded in «,
except when f is constant. The assumptions on f can even be weakened:
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PROPOSITION 3. Let f : R — C be Riemann integrable over [0,1] and
periodic. Assume that

N 1
gla) = sup | " f(na) = N | f(2) da|
0

n=1
defines a quadratic integrable function g. Then f is constant almost every-
where.
Proof. Clearly we may assume that S(l) f(z)dz = 0. Let Fy(z,a) =
SV f(z + ka) for (z,a) € R2. By Proposition 1,
1
VIFn (2, 0)]* dz < 4g(a)”.

0
On the other hand, the left hand side is
N N1 N N 1
Vf@+ka)fz+la)de =Y "> | f@)f(a+ ([ —k)z)do
k=11=10 k=11=10
1 N-1
= | f(2) (N = [u]) f(z + ua) dz.
0 u=1—-N

Now we integrate both sides over a. We note that 8(1) flz+ua)da = 0
except for u = 0; hence Ng(l] |f(z)]?dz < 48(1] g(a)?da. This implies that
f =0 almost everywhere.

In particular, if such an f is of bounded remainder uniformly with respect
to all irrational o’s then f is constant almost everywhere.

4. The case when f is sufficiently smooth. We have seen that for
step functions the set By can be described in terms of the lengths of the
continuity intervals of f. But By is of a different nature when f is smooth
in some sense. Whether o € By or not depends now on approximation
properties of a by rationals.

For the converse question on how the vector space of smooth functions f
for which o € By looks like the reader may consult e.g. [5].

We denote by Bi(z) the periodic continuation of the kth Bernoulli poly-
nomial in [0,1) (the so-called kth Bernoulli function). We note that By is
k — 2-times continuously differentiable.

There are several papers which prove sufficient conditions for o € By
when f is sufficiently smooth. The case f = By has been settled in [41].
The general case f = By has been solved in [39]. For the case where f is
differentiable and f’ is Lipschitz continuous the reader is referred to [23],
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[15], [8, Théoreme 1.2] and [37]. For estimates of By from below and from
above one should also consult [20].

Let @ € 2, 0 < a < 1. We need some known facts on the so-called
Ostrowski expansion of a positive integer NV to base «a: there is exactly one
sequence (by)n>0 of non-negative integers such that by < aj, for i > 1 we
have b; < a;41 and b; = a;4+1 = bi—1 = 0, and N = boqo + b1q1 + --- +
bim@m. This representation of N is called the Ostrowski expansion of N to
base «. For a systematic investigation of Ostrowski expansions, their metric,
number-theoretic and topological properties the reader is referred to [6].

In this section we restrict ourselves to the case when f : R — C is
periodic and is a primitive of a function g : R — C of bounded variation
on [0,1]. We expand ) _n f(na)—N S(l) f(x) dx for N large asymptotically
with an O(1) error term (independent of @ and N) and a main term written
entirely in the digits by, ..., b, of N to base «. This formula enables one to
determine B for such functions f.

THEOREM 2. Let a be an irrational number with continued fraction ex-
pansion [0; a1, ag, . ..| and convergents p,/qn, let N be a positive integer with
Ostrowski expansion N = 1" b;g; to base o, and assume that f : R — C
1s periodic and is a primitive of a function g : R — C with variation <V in

[0,1]. Then

N 1
Zf(na) - NSf(JT) dx
n=1 0

S g | Buace) (7(o+ (‘”kb’“) - f@) ds + OW)

=0 0 Ok+19k
— _1 - — ka 1 T T 7(_1)161% —glx XL
= 5 W tan) oo+ G ) —ote)) a0

The O-constant is absolute.

For the proof we need some lemmas. Some of the ideas were already used

in [22] and [23].

LEMMA 1. There is a positive constant ¢ with the following property: if
r/s is a rational number represented in its lowest terms, if r/s=1[0; a1, ..., a4
is a continued fraction expansion (no matter which of the two existing ones),
and if D(r/s) is the discrepancy of the two-dimensional sequence (n/s,
{Tn/s})0§n<s (resp. (n/s, {_rn/s})0§n<s)a then

t
D<> <Y
S
=1
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Proof. The first case was proved in [23, Lemma 2.1]. The same proof can
be used to prove the other result.

LEMMA 2. There is a positive constant c with the following property:
if g : R — C is a periodic function of bounded variation V on [0,1] with
S(l) g(xz) dz = 0, if a is an irrational number with continued fraction expansion
a = [0;a1,as2,...] and convergents py,/qn, and if x € [0, 1], then

qm_l m
Z C[xJ)({_qmlt})Q(x(QmQ — Pm)+ ! >‘SCVZ‘% for m even,
dm 7

t=0 Qm z:
o gm—1t t m
Z Clz,1) p glz(gme — pm)+ p <cV Z a; for m odd.
t=1 m m =1

Proof. Assume first that m is even. Note that Sé g(x) dx = 0 implies that
lgllu < V. Let
he 1 (0,12 = €, ha(u,v) = ¢ 1) (W)g(2(gmar — pm) +v)-

Let us first estimate the total variation of h, in the sense of Hardy and
Krause (see [27, p. 147] for this concept). We have

0, 0,
e (0, 0) = '
g('U), z =0,
and hence V' (h;(0,-)) < V. Furthermore
hm(la U) =0 and hx(“’v 0) = Clz,1) (u)g(x(Qma - pm)):

hence Vj' (hy(,0)) < V. Analogously Vg (hz(+,1)) < V. Finally, let 0 = up <
oo <up=1land 0 =1vg < --- < v; =1 be two finite sequences and choose r
such that u, < x < tpa1. Then

k—11-1
S e (vir1,vj41) = (i, v541) = ha (i1, 05) + ha(ui, v5)]
i=0 j=0
-1
= |ha(trt1,Vj41) = ha(ur, vjt1) — ha(tri1,v5) + ha(ur, v))]
i=0
-1

S 19(2(@me — pm) + 541) — 9(@(Gma — pm) + ;)| < V.
§=0
This implies that h, has total variation < 4V.
Furthermore, we have
11 11 1
SS hy(u,v) dudv = S Sg(:):(qma —Pm) +v)dvdu = (1 —x) Sg(v) dv = 0.
00 z0 0
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Hence we get the result by the Koksma-Hlawka inequality ([27, Chapter 2,
Theorem 5.5]), by ¢m-1/¢m = [0; am, ..., a1] and by Lemma 1.
The second inequality is proved similarly.

LEMMA 3. Let g : [0,1] — C be a regulated function with a primitive f,
let ¢ > 1 be an integer and for 0 <n < q let 6, € [0,1). Then with

T(z) = Z 1, resp. T(z)= Z 1,

n>0 n>1

the following formula holds:

Zof(’”;‘s) = Lo+ (%) are g (+-70)-5 )o (%) ar

TESP.

§f<” ) = sua-son+] s () da:+;§ (=113 )o(2) as
Proof. We have

(o e e £ e
q q—1
“ae= ) ()] - () - Sl - (52))
ZQ<q— ;>f(1)+;qf(0) —q§f(2> da:—qu(l)+q7§f(nJ;5">

0 n=0
q

-1

1 T : n+ on

=2q<f<o>—f<1>>—q§f(>dx+qu( )
0 q n=0 q

The second statement is proved similarly.

O

LEMMA 4. Let o = [0;a1,a2,...] be an irrational number with conver-
gents pn/qn, [ : R — C periodic and a primitive of a function g : R — C
with variation <V on [0,1], m a positive integer, Spy, = ¢na — Pm, and
suppose that 0 < k < apy1. Then for m even,
gm—1 m
3 <f<"+sm{—qm‘1"}+ksm> —f<"+ksm>> = 0(suV > ),
=0 dm dm dm izl

and for m odd,

m

3 (2t Y ) < (2 4 k) ) = O(fsulv 3o

n=1 m m i=1

The O-constants are absolute.
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Proof. Assume first that m is even, let 0 m = ¢mSm{—¢m-11/qm} and
Trm(x) =>4, m<a 1- Note that

Tin(x) = [2] + 1 = c(e),1) (O[] m)-
By Lemma 3 and the periodicity of f the left hand side is equal to

iqin <me($)1$+[$]+1+;)g<x+k3m) da

dm 0 2 am
dm .
- an (S) C[{l‘},l) (5[$],m)g(qm + k8m> dx

gm—1t+1

:iz SC[{x}l) 5tmg +k5m>
dm =0

t

gm—1 gmsm
72 S Clz,1) 6tm9<x+t+k‘5m>dﬂg
t=0

1 qmSm qm—1 q _lt . + t
o S Z C[w/qmsm,1)< - }>9( —I—krsm> dz
dm 0 t=0 m dm
1gm—1

mem m— t t
_ 9mS SZ C[J;J)({_qq 1 }>g<x8m—|—+k3m> dx.

qm 0 =0 qm

By Lemma 2 applied to t — g(t + ks;) (t € R)—which has the same total
variation as g—we deduce that the inner sum is O(V Y ", a;). Hence we
get the result above.

The proof for m odd is similar.

REMARK 1. Let g : [0,1] — R be a function of variation < V. Then

§ (1= 3)a(3) o =00 +1al)

where the O-constant is absolute.

Assume first that g is increasing. Then by the mean value theorem there
is an x; € [0,¢] such that the above integral is

4(0) S ({x} e S ({x} - 5) de = Os(0)1 + la(w):

In the general case g = g1 — g2 for some increasing functions g1, go, where
g1 = O(V) and g2 = O(V). Hence the result.
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REMARK 2. Let g : R — C be periodic and assume that g has bounded
variation V on [0, 1]. Let ¢, ¢ be positive integers and y, z real numbers. Then
1
| Bi(gz)(9(x +y) — g(z + 2)) dz = O(V |y — 2|).
0
The O-constant depends at most on .
For the proof we may assume that g : R — R. We first prove that
1
| (Bi(gz — qy) — Bi(qz — 2))g(x) dz = O(V|y — 2|)
0
whenever ¢ is of bounded variation V' on [0, 1], periodic or not.

For this purpose we first assume that g is increasing on [0, 1]. Then by
the second mean value theorem there is a u € [0, 1] such that the integral in
question is equal to
1

9(0) :S: (Bi(qx — qy) = Bi(qz — g2)) da + g(1) S (Bi(gz = qy) = Bulge — q2)) de
90 § (B~ Bule—0) do+ 00 { (5,0 g0) - Bz~ )
-4 9(0 >)q (Bis1(qu — qy) — Beai (qu — 42) — Bi1(—qy) + Bra1(—q2))
N (thflf)q (Bes1(~qy) — Brsr(—42) — Best (qu — qy) + B (qu — 42))
_9 (8)+ 19)21) (Bi41(qu — qy) — Bey1(qu — q2))
+ g((l)g)éo) (Be+1(—qy) — Bi+1(—q2)).

As By is Lipschitz continuous, there is a ¢ = ¢; > 0 such that |By11(a)—
Biy1(b)| < cla —b| for all a,b € R. Inserting this above we get the result in
this case.

In the general case let g1 (z) = V{{'(g) and g2 = g1 —g. Then g = g1 — g2
and g1, g2 are both increasing on [0, 1]. Furthermore, ¢g1(1) — ¢1(0) = V and
g2(1) — g2(0) =V — (g(1) — g(0)) < 2V. Applying the result for g; and go
separately, we deduce it for g itself.

Now if g is periodic we have

1 1
| (Bi(gz — qy) — Biqz — q2))g(w) da = | By(qz)(9(x + y) — g(z + 2)) da.
0 0
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Proof of Theorem 2. Note that both sides of the conclusion of the the-
orem remain unchanged if we replace f by f + ¢, where ¢ is a constant.
Hence we may assume that Sé f(z)dz = 0. Note that S[l)g(t) dt = 0 implies
lglla < V.

Let N, = Zf:o b;q; and sp := qpa — pg. The left hand side of the con-
clusion is equal to

m N, m brqk
> 2 fle)= ZZf (n+ Ni-1)a).
k=0n=Ng_1+1 =0n=1
Let
br.qk
Ay = Z f((n+mr)a) forr < g.
n=1
Then
r+br gk r—1+brqx
Ak,r_Ak,rfl = Z f TLCK Z f na
n=r+1
= f((r + brar)e) — f(m f{ra} +bese) — f({ra})
and hence
Ng-1 Ng-1
AN, — Ako = Z (Apyr — Apro1) = Z (f({ra} + brsk) — f({ra}))
r=1 r=1
Ni—1 bpsg brsk Ne—1
= Z S g({ra} +z)dr = S E g({ra} +x)dz
r=1 0 0 r=1
For all z € R, V is the total variation of y — g(x +y) (0 < 1).

The discrepancy of the finite sequence ({ra})i<r<n, , is O(3F, ) and
S(l) 9(y + ) dy = 0. Hence the Koksma inequality implies

Ni_1 k
‘ Z g({ra} +x)‘ = O(VZa,).
r=1 i=1

Therefore

k
Ap N, — Ako = <ka|sk| Zaz) = (;/ Zai>.

Summing up we get

i:lf(”a)—kioflk,o = <§:sz:az> :O<V§:ai§:qlk>
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Assume now that 0 < k <m and let oy, be the permutation of {1, ..., brqx}
such that {og(n)a} < {or(n + 1)a} for 1 < n < bgqr. Then for k even, by
what has been proved in [7, Proposition 1],

{or(n)a}
nsg, 1<n <y,
= 1 —1 -1 _ -1
R R G £ el ) MR LRV
qr | bk by, qk b,
Therefore

qr— 1 t+1 bk

AkO—anSk +> > fHor(m)a})

t= 1 m= tbk+1

S £ (- w( =)

t=1 m=0
:;1%]0( +5k( {q’%fli}))+f<bksk>f<0>
- tz;mzof< —l—msk) +0(Vz.sk2az)+0<:;>

by Lemma 4 and as f is Lipschitz continuous. The remainder term is
O((V/qk) EZ 1 ;). Similarly, if £ is odd we get

qr brp—1 v k
Ako_ZZf< +msk)+o(qkzai)

;k 11”1; 01 Vi:k
ZZf( —i—msk)—i-O(Zai)
t=0 m=0 I =

as f(1+msy) = f(m(gea — px)). The sum of the remainder terms is again

m k
Vzizai =0V
=0 Ik =

Hence
m qrg— 1bk 1

ﬁ:lf(”a > Zf( +msk> Lo,

k=0 n=0 m=0
‘We now have

;f}( ) ;f($)+%f(1+x)

—i—qskf(y—i-:v)d —i—iqsk <{ }—1> (y—i-x)d
o \Gk Y ak: vea)d qk Y
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and hence

S (2 ea) = LT (- Dol L wx)av=0(¥)

by Remark 1, where the O-constant does not depend on x. Furthermore,

(g o))

m=0
by by
+ (S) f(; +y8k> dy + s S ({y}— ) (;i +y3k> dy.

But > %7 Lo(n/qw + ysi) = O(V) as the discrepancy of the sequence
(n/qk)o<n<q, is O(1) and the O-constant does not again depend on y or k.
Therefore

2O 1 n |4
s E yr— =19 +ys>dy:OVbs :O<>.
: n—0 (S) <{ J 2) (% g (Vbelail) qk
Altogether this results in

qr—1bp—1 qr—1 by n 1%
Z Zf( +msk> = Z Sf<%+ysk> dy—l—O<qk>

n=0 m=0 n=0 0

2T} Dl el

k

= é § <{ka} - ;)g(w + ysk) dv dy + 0<qvk>

1

- 1k§ (0t = 3) 0+ busw) = s e +0( L),

=

Collecting everything we get
1
Z f({na}) Z SBl<qu>(f<x + bsi) — f(x)) dz+ O(V),
ko
and by integration by parts the main term is equal to
1

_% > s;,clqk V Ba(ax) (9( + brsy,) — g(x)) da.
k=0 0

We prove the second formula first. The other follows again by integration
by parts.
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Remark 2 implies (with ag = [ax; ag+1,---])
1

S Bs(qx) <g(33 + br(qra — pi)) — g(m i (—l)l“l)k>> dr

a
0 k+14k

)=o(vn( )
F 0k+19k  Ok+1qk + Qr—1

o} —a + qr—
= O<ka (41 ;;1)% & 1) = O(Vbiar/diis1) = O(V/r41)-
k1

=0 <ka

— |qro — pi|
Ak+14k

Hence

1 m
_52

1

2 (qre — pr) §BZ {axx})(9(x + br(gre — pr)) — g(x)) da

%Z §32 qu})< <x+ “M) —g(m)) da

e Qka pk’ 0 Ak+19k
m
= O<V > ak+1/Qk+1> = O(V).
k=0
Furthermore, m —(=1*ay41 = O(1). Therefore, again by Remark 2,

(D ) [ Ba({acah) (s <x+<‘”kbk> ~gla) da

a
0 k+14k

e

Qk gk —DPk

m

—0<Zv bk ) = O(V).

Ak+14k

5. Corollaries, applications and examples

REMARK 3. Assume that f is periodic and is a primitive of a function
g : R — C of bounded variation on [0,1]. Then a € By if and only if

m 1

> (DFaragr | Bilger) (f(@ + (=1)*ar/q) — f(2)) da

k=0 0
is bounded in m and in xq, . .., T, where z € [0,1),0 < k < m. This can be
seen by defining by, = [xrag41] for 0 < k < m, by noting that 0 < by < ag41,
> ieo brqr is the Ostrowski expansion of Ny, := > " (brgr and by using
bi/ag+1 = zi + O(1/ags1) together with Remark 2.

COROLLARY 5. Let t be a positive integer, o an irrational number with
continued fraction expansion [0;ay,as,...] and convergents pyn/qn, and N
be a positive integer with Ostrowski expansion N = > " biq; to base a.
Assume that f : R — C is a t — 1-times differentiable periodic function, and
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1) s a primitive of a function g of bounded variation. Then

N 1
Y f(na) = N\ f(x)dz
n=1 0
1
ak+1 (—1)kby,
t + 1 ' kzo §Bt+1(Qka‘) (g <$ + (lk.;_1(]k> — g(x)) dz + 0(1)

The O-constant depends at most on f.

Proof. Let f®) := ¢. By induction on j, 0 < j < t, we have for positive
integers ¢ and y € R,
1

| Bi(ge)(f(z+y)— f(x)) do =

0

1

S B ) (P )= ) do
0

Putting j = t we get the result by Theorem 2.

COROLLARY 6. Let t be a positive integer, o an irrational number with
continued fraction expansion [0;ay,asz,...| and convergents p,/qn, and N,m
positive integers with ¢m < N < gm+1. Assume that f : R — C ist—1-times
differentiable, periodic and f¢ 1) is a primitive of a function g of bounded
variation. Then

N 1 m a
Zf(na)—NSf(x)d:c:O<Z k?)
n=1

0 k=0 Ik
The O-constant depends at most on f.

Proof. This is an immediate consequence of Corollary 5.

Clearly Corollary 6 implies that for any periodic f : R — C, which is a
primitive of a function g : R — C of bounded variation on [0, 1], £2\ By is
a set of measure 0, and that (e.g. by Roth’s theorem) By contains the real
algebraic irrationals.

COROLLARY 7. Let o be an irrational number with continued fraction ex-
pansion [0; a1, az, . ..] and convergents pyn/qn, and let N be a positive integer
with Ostrowski expansion N =Y _"" b;q; to base . Assume that f: R — C
is periodic and a primitive of a function g of bounded variation V on [0,1]
and has Fourier coefficients (cp)nez. Then

N
Zf(na) - Nxf(m) dz
n=1 0
1 ¢ 1 27mih(—1)*by /ak 11
5 ak+1Qk Z A Chay, (€ H—1)+0(V).

2m
k:O h#£0
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Proof. This follows from the fact that for positive integers ¢ and for
y €R,
1
[ Bilan) (F(z +9) — (@) do =~ 3" 1 epgle™miom 1),
0 h£0
and from Theorem 2.

REMARK 2. In view of Remark 1 we have o € By if and only if

1 «— 1 Y
BT (_1)kak+1QkZ : Chqk(e%zh( ez, 1)
k=0 h+#0
is bounded in m > 0 and in x € [0,1), 0 < k < m.

The corollaries above are now best suited to determine By for functions
f as considered in the last section. To illustrate our method we present two
examples. The first corollary has already been proved in [39] by different
methods and by using special properties of the Bernoulli polynomials.

COROLLARY 8. Let t > 1 and let o = [0;a1,a2,...|] be the continued
fraction expansion of a with convergents py/qn. Then

[e.9]
BBt = {Oé € Q‘ Zak""l/q]tgil < OO}
k=0
Proof. Let a € Bp,. We have

— 27r h.
By(x) = (27” )t Z nt € e
h#0

Therefore ¢, = —t!/(2mih)! and hence for positive integers ¢ and for y € R
we have

1 , 2 _
> 4 ena(€¥ M = 1) = T g7 (Bea () — Beaa(0)):
+1
h#0
Furthermore, Byy1((—1)Fax) — Bi11(0) = (=)D (Bya(2x) — Biya(0)).

Hence
m

S (-1 ar 16t (B (1) — B (0) = O(1).
k=0
From this point onward the argument is the same as in [39]; we repeat it
for completeness. Choose x¢ € (0,1) with By11(z) # Bi+1(0) and e € {0, 1}.
Put 2 = (1 + (—1)¥"¢)zo. Then

Buya(an) = Bu (; 1+ (—1)kt+8)1’0)

(1+ (1)) Bepa(wo) + 5 (1 = (=1)"9) By (0).

l\Q\H
N =



Regularity of distribution of (na)-sequences 151

This implies

(—1)*(Brs1(zx) = Bea1(0))ag1q,~" = O(1)

for £ € {0,1}. If we choose € = 0 we get 3 o, apy1/q ! < oo. If we choose
e =1t (mod 2) we get oy ak+1/qh ' < oo. Hence 372 apy1/qh + < oc.
The converse follows immediately from Corollary 6.

Next we present an example of an analytic f:

COROLLARY 9. Let a be a complex number with |a| < 1 and let
ae?ﬂix

= 1 — ge2miz ’

f(z)
Then

oo
By = {a € } Zak+1qk|a|q’“ < oo}.
k=0
Proof. Note that f(z) = 332, a"e*™® and hence ¢;, = a” for h > 0,
and cp = 0 for h < 0. Then « € By if and only if

ii(—l)ka = 1 hqy, ( 2mih(—1)*zy 1
S T

k=0 h=1

1 & o
= — Y (=D*ap1qi(log(1 — a%) — log(1 — a% 2™ (=1 kY)
2me P

is bounded in m > 0 and in z; € [0,1), 0 < k < m.

First assume that o € By and ¢ € [0,1) is such that a = |a|e*™*#. The
equation cos 2wz = |a| has exactly two solutions ¢,d € [0,1) and we may

assume that 0 < ¢ < 1/2 < d. Then sin27¢ = /1 — |a|? and sin27d =

—/1—|a|?. Put
(O)Z{Ca 2‘k7 (l)z{da 2‘k7

k d, 2tk 'k ¢, 2tk

Then sin 27ru,(:) = (—=1)¥*=,/1 — Ja|? for ¢ € {0,1}. Next choose x,(f) €1[0,1)
such that ¢gy + (—1)kxl(f) = u,(f) (mod 1). Then, as the arguments of the
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logarithms have positive real part, we have

S(log(1 — a2 D ") log(1 — gk 2mi-D 2

sin 27 (pqr + (—1)k:c§€0))
1 — |a|% cos 27 (qr + (—1)’“:/6,20))

)

= —arctan |a|%

sin 27 (oqr + (—1)’%;1))
1 — [a] cos 27 (pgs + (~1)Fzf”)

(=D*V/1 —[af? (=D**'V/1 —a]?

1— ’a‘Qk'i‘l 1— |a"Jk+1

V1—laf?

1— ‘a|‘1k+1 ’

+ arctan |a|%

= — arctan |a|?* + arctan |a|?

= —2(—1)* arctan |a|®*

This implies that

V1—|al?

o
Z ak+1qk arctan |a|%*

1— |Q|Qk+1
k=0
As
V1 —al?
ar V- 19T ak
arctan |a| T~ Jajt > |a|?,

we get the assertion.
The converse statement follows immediately from Corollary 6.

In view of Corollaries 8 and 9 one might think that o € By if and only if
> re o Uk+1Gk|Cq. | < 00. We present a counterexample even if f is analytic.

ExXAMPLE. Let a1 = 4 and assume that positive integers ai,...,ax
are already defined. Let pg, ¢ be positive and coprime and such that
pi/a = [0;a1,...,ag]. Put agy; = 1059, Then the sequence (ay)r>1 de-
fines an irrational o := [0;aq, ag, ...]. Put

1
_ AmiqrT
i) kZ:O Ak+19k ‘ '

It is easily seen that f is analytic. Note that ¢, = 0 except when h is of the
form h = 2q;. If 1 < h < ag4q the equation hqr = 2¢, has the only solution
h =2,u=k. Clearly > 7 art+1qk|cq,| =0 < co.

We have o € By, as for

_{1/47 2|k,
=0, 21k,
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we get

<1 h(—1) ko
Z h Chqk(ezﬂm( RECE)
h=1

]. Tih(— k$- ].
= D 5 g (7MY "—1)+0( > hch%)

h<ap41 h>ag41
1 w1 1
= ——(1+ (-1 +O( c)
2 L+ (=17 Ak+1qk ak+1 T;Ik "
1 1 1
= ——(1+(-1)%) +O< > )
2 ak4+19k api1
This implies that
Z(*l)kakﬂ% Z 7 Chay (7™M e — 1) = — Z 1+ 0(1),
k=0 h=1 2[k<m

and this tends to —oo for m large.

6. General regulated functions. The two methods presented in this
paper can be combined to determine By for a large class of regulated f with
only finitely many discontinuities. This follows from the theorem below. The
part containing the equivalence has clearly been noticed by many authors
and is more or less obvious.

THEOREM 3. Let f : R — C be a periodic requlated function with only
finitely many discontinuities in [0,1]. The following assertions are equiva-
lent:

(1) There are periodic u,v : R — C such that u is continuous, v is a
step function and f = u 4+ v.

(2) 2sepon)(f(z+) = f(z=)) =0.

If these conditions are satisfied, then u and v are uniquely determined up to
an additive constant and By = B, N B,,. Otherwise By = 0.

Proof. We may assume that f is right continuous, as changing f at
finitely many points affects neither (1) nor (2). Let I := [0, 1).

(1)=-(2). As v is right continuous, it is of the form

m—1

v(z) = Z aic[ﬂiﬂiﬂ)—i—l(x)'

=0
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Then a; = v(f;) and a;—1 = v(B;—) with a_1 = a;,,—1. Hence

m—1
Y (f@) = fa=) =) (@) —v(@=)) = > (ai —a;1) =0.
xel xel =0

(2)=(1). We have
f@) = fla=) =D _(f(B) = F(B=))cpsz(x).

Bel

We put v = Zﬂel(f(ﬁ) — f(8-))cip,1)+z- Clearly v is a periodic step func-

tion. By our assumption v(1—) = > 5 /(f(8) — f(8—)) = 0 and v(1) =
v(0) = f(0) — f(0—). The relation

v(@) —v(z=) =Y _(F(B) = f(B-))epia(e) = f(z) - fa—)

Bel

is also true if x is not an integer. Therefore f(x) —v(z) = f(z—) — v(x—),
that is, f — v is also left continuous, hence continuous and clearly periodic.

Uniqueness and B, N B, C By are trivial. Assume now that o € By. We
prove that (2) holds and that a € B, N B,,.

Asx — f(z)—f(z—) (z € R) is a difference of a right and left continuous
function both of bounded remainder with respect to o and both with only
finitely many discontinuities in [0, 1], there exists a regulated function g :
R — C with f(z) — f(z—) = g(xz + ) — g(z). For positive integers m,n we
have

m—1
g(z +ma) — g(x — na) = Z(f(ﬁ) - f(8-)) Z caz(T + ka)
pel k=—n
- Z(f(ﬁ) o f(ﬁ_))Cﬁ—a([—n,m)mz)_;,_z(x).

Bel

If we let {ma} tend to some y from the right and {na} to some z from the
left we get

9@ +y+) —glz — 24) =Y _(f(B) = f(B-))esra(x),
Bel
where G denotes the group Z + aZ. This is only possible if
> _(F(8) = f(B-))esra(z) = 0.
Bel

Let T C I be a complete system of representatives for R/G with 0 € T.
Then

S Y () - f(B))erc =0

teT Be(t+G)NI
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and hence Y gc 11y (f(8) — f(B—)) = 0 for all t € T'. Summing over ¢t € T
we get (2) and hence u and v exist.
Fort € T let

fo= Y2 (F(B) = F(B-))epysz-

Be(t+G)NI

Then clearly v = 3, fi. We prove that o € By, for all ¢ € T. Assume first
that ¢ # 0. Then f;(0) =0 and

f0-) = fi1=) = > (f(B) = f(B-) =0.

Be(t+G)NI

Hence f; is continuous at 0. If 3, 3’ are any discontinuities of f;, then 3, 3 €
t + G, hence § — ' € G. By Corollary 3, a € By,. Further, if 3,5 are
discontinuities of fy, then 3,3 € G (possibly = 0) and so again 8 — ' € G.
Corollary 3 implies again o € By,. Therefore a € B,,. Finally, u = f — v
implies o € By,.

If f is piecewise Lipschitz continuous and the Fourier coefficients (cp)pez
of f satisfy |cp| > |h™!| for sufficiently many h, then By = (J; this has been
quantitatively improved by Perelli and Zannier [38]. See also [31] for more
recent quantitative statements.

If f has only one discontinuity in [0, 1) then By = () by Theorem 3. This
applies e.g. to f(x) = {z} — 1/2. See e.g. [8], [9], [17], [18], [19] and [35]
for qualitative improvements. For functions which are continuously differen-
tiable except at one point in [0,1) we refer to [22]-[24], and for ergodicity
to the papers [1], [36] and [37].

The problem of what By looks like if f is continuous but otherwise wild
remains open.
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