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1. Introduction. In a recent article [3], we investigated Thue’s Funda-
mentaltheorem [2], showing when it can be used and how to use it in these
cases. Using the notation of Theorems 2.1 and 2.4 of [3], we also showed
that the case when [K(31) : K] = 1 is equivalent to the “usual” hypergeo-
metric method (see Corollary 2.6 of [3]), where, here and in what follows, K
is either Q or an imaginary quadratic field.

We also considered the case of [K(31) : K] = 2 in [3]. The approximants
P.(z) and @Q,(x) that we defined in Lemma 3.3 of [3] have a particularly
nice form: an algebraic number plus or minus its algebraic conjugate. This
raises the intriguing question of why.

We address that question here and show that the form of P.(z) and
Q. (x) arises from the fact that Thue’s Fundamentaltheorem is a special
case of the application to hypergeometric polynomials of a new observation
regarding diophantine approximations.

We present this observation here along with a generalisation and exten-
sion of Thue’s Fundamentaltheorem. In the notation of [3], we are now able
to consider more general expressions in place of W(z) (see also Remark
below) as well as more general expressions for the denominator of A(x).
There are also further improvements such as the consideration of powers
m/n rather than just 1/n, simplification of the numerator of A(x),...

The cost of these improvements is merely in the constant ¢ that appears
in our results below. The irrationality measure, , itself remains unchanged.

2. Notation. For positive integers m and n with 0 < m <n, (m,n) =1
and for a non-negative integer r, we put
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X (@) = 2F1 (=7, —1 — m/n; 1 — m/n; x),
where 9 F denotes the classical hypergeometric function.
We use X7, ,,, to denote the homogeneous polynomials derived from
these polynomials, so that

X:;z,n,r(m7 y) = yTmen:T(x/y)'

We let Dy, denote the smallest positive integer such that the polyno-
mial Dy, 5 » X nr(2) has rational integer coefficients.

For a positive integer d, we define Ny, , to be the greatest common
divisor of the numerators of the coefficients of X, , (1 — dz).

We will use vp,(x) to denote the largest power of a prime p which divides
into the rational number z. With this notation, for positive integers d and n,
we put

(21) Nd n = Hpmin(vp(d)vvp(n)‘i’l/(p*l))‘
pln
For any complex number w, we can write w = |w|e*?, where |w| > 0

and —m < ¢ <7 (with ¢ = 0 if w = 0). With such a representation, unless
otherwise stated, w™/" will signify (|w|"/™)™e"™#/™ for positive integers m
and n, where |w|'/™ is the unique non-negative nth root of |w|.

Lastly, following the function name in PARI, we define core(n) to be the
unique squarefree divisor, nj, of n such that n/n; is a perfect square.

3. Results

ProrposiTiON 3.1. Let K be either Q or an imaginary quadratic field.
Let s > 2 be a positive integer and L be a number field with [L : K] = s.

Let 01 = 1,05,...,05 € C be linearly independent over K and let o1 =
id, 092, ...,05 be the s embeddings of 1L into C that fix K.

Suppose that there exist real numbers ko,lg > 0 and E,Q > 1 such
that for all non-negative integers r, there are algebraic integers p, € I with
maxi<;<s |03 (pr)| < koQ".

Let B and v be algebraic integers in L.

(1) Assume that ¥y, 1<, {0:(9)3(7) = 03(D)7:(1)} 03(pr )y (prst) # 0
and maxo<i<s [prbi — oi(pr)| < loE~". Put
S 0ilB):
> i1 0i(7)b:
For any algebraic integers p and q in K with ¢ # 0, we have
P 1
a—=>—,
q‘ clg|"+!

o =
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where
c= 2(i |07;(7)|>k:0Q max {E, 2<i loi () — an(V)DlOE}Ha
long)1 -
e logE’

(ii) For s =2, assume that B/v,pr/pr+1 € K, and either |p,02 — o2(py)]
< IlpE™" or |—py0s — o2(p;)| < lpE~". Put
_02(B)0 £
o)ty

where the operation in the numerator matches the operation in the

denominator. If K = Q, then let 7 = 1, else let T be an algebraic

integer in K such that L = K(y/7). For any algebraic integers p and
q in K with ¢ # 0, we have

P 1
q‘ clgls+t’
where
¢ = 2[V/7l(Iy| + |o2(7) N koQ max{ E, 2|\/7| [02(8) — aoa() [l E}",
log Q
" logE’

We will use part (ii) of this proposition to prove the following theorems.

THEOREM 3.2. @ Let K be either Q or an imaginary quadratic field.
Let L. be a number field with [L : K] = 2 and let o be the non-trivial element
of Gal(L/K). If K = Q, then let T =1, else let T be an algebraic integer in
K such that L = K(\/7). Let 3, 7, n be algebraic integers in L.

Let g be an algebraic number such that n/g and o(n)/g are algebraic
integers (not necessarily in L). For each non-negative integer r, let h, be
a non-zero algebraic integer with h,/g" € K and |h,| < h for some fized
positive real number h. Let d be the largest positive rational integer such
that (o(n) —n)/(dg) is an algebraic integer and let C,, and D,, be positive
real numbers such that

I't—m/n)rl nl'(r+1+m/n)\ Dmn,r Dy "
(3.1) max(l, I'(r+1—m/n)"  mI(m/n)r! > N p.r <G <Nd,n>

for all non-negative integers r.

(*) Note that our theorems and corollary here correct a small error in Theorems 2.1,
2.4 and Corollary 2.7 of [3], where “max(1,...” in the expressions for ¢ should read
“max(E,...”.
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Put
Bn/o(n)™" + o(B)
v(n/o(n)™/m +o(v)’

{‘Q‘N mln ‘\[_\/7‘2 ’\f—i_\/i’ } ;
Q= |g|ﬁ/ max(|v/i — Vo % v + Vo))

_log @
" logE’
¢ =4hV7|(I7] + lo (1))@
x max{E, 5h|\/7| |1 = (n/a(n)™"| |8 — ay|Ca E}",
where the operation in the numerator of the definition of o matches the
operation in its denominator.
If E > 1 and either 0 < n/o(n) <1 or |n/o(n)| =1 with n/o(n) # —1,

then

(3.2) la —p/q| >

o =

c‘q|f€+1
for all algebraic integers p and q in K with q # 0.

REMARK 3.3. Observe that in our definition of «, we take the nth root
of n/o(n). However, this is more general than it may first appear. It can
be applied to any quantity un/o(n) where p € L and p = v/o(v) for some
vel.

For example, although in Thue’s Fundamentaltheorem we take the nth
root of —n/o(n), it, and its generalisations, still follows from our results.
Suppose L = K(y/7) and put ' = /7n; then —n/o(n) = n'/o(1), so we
can express —n/o(n) in the form here (i.e., take y = —1 and v = /7 in the
above notation). There appears to be an extra factor of /7 that will arise
in our expressions for F and @, but these are in fact cancelled out since g
also increases by a factor of /7, so k is unaffected.

Similarly, if K # Q(¢) and L = K(¢), then in/o(n) = n'/o(n’), where
n' = (1+in.

Also, if K # Q(v/—=3) and L = K(y/—3), then (3n/0(n) = 7' /o (1), where
' = (1—v=3)n/2. And {gn/o(n) =1'/o (), where 1’ = (3 + v/=3)1.

As for the other roots of unity of degree at most 4 over Q, it can be
shown, via algebraic manipulation, that this is not possible for (g and (s.
And since Q({s) contains no subfields besides Q and Q(+/5), we cannot
consider (5n/o(n).

REMARK 3.4. From Lemma 7.4 of [3], the inequality (3.1]) holds for C,
and D,, as in [3] and hence it does not impose any constraint.



Effective irrationality measures 135

THEOREM 3.5. Let K be an imaginary quadratic field and o, 3, v, 1, o,
7, d, g, h, n, Cn, Dn, Nay be as in Theorem 3.2 Put

g — HglNay (1l = lo(n) —nl)

Dy, o (n) — n|?
2D,,
Q= TN (Inl + lo()]),
_log @
~ logE’

¢ =4hV7|(ly] + le(M))Cn@
xmax{ B, 2h /7| [1 = 1/ (m)™ /"] 8 = ar|Co 2},
If E > 1 and max(|1 —n/o(n)|,|1 —a(n)/n]) <1, then

(3.3) la —p/q| > gt

for all algebraic integers p and q in K with g # 0.

REMARK 3.6. The condition that K be an imaginary quadratic field is
no restriction since the case of K = Q is completely covered by Theorem

We now present a corollary of Theorem [3.2) when K = Q.

COROLLARY 3.7. Let K= Q and o, 8,7,n, 0, n, Cp, Dn, Ny, be as in
Theorem. 3.2, Suppose that n = (uy + ugv/t)/2 where t,uy,us € Z and t # 0.
Put

g1 = ged(ug, uz),
g2 = ged(u1/g1, 1),
1 ift=1mod4 and (u; —uz) /g1 = 0 mod 2,
93=14 2 ift=3mod4 and (u; —uz2) /g1 =0 mod 2,
4 otherwise,

ged((u2/g1)+/tgs/ (gacore(tgags)), n) ) 7

g = 2 if2|n and va(uitgs/(97g2)) = va(2n°),
> 1 otherwise,

g4 = ged (core(t9293),

91/92

V939495

_ |9INa,n

D, min (Juy £ /u2 — u3t])’

D,, max(|uy £+ /u? — u3 |
Q=
|g’Ndn
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_log @
e log B’
¢ =412t (7] + o (1))CnQ
x (max(E, 5v/[2t[ |1 = (n/o(n)™"| |8 — ay|Co E))",

where d is the largest positive rational integer such that us\/t/(dg) is an
algebraic integer. If E > 1 and either 0 < n/o(n) <1 or |n/o(n)| = 1 with

nfo(n) # —1, then

(3.4) la—p/q| >

c\q|"‘+1

for all rational integers p and q with g # 0.

REMARK 3.8. The factors g; used to construct g each arise in natural
and distinct ways. Namely, g1 through g3 provide ways to remove common
factors from 7 and o(n). In turn, g4 and g5 arise from the interplay of d
and g: under some circumstances (captured by g4 and gs), decreasing g can
increase d and hence Nd,n by more to provide a net benefit.

REMARK 3.9. Using the same argument as in the proof of Corollary 3.7,
we can also improve Corollary 2.7 of [3], replacing g4 there by

ged (wre(m)’ ecd((u1/g1)+/95/ (g2core(gags)), n>)

and adding an appropriate version of the g5 above by setting g5 = 2 if
2| n and va(u2gs/(g?g2)) = v2(2n?) and setting g5 = 1 otherwise, since the
definition of d in Corollary 2.7 of [3] uses u;/(dg) rather than usv/t/(dg) as
here.

This improved version of Corollary 2.7 of [3] will yield the same results
as in Corollary 3.7 together with Remark

4. Preliminary lemmas. The next lemma contains the relationship
that allows the hypergeometic method to provide good sequences of rational
approximations.

LEMMA 4.1. For any positive integers m and n with (m,n) = 1, any
non-negative integer r and any complex number z that is not a negative
number and not zero,

(4.1) zm/”zTXm,nyr(z_l) — Xonr(2) = (2 — 1)2T+1Rm7n7r(z),
where

I'r+1+m/n
r!I'(m/n)

(z = 1) T Ry po(2) = ) §(1 — ) (t = 2) ™ g
1
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REMARK 4.2. Note that the expression (2 — 1) *1R,, ,, »(2) here is the
same as the Ry, ,,(z) defined in Lemma 7.1 of [3].

Proof of Lemma 4.1. This is shown in the case of m = 1 in the proof of
Lemma 2.3 of [I]. The proof for arbitrary m is identical. =

LEMMA 4.3. Let 8 € C and let K be either Q or an imaginary quadratic
field. Suppose that there exist real numbers kg,lo > 0 and E,Q > 1 such that
for all non-negative integers r, there are algebraic integers p, and q, in K
with |¢,| < koQ" and |g.0 — py| < lgE™" satisfying prqr+1 7# Pr+1q-- Then
for any algebraic integers p and q in K with ¢ # 0, we have

Pl log @
q|~ clglFtt log B

Moreover, if p/q # pi/q; for any non-negative integer i, then we can put
¢ = 2ko(max (1, 2lp)E)".

where ¢ = 2koQ(max(1,2lp)E)*, k=

Proof. This follows from Lemma 6.1 of [3]. There we proved a similar
result for |g| > 1/(2lp) and ¢ = 2kpQ(2lpE)". Here we merely observe that
if we replace ly with max(0.5,lp), then all the hypotheses of the present
lemma still hold. Moreover, 1/(2max(0.5,1y)) < 1, so the result holds for all
non-zero algebraic integers q € K.

The last statement in the lemma follows since the ) which appears in
the expression for ¢ in the statement of Lemma 6.1 of [3] arises only from
consideration of the case p/q = p;/q; for some positive integer i. m

5. Proof of Proposition Assume that we have a sequence of p,.’s
satisfying the hypotheses of Proposition [3.1]
(i) Suppose we have p,.0; — o;(p;) = d;, for each ¢ = 1,...,s. Then we

can write
o = Zle Ui(ﬂ)((si,r + Ui(pr))
>y 0i(7) (i + oilpr))
and hence
ad oitypr) = Y _oi(Bpr) = > _(0i(B) — aoi(7))dis,
=1 =1 1=2

since 91, = 0.

Put p,. =>"7 , 0i(Bp,) and ¢, = >_; ; oi(ypr). Note that both p/. and ¢/
are algebraic integers in K.
Observe that

g} = p| <o (3 lo3(8) — aci(y)|) B
=2
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and
4] < k(Y los(nl) @
=1
Since
Prars —Prady = Y, {0i(B)o;(7) — 05(B)ai(v)}oi(p)oj(pri1) # 0

1<i,j<s

by our assumption in the statement of the proposition, we can apply Lem-
ma with p). and ¢ instead of p, and g,, respectively, to complete the
proof in this case.

(ii) Suppose we have (op,02 — o2(py,) = d2,, for some square root (z of 1,
fixed for a given value of r. As above, we can write

a{UZ (’Ypr) + CQ’YPT} - {02 (ﬁpr) + CQﬂpr} = 62,1"(0'2(5) - aa?(’Y))'

We break the proof into two cases depending on the value of (s.

CASE 1: £¢2 = 1. This case is identical to part (i) with s = 2.
Note that in this case (s = 2), the condition in part (i) reduces to

(02(8)y = Bo2(7))(02(pr)Prs1 — proa(pria)) # 0.
This is true under the conditions we have stipulated here, namely 3/vy ¢ K
and p,/pry1 € K (since the fixed field of oy is K).
Also since || > 1, our definition of ¢ is valid.

CASE 2: +£(3 = —1. We break this case into two subcases.

CASE 2(i): ¢ = —1 and K = Q. If K = Q, then we can write
Bpr = (a + b\/t)/2 for some choice of rational integers a, b and t with
t # 0. Hence fp, — 02(8p;) = bv/t and (Bpr — U2(ﬁ177"))/\/E € Z. Similarly,
(ypr — o2(vpr))/VE € L.

In this case, we put g/, = (vp,—02(p,))/v/E and p, = (Bpr—02(8pr)) Vi
and observe that

lad, — pl| < l““’?(%if‘”(”'w < olv/7] [02(8) — aoa(x)|E,

ko(lyl + lo2(v)])
V1]

Q" < kol v7I(IV] + lo2(1))Q",

lq,] <

since [t| > 1.

CASE 2(ii): (2 = —1 and K is an imaginary quadratic field. If K is
an imaginary quadratic field, then Sp, = a + by/7 for some a,b € K and
with 7 as in the statement of the proposition. Hence fp, — oo2(8p,) = 2by/T
is an algebraic integer and (8p, — o2(8p,))/7 is an algebraic integer in K.
Similarly, (yp, — o2(vpr))/T is an algebraic integer in K.
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In this case, we put ¢ = (yp, — o2(vp;))y/T and p,. = (Bp, — o2(Bpr))V/T
and observe that

g, — pi| < lolV7l|o2(8) —ac2(VIET",  lap| < kolV/T|(|7] + lo2(1)N@Q"
Note that in both these subcases, we obtain the same upper bound for
lag; — py| and for |q;.
Here
Prdri1 = Pra@r = T(B02(7) — 02(8)7)(02(Pr)Pr+1 — Pro2(pra1)),
which we saw in Case 1 can only be zero if 5/ € K or p,/py+1 € K.
Therefore, we can apply Lemmato find that k = (log @)/(log E) and

¢ = 2ko|V/T|(|7] + lo2(7))Q max{ E, 2l|v/7| |02(8) — aoa(7)|E}",

concluding the proof of Case 2 and of the proposition.

6. Proof of Theorem [3.2]

6.1. Construction of approximations. We construct the approxima-
tions under more general conditions. The point is not to generalise for its
own sake, but to illustrate the requirements and limitations of our method
of proof.

Let (; be a kth root of unity for some k. We apply Lemma [£.1] with
z = (xn/o(n). Multiplying both sides of by o(n)", we obtain

(G /o)™ ™(Gen)" X (0(0)/ (Gen)) — 0(1)" Ximr (G /o (1))
= U(U)T(CkU/U(U) - 1)2r+1Rm,n,r(<kn/U(n>)a

which we can rewrite as
(Cen/om)™ "Xz o (0(0), Gen) = Xy (Gemy o(1))
= o) (Gn/o(n) = 1> Ry (Gen/o(n)).-
Observe that

X =a X SR AT
m,n,r(Ckn7 U(n)) g m,n,’r( g ) g

where dy, is the largest positive rational integer such that (o(n) — (xn)/(g9dk)
is an algebraic integer.
From Lemma 7.4(a) of [3],

Xomnrl1—d
Ny n,r o < k dro(n)/g dro(n)/g
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and, as a consequence,

is an algebraic integer by our definition of dj. Hence

thnr
m mnT(Ckna ())

pr =
is an algebraic integer in L.

Similarly,
hrDm,n,r
gTNdk,n,r
is an algebraic integer in L.

Now we want p, and ¢, or at least numbers obtained from them, to be
algebraic conjugates. For this purpose, we must suppose that 1/{; = o((x)
(note that this implies that (3 € L).

With this condition, and since o2(-) is the identity map, we have

(Ck)" o (X (om0 (0))) = (Ck) 0 (0(1)" X, (Cen/ (1))
Ckn) mnr( (CkU/U(U)))

= (Cen)" Xmnr(a(n)/(Gen))
= Xonr(0(n), Gen)-

Hence, ¢, = (jo(p,) and so ¢, and o(()"p, are algebraic conjugates over K.
Letting k1 = k/(2, k), we see that pi,, and *gqi,, are algebraic conjugates
for k=1, 2, 3, 4 and 6, so we could put p,. = pg,, and ¢\ = qg,,-

However here we restrict our attention to & = 1 and observe that in
this case p, and ¢, are algebraic conjugates (noting that d; equals d in the
statement of our theorem).

4r = X;l,n,r(o—(n)7 Ckn)

o~ o~

6.2. Estimates. From Lemmas 7.3(a) and 7.4(c) of [3], we have

2h Dy I'(1—m/n)r! .
] < e R s (v o)L i~ )

< 2hC,, <|W\Zz,n> max(|y/77 + Vo ()], [vn — o))
From Lemma 7.2(a) of [3],

(o))" (n/o(n) = 1)* ™ Ruypr(n/o(n))]
< 2.38|1 — (n/o(n))™"]

nl(r+1+m/n)
mI' (m/n)r!

x min(ly/n + /o)l [vi = Vo).
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Hence

m/n Dm,n,r mnnF(T+1+m/n)
lg-(n/o ()™ = pr| < 2‘38hm|1 = (n/a(m)™""] mI (m/n)r!

< min(ly/ + vo )l v = Vom)*

2.38h s { Da
< 220 1= (lotn) |cn(Nd7n>

x min(| /7 + /o ()], |y — Vo (n))?

Therefore, in the notation of Proposition we have

ko = 2hC,p,
Iy = 2.38h]1 — (n/o ()™ (Ca,
- - }
oG ’
=1 w

From Proposition [3.1] the expression for x in the theorem follows immedi-
ately, while, upon noting that our 3, v, o(5) and o(v) here are o2(3), o2(7),
08 and « respectively in the notation of that proposition,

¢ =2lV7l(I7] + lo(v)Dko@ max{ E, 2|v/7|(|8 — av)lo E}"
< 4AhVT|(I9] + o (1))@
x max{E, 55 \/7| |1 (n/a(n))"/"] |8 — ay|Ca B}".

7. Proof of Theorem This proof is the same as that of Theo-
rem except that we use the upper bounds from parts (b) of Lemmas 7.2
and 7.3 of [3], rather than parts (a). Thus, we find that

ko = 2hC,,
lo = h|1 = (n/o(n)™/"|Cn,
4glNan (Inl —lo(n) —nl)
Dy, o (n) = nl?
2D,
Q= (Inl +lo(@)])-
19| N

So, from Proposition K is as in the statement of the theorem and, again
noting the change of notation mentioned at the end of the proof of Theo-

rem [3.2]

E =

¢ =2lV7l(Iv] + lo(v)Dko@ max{ E, 2[v/7] |3 — ay|lo E}"
= 4h|V7l(7] + e (V) Q
x max{E, 2h|\/7| [1 = (n/a(n))"/"] |8 — ay|Ca B}".
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8. Proof of Corollary This corollary follows from a direct appli-
cation of Theorem [3.2
We can write

(8.1) (V£ Va(m)? =n+o(n) = 2y/no(n).
The right-hand side of (8.1)) is u; £ 1/u2 — w3t and o (1) —n = —uzv/t. Hence

d is as defined in the corollary.

The analysis of g1, g2 and g3 is identical to that in Section 11 of [3].

As stated in Remark 3.8, g4 and g5 arise from the interplay of d and g.
Suppose that d; is the largest positive rational integer such that the quo-
tient usv/t/(d1g11/g2/93) is an algebraic integer. If there are multiplicative
factors of the form v/ds in uzv/t/(d1g1+/92/93), then by multiplying 1, and
hence upv/t, by V/da, we can increase d; by a factor of da. Under some circum-
stances, this increases Ny, by a factor of dy while increasing u; £/ u% — u%t
only by a factor of v/ds for a net reduction in the size of . We demonstrate
here how g4 and g5 capture these circumstances.

Consider the integer u3tgs/(g3ge) and let dF be its largest square divisor.
Suppose that p is a prime divisor of their quotient. That is, p is a prime
divisor of core(u3tgs/(g?g2)) = core(tgs/gs) = core(tgags). Note that

dy = \Ju3tgs/ (a7g: core(tg295)) = (ua/g1)\/tg/ (92 core(tgags)).

First, if p { n, then Nyq, » = Na, » from the definition of Ny, in (2.1)
and there is no benefit.

Second, if p|n and p { (n/ged(dy, n)), then Nyg, , is at most Ny, ,p'/ @)
(again, from ) That is, we gain at most a factor of p'/(P~1)  while
increasing the size of u; & \/u? — u3t by a factor of /P, and hence obtain
no benefit for p > 2.

Third, if p|n and p| (n/ged(di,n)), then we gain a factor of p, while we
increase the size of uy £+ \/u? — ujt by a factor of v/P- The product of all
such p equals

ged (COre(tgzg?’)’ gcd((uz/g1)+/tg3/ (g2 core(tgags)), n>) ’

which is our g4.

This covers all possible cases except 2|n and 2 1 (n/ged(dy,n)). If the
power of 2 dividing d equals the power of 2 dividing n, both are positive and
2| core(tgags), then we increase Ny, , by a factor of 2, while we increase the
size of u £+/u? — u3t by a factor of v/2. Since u3tgs/(g3g2) = d3core(tgags),
this condition is equivalent to our condition in the definition of gs.

Lastly, we must consider h, and h.
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Since g € Q, we can take h, = 1 for r even. As (g39495/92)core(g293949s)

is a perfect square, we can take h, = \/core(gagsgsgs) for r odd. Observe
that g4gs | (2tg3/g2), g2 |t and g3 |4. Hence h, < \/|2t| for r odd.
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