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M. Skałba F
GIHKJ�LNM�HPOQHSR
T=U7V<W HKXZY[J V LN\7]_^a`,b�^ U7V<c J V L V Yd^ c H ceV JfH@L�L V Jg^hLi^ U Hj^ak,X_l V YmH c `,]_noY7` W X�HK]

f(X) = X3 + AX + B ∈ Q[X] OpX_^ U A 6= 0 O Vrq HKYts7Yvu X1,X2,X3, U ∈ QLhHj^�XwLgb�noXZY7k
f(X1)f(X2)f(X3) = U2.x Y-b�H q ^Q`,\7J WiV ^ U `ouak,X_l V LyHz^{OB`@| c HKJhH WiV ^ V JpLg`,]Z\�^�XZ`,Y�}v~7\�^ V l V Y�^ U7V�c JN`,~7] VPW `,b

^ U7V�V"� XwL�^ V Y q"V `,b�HKYdn-LN`,]Z\�^�XZ`,Y:XwLpY7`,Y�|?^�JNX_loX�HK]?�� L�^ U7V s7J�Lg^�H c7c ]ZX q Hj^�XZ`,Y�O V k,X_l V Hpu V ^ V J W XZY7XwL�^�X q3c `,]_noY7` W X�HK]d^�X WiV HK]Zk,`,JNX_^ U7W
O U X qhU�c JN`ou�\ q"V L c `,XZYd^hL�`@^ U7V Jr^ U HKY�^ U7V-c `,XZYd^aHj^�XZY7s7Y7X_^{n�`,Y[H�k,X_l V Y V ]Z]ZX c ^�X qq \7Jgl V E : Y 2 = X3 + AX +B u V s7Y V u:`�l V J�H&s7Y7X_^ V s V ]wu Fq } c JN`�loXwu V u A 6= 0
HKYvufH q"V Jg^ HKXZY n ∈ Fq \F2

q XwL3k,X_l V Y���� VPW HKJN�@HK~7]_nS}�Y7`&Lg\7~ V"�oc `,Y V Yd^�X�HK]	HK]Zk,`,JNX_^ U7W
b
`,Jy^ U XwL c JN`,~7] VPW�U H@Ly~ VPV Y���Y7`�OyY�~ V b
`,J V F?H qPq `,J�u�XZY7ka^�`f�z�e��`,~7]ZX_^�M,��L�J VPW HKJN�oL
`,Y c �3���@��`,b U XwL�~e`�`,�����j��R �	�B\�^�^ U7V s7J�Lg^zJ V�q `,k,Y7X_^�XZ`,Y�`,b3^ U7Vic JN`,~7] VPW�q HKYA~ V
Hj^N^�JNXZ~7\�^ V ut^�`-���	  qhU `�`,b{}¡O U `fOyJNX_^ V L�XZY U XwL q ]�H@L�LNX q HK] c H ceV Ji��¢j�2£
¤�¤�¤"¥
¦:§�¨�©dª"«�¥?ª ¬
«�­o¬"¨�¬�¥
®Q¦�¯p§e¨�¯d°"±_¬"²³¥
¦�´µ¦e¶K¥
¦o·�©p§7¯K¥
¦�« P, ° ¸7«�¹�¶S¯z¦�¯@«�º�¦�¯K»I­o¯@»�«)¯p§�¨h¯K¼@¬�«�­o©@«
ª ¯K²�§�¸�«�¥
¦o·�©�§7¯K¥
¦�«3¥
¦ E(Fq) ¥
®z¬h©@®h½d¤T=U7V J V L�^�JNX q ^�XZ`,Y-^�` A 6= 0 XwL V L�L V Yd^�X�HK]�b
`,JQ`,\7J W�V ^ U `ou¡�7¾v`,Jg^�\7Y�Hj^ V ]_nfO V�q HKY
J V b V Jz^�` T=U7V `,J VPW �i`,b��À¿K�2}�O U7V J V HKY VPÁeV�q ^�X_l VaWiV ^ U `ou5b
`,Jzs7Yvu�XZY7k c `,XZYd^hL�`,Y
E : Y 2 = X3 +B XwL c JN`�loXwu V u¡�Â \7JyL V�q `,Yvu�H c7c ]ZX q Hj^�XZ`,Y q `,Y q"V JNYvL c Hj^N^ V JNYvLy`,bµÃd\�H@u�JhHj^�X q J V LNXwu�\ V L"��G V OyXZ]Z]c JN`�l V Lg` WiV J V LN\7]_^<J V ]�Hj^ V um^�`ÄH q `,Y@Å V�q ^�\7J V `,b�Æp�QÇ VPU7W�V J<HKYvuÈ���Q���yÉ�\�nS�Ê `,J V `�l V JpO V XZYd^ V J c J V ^�^ U XwL q `,Y@Å V�q ^�\7J V XZY-^ U7V ]�HKY7k,\�HKk V `,b V ]Z]ZX c ^�X q�q \7Jgl V L�HKYvu
LN\ c7c ] VPW�V Yd^�HKY7`@^ U7V J q `,Y@Å V�q ^�\7J V �x H W k,J V Hj^�]_n�XZYvu V ~�^ V uz^�`�ËÌJN`,b{� � �,  qhU XZY7M V ]ob
`,J U XwL U7V ] c HKYvu V Y q `,\7JhHKk VPW�V Yd^
Hj^ V l V Jgn-Lg^ HKk V `,b	OyJNX_^�XZY7k�^ U XwL c H ceV JP�

Í�Î	Ï�Ð�Ñ�ÏvÒ �SÓ�Ô	¬"« F °�¬�©K¦v½�´>¬"±Z¶-¯gÕ&ª"­o©K¨�©dª"«)¬"¨�¥
® «�¥?ª&¸o¦�¬hÖ"¸v©@±	«)¯ 2 ¯K¨ 3 ©@¦e¶
f(X) = X3 +AX +B }�»µ¥�«�­ A,B ∈ F ©K¦e¶ A 6= 0 ¤�×>¸�«

Xj(t) =
Nj(t)

Dj(t)
Õ"¯K¨ j = 1, 2, 3,
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»µ­o¬"¨�¬
N1(t) =A2t

4∑

j=0

( ∑

2a+3b=3j

n
(1)
a,bA

aBb
)
tj , D1(t) =

5∑

j=0

( ∑

2a+3b=3j

d
(1)
a,bA

aBb
)
tj ,

N2(t) =

6∑

j=0

( ∑

2a+3b=3j

n
(2)
a,bA

aBb
)
tj , D2(t) = 144At

4∑

j=0

( ∑

2a+3b=3j

d
(2)
a,bA

aBb
)
tj,

N3(t) =
15∑

j=0

( ∑

2a+3b=3j+3

n
(3)
a,bA

aBb
)
tj ,

D3(t) = A
5∑

j=0

( ∑

2a+3b=3j

d
(31)
a,b A

aBb
)
tj ·

10∑

j=0

( ∑

2a+3b=3j

d
(32)
a,b A

aBb
)
tj,

©K¦�¶ «�­o¬:ª ¯�¬
�Äª�¥?¬"¦�«�® n(i)
a,b ©@¦e¶ d

(i)
a,b ©K¨�¬i·@¥
¼@¬"¦[¥
¦[«�­�¬�«)©�°�±Z¬"®�©@«�«�­o¬<¬"¦e¶5¯NÕa«�­o¬

§7© §7¬"¨P¤���­o¬"¦
Fg��R f(X1(t2))f(X2(t2))f(X3(t2)) = U2 Õ"¯K¨�®"¯K²�¬ U ∈ F (t)

©K¦�¶ X1(t),X2(t),X3(t) ©K¨�¬z¦�¯@«=ªh¯@¦7®�«)©K¦v«)¤
Í�Î	Ï�Ð�Ñ�ÏvÒ ��Ó�Ô	¬P« Fq °h¬a©�´µ¦7¥�«)¬�´>¬P±_¶�¯gÕ q ¬P±_¬"²�¬"¦�«�®@} gcd(q, 6) = 1 }=©K¦�¶

ª ¯K¦7® ¥?¶S¬"¨�©K¦ ¬P±
± ¥ §e«�¥?ª<ª�¸�¨ ¼@¬ E : Y 2 = X3 + AX + B }=»µ­o¬"¨�¬ A,B ∈ Fq ©K¦e¶
A 6= 0 ¤ÌÔ	¬P« T ⊆ Fq ®"©,«�¥
®
Õh½�«�­o¬�ªh¯K¦�¶K¥�«�¥?¯K¦�£=¥ Õ t ∈ T «�­o¬"¦ −t 6∈ T ¤���¬?´�¦�¬-©
²�©�§ Φ : T → E(Fq) ©K®µÕ"¯@±
±Z¯K»µ®@£
Φ(t) = (Xj(t

2),
√
f(Xj(t

2))), »µ­o¬"¨�¬ j = min{1≤ i≤ 3 | f(Xi(t
2)) ∈ F2

q},
©K¦�¶ Xi(t) F i = 1, 2, 3 Rr©K¨�¬r¶d¬�´µ¦�¬h¶a¥
¦���­o¬h¯@¨�¬"² 1 ¤���­o¬"¦ Φ ¥
®�»>¬P±
±�¶S¬?´�¦�¬h¶�Õ"¯K¨
©@«>±Z¬h©@® « |T | − 25 ¼@©@± ¸v¬"®z¯gÕ t ©K¦e¶
F2�,R |ImΦ| ≥

⌈ |T | − 25

26

⌉
.

� Ð�Ñ�Ð�������Ñ�� �SÓ�Ô	¬P« F °h¬�©>´µ¦v¥�«)¬�´3¬P±Z¶r¯gÕ�ª"­o©K¨�©SªP«)¬"¨�¥
® «�¥?ª�¸o¦�¬hÖ"¸v©@±�«)¯ 2 ¯@¨ 3 }
E : Y 2 = X3 + AX + B ©K¦È¬"±
± ¥ §e«�¥?ª�ª"¸o¨ ¼@¬�¶S¬?´�¦�¬h¶�¯K¼@¬�¨ F }y»µ­o¬"¨�¬ A 6= 0 }
©K¦�¶�®h¸K§S§7¯K®"¬-© ª ¬�¨"«)©K¥
¦ n ∈ F \ F 2 ¥
®&·K¥
¼@¬"¦�¤���­�¬�¦�»>¬-ªh©K¦ ªh¯K²�§�¸�«)¬-©i§7¯K¥
¦�«
P ∈ E(F ) \ {∞} ¥
¦A«�¥
²�¬�§7¯@± ½@¦e¯@²&¥?©@±�¥
¦ log |F | ¤���­o¬r¨�¬P±Z¬�¼@©K¦�« O �gªh¯@¦7®�«)©K¦v«Q¥
®
©d°�®P¯@± ¸7«)¬�¤

T=U \vLP}�H qPq `,J�u�XZY7kt^�`������y`,~7]ZX_^�M,��L&J VPW HKJN�oL�FN���o} c �B���@�j��R }�O Vfq HKY�L�HPn5^ U Hj^
«�­o¬a²�©K¥
¦ ¯d°�® «)©SªP±Z¬f«)¯�©t¶S¬P«)¬"¨�²&¥
¦7¥
®�«�¥?ªz§7¯@± ½@¦e¯@²&¥?©@±3«�¥
²i¬-©@± ·d¯K¨�¥�«�­S² Õ"¯K¨�´µ¦e¶@¥
¦�·
©�§�¯@¥
¦v«�¯@¦ E

U H@Lr~ VPV Y[`�l V J q ` W�V � TQU7V J VPW HKXZY7XZY7k `,~vLg^ H q ] V }µ^ U7V ^ U7V `,J V ^�X q HK]
u�X�� q \7]_^{n `,b V"� ^�JhH q ^�XZY7k�LNÃd\�HKJ V JN`�`@^hL"} q HKY�HK]wLN`<~ V `�l V J q ` W�V XZY5^ U7V b
`,]Z]Z`�OyXZY7k
L ceV�q X�HK] q H@L V �

� Ð�Ñ�Ð�������Ñ�� ��Ó�Ô�¬P« E : Y 2 = X3 + AX + B °h¬�©K¦ ¬P±
± ¥ §e«�¥?ª�ª"¸o¨�¼@¬S}
»µ­o¬"¨�¬ A,B ∈ Z ©K¦�¶ A 6= 0 ¤p¹
Õ p - 4A3 + 27B2 «�­o¬"¦m»>¬tªh©@¦�´µ¦e¶�©:§7¯K¥
¦�«



� è Þ éKÚZàÌè é&Ü�æ æ Þ �KÚwÞZß>ßgâ�����Ü{àµè���Ü���çvéKÞ Ú�Ü�ç¡Ü�æ�� à ���"!

P ∈ E(Fp) \ {∞} ¥
¦t«�¥
²�¬Q§7¯@± ½@¦e¯@²&¥?©@±=¥
¦ log p ¤ ��­o¬�¨�¬P±Z¬"¼K©@¦v« O �gªh¯@¦7®�«)©K¦v«=¶S¬��
§7¬"¦e¶@®z¯K¦�± ½�¯K¦ |B| ¤

Remark.
Â \7J W�V ^ U `ou:`,bµs7Yvu�XZY7k c `,XZYd^hL�XZY E(Fq) }v~�H@L V u:`,Y T=U7V `,J VPW ��}

k,X_l V LpH q ^�\�HK]Z]_nfHKYdnaY�\ W ~ V JB`,b c `,XZYd^hLB^ U Hj^=XwLB`,b c `,]_noY7` W X�HK]¡k,JN`�Op^ U XZY log q }�XZY
^�X W�Vrc `,]_noY7` W X�HK]µXZY log q ��¾v`,J�^ U7V LhHK� V `,b>LgX Wic ]ZX q X_^{n�`,b3b
`,J W \7]�Hj^�XZ`,YtO V&U HPl Vq `,Y7s7Y V u:`,\7J�L V ]_l V LyXZY�^ U7V HK~e`�l Vzq `,JN`,]Z]�HKJNX V Lp^�`iLgXZY7k,] V�c `,XZYd^hL P 6=∞ �T=U7V J V HKJ V�W HKYdn c H ceV J�L�u V lS`@^ V u ^�`IXZYdl V L�^�XZkdHj^�XZ`,Y `,b c Hj^N^ V JNYvL�`,b c `�O V J
J V LNXwu�\ V L"��G V HKJ V XZYd^ V J V Lg^ V uAXZYA^ U7V b
`,]Z]Z`�OpXZY7k�L ceV�q X�HK] c JN`,~7] VPW ��Ç V ^ a < b ~ Vc `SLNX_^�X_l V XZYd^ V k V J�LP�
	 V Y7`@^ V F?HKb�^ V J�Æp��Ç VPU7W�V J�HKYvu����j�r�@É�\�ni�_�,}jËµJN`,~7] VPW ¾µ¿j��R�~dn
Ω(a, b) ^ U7V ] V H@Lg^3Y�\ W ~ V J3Lg\ qhU ^ U Hj^>b
`,JBHK]Z] p > p(a, b) ^ U7V J V�V"� XwL�^hL n ≤ Ω(a, b)
LN\ qhU ^ U Hj^ V H qhU `,b n, n+ a, n+ b XwL�HrÃd\�H@u�JhHj^�X q J V LNXwu�\ VzW `ou�\7]Z` p � W `,J V `�l V JP}
OyJNX_^ V Ω(a, b) =∞ XZb�^ U7V J V XwLBY7`�LN\ qhU s7Y7X_^ V Y�\ W ~ V JP� TQU7V J V XwLQH q `,Y@Å V�q ^�\7J V `,b
�����r�eÉ�\�n:HKYvu:ÆQ��Ç VPU7W�V JzFN�_�,}vËµJN`,~7] VPW ¾µ¿j��R>^ U Hj^

¥ Õ (a, b) 6≡(1, 2) mod 3, (1, 3) mod 5, (2, 3) mod 5, (2, 4) mod 5,(1, 5) mod 7,
(2, 3) mod 7, (4, 6) mod 7 }�«�­o¬"¦ Ω(a, b) <∞ ¤Â \7J W `ou V Lg^�^ H@Lg�[Hj^�^ U7V:W ` W�V Yd^�XwLr^�`5b
`,J W \7]�Hj^ V ^ U XwL q `,Y@Å V�q ^�\7J V \vLNXZY7kV"�oc ]ZX q X_^�]_n-^ U7V ]�HKY7k,\�HKk V `,b V ]Z]ZX c ^�X q�q \7Jgl V LP�

� Ð
���PÏ�������Ñ�Ï �SÓ��Ì¯K¦v®h¥?¶S¬"¨�«�­o¬&¬P±
± ¥ §e«�¥?ªrª�¸�¨ ¼@¬ E : Y 2 = X(X + a)(X + b)
»µ­o¬"¨�¬ a < b ©K¨�¬�¦�©@«�¸o¨h©@±�¦7¸�²i°�¬"¨�®"¤���®h® ¸o²�¬i«�­o©,«	Õ"¯K¨a¬ ©Sª"­i§�¨ ¥
²i¬ p ®P©@«�¥
®
Õh½@¥
¦o·
p - ab(b−a) }�«�­o¬�¶K¸j§�± ¥?ª ©@«�¥?¯K¦�¶S¯�¬�®y¦e¯@«�®"¬"¦�¶�©@±
±S§7¯K¥
¦�«�®�¯gÕ E(Fp) «)¯&«�­o¬>§7¯K¥
¦�« ∞
F�¬ Ö�¸�¥
¼K©,±_¬"¦�«?± ½ |E(Fp)| > 4 RP¤���­o¬"¦ Ω(a, b) <∞ ¤T=U7VfV Ãd\7X_l,HK] V Y q"V `,bp~e`@^ U[q `,Y@Å V�q ^�\7J V LrXwL V H@LgXZ]_nI`,~�^ HKXZY�HK~7] V ~dn�������H@L�L V ��LV Lg^�X W Hj^ V

| |E(Fp)| − (p+ 1)| < 2
√
p,

O U X qhU X W�c ]ZX V L�^ U Hj^ |E(Fp)| > 4 b
`,J p ≥ 11 ��� V Y q"V ^ U7V `,Y7]_n q HKYvu�XwuvHj^ V L&b
`,J
¶S¬P±Z©K½i§�¨�¥
²�¬"®�F�\vLNXZY7k<^ U7V ^ V J W XZY7`,]Z`,k@nA`,bQÆp��Ç VPU7W�V J����j��R q HKY�~ V 3, 5 `,J 7 � x ^
XwL�H�l V Jgn V ] VPWiV Yd^ HKJgn<l V JNXZs q Hj^�XZ`,Yt^ U Hj^ E(Fp) ∼= C2 × C2 XZb>HKYvu�`,Y7]_n<XZb (a, b)
H c7ceV HKJ�LyXZY�^ U7V HK~e`�l V ]ZXwL�^y`,b������r�eÉ�\�n-HKYvu:Æp�vÇ VPU7W�V JP�

G V�c JN`�l V ^ U7V b
`,]Z]Z`�OpXZY7k�J V LN\7]_^�J V ]�Hj^ V u�^�` �>`,Y@Å V�q ^�\7J V �@�Í�Î	Ï�Ð�Ñ�ÏvÒ �7Ó"!	¯K¨�©K¦7½�¨�©@«�¥?¯K¦�©@±�¦7¸o²a°�¬"¨ ® a 6= b «�­o¬"¨�¬�¬$#@¥
® «=¨�©@«�¥?¯K¦�©@±�¦7¸o² �
°h¬�¨�® r1, r2, r3 ®"©@«�¥
®�Õh½@¥
¦�·e£�Õ"¯K¨�¬"¼@¬"¨ ½5® ¸ �[ª"¥?¬"¦�«?± ½I±_©K¨)·S¬�§�¨�¥
²�¬�¦7¸o²a°�¬"¨ p «�­o¬"¨�¬
¬$#@¥
® «�® j ∈ {1, 2, 3} ®h¸�ª�­�«�­o©@«(

rj
p

)
=

(
rj + a

p

)
=

(
rj + b

p

)
= +1

»µ­o¬"¨�¬ (p
) ®�«)©K¦�¶K®	Õ"¯K¨�«�­o¬yÔ�¬{·S¬"¦�¶K¨�¬�® ½K²a°�¯@±�©K¦�¶&«�­�¬�¦7¸o²i¬�¨h©@«)¯K¨�®�©K¨�¬�ª ¯K¦7® ¥?¶S¬"¨�¬h¶

²�¯�¶K¸7±_¯ p ¤
¾7`,J�^ U7V LhHK� V `,b q ` W�c ] V ^ V Y V L�L�O V b
`,J W \7]�Hj^ V H q `,Y@Å V�q ^�\7J V O U X qhU XwL V l V YW `,J V ~�H@LNX q ^ U HKY��B`,Y@Å V�q ^�\7J V ��F�L VPV HK]wLg`iËÌJN`,~7] VPW XZYA�À¿K��R �
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���PÏ�������Ñ�Ï ��Ó��Ì¯K¦7® ¥?¶S¬"¨�«�­o¬5¬P±
± ¥ §e«�¥?ª5ª"¸o¨�¼K¬ E : Y 2 = X3 + AX2 +

BX+C }e»µ­�¬�¨h¬ A,B,C ©K¨�¬=·@¥
¼K¬"¦f¥
¦v«)¬{·d¬�¨�®"¤ ��®h® ¸o²�¬�«�­o©@«�Õ"¯K¨�¬h©dª�­�§�¨ ¥
²i¬p¦v¸o² �
°h¬�¨ p ©@«�»µ­S¥?ª"­ E ­o©@®&·d¯�¯�¶�¨�¬ ¶K¸vªP«�¥?¯K¦�}p«�­o¬a¨h¬h¶K¸vª ¬h¶ ª"¸o¨�¼@¬ E(Fp) ªh¯K¦�«)©K¥
¦v®�©@«
±Z¬h©K®�«�¯K¦�¬�© ��¦e¬Ì§7¯K¥
¦�«�F�¬ Ö�¸�¥
¼K©,±_¬"¦�«?± ½ |E(Fp)| > 1 RP¤ ��­o¬"¦�«�­o¬"¨�¬�¬ #@¥
®�«�®p©&ªh¯@¦7®�«)©K¦v«
C(E) ® ¸vª"­:«�­�©@«�Õ"¯K¨�¬h©Sª"­:® ¸ �[ª"¥?¬"¦v«?± ½-±_©@¨2·d¬�§�¨�¥
²�¬ p «�­o¬"¨�¬i¬$#K¥
®�«B¥
¦�«)¬)·d¬"¨ ® X,Y
®P©@«�¥
®
Õh½@¥
¦o·i«�­�¬&ª ¯K¦o·K¨�¸v¬"¦�ªh¬

Y 2 ≡ X3 + AX2 +BX + C (modp)

©K¦�¶f©S¶d¶K¥�«�¥?¯K¦�©@±
± ½ 1 ≤ X ≤ C(E) ¤
¾7`,JQ^ U7V�c JN`�`,b�LQO V Y VPV u�^ U J VPV ] VPW�W H@LP�
� Ï�Ò�Ò � �SÓ�¹
Õ f(X) = X3 + AX +B «�­o¬"¦t«�­o¬>Õ"¯@±
±Z¯K»µ¥
¦�·a¥?¶S¬"¦v«�¥�«�½a­o¯@±Z¶K®@£

f

(
α3 + 4B

−4A− 3α2

)
=

(
α3 + 4Aα− 8B

−4A− 3α2

)2

· α
3 + Aα+B

−4A− 3α2
.

� Ï�Ò�Ò � ��Ó�Ô�¬P« F °h¬�©�´>¬"±Z¶-¯gÕ&ª"­o©K¨�©dª"«)¬"¨�¥
® «�¥?ª&¸o¦�¬hÖ"¸v©@±�«)¯ 2 ¯K¨ 3 ©K¦�¶-ªh¯K¦ �
® ¥?¶S¬"¨�«�­o¬r©@±À·d¬j° ¨h©K¥?ªz®"¬P« V ¶S¬?´µ¦e¬ ¶f¯@¼K¬"¨ F °�½a«�­o¬&¬ Ö"¸v©@«�¥?¯K¦
F �SR y2 + 12Ax2 = z3 + Az +B =: f(z), »µ­o¬"¨�¬ A,B ∈ F ©@¦e¶ A 6= 0.

��­o¬"¦ V ¥
®�¥
¨�¨�¬h¶@¸vª"¥2°�±Z¬r©K¦�¶�¥ Õ�»>¬p§�¸�«
X1 =

yz + 4Ax

y − 3xz
, X2 =

z3 + 4B

−4A− 3z2
, X3 =

X3
1 + 4B

−4A− 3X2
1

,

«�­o¬"¦
f(X1)f(X2)f(X3)

=

(
(X3

1 + AX1 +B)(X3
1 + 4AX1 − 8B)(z3 + 4Az − 8B)(y − 3xz)

(−4A− 3X2
1)(−4A− 3z2)2

)2

,

»µ­o¬"¨�¬�°�¯@«�­r®h¥?¶S¬"®�©K¨�¬�«)¯r°�¬�¸o¦�¶S¬"¨ ®�«)¯�¯�¶r©K®�¬"±Z¬"²�¬"¦v«�®�¯gÕ F (V ) }�«�­o¬�Õh¸o¦eªP«�¥?¯K¦�´>¬P±_¶
¯gÕ V ¤

×>¨�¯�¯gÕ"¤�¾v`,J	^ U7V>c JN`�`,b7`,b7XZJNJ V u�\ q XZ~7XZ]ZX_^{n&`,b V O V J V b V J	^�`r����} c �@¿��o} �B`,JN`,]Z]�HKJgnr�
HKYvu �B`,JN`,]Z]�HKJgn �j�2���>n�Ç VPW�W Hf��O V `,~�^ HKXZY

f(X2) =

(
z3 + 4Az − 8B

−4A− 3z2

)2

· z
3 + Az +B

−4A− 3z2
,

f(X3) =

(
X3

1 + 4AX1 − 8B

−4A− 3X2
1

)2

· X
3
1 +AX1 +B

−4A− 3X2
1

,

HKYvu U7V Y q"V
f(X1)f(X2)f(X3) =

z3 +Az +B

(−4A− 3X2
1)(−4A− 3z2)

×
(

(X3
1 +AX1 +B)(X3

1 + 4AX1 − 8B)(z3 + 4Az − 8B)

(−4A− 3X2
1 )(−4A− 3z2)

)2

.
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G V \vL V ^ U7V�V Ãd\�Hj^�XZ`,Y�u V s7Y7XZY7k V HKYvu�^�JhHKYvLNb
`,J W b
\7Jg^ U7V J
z3 + Az +B

(−4A− 3X2
1)(−4A− 3z2)

=
y2 + 12Ax2

(−4A− 3X2
1)(−4A− 3z2)

=

(
y − 3xz

−4A− 3z2

)2

.

��`�O ^ U7V H@L�L V Jg^�XZ`,Y�b
`,]Z]Z`�OyLQ~dn q ` W ~7XZY7XZY7k�^ U7V HK~e`�l V b
`,J W \7]�H@LP�
� Ï�Ò�Ò � �7Ó�Ô�¬P« V °�¬t«�­o¬�¼K©@¨ ¥?¬P«�½5·@¥
¼@¬"¦/° ½ (3) ¤ ��­o¬"¦ »>¬�­o©K¼@¬�¨�©@«�¥?¯K¦�©@±

²�¯@¨)§�­d¥
®h²
Ψ : F 2 → V (F ),

·@¥
¼@¬"¦5°�½i«�­o¬>Õ"¯K¨�²&¸�±Z©K®
Ψ(t, s) = (x(t, s), y(t, s), z(t, s)),

»µ­o¬"¨�¬
# = x(t, s) = 3m2r − 4Amtr +A2t2r − 12Ar3 − 12A2rs2

+ 3Bmts− ABt2s+ 12ABs3,

½ = y(t, s) = m3 − 2Am2t+ A2mt2 − 36Amr2 − 12A2ms2

+B2t3 + 24A2tr2− 36ABtrs,
� = z(t, s) = m2 + 12Ar2,

m = m(t, s) :=
At2 − 12As2

2t
, r = r(t, s) :=

Bt2 − 1

24As
.

×>¨�¯�¯gÕ"¤ TQU XwL�J V Lg\7]_^�~ V ]Z`,Y7kSL�^�` Ê `,J�u V ]Z]?� x ^�XwL�HiL ceV�q X�HK] q H@L V `,b T=U7V `,J VPW �
`,Y c HKk V �,����`,b U XwL q ]�H@L�LgX q HK]�^�J V Hj^�XwL V � � �2�oG V�U HPl V `,Y7]_n ceV JNb
`,J W�V u:HK]Z]�u V ^ HKXZ] V uV ] VPW�V Yd^ HKJgn q HK] q \7]�Hj^�XZ`,YvLp^�` W HK� V ^ U7V Lg`,]Z\�^�XZ`,Y�H@L V"�oc ]ZX q X_^�H@L c `SL�LgXZ~7] V �

×>¨�¯�¯gÕ-¯gÕ ��­o¬ ¯K¨�¬"²��,¤�G V H c7c ]_n�Ç VPW�W H@L���HKYvu �o��G U7V Y�O V Lg\7~vLg^�X_^�\�^ V
s = t XZY�^ U7V b
`,J W \7]�H@L�b
`,J x, y, z XZY Ç VPW�W H ��HKYvu�^ U7V Y q ` W�c \�^ V X1,X2,X3`,b�Ç VPWiW H��yO V L U HK]Z]7`,~�^ HKXZY X1(t2),X2(t2),X3(t2) }KO U7V J V X1(t),X2(t),X3(t)
HKJ V u�XwL c ]�HPn V uzXZY T=U7V `,J VPW �@����`�O5O V OpXZ]Z],l V JNXZb�n�^ U Hj^ D1(t)D2(t)D3(t) 6= 0 HKYvu
^ U Hj^ X1(t),X2(t),X3(t) HKJ V Y7`,Y�| q `,YvLg^ HKYd^�� TQU7V ]Z`�O V Lg^�^ V J W XZYA^ U7Vac JN`ou�\ q ^
D1(t)D2(t)D3(t) XwL 144A2t F
^ U XwLyb
`,]Z]Z`�O�Lyb
JN` W ^ U7V ^ HK~7] V L�k,X_l V YtHj^y^ U7V�V Yvu<`,b
^ U7V&c H ceV J R �	 �XZY q"V A 6= 0 HKYvu charF 6= 2, 3 O V `,~�^ HKXZY 144A2 6= 0 HKYvu U7V Y q"V
D1(t)D2(t)D3(t) 6= 0 �T=U7VBV Ãd\�HK]ZX_^{n N1(t)/D1(t) = c1 ∈ F OB`,\7]wu�X W�c ]_n N1(t) = 0 �@¾vJN` W/T HK~7] V �
O V L VPV ^ U Hj^µ^ U7VQq ` V � q X V Yd^hL 212A2 } 208A2B HKYvu 161568A5 +264A2B2 l,HKY7XwL U �TQU7V b�H q ^�^ U Hj^ 212A2 = 0 }KO U XZ] V A XwL�Y7`@^µM V JN`7},X Wic ]ZX V L�^ U Hj^ charF = 53 �S �XZY q"V
208 6≡ 0 (mod 53) }¡O V�U HPl V B = 0 HKYvu U7V Y q"V }�H@L 161568 6≡ 0 (mod 53) }¡O V
s7Yvu A = 0 }�H q `,Yd^�JhH@u�X q ^�XZ`,Y��

� V"� ^ X2(t) 6∈ F ~ V�q HK\vL V N2(0) 6= 0 HKYvu D2(0) = 0 ��¾v`,J�^ U7V�c JN`�`,b>^ U Hj^
X3(t) 6∈ F O V \vL V ^ U7V b
`,J W \7]�H

X3(t) =
X1(t)3 + 4B

−4A− 3X1(t)2
.



����� 
 �����	��
 D �
TQU7V�V Ãd\�HK]ZX_^{n X3(t) = c3 ∈ F OB`,\7]wu-k,X_l V

X1(t)3 + 3c3X1(t)2 + (4B + 4c3A) = 0,

~7\�^ c3 = X3(0) = −B/A }7O U X qhU ] V H@u7LQ^�`
X1(t)2

(
X1(t)− 3B

A

)
= 0,

H q `,Yd^�JhH@u�X q ^�XZ`,Y<OpX_^ U X1(t) 6∈ F �
×>¨�¯�¯gÕz¯gÕ ��­o¬h¯K¨h¬�²��o¤ T=U7V L V ^

{t ∈ T | D1(t2)D2(t2)D3(t2) = 0}U H@LpY7` W `,J V ^ U HKY degD1(t) + degD2(t) + degD3(t) ≤ 25
V ] VPW�V Yd^hLP�v¾v`,JQ^ U7V

J VPW HKXZY7XZY7kal,HK]Z\ V L�`,b t ^ U7V�W H c Φ XwLpO V ]Z]�u V s7Y V u�~ V�q HK\vL V `,byFg��RyHKYvu<^ U7V b�H q ^
^ U Hj^ F∗q XwL q n q ]ZX q � x Ya^ U7V O=`,J�L�^ q H@L V ^ U7V LhH W�V�c `,XZYd^QXZY E(Fq)

q HKY�~ V `,~�^ HKXZY V u
~dn�`,\7J c JN` q"V u�\7J V b
`,J degX1(t) + degX2(t) + degX3(t) ≤ 26 l,HK]Z\ V LB`,b t ∈ T }
HKYvu�^ U XwL V Yvu7L=^ U7V�c JN`�`,b�`,b�XZY V Ãd\�HK]ZX_^{nAF2�,R �

×>¨�¯�¯gÕ�¯gÕ �Ì¯K¨�¯@±
±Z©K¨�½ �,¤ Â ~dloXZ`,\vLg]_n�O V�q HKYÈH@LNLN\ W�V ^ U Hj^ |F | > 49 �>¾�XZJ�Lg^�}
^ HK� V H�LN\7~vL V ^ T `,b F LhHj^�XwLNb�noXZY7k T ∩ (−T ) = ∅ HKYvu |T | = 26 �e  V�q `,Yvu�]_nS}e\vLgXZY7kTQU7V `,J VPW �&s7Yvu X ∈ F Lg\ qhU ^ U Hj^ f(X) ∈ F 2 �e¾�XZY�HK]Z]_nS} q ` W�c \�^ V ^ U7V J V ] V l,HKYd^
L�Ãd\�HKJ V JN`�`@^ Y =

√
f(X) \vLgXZY7k n ∈ F \ F 2 HKYvu-^ U7V O V ]Z]���Y7`�OyY��gH c7c JN` � X W Hj|

^�XZ`,Y�� c JN` q"V u�\7J V u�\ V ^�` 	&�e  U HKY7�oL&� �j�2}7XZY-^�X W�V�c `,]_noY7` W X�HK]	XZY log |F | �
!µ¥
¨�® «B§�¨�¯�¯gÕ�¯gÕ �Ì¯K¨�¯@±
±Z©K¨�½��o¤�G V u�XwLg^�XZY7k,\7XwL U ^{OB` q H@L V L"� x b f(0) = B XwLrH

Ãd\�H@u�JhHj^�X q J V LgXwu�\ V�W `ou p O V�q ` W�c \�^ V y =
√
B modp }o\vLNXZY7k�^ U7V HK]Zk,`,JNX_^ U7W `,b

����  qhU `�`,bz��¢j�2}	XZYA^�X W�V
O((|B|1/2+ε log p)9) � x b B XwL&H:Ãd\�H@u�JhHj^�X q Y7`,Y�|2J V LNXwu�\ V

O V�c \�^ n = B HKYvu<H c7c ]_n �B`,JN`,]Z]�HKJgn �@�
	 ¬ ªh¯K¦�¶ ( ¶K¥
¨�¬ ª"« ) §�¨�¯�¯gÕ-¯NÕ��Ì¯K¨�¯@±
±Z©K¨�½
�o¤ T=U7V�c JN`�`,b�u�X Á�V J�Lrb
JN` W ^ U7V HK~e`�l V

`,Y7]_nÈXZYÈ^ U7V5q H@L V (Bp
)

= −1 �� �`�O V q HKY q ` W�c \�^ V HK]Z]�LNÃd\�HKJ V JN`�`@^hL�O U X qhU
H c7ceV HKJ�XZY:O U Hj^�b
`,]Z]Z`�OyL�XZY�u V ^ V J W XZY7XwL�^�X q�c `,]_noY7` W X�HK]�^�X W�V �e�3n<Ç VPW�W H-�zX_^�XwL
LN\ � q X V Yd^y^�`�s7Yvu α ∈ Z L�Hj^�XwLNb�noXZY7k
F � R

(−4A− 3α2

p

)
= −1.

�B`,YvLgXwu V Jp^ U7V Ãd\�H@u�JhHj^�X q b
`,J W
g(u, v) = −4Au2 − 3v2.x b�O V s7Yvu u, v ∈ Fp Lg\ qhU ^ U Hj^

F �,R
(
g(u, v)

p

)
= −1 HKYvu uv 6= 0,

^ U7V Y:O V�c \�^ α = v/u HKYvu�F � R U `,]wu7LP� x b V X_^ U7V J −4A = g(1, 0) `,J −3 = g(0, 1)
XwLiH�Ãd\�H@u�JhHj^�X q Y7`,Y�|2J V LNXwu�\ V<W `ou p ^ U7V Y�O V�V H@LNXZ]_nIs7Yvu u, v ∈ F∗p L�Hj^�XwLNb�noXZY7k
g(u, v) = −4A `,J g(u, v) = −3 F�J V L ceV�q ^�X_l V ]_nvR�HKYvuÈF �,R U `,]wu7LP� x bp~e`@^ U −4A
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HKYvu −3 HKJ V LNÃd\�HKJ V L W `ou p O V s7J�Lg^ys7Yvu c, d ∈ F∗p LN\ qhU ^ U Hj^
c2 = −4A, d2 = −3.x Y�Y V O l,HKJNX�HK~7] V L s = cu, t = dv ^ U7V b
`,J W g(u, v) ^�JhHKYvLgb
`,J W L�^�` G(s, t) =

s2 + t2 �3Ç V ^ n0 ~ V ^ U7V \7Y7XwÃd\ V Y�\ W ~ V J�XZY[^ U7V XZYd^ V Jgl,HK] [2, p − 1] LhHj^�XwLgb�noXZY7k
n0 ≡ B mod p HKYvu:u V s7Y V

nj+1 = nj − [
√
nj ]2 b
`,J j = 0, 1, . . . .

¾v`,J J = max
{
j ≥ 0 |

(nj
p

)
= −1

} O V `,~�^ HKXZY
nJ = G(f, [

√
nJ ])

OyX_^ U f ∈ F∗p LhHj^�XwLgb�noXZY7k f2 = nJ+1 �� �XZY q"V J � log log p O V�U HPl V HKJNJNX_l V uIHj^
u = f/c } v = [

√
nJ ]/d L�Hj^�XwLNb�noXZY7k�F �,RBXZY c `,]_noY7` W X�HK]�^�X W�V �

×>¨�¯�¯gÕz¯gÕ ��­o¬h¯K¨h¬�²��d¤ �>`,YvLNXwu V Jp^ U7V�V ]Z]ZX c ^�X qzq \7Jgl V
Ẽ : Ỹ 2 = X̃(X̃ + a)(X̃ + b) =: g(X̃).TQU7V�W H c
X̃ 7→ X = X̃ +

a+ b

3
, Ỹ 7→ Y

k,X_l V L<HKY XwLg` W `,J c7U XwL W `,b Ẽ `,Yd^�` E : Y 2 = X3 + AX + B }=O U7V J V A =
(ab − a2 − b2)/3 6= 0 �BG V H c7c ]_n T=U7V `,J VPW ��^�`�`,~�^ HKXZY JhHj^�XZ`,Y�HK]zY�\ W ~ V J�L
X̃1, X̃2, X̃3, Ũ LN\ qhU ^ U Hj^
F?¿SR g(X̃1)g(X̃2)g(X̃3) = Ũ2 HKYvu Ũ 6= 0.

��`�O O V u V s7Y V
rj =

(X̃j − ab)2

4g(X̃j)

HKYvu�l V JNXZb�n�^ U Hj^
F2¢,R rj + a =

(X̃2
j + 2aX̃j + ab)2

4g(X̃j)
, rj + b =

(X̃2
j + 2bX̃j + ab)2

4g(X̃j)
.

x bQH c JNX WiV Y�\ W ~ V J p H c7ceV HKJ�L�Y V X_^ U7V JzXZY ^ U7V Y�\ W�V JhHj^�`,J�L�Y7`,JzXZYt^ U7V u V Y7` W |
XZY�Hj^�`,J�Lz`,b g(X̃j) F j = 1, 2, 3 R }¡^ U7V Y5\vLNXZY7k-^ U7V b�H q ^z^ U Hj^ F∗p XwL q n q ]ZX q HKYvu F?¿SR
O V XZY7b V J�^ U Hj^zHj^�] V H@Lg^�`,Y V `,b g(X̃j) XwL�HfL�Ãd\�HKJ V XZY Fp � T=U7V u V LgXZJ V u5H@L�L V Jg^�XZ`,Y
b
`,]Z]Z`�O�LpY7`�O ~dnf^ U7V u V s7Y7X_^�XZ`,Y<`,b rj HKYvuAF2¢,R �

�������
	�� �
i = 1

#

n
(1)
0,0 = 212; n

(1)
0,1 = −208; n

(1)
3,0 = −161568, n

(1)
0,2 = −264;

n
(1)
3,1 = 441408, n

(1)
0,3 = 304; n

(1)
6,0 = −92765376, n

(1)
3,2 = −127776, n

(1)
0,4 = −44;

d
(1)
0,0 = −1; d

(1)
0,1 = 5; d

(1)
3,0 = 10536, d

(1)
0,2 = −10; d

(1)
3,1 = 9480, d

(1)
0,3 = 10;

d
(1)
6,0 = 4024944, d

(1)
3,2 = −4488, d

(1)
0,4 = −5; d

(1)
6,1 = 2108304, d

(1)
3,3 = 2904, d

(1)
0,5 = 1.
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i = 2
#

n
(2)
0,0 = −1; n

(2)
0,1 = 6; n

(2)
3,0 = −4356, n

(2)
0,2 = −15; n

(2)
3,1 = −424944, n

(2)
0,3 = 20;

n
(2)
6,0 = −6324912, n

(2)
3,2 = −26136, n

(2)
0,4 = −15;

n
(2)
6,1 = 12649824, n

(2)
3,3 = 17424, n

(2)
0,5 = 6;

n
(2)
9,0 = −3061257408, n

(2)
6,2 = −6324912, n

(2)
3,4 = −4356, n

(2)
0,6 = −1;

d
(2)
0,0 = 1; d

(2)
0,1 = −4; d

(2)
3,0 = 5976, d

(2)
0,2 = 6; d

(2)
3,1 = −5808, d

(2)
0,3 = −4;

d
(2)
6,0 = 2108304, d

(2)
3,2 = 2904, d

(2)
0,4 = 1.

� � ���
	�� �
i = 3, 31, 32

#
n

(3)
0,1 = 1; n

(3)
3,0 = 0, n

(3)
0,2 = −15; n

(3)
3,1 = −31608, n

(3)
0,3 = 105;

n
(3)
6,0 = −2382032, n

(3)
3,2 = 287640, n

(3)
0,4 = −455;

n
(3)
6,1 = 327958320, n

(3)
3,3 = −1124496, n

(3)
0,5 = 1365;

n
(3)
9,0 = 5446134144, n

(3)
6,2 = −949378416, n

(3)
3,4 = 2369808, n

(3)
0,6 = −3003;

n
(3)
9,1 = −940697745408, n

(3)
6,3 = −185899568, n

(3)
3,5 = −2531880, n

(3)
0,7 = 5005;

n
(3)
12,0 = −1023635467008, n

(3)
9,2 = −4041852271488,

n
(3)
6,4 = 3844905120, n

(3)
3,6 = −14904, n

(3)
0,8 = −6435;

n
(3)
12,1 = −1271178606627072, n

(3)
9,3 = −557953136640,

n
(3)
6,5 = −5637798432, n

(3)
3,7 = 4402080, n

(3)
0,9 = 6435;

n
(3)
15,0 = −3711755775062016, n

(3)
12,2 = −3365703371771136,

n
(3)
9,4 = 1809225932544, n

(3)
6,6 = 2558454048, n

(3)
3,8 = −7401888, n

(3)
0,10 = −5005;

n
(3)
15,1 = −502999567986972672, n

(3)
12,3 = −924766944152832,

n
(3)
9,5 = −3401013749760, n

(3)
6,7 = 1784103840, n

(3)
3,9 = 7013304, n

(3)
0,11 = 3003;

n
(3)
18,0 = 447914759358173184, n

(3)
15,2 = −981669643253544960, n

(3)
12,4 = 329477012308224,

n
(3)
9,6 = 913161021696, n

(3)
6,8 = −3372070032, n

(3)
3,10 = −4408920, n

(3)
0,12 = −1365;

n
(3)
18,1 = −73786028437373497344, n

(3)
15,3 = −459570852044992512,

n
(3)
12,5 = −977913669655296, n

(3)
9,7 = 439245379584,

n
(3)
6,9 = 2438317040, n

(3)
3,11 = 1904112, n

(3)
0,13 = 455;

n
(3)
21,0 = 1042769766152244658176, n

(3)
18,2 = −84332284536876355584,

n
(3)
15,4 = 5961076345331712, n

(3)
12,6 = −43484326592256,

n
(3)
9,8 = −707241693312, n

(3)
6,10 = −1030036656, n

(3)
3,12 = −555120, n

(3)
0,14 = −105;

n
(3)
21,1 = −2848874263082603053056, n

(3)
18,3 = −63482146340076490752,

n
(3)
15,5 = −101522561076541440, n

(3)
12,7 = 69490543161600,

n
(3)
9,9 = 280657428480, n

(3)
6,11 = 255430032, n

(3)
3,13 = 100584, n

(3)
0,15 = 15;
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n
(3)
24,0 = 199571139166470771769344, n

(3)
21,2 = 824674128787069304832,

n
(3)
18,4 =−7951403445605351424, n

(3)
15,6 =−37420516674680832, n

(3)
12,8 =−66000709716480,

n
(3)
9,10 = −61039617408, n

(3)
6,12 = −31603264, n

(3)
3,14 = −8712, n

(3)
0,16 = −1;

d
(31)
0,0 = −1; d

(31)
0,1 = 5; d

(31)
3,0 = 10536, d

(31)
0,2 = −10; d

(31)
3,1 = 9480, d

(31)
0,3 = 10;

d
(31)
6,0 = 4024944, d

(31)
3,2 = −4488, d

(31)
0,4 = −5;

d
(31)
6,1 = 2108304, d

(31)
3,3 = 2904, d

(31)
0,5 = 1;

d
(32)
0,0 = 1; d

(32)
0,1 = −10; d

(32)
3,0 = 12636, d

(32)
0,2 = 45; d

(32)
3,1 = 20256, d

(32)
0,3 = −120;

d
(32)
6,0 = 51578784, d

(32)
3,2 = −158448, d

(32)
0,4 = 210;

d
(32)
6,1 = 426572352, d

(32)
3,3 = 149472, d

(32)
0,5 = −252;

d
(32)
9,0 = 74892394368, d

(32)
6,2 = −178487712, d

(32)
3,4 = 146472, d

(32)
0,6 = 210;

d
(32)
9,1 = 42705805824, d

(32)
6,3 = −194173056, d

(32)
3,5 = −328224, d

(32)
0,7 = −120;

d
(32)
12,0 = 38682048607488, d

(32)
9,2 = 217678171392,

d
(32)
6,4 = 339663456, d

(32)
3,6 = 208656, d

(32)
0,8 = 45;

d
(32)
12,1 = −44449457564160, d

(32)
9,3 = −122450296320,

d
(32)
6,5 = −126498240, d

(32)
3,7 = −58080, d

(32)
0,9 = 10;

d
(32)
15,0 = 6454061238316032, d

(32)
12,2 = 22224728782080,

d
(32)
9,4 = 30612574080, d

(32)
6,6 = 21083040, d

(32)
3,8 = 7260, d

(32)
0,10 = 1.
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