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1. Introduction. Given an elliptic curve E/F), let E(F,) denote the
Mordell-Weil group, which consists of the IF,-rational points on the curve
along with an identity at infinity. A simple heuristic shows that the normal
order of E(IF,) is p + 1. If we let

ap(p) :==p+1—|E(Fp)l,
Hasse’s theorem asserts that

(L1) lap()| < 2(5.

It follows from Deuring’s theorem (see [2] or [7]) that (1.1) is best possible
in the sense that, given a prime p, and an integer r € (—2,/p,2,/p), there
exists an elliptic curve E/IF, such that ag(p) = r.
Let (1)
ag(p)
2\p
Then for a particular curve E/Q, it is quite natural to ask how 0g(p) varies
with p.
When E has complex multiplication, the answer turns out to be easy.
In this case, asymptotically, half of primes p satisfy ag(p) = 0. Apart from
these supersingular primes, the primes p with g(p) in a fixed range are
those given by p = f(u,v), where f(u,v) is a certain positive definite binary
quadratic form, with |u|/p in the corresponding range. The distribution of
such primes, with a certain uniformity, is known and can be traced back to
Hecke’s famous work [5, 6].

=cosfg(p), Or(p) €0,
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When E does not have complex multiplication, the problem is much
more difficult. With the experimental support of Sato, Tate [10] has given
theoretical evidence for the following conjecture (for further discussion see
(2, 8, 9]).

SATO-TATE CONJECTURE. Suppose E is an elliptic curve over Q which
does not admit complex multiplication. For any 0 < 01 < 0y <7 and x > 1,

let (01,02)
T (x) = {p <x:00 <Op(p) < O}
Then (61.62) ;
1,V2 2
lim TE__ @) _2 | sin20.do,
z—oo  m(x) e

where m(x) is the number of primes up to x.
For —-1<a<@<1landzx>1,let

me(a, B;x) == #{p <zr:a< 2\(/]3) < ﬁ}

Then by a simple change of variables, we see that the Sato—Tate conjecture
is equivalent to
. 7TE a /Ba 2 7
hmi —S\/l—t2dt.
T—00 ™
In [2], using the Selberg trace formula, Blrch proved that, for any positive
integer k, one has N
’% N 2k!p
Elk+ 1)!
as p — oo. Here the mean is taken subject to E varying over all elliptic curves
over [Fj,. Birch’s result essentially implies that the Sato-Tate conjecture for
elliptic curves is true on average.
Suppose S is a subset of Z which is not too sparse. For —1 < a < (<1
and z > 1, let mg(a, 8,S;x) be the number of primes p < z satisfying

a < a;;\i_) <pB, ag(p)€S.

From the probabilistic point of view, there should be an asymptotic
formula for mg(a, 5,S;x) as x — oo if S is not too sparse and is uniformly
distributed. It is then natural to ask how 7g(«, 3,S;x) may depend on S.

We can show that, when S is nice enough, T, (o, 3,S;x) has an
asymptotic formula for almost all elliptic curves F(a,b) with a,b varying
in certain ranges depending on x, where E(a,b) is given by the equation

E(a,b): y?>=24azx+b.
This gives a heuristic for the relation of 7g(a, 3,S;z) and S.

mean |ag(p)
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Due to symmetry, we may consider only the average behavior of
mp(a,S;z) = 7p(0,q,S;x)

for a given S and « € [0, 1]. Without loss of generality, S may be taken as
a subset of Z>q.

It will be clear from our treatment that S is nice for our purposes pro-
vided that, for large IV, the exponential sum

Z e(n?))

neSN[L,N]

can be well approximated when A is on major arcs (which are reasonably
large in terms of N) in applying the Hardy—Littlewood circle method. From
this, experts who are familiar with the Hardy—Littlewood method may have
noted that S can be chosen, for example, to be an arithmetic progression, the
set of kth powers, smooth numbers, values of an integer-valued polynomial
at primes, or even the set of integers which are sums of a fixed number of
exponentials (powers of 2, for instance).

In this paper, we shall only consider the case that S is the set of all kth
powers. The results for the various cases listed above follow from similar
proofs. Henceforth, K will denote the set of all kth powers for a fixed k € N.

For 0 < o < 1 and positive real numbers U, V', A, B, X, let

SalU VLA B X) = == S (o, K3 X).

AB
U<a<U+A

V<b<V+B

The function S, (U,V, A, B;K; X) measures, in a certain range, the aver-
age number of primes up to X with ag(p) € K and 6g(p) belonging to a
given interval [arccos ar, m/2). We will investigate the asymptotic behavior of
Sa(U,V, A, B;K; X) when A and B are large enough in comparison with X
as X — oo.

THEOREM 1. Let 0 < a < 1 be fized and let U and V be any real
numbers. For any given ¢ > 0 and X sufficiently large, if A, B > Xlog X,
then

Sa(U,V, A, B; K; X) ~ c(a)m(X),
where
X 1/2k— 1/2 ok X 1/2+1/2k
E+1 logX
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and 6(k) is given by
{1 if k=1,

(12) o) =1 if k> 1.

Note that, taking & = 1, Theorem 1 implies that the Sato—Tate
conjecture holds on average. With a little extra effort, we can show that
ck(a)mi(X) is actually the normal order of 7 (a, K; X).

THEOREM 2. Let 0 < o < 1 be fized, and let U,V € R. Suppose that
A, B and X are sufficiently large real numbers and that A, B > (X log X)2.
Then

= Y s (@K X) — exl@)m(X) = of (e (X))

U<a<U+A

V<b<V+B

We also note that under our assumptions on A and B, the contribution
to So (U, V, A, B; K; X) by curves E(a, b) with complex multiplication is neg-
ligible. (There are only 13 j-invariants associated with CM curves, hence,
the total number of CM curves encountered is O(A + B) and therefore
the contribution of CM curves to S, (U, V, A, B;K; X) is easily seen to be
O(m,(X)(1/A+1/B)), which under our assumptions on A and B is o(1).) In
view of this and Theorem 2, it seems reasonable for us to make the following
conjecture.

CONJECTURE 1. For a given elliptic curve E/Q without complex multi-
plication, and —1 < a < § < 1, we have

(1.3) WE(a,ﬁ,,C;X) ~ (Ck(ﬁ) —ck(a))wk(X).

We have not pursued uniformity in « in Theorems 1 and 2. Neverthe-
less, it is clear from our proof that « can be related to X and the asymp-
totic formulas still hold as long as « is bounded away from 0 and 1 by
(log X)~¢ for any ¢ > 0. This is essentially equivalent to the normal order of
me(a, §; X) being (ck(8) — cx(a))mr(X) provided S —a > (log X)~¢ for any
¢ > 0. The (log X)~¢ can be further improved to exp(—cj+/log X) for some
c1 > 0 if, instead of directly using the approximation (2.6) on major arcs,
one separately discusses the cases for those ¢ and x (modgq) with L(s, x)
having a possible Siegel zero. However, this will not be the focus of this
paper.

The organization of this paper is as follows. We first employ the Hardy—
Littlewood method in Section 2 to derive estimates on the number of repre-
sentations of certain integers n as n = r2 — 4p. We then derive an estimate
for a weighted average of special values of truncated Dirichlet L-functions
in Section 3. We employ these estimates to prove the main theorem in Sec-
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tion 4. In Section 5 we prove Theorem 2. Finally, we make some closing
remarks in Section 6.

2. A problem of representations. In this section we employ the
Hardy-Littlewood method (see [11]) in order to give an asymptotic formula
for the number of representations of a negative integer n = 0 or 1 (mod 4) as

2
n =r"—4p,

subject to p < X being a prime, and r € £ N [0,2a,/p], where 0 < o < 1.
We give an asymptotic main term for the number of representations which
is large when some local conditions are satisfied, and an error term which is
small on average.

For convenience, we consider the following weighted number of represen-
tations:

(2.1) R(n)= > logp.

p<X

r<(20/p) '/ *
r2k _4p=n

Let P = (log X)2**™*. For a positive integer m, let ords(m) be the non-
negative integer such that 2°'92(™) | m, and write [m], = 2~ 92" for the
odd part of m.

THEOREM 3. With R(n) defined by (2.1), we have
(2.2) R(n) = &(n, P)J(n) + E(n) + O(X"/*(log X)),

where

6(”, P) — § /‘I’([m]o) F(20rd2(m)7n) E * X(n)7
m<P X (mod [m]o)
Y2k =0
the x means that the summation is over the primitive characters modu-
lo [m]e, F(2°7920m) n) is given by (2.13) below,

1
J(n) _ Z _81/2k—1

Tk 2k
s<do?m
s—4dm=n
and E(n) satisfies
X 1+1/k
2.3 En)]? < ——s5-
(23) X B G

In the following, we can suppose X (log X)_QICJr2 < —n < 4X, since it
follows from considering the ranges for p and r that R(n) is trivially bounded
by the error term O(X'/?(log X)~3) in (2.2) when —n < X (log X)_2k+2.
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Let g = 1+ (log X)~°. To remove the dependence of r on p, we split the
range of p into subintervals (Xg~ (41, X¢g~!),1=0,1,..., L, where

L= {w] < (log X)°loglog X.
log g

Then we have

L
(2.4) R(n) =) Ri(n), where Ri(n)= > log p.
=0 Xg= D <cp<xg?
r<(2a/p) /' *
r2k—4p=n
Let
Ri(n) = Z log p.
Xg=UH <p<xg
r<(2ay/X g1k
r2k—4p=n

Then it is clear that
0 < Rj(n) — Ri(n)

X\ 1/2k
< Z logp < log X + <_l> (log X)™*
ng(l+1)<p§ngl g

(20‘\/15)1/k<7“§(2a\/m)1/k

r2k _4p=n

Note that, from the ranges of p and r in the above sum (and from the fact
that o < 1), it follows that there are at most O, (1) values of [ such that
R} (n) — Ry(n) is non-zero, thus we have

(2.5) ZRl )+ O(XY?*(log X)73).

For a real number S, let

s1(8) = > e(pB)logp,  t(B)= > e(r’p).
Xg- (D <p<Xg~! r<(2ay/Xg=1)1/k
We first note that
1+PX 1
Ri(n)= | tu(B)si(~4B)e(—np)dp.
pPXx-1

We divide the unit interval [PX 1, 1+ PX 1] into two parts: the major arcs

q
m=J U Mqa). where Mg.a)={3:|6-a/q <PX'},
q<P a=1
(a,9)=1



Average Frobenius distribution of elliptic curves 85

and the minor arcs m = [PX~1 1+ PX 1]\ M. It is clear that, for our
choice of P, the M(q,a)’s are disjoint.

Note that for [ < L, we have X (log X)_QHZ < X9~ « Xgl <« X.
Thus from [11] (Lemma 3.1), we see that there exists a positive constant C'
such that whenever 1 <a < ¢ < P, (a,q) =1, 8 € M(q,a), we have

s(—45) = % w(—4(8 — a/q)) + O(X exp(~C+/log X)),
>

Xg=U+D)cm< X gt

For B € M(q, a), from Theorem 4.1 of [11], we trivially have
(2.7) t(B) = ¢~ Sar(g, )ui (B — a/q) + O(P*?),

(2.6)

where

u(N) = e(m\).

where

Sar(gq,a) = Z e(am®/q), v\ = sY/2R=1e ().
m=1

>
2k
s<4a?2X/gt
From [11, Lemma 2.8] we have
(2.8)  w(\) < min{Xg™", A7},

Thus from (2.6)—(2.8), we get

ui(A) < min{(Xg™)"2, I\ 7Y

oy e 1e/(4,9) ¢
(2.9) Ri(n) = 2 q<f>(q/ @q) 2 Sar(q (—an/q)
(a,q)=1
P/X
x| w(=aN)u(Ne(=nX) dX + Ei(n)
—-P/X
+O<X1/2kexp<_2—0\/logX>),
where
Ey(n) = | si(=48)ti(B)e(—nB) df.
Let
(2.10) = Z F(q,n), where
q<P
(4
F(g,n) = q¢qq// 4qq Z Sar(g, a)e(—an/q).

a=1
(a,q)=1
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We note that F(q,n) is multiplicative. (While it is well known that F'(q,n)
is multiplicative if the (4,q) is not present, it is straightforward to check
that the presence of (4, q) does not affect the multiplicativity.)

For an odd prime p, we see that F(p",n) = 0if p|n or h > 2. If p{ 2n,
we have

p—1 P
(2.11)  F(p,n) e(—an/p) Z e(am® /p)
a:l m=1
S [p( S 1)-g-—L ¥
p(p—1) — p-1 &=
m2k=n (mod p) Y2k =0
x#x°
Thus
@12 Flgm) = P, AL 5t
¢(lglo)
(mod [glo)
x 2k =0
It is easy to check that
0 ifh=1or h>4,
1 ifh=0o0r h =2,
(2.13)  F(2",n)={ —2x,(2) ifh=3and n=1 (mod4),
0 ifh=3,k=1and n=0 (mod4),
-2 ifh=3,k>1and n=0 (mod4).
From the estimates (2.8), we now have
—P/X 1/2 1/2 X 1/2k
o+ )uz(—4)\)vz()\)e(—n)\) < | ATPPa« (F) .
-1/2  P/X pP/X

From this and (2.9), and the fact that &(n, P) < (log X)*~!, we have
1/2
(214)  Ri(n)=6(n,P) | w(—4N)vu(Ne(—n))d+ Ey(n)
-1/2
+ O(X1/2k(log X)k;—lp—l/Qk)’

where it is clear that X1/2#(log X)F=1P~1/2k « X1/2k(log X )16
Let
1/2
Jrm) = | w(=4N)wu(Ne(-nr) dA.
—1/2
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Then it is obvious that

* 1 -
AOLEEED D

ng(l+1)<m§Xg’l
s<40?Xg~!
s—4dm=n

Similar to (2.5), we have

Let

then we have proved (2.2). To prove (2.3), we first recall L < (log X)% and
observe that

(2.15) Z|E ))? < (log X)'2 max |E;(n)|?.

By Bessel’s inequality, we have
(2.16) > EM)? < | [si(48)(8)* dB.
—n<4X m
By Weyl’s inequality, we have
t(B) <« XV p2" 00 X <« XY 1og X)) Bem.
Thus

[ Isi(ap)t(B)? dB < X5 (1og X) 2 { |s:(8)1* dB

1
0
X X1+1/k
Uk( —og [ X
< X (log X) (gl l+1> < (log X)33
(

which, along with (2.15) and (2.16), implies (2.3).

m

3. A weighted sum. In this section we derive an estimate for a weight-
ed sum of special values of truncated Dirichlet L-functions. More precisely,

letting Lo(d) = >, < x2/3 xa(n)/n and

(31) Ko(X)=5 Y logp Y > VL)

p<X 0<r<(2ay/p)l/*k 12k —4p=df?
f<(log X)?
d=0,1 (mod 4)

we prove
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THEOREM 4. We have

I

-2 3/2+1/2k
3k+1ck(a)+0((logX) ))X .

From Theorem 3, we deduce

1
(33) Ko(X)=g5- > VIdLo(d)(S(df* P)J(df*)
fg(logQ;X)Q
0<—df2<4Xx
d=0,1 (mod 4) +E(df2) +O(X1/2k(logX)_3)).

Next, we note that

(3.4) Z\/WILO Edf*) <logX [ > [nlr2(n]) [ D

—n<4X —n<4X
X 1H1/E N\ 1/2
X(log X)*?( ———55
X3/2+1/2k
< Togx)7

and the contribution of O(X/?#(log X)~3) to (3.3) is O(X3/2+1/2k(log X)~2).
Thus, we have

1
(85) Ko(X)=5— > VIdLo(d)S(df* P)J(df?)
f<(log X)?
0<—df?<4X
d=0,1 (mod 4) + O(X3/2+1/2k(log X)_Q)‘

Now, if —df? < 4(1 — a?)X, then for each s < —a?df?/(1 — o?) satis-
fying s = df? (mod4) we have a unique m = (s — df?)/4 € [s/4a?, X]. If
4(1—a?)X < —df? < 4X, then each s < 4X +df? congruent to df? modulo
4 gives a unique m = (s — df?)/4 € [s/4a?, X]. Note that for any N > 0,
h € Z, we have

i 1/2k—1 __ i 1/2k—1 _ 1 1/2k
> o5 _8kzs +0(1) = N2 +0(1).

s<N s<N
s=h (mod 4)

Thus,

1/ — 2df2 1/2k
1(1_a2) +0(1) if —df? <4(1 - a?)X,

(3.6) J(df?) =
3(4)( +dfH)V?F L 0(1) if4(1 — o)X < —df? < 4X.
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Let
1 a’ Hk 1/2+41/2k £1/k
— +
) S

8t \1— a?
f<(log X)?
0<—df?2<4(1—a?)X
d=0,1 (mod4)

X ,U *

it Z F(2df*) Y x(df?),
n§X2/3 2im <P X (modm)
X%:XO

K=o 3 Jdlax )

f<(log X)?
4(1-a?) X <—df?<4X
d=0,1 (mod 4)

xa(n M m) * 2
F(27
Z ) 7)Y x(df?),
n§X2/3 x (mod m)
2k =0
where in both expressions, the second to last summation is subject to m
being odd, j = 0,2,3 and F(27,df?) being given by (2.13). Then we have

(3.7) Ko(X) = K§(X) + K§(X) + O(X3/#1/2%k (1og X)72).

Note that

Q1H/kpl/k(1 — 2)3/2  91/k o? )

/2k /T —
BT Dr + (S)t VI—tdt
21+1/k <« 1
Ik=13/1 — 2 4t.
(3k‘ + ) S

(Both sides are equal to 0 at @ = 0 and have the same derivatives with
respect to a..) Then Theorem 4 follows from the following lemma.

LEMMA 3.1. We have
141/kg. 1/k(1 _ ,2\3/2
(3.8) Ki(X)= <1 + gau@) 2 ka /P — a%)"" L gp 410k

3 3 Bk + 1)m
3/2+1/2k
+O<)§10gX)4 )
(3.9)  K{(X)= <é +§ k))%;%l/%oi {12k T gt
X

3/2+1/2k
( (log X)* )
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Proof. The proofs of (3.8) and (3.9) are almost identical, so we only give
a proof for (3.9). We first note that

1 p(m)
K3(X) = =
& i no(m)
x S 3 VId] (X + df2) Y xa(n) F(29, df2) v (df?),
x (modm) 4(1—a?)X/f2<—d<4X/f?
X2 =x0 d=0,1 (mod 4)

where the summation over j, f,m,n is also subject to f < (log X)?2, 2/m <
P=(logX)?"" j=0,2,3, n< X253

We split the sum into two parts: K¢ subject to d = 0 (mod4) and K&
subject to d = 1 (mod 4). Write d = 4D in K%; then

K(l))e — ﬂ ,LL(’I’)’L)F(QJ, 4)
4 s ne(m)
2fmn
x> ox@f > VIDIE D) (r)x(D),
X (modm) (1—a?)X/f2<—D<X/f?
x 2k =0

where we have replaced F(27,4Df?) by F(27,4) in view of (2.13). If o) =
X(ﬁ) # %%, then from the Pélya-Vinogradov estimate, the innermost sum
of ng equals

X/f?
d
o _r2 1/2k‘ et
(310)  ¢(-1) | VEX - f) dJE)mﬁdt
(1—a2)X/f2 s<t
< X1/2+1/2k\/m7;zlog(mn—|— 1) < X5/64;1/2kp'

It is then easy to see that the terms of ng with X(g) £ %% contribute

at most O(X'+1/2k) Now, we notice that X(ﬁ) = %% only when y = (E)

(since x (modm) is primitive) and n = mw? for some w € N. Thus, we have
21/ pm) (2, 4)

3.11 Kb =="—— —

(3:-11) 47 Z mao(m)w?

x 2 VIDI(X + D)2 (X 11/%),

(1-a?)X/f2<—D<X/f?
(D,mw)=1

where the summation over j, f,m, w is also subject to f < (log X )2, 2/m <
P = (log X)*""* j =0,2,3, and w < X'/3/\/m. Note that the inner sum
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equals
X/ f?
(3.12) | Vi -oa Yo

(1-a2) X/ f2 ust
(u,mw)=1
X/f*
= S \/%(X—f%)l/%d{Mt—l-O(mw)}
(1-a2)x/f "
_ B(maw) X 3/2+1/2k S 2k T 1 dt + O<

mw f3

maw X 1/2+1/2k
)
From this and (3.11), we have

ol/k x3/2+1/2k
R — S tl/%\/l — tdt)
78

(3.13) Ko = (
0

w)F (27,4
Z pim m2¢ )w3(f3 ) O<X1+l/2k)'
jf,mw

(m,f)=

2)[mw
Now we note that the sum over j, f, m,w is equal to

(3.14) Z %M

29m<P ¢( )
2tm

where in the last sum, the variables f,m, k range over the odd positive in-
tegers. Here we have factored out the powers of 2 in f, which yields the
constant factor 1 +273 + 2764 ... = 8/7, and it is easy to see that a fac-
tor 25(k) arises from summing up F(2°,4), F(22,4) and F(23,4) according
o (2.13).
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LEMMA 3.2. We have
Cn Y Hmolm) _

2 mEolmyui e
2’[’m1’uf
(fym)=1

Proof. We first note that

¢= Zm2¢ w3C()H(1_li‘3>

l|2m
2J(mw

Ty 3 Meelmn) )

m2¢p(m)w? v3
vlm

m,w
2fmw

. o(K)a(K
3)Zd>( [)(3( )7

2K

)= EEE S

m|K vlm

where

which is obviously a multiplicative function. Note that, for a prime [, a(l) =
a(l?) = a(l®) = ---. Thus

<A1 (1+a(l)<$+ ¢§l62) +>>

>2

Tl (4

>2

(3.15) C =

|l w0l

It is easy to see that

1 1 I+1
a(l) = Hm(l_ﬁ) =

Thus, from this and (3.15), we have

czg<(3)H<1—l13> =1,

1>2

which proves the lemma. u

From (3.13), (3.14) and Lemma 3.2, we have

(3.16) K=

22+1/kX3/2+1/2k o? . X3/2+1/2k
/2k AT
— )St N dt+o((1 X)4>
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Now we try to find an asymptotic formula for Kg°. We first note that

K8°=8% n“(;:;)) S

j’f7m7n

X (modm)

x2k=x0

x > VI (X + df*) /R F (2, df*)xa(n) x(d).
4(1-a?) X/ f2<—d<4X/ f?
d=1 (mod 4)
We replace the restriction d = 1 (mod4) by introducing a characteristic
function §(xa(d) 4+ x—4(d)).

When j = 0 or 2, we have F(27, df?) = 1. We note that x_4(d)xq(n)x(d)
and, if X(;) # X%, xa(d)xa(n)x(d) are both non-principal characters mod-
ulo 4mn. Thus, with the same estimate as (3.10), we see that the total
contribution from the terms containing x_4(d) and the terms containing
X4(d) but with X(H) #x%is O(X'*1/2%). We remark that X(H) = if and
only if y = (E) and n = mw? for some w € N.

When j = 3 and f is odd, we have F(27,df?) = —2(%). Note that then

(317) 5 (xald) + xa(d)xalm)x (D F(, df?)

() (@)

While the terms associated with non-principal characters contribute at most
0]0.¢ 1+1/2k ) from the Pélya—Vinogradov estimate, the only possible principal

characters arise from y = (E) When y = (E)> apart from the factor —1,
(3.17) is the sum of two non-principal characters modulo 8mn if mn is not
twice a square. These terms again give a contribution O(X1/2F) to Kl
with the same estimate as (3.10). When n = 2mw? for some integer w,
(3.17) is simply equal to —(1+ x—4(d)). The terms containing y_4(d) again
contribute at most O(X'T1/2%) to Kpe.

When j = 3 and f is even, we have F(27,df?) = —2(1 — §(k)). Thus

(318)  E(xald) + x-a(d)xa(m)x(d)F (2, df?)

L (@)

It is clear that the only principal character arises from xy = (E) and n =
mw? for some w € N, in which case the term in (3.18) contributing to the
main term is equal to —(1 — d(k)).
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From the above discussion, we have

1 p(m)
3.19 Kl = —
(3:19) T ; J;w mae(m)w?
j=0,; 2

(m.2f)=

x 2. V1] (4 + df?) !/

4(1—-a?) X/ f2<—d<4X/f?

(d,2mw)=1
1 p(m) 2\1/2k
- — —_— v |d| (4X + 4
167 Z mao(m)w? Z 4] (4X +df7)
fmaw 4(1—a?) X/ f2<—d<4X/ f?
(m,f)=1 (d,2mw)=1
2tm f
1—4(k) p(m) 2\1/2k
- —_— V0]dl (4X +d
8 Z mae(m)w? Z ldl (4X + df7)
fim,w 4(1-a?) X/ f?<—d<4X/ f?
(m,2f)=1 (d,2mw)=1
2|f
+ O(X1+1/2k)?

where in the first sum the summation over f,m,w is also subject to
f < (logX)?, 2/m < P and w < X'/3/v/2im, and in the second and
the third sums the summation over f,m,w is also subject to f < (log X)?,
m < P/8, w < X'3/\/2m and w < X'3/\/m, respectively. Similar
0 (3.12), we see that the innermost sums of the three sums in (3.19) are
equal to

22+1/k¢(2mw)X3/2+1/2k aS Ak T o (mwX1/2+1/2k
V1 —f .

From (3.19) and (3.20), and by an argument similar to (3.14), we get

(3.20)

mw f3

91/kpbo xr3/2+1/2k a? X3/2+1/2k
bo _ 1/2k
(3.21) K, o= S 12k /T = dt—i—0<7( %) >
where
do_ o —  (m)g(2muw)
it m2p(m)w? f?
(m, 2f)
p(m)¢(2mw) o~ a(m)p(2mw)
—2(1— A e
fmz; : 2¢ e~ 20 o) fmzl;zl m2(m)uw [?
(m.f)= (m,2f)=1

QTmf 2|f
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From Lemma 3.2, we see that

p(m)o(2mw)
2 mo(mu
(m,2f)=1
8 uim o(m 2 4 8 32 32
7 D m2¢(mf5z <1+ ERIERETRE > TRARETE
2tm f 2th
(m,f)=1
Similarly,
pmome) 4§ plmlome) _ 4
o m2p(m)w3f3 3’ o m2p(m)w3f3 21
(m.f)=1 (m.2f)=1
2tm f 21f
Combining these with (3.21), we get
1 2 21/kX3/2+1/2k o? X3/2+1/2k
22) K= 1/2k —_— .
(3.22) K (3 o ) - gt V1-tdt+0 o X7

Now, from (3.16) and (3.22), we have proved (3.9).

4. Proof of Theorem 1. By Deuring’s theorem (see [2], [7]), we know
that for a given prime p and an integer r € (—2,/p, 2,/p), the number N (p, )
of elliptic curves E(a,b) : y*> = 23 +az +b with a,b € F, and a,(E(a, b)) =
is given by

pH(r? — 4p
(11) N(p.r) = P22 o)
where H(r? — 4p) denotes the Kronecker class number:
h(d)
4.2 H(r* — 4p) =2 —=.
(4.2) (r" —4p) 2 > w(d)
r2—dp=df?
d=0,1 (mod 4)

Here w(d) and h(d) respectively denote the number of units and the class
number of the order of discriminant d.

Proof of Theorem 1. Observe that changing the order of summation in
Sa(U,V, A, B;K; X) and recalling (4.1), we deduce that

(4.3)  Sa(U,V, A, B;K; X)

- 5e x (2rom) (B rom)nen

p<X 0<r<2a,/p
rekl

= (1+0((log X)) M(X) + O(X /),
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where
1 H(r? — 4p)
(4.4) M(X) = > =
p<X p
0<r<2a,/p
relkk

Theorem 1 now follows from our next result.
THEOREM 5. For fired 0 < a < 1 and sufficiently large X, we have
M(X) ~ cg(a)mg(X).
Proof. Using (4.2), we have

h(d
(4.5) -y, X > o

p<X 0<r<(2ay/p)'/*k 12k —dp=df?
d=0,1 (mod 4)

We note that in the sum we have d < 0, thus using Dirichlet’s class number
formula and well known estimates on L-functions, we get

(4.6) - 11, 3a) < v/l + 1),

where x4 is the Kronecker symbol. We see that the terms in the sum of (4.5)
subject to f > (log X)? contribute at most

an <Y. ¥y YR

p<x P r<(2a/p)t/k P2k —4p=df?
f>(log X)2

<ogx Y L% ¥

(log X)2<f<2vX ° r<(2avX)V/k 12k /4<p<X
4p=r2 (mod f2)

1 \/)7( 1 X 1/2+1/2k

log X - AT [P

<ogx Y 3 X (YFem) <l
(log X)2<f<2vVX ° r<(2avX)1/k

This, together with (4.5) gives

1
VP

hid X 1/2+1/2k

s IS > v+ )
p<X 0<r<(2ay/p)1/k 12k —4p=df?
f<(log X)?
d=0,1 (mod 4)

Since xg4 is non-principal, from the Pélya—Vinogradov theorem, we have

(4.9) Lx)= 3 Xd(n (\/Wlog!d\)

2/3
n<Xx2/3 X2/

= Lo(d) + O(|d|*?X~3log X),  say.
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Combining (4.6), (4.8) and (4.9), we get
(4.10) M(X) = My(X) + O e
' - (log X)3 )’
where

@i M) == 3 S VI Lo(d).

P<X " r<2ay/p)V/k  r2k—dp=df?
f<(log X)?
d=0,1 (mod 4)

Using Theorem 4 and partial summation, we have

X X1/2+1/2k
Mo(X) = g Togi Ko(t) = cr(a)m(X) + O(m)-

Combining this with (4.10) proves Theorem 5.

5. Proof of Theorem 2. By Theorem 1, it is clear that Theorem 2
follows from

1 2
(51)  Fa(UV,ABKX) = Y a0k X)

U<a<U+A
V<b<V+B

= (1 + o(1))(er(@)m(X))*.
Note that the left side of (5.1) is equal to

(5.2) ﬁ > > 1.

U<a<U+A p,q<X
V<b<V+B ap(a,b)(P)<20,/p

apap)(9)L20,/9
a5 (a,b)(P):aB(a,b) () EX
From Theorem 1, the terms with p = ¢ in (5.2) contribute O (7, (X)). Thus
we have

(5.3)  Fa(U,V, A, B;K; X)

3 DIEDY S 1+ 0m(X)).

p£q<X T§(2a\/ﬁ)l/k U<a<U+A
s<(aygi/t VIEVHB
- ap(a,p)(P)=r
aE(a,b)(Q)ZSk

From the Chinese Remainder Theorem, the inner sum of (5.3) is equal to

(5.4) (% - O(1)> (p% + O(l))N(p, )N (q, s*).
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When A,B > (XlogX)?, the main term ABN (p,r*)N(q, s*)/p?¢*
n (5.4) dominates the error term by at least a factor (logX)2. Thus,
from (5.3) and (5.4), we have

(5.5)  Fa(U,V,A,B;K; X)

“(1ho(er)) & X MerMe o)

PAGSX r<(20/p) 1/ * P 1
s<(2a\f)1/k

:i<1+0<1 - >> vy HO o) A g
(log

PAISX r<(20/p) M/ F P 1
s<(2a4/q) 1k

+ O(mi (X))

_ (1 n O<m>>M(X)2 + O(mi(X)).

Theorem 2 then follows from Theorem 5.

6. Further remarks. Following the work of Fouvry and Murty [4],
David and Pappalardi [3] have considered average Frobenius distributions
of elliptic curves. More precisely, they showed

THEOREM 6. Let r be an odd integer, A, B > 1. Let

" X NG
TR e = e = el § 2v/tlog t - log X

For every ¢ > 0, we have

1 's
61 5 D TiasX)

la|<A
b<B ey

where

H (12 —1-1)
l2 — 1 (1—-1)(12-1)
The O-constant depends on ¢ and r.

Theorem 1 cannot be deduced from this since the result of Theorem 6 is
not uniform in 7. In fact, (6.1) does not hold for large r. It is quite easy to
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show that, for ¢ > 1, one has

d Cr== t +0(1).

r<t

24r
Let S be the set of all odd integers. If we assume that (6.1) is uniform, then
for 0 < a < 1, by partial summation, we have

ave (0,8 X) ~ Y Oplma(X) — 1/ (20)%) ~ - om(X).

r§2a\/7
24r

This cannot be true because, following our argument, it is easy to derive

that
avg. mp(a, S; X) < S V1—1t2 dt>

We would also like to point out that in Theorem 1, and in the main
theorems of [1] and [3], the minimal ranges of A and B can be reduced a
little by estimating some exponential sums. This is of independent interest
but not our focus in this paper. So we have not done so.

The authors are very grateful to the anonymous referee for his/her careful
reading of the manuscript and helpful suggestions.
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