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Coefficient bounds for level 2 cusp forms
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PauL JENKINS (Provo, UT) and KYLE PrRATT (Urbana, IL)

1. Introduction. The Fourier coefficients of modular forms encode in-
teresting arithmetic information. To give just three examples, the Fourier
coefficients of modular forms are intimately connected with representations
of integers as sums of squares [28], Galois representations [26], and integer
partitions (e.g. [I, Chapter 5|). Those rich interactions between modular
forms and other branches of mathematics have given them a place of central
importance in modern number theory.

It is natural to ask about the size of the coefficients of a modular form.
The coefficients of cusp forms in particular have attracted a great deal of
attention. Ramanujan [25] studied the coefficients of A(z), the unique nor-
malized cusp form of weight 12 for SLo(Z) given by

Alz) =q ] —q" Z
n=1

where as usual ¢ = ¢?™#. Ramanujan conjectured that |7(n)| < d(n)n''/?,

where d(n) is the number of divisors of n. Petersson [22] generalized Ra-
manujan’s conjecture to cusp forms for congruence subgroups of SLy(Z).
The Ramanujan—Petersson conjectures were proved by Deligne [7] as a con-
sequence of his work on the Weil conjectures. The corresponding conjectures
for Maass forms and automorphic forms on GL(n) for n > 2 remain unre-
solved (see [3] for details).

Deligne’s result applies to newforms, certain cusp forms that are eigen-
forms for all of the Hecke operators (see Sectionfor more details). For such a
weight k newform, Deligne’s work implies that the coefficient of ¢" is bounded
above by d(n)n(kfl)/ 2. Any cusp form can be written as a linear combina-
tion of newforms and newforms acted on by various operators, so it is still
the case that the coefficients of a general cusp form f are O(d(n)n=1/2).
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However, the implied constant depends heavily on f, and it is a non-trivial
problem to determine this constant (or even its size). Several researchers
have studied the implied constant in O(d(n)n*~1/2) for various families of
cusp forms (see e.g. [18], [27], |28]). Rouse and the first author [I7] gave an
explicit bound on the implied constant for all cusp forms for SLy(Z) (earlier
work of Chua [5] makes Hecke’s O(n*/?) bound explicit). For a cusp form
G =72, a(n)q" of weight k for SLy(Z), they proved that

(1.1)
¢ 2 L1872 k/2 ¢
a(m 41.41) _7.988m
o] < viogh (11| 322G 4+ CFREES [ 57 atmye T )
m=1 m=1

where / is the dimension of the weight k cusp form space Si(SL2(Z)). The
fact that (L.1]) incorporates the first ¢ coefficients of G is natural, since these
coefficients uniquely identify G in Si(SL2(Z)).

The main result of this paper makes Deligne’s implied constant explicit
for weight k cusp forms for 1j(2). To state our main theorem we define some
notation. For a positive even integer k, write k = 4¢ + k', where k' € {0, 2},
hence ¢ = |k/4]. It is convenient to write k in this form because then the
dimension of Si(2) is £ — 1. We define a function B(k) by

B(k) = e M9(6.274)F  10905(4.793)F  6-11(10.096)"

(k/4_1)(k_1)/2+ V(k—2)! " V(k—2)!

We now state the main result of this paper.

THEOREM 1.1. Let k > 8 be an even integer, and let G be a cusp form
of weight k for I'1(2). Write

=Y a(n)q"
n=1

Then

1
la(n)| < /logk <103 Z Z la(m 7.288m> d(n)nE-172,

=1

The condition & > 8 is not a restriction at all, since S(2) = {0} for
k <8.

The proof of Theorem is similar to the proof of . We study the
basis of cusp forms for Si(2) given by Fy (2) = ¢+ ooy Ax(m,n)g" with
1 < m < ¢—1. This basis is useful because, for any given G € Si(2), it is
trivial to write G in terms of the basis elements. Hence, Theorem follows
from suitable bounds on the coefficients of Fy, ,,.
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We write Fjp as Fim = D> ifi + Zj Bjg;, where a5, 5; € R, the
fi are oldforms, and the g; are newforms. We choose the f; so that their
coefficients are bounded in absolute value by Cd(n)n*=1/2 for ¢ > 1 an
absolute constant. It follows that the coefficients of Fj, ,,, are bounded above
by C(32; el +3_; 8;)d(n)n*=D/2. By the Cauchy-Schwarz inequality, it
suffices to get an upper bound on ), a? +>° j BJZ.

Letting (-,-) denote the Petersson inner product (see Section [2| for the
definition), we have (Fym, Frm) = > «2(fi, fi) + > ﬁ?(gj,g]) for an ap-
propriate choice of f;. Using the fact that (f;, fi), (g;,g;) are multiples of
special values of L-functions, we obtain a lower bound on (Fj, ;,,, Fj; ) of the
form (Fg m, Fiom) > (32, a2 +>; ﬂf)h(k’) for some function h. Therefore, we
require an upper bound on (Fj, ,,,, Fi; ), which involves bounding several in-
tegrals. This in turn requires upper bounds on the coefficients of F}, ,,, when
Fjm is acted on by various matrices in SLy(Z). By using the generating
function for Fy ,, given in [10], we obtain bounds of the form c;jcecsm*ein
with ¢1,co > 0 and 0 < ¢4 < v/3/2. While these bounds are poor, they are
sufficient to obtain a reasonable upper bound on (Fj, ,, Fi m)-

In addition to cusp forms, we also study the coefficients of weight zero
modular functions for I'h(2). In general, the coefficients of modular functions
grow much faster than the coefficients of cusp forms. The classical example
of a modular function is the j-function, which is modular of weight zero for
SL2(Z). The j-function has a Fourier expansion of the form

J(2) =g+ T4+ e(n)g"
n=1

with the ¢(n) positive integers. Petersson [23] and Rademacher [24] indepen-
dently obtained an asymptotic formula for ¢(n). They found that

1 dm/n
(1.2) c(n) ~ \@n?’/‘le .
Since the coefficients of cusp forms are O(n(kfl)/ 2+¢) we see that the coef-
ficients of j dwarf the coefficients of any cusp form when n is large.

The asymptotic formula gives the true order of magnitude of ¢(n),
but often we are interested in explicit upper bounds as well. In 1975 Her-
mann [I3] established that ¢(n) < 6e*™V™ while the state-of-the-art result
of Brisebarre and Philibert [4] yields the asymptotically sharp bound

1 aryn 3 0.055
(1.3) c(n) = \/§n3/46 <1 " Sorvin + 5n>, len| < .
The proof of ([1.1) makes use of (1.3) to bound the tails of certain infinite
series. Similarly, our proof of Theorem [I.1]requires bounds on the coefficients
of certain modular functions for I'h(2). These modular functions, denoted by
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¥ and ¢, are actually Hauptmoduln for I(2) (see Section, and are defined
by
A(z) -1 s 1 =
W(z) = — g =244 Y s, 6(z) = —— = b(n)g".
)= T Do st 92) = 5 = D00

n=

—_

Here the s(n) and b(n) are integers, and one can show the b(n) are positive.
Our next theorem gives asymptotic formulas for |s(n)| and b(n) as n — oo,

similar to (|1.2)).

THEOREM 1.2. Let s(n) and b(n) be given as above. Then, as n — oo,
ol/4 1

n) ~ —
8192 n3/4

This theorem supports the general principle that the coefficients of mod-

ular functions are large. The proof is straightforward, relying on a result of
Dewar and Murty [§].

Our last theorem is an explicit upper bound on [s(n)| and b(n).

1
|s(n)| ~ Vb

627r\/ 2n
2n3/4 ’ :

THEOREM 1.3. Let s(n) and b(n) be given as above. Then, for n > 1,
|s(n)] < 0.9n!1e2mV2n, b(n) < 0.08n!1e2mV2n,

By comparison with Theorem we see these bounds may be improved,
but the bounds suffice for our purposes. The proof of Theorem is el-
ementary, using only an explicit bound on the number of partitions of an
integer into distinct parts. Indeed, interpreted appropriately, the proof gives
explicit upper bounds for r-colored partitions of n into distinct parts, with
r=2,4,8,16,24 (see [9] for definitions).

The outline of the rest of the paper is as follows. Section [2] covers nec-
essary background material about modular forms. In Section [3] we prove
Theorems and [I.3] In Section [4] we prove some necessary lemmas about
L-functions. We derive an upper bound for (Fj ., Fj.m) in Section |5, and in
Section [6] we prove Theorem

2. Background. Here we give some necessary background and defini-
tions about modular forms (see e.g. |28, Section 2]). We let H denote the
complex upper half-plane. For a positive integer N > 1 define

mmm_{@ @esm@yczommdm}

We let Si(N) denote the finite-dimensional C-vector space of cusp forms of
weight k for IH(N).
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If f is a modular form of weight k for some IH(N) and o = (294) €
GL2(Q), det(a) > 0, we define the slash operator f|, by
+b
o = (deta)*?(cz + d)F (20,
fla = (deta) (e + @) g (]

Here we follow the notation of [28]. Note that some authors replace the
exponent k/2 by k — 1. For a positive integer d we also define the operator
Va by f(2)|Va = f(dz). It is well-known that V; maps Si(N) to Si(dN). We
further have the usual Hecke operator T),, defined for p{ N by

S om ()

n=0 n=0

where a(%) = 0 if p t n. Hecke operators for p|N are defined differently. The
Hecke operators preserve S (V).
If f,g € Sp(N), we define their Petersson inner product (f, g) by

- 5 o+ iy)g@ + iyt LY
(29 = TRL@) TV IHI/Fg(N)f( +iy)g(e +iy)y’ =5

The integration takes place over a fundamental domain for I'hH(/V). The Pe-
tersson inner product is well-defined with respect to the choice of fundamen-
tal domain, and there is a natural way to make this choice for I'y(N) using
its coset representatives in SLg(Z). Additionally, if « € GLy(Q) with positive
determinant, then (f|u,gla) = (f, 9).

The space of oldforms of Si(N) is the space spanned by all forms

F()Va  with f(2) € Sp(M),
where we have M|N, M < N and d is a divisor of N/M. We define SV (V)
to be the orthogonal complement of the oldforms in Si(/N) with respect
to the Petersson inner product. A newform of level N is a form f(z) =
Yool a(n)g" € SpeV(N) that is a simultaneous eigenform of all the Hecke
operators Tj,, normalized with a(1) = 1. It is a well-known property of new-
forms that if fi # fo are newforms, then (f1, f2) = 0.

Lastly we must define some modular forms. We let n(z) be the usual
Dedekind eta function

n(z) =g [ - g™
n=1

A Hauptmodul (plural Hauptmoduln) for a subgroup I" C SLy(Z) is a mod-
ular function f so that the field of all modular functions for I" is C(f). We
define the Hauptmoduln 1, ¢ for I(2) by

o0

w<z>—(”(Z))24—q-1—24+is<n>qn b(z) = —— = 3" b(n)”
1(22) = ’ W(z) o '
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We note that 1(z) has a pole at infinity and vanishes at the cusp at 0, while
¢(2) has a pole at the cusp at 0 and vanishes at infinity.
Let Ej denote the usual Eisenstein series of weight k for SLa(Z). Thus

2k
Ey(z)=1— — Zak_l(n)q",
n=1
with Bj denoting the kth Bernoulli number. We define modular forms Sy
and Fy for I'h(2) by
Ey(z) — Ey(22
S4(Z) = 4( >240 4( ), FQ(Z) = 2E2(2Z) - EQ(Z)
Note that Sy is modular for I5(2) of weight 4, and F is modular for I5(2)
of weight 2. The generating function for F}, ,, involves both S; and Fb, as

well as ¢ (see (5.1]) in Section [5).

3. Hauptmodul coefficients. In this section we prove asymptotics for
the coefficients of 1) and ¢, and also explicit upper bounds on the absolute
values of their coefficients.

We begin by finding asymptotic formulas for the coefficients. The key
ingredient is the following theorem due to Dewar and Murty [8, Theorem 2].

THEOREM 3.1. Suppose

2) =3 A(n)g",  g(z) = Ag(n)g
n=0 n=0

where

Af(n) ~ CfnaeA‘/ﬁ, Ag(n) ~ cgn® eBVr,
with o, 5, A, B, cf,cqg € R and A, B,cg,cqg > 0. For fg(z) =Y 07" g Arg(n)q"
we then have

)‘fg ~ CfCQQ\/ 2

We first consider the coefficients s(n) of 1. To see that the s(n) are all
integers, note that

A2a+lB26+1

o tB+3/4,VAZE B /n
(A2 4 B2)5/4+a+B )

oo

—1 (1- q —1 2n 1
148 = o -

Define coefficients a(n) by [],2 (1 q2n_1)24 =1+> 77 a(n)g". Substi-
tuting —q for ¢, we get [[02; (1+¢*""1)* = 14322, (—1)"a(n)q", hence the
coefficients of [[>7 (1 — qzn D24 and T2, (1 + ¢®*~1)?* have the same ab-
solute value. Thus, to get asymptotic formulas or explicit bounds for |s(n)],
we may study the coefficients of [[02 (1 + ¢?"~1)%4
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We define coefficients g(n) by [[o2,(1+¢*1) =14 Y22, g(n)¢". In
view of Theorem we must get an asymptotic formula for g(n). It is not
difficult to see that g(n) = #{partitions of n into distinct odd parts} The
function g(n) is studied in [12], where it is shown that g(n) ~ 531 3/46 n/6,
The first part of Theorem [I.2] now follows by applying Theorem [3.1] repeat-
edly (note that dividing by ¢ does not change the asymptotic).

Now we turn to the coefficients of ¢. We easily see from its definition
that ¢ has positive integral coefficients, since

2n 24

—qH 24_qH +4q")

We recognize [[72; (14 ¢") as the generating function for Q(n), the number
of partitions of n into distinct parts. An asymptotic formula for Q(n) is given
by
1 m\/n/3
Q(n) ~ 4'31/4n3/4€ ’

as found, for example, in [2] equation (4)]. Again applying Theorem
repeatedly, we finish the proof of Theorem Using this same method one
can establish by induction asymptotic formulas for the coefficients of powers
of ¥ and ¢.

It remains to prove Theorem [1.3| Define the coefficients Q(n) by

n= 1

and note that Qr(0) = 1. Observe that g(n) is less than the number of
partitions of n into distinct parts. Thus to get upper bounds on |s(n)| and
b(n) it suffices to get an upper bound on Q24(n) and then determine the
effect of dividing or multiplying by q.

Corollary 2 of [2] shows that Q(n) = Q1(n) < \Wﬁ ”\/7 which implies
ZQI )Q1(n — k) =2Q1(n +ZQ1 )Q1(n — k)

< T m/nl3 Jr m Z o (V/F/3+/(n—k)/3)
\/3n k 1\/krn—k:2

< 71'\/1’1,/ + 71'\/271
\/:T ; \/k:n — k%

Consider the sum ;. 1/Vkt — k? with ,¢ real numbers and z < t. Ap-
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plying partial summation in the usual way and simplifying, we find that

331/2 1 25[71/2
<t—a:>1/2> TP i

<2 arctan(

1
>
oot kt — k
Setting xt =n — 1, t = n, we get
”z‘:l L g <\/n—1> 1 2
—_— arctan
— Vkn—k* 1

Thus

2
Qa(n)<¢;eﬂm+;eﬂm<ﬁ+ 1 +2>
n

< 3.44e™V20/3

if n > 10. We proceed similarly with Q4(n), obtaining
n—1

Qa(n) <2-3.44e7V?M3 4 3447 " emV2EHVERI) < 12,08ne® V3,
k=1

Continuing in this manner we get
Qs(n) < 24.33n3e27V20/3,
Qu(n) < 4.23nTe*™V1/3,
Qa4(n) < 0.08n 2™V,

Adjusting for multiplication or division by ¢ and doing a manual check for
1 < n <10, we finish the proof of Theorem [I.3

It is natural to ask whether our elementary methods give similar results
for Hauptmoduln of higher levels (particularly levels 3, 5, and 7). Suitable
modifications of our arguments will give explicit, but weak, upper bounds.
Tighter bounds require bounds on restricted integer partitions. On the other
hand, obtaining asymptotic formulas via our method seems difficult. For
example, consider using our method to obtain an asymptotic formula for
the coefficients of the level 3 analogue of 1. We find that we would need an
asymptotic formula for the absolute value of

#{partitions of n into even number of distinct parts congruent to 1 mod 3}

—#{partitions of n into odd number of distinct parts congruent to 1 mod 3}.

We would also need a similar asymptotic formula for parts that are 2 mod 3.
As the level increases, the restricted partitions become more complex, hence
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an extension of our method to higher levels appears non-trivial. The circle
method or other more advanced techniques are likely to yield satisfactory
results (e.g. compare (1.2) and the main theorem of [24]).

4. L-function calculations. The goal of this section is to derive a lower
bound on the L-function special value L(Sym?g, 1) (see below for definitions),
where g € Si(2) is a newform. We proceed in slightly more generality, treat-
ing g € SpV(p) for p € {2,3,5,7}. We are interested in the special value
L(Sym?g, 1) because of the well-known identity
6 1 I'(k)

If g € Sk(p) has coefficients {a(n)}>2,, then we define the normalized
L-function of ¢ to be

Lig.s)= [] 1—agq™™)7 ' A= Byq )7,

g prime

L(Sym?g,1).

where a4 + 5, = a(q)/q*=Y/? and aqBq =1 for g # p, and we allow «, or
Bp to be zero. The symmetric square L-function L(Sym?g, s) associated to
g is then given by
L(sym®g,s) = [ (1—a2q )1 —¢ %) ' (1- B )"
g prime

see [6, Section 3| for the computation of these local factors. The symmetric
square L-function of g is known by the work of Gelbart and Jacquet [1I] to
be the L-function of a cuspidal automorphic representation on GL(3), unless
g = g ® x for some non-trivial Dirichlet character y. If such is the case, then
we say that g has compler multiplication, or is a CM modular form. It is
well-known that all newforms of squarefree level are non-CM forms, and
since we only handle newforms of level 1 or 2 we do not need to deal with
CM forms. Therefore L(Sym?g, s) is entire and has a functional equation of
the usual form. That is, if we set

A(Sym?g, s) :pSﬂ'SS/QF(S;l)F(S—'—I;_ 1)F<S;k)L(Sym29,s),

then we have the functional equation
A(Sym?g, s) = A(Sym?g,1 — s).
Our first step toward obtaining a lower bound on L(Sym?g,1) is to show
that L(Sym?g, s) has no Siegel zeros.
LEMMA 4.1. Let g € SpV(p) with p € {2,3,5,7}. Then
5-2v6
10logk

L(Sym?g,s) #0  for real s > 1 —
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Proof. Here we follow [27] and [18], which are based on an argument of
Goldfeld, Hoffstein, and Lieman [I5].

Consider the function

L(s) = ((s)*L(Sym®g, 5)’L(Sym'g, ),

where
L(Sym'g, s)
=[] Q—aga™) "0 —agq™) (1 -¢*) "' A= Bog™") "' (1= Bga )"

g prime
and ag, f; are as above (as with the symmetric square L-function; see [6]
for further details). Kim [I9] proved that L(Sym?g,s) is associated to an
automorphic representation on GL(5), so L(Sym®g, s) has an analytic con-
tinuation and a functional equation of the usual type.

From the above remarks it follows that L(s) has a functional equation
and is analytic except for a pole at s = 1. Define A(s) = s*(1 — s)2G(s)L(s),

where
3 3 4
55 —8s [ S s+1 s+k—1
= r'\=)r r

4
-F<S+k> F<s+2k—2>}ﬂ<s+2k—1>.
2 2 2

Then A(s) = A(1 — s). For the duration of the proof we take s real and
greater than 1.
As A(s) is an entire function of order 1, it admits a Hadamard product

factorization
s
A(s) = eAtPs <1 - )es/p,
11{r=7

where A, B are constants and the product is over all zeros p of A(s). Taking
the logarithmic derivative, we have

1 1y 2 2 G'(s) L'(s)
;<s—p+p> “sti T G(s) * L(s) -5

Since s > 1, we get L(s) > 0 and L'(s) < 0, and hence L'(s)/L(s) < 0.

Now we take the real part of both sides and use the fact that Re(B) =
—>_,Re(1/p) (see [16, Theorem 5.6]). Therefore

1 2 2 G's)

R < - .

zp:e( >_8+1—S+G(S)

s—p

Define ¢(s) = I''(s)/I'(s) (the notational conflict with the Hauptmodul ¢
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is unfortunate, but both notations are standard). Then

Z((j)) — 5log(p)  Slog(r) + v (;) ¢<5 i 1) 2 (”’;”)

s+k 1 (s+2k—2 1 (s+2k—1
e e
Now set s = 14+ with 0 < a < 1/2 to be chosen shortly. With p € {2,3,5,7}

and the restriction on s, we have G'(s)/G(s) < 10log(k) — 2, since ¢(s) <
log s for s > 1. Now assume f3 is a real zero of L(SymZg, s). Then

2 G'(s) 2
—— <2 < — + 101log(k).
Tra—p 2t ot g ot 10kslk)
Choosing the optimum value of a = #};ﬁﬂ), which is always less than 1/2,

completes the proof. m

We use the above lemma to get a lower bound on L(Sym?g, 1), following
Rouse [27] and an argument of Hoffstein [14].

LEMMA 4.2. Let k be an even integer with k > 8, and let p € {2,3,5,7}.
If g is a normalized newform in SpV(p) then

1
L 29,1 —.

Proof. We have the Rankin—Selberg convolution L-function
= a(n
L(g®g,s) = ((s)L(Sym®g,s) = > ),

ns
n=1

Obviously L(g ® g,s) has a functional equation since ((s) and L(Sym?f, s)
both do. By checking Euler factors one may show that a(n) > 0 and a(n?)

> 1 for all n. Let 8 =1 — 352/8, and note that 9/10 < 8 < 1. Set a = k*,

where A is a parameter to be chosen at the end of the proof (in fact we will
set A =16/5, so that = > 816/5> > 776).

Consider the integral

I—12+§OOL(9®978+/8)$S ds
2mi 2400 SHT 2(S—|-T)
We use the fact that
] tieo 25 (x+9)(x —1)° o1
5 ) s = 10210 ’
WZMX,SHT o(s+7) ifx <1,

which implies .
a(n)(z/n+9)(xz/n—1)
I= Z 10'nA(z/n)10 '

n<z
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We now observe that

:cn+9xn—1
_1O'Zn2/ )(o/n = 1)

210
oy (z/n?)
> L n2\? _ 1.39873
= 10! Z n2 ? = 10
n<\/z

Let a = —3/2 — 3. We shift the contour in I to «, and thereby pick up poles
at s=1—-p, s =0, and s = —2. By the Residue Theorem, we have

oL +§°° Lig@gs+p)z . L(Sym’g '™’
2mi S SHr o(s+7) (1-0) H}»O:Q(l—5+7")

Lig®g,B) Ligeg,—2+B)z>
10! 2 -8l
Lemma shows that L(Sym?g, s) has no real zeros to the right of 3, so
L(Sym?g, ) > 0. As ¢(8) < 0, we see that L(g ® g, 8) < 0. Similarly, we
have L(Sym?g, -2+ ) < 0 and (-2 + ) < 0, s0 L(g® g,—2 + ) > 0.
Thus,

L 2 1 1-3
(4.1) I I< (Syniog, )x 7
(1 =) L=t =B+7)
where we have defined
: "‘+§oo Lig®g,s+p)a’
2mi a—i0o S Hr 2(5 + 7’)
We require an upper bound on |/3]. Using the functional equations for
L(g®g,s) and I'(s) we have

[2 = ds.

oo i 4_81+it23+z’t2k 5 it||k 3 it
99975 PTG a2 2 2 22 1 2
Eoo1 o at|llk 1 it 5
_ - _ _ _ _ L — 2
2 4 2 ‘2 12 ‘ <f®f’2 Zt)’

Recall that |z°| = k=4G/2+5) We have the bounds

4
Hoeog-o)l=s(3)

|=3/2 — B+ it| T} 2y |r — 3/2 — B+ it]

and

1
< .
T 12/5 +it] 2/5 + it| 1M, |r — 5/2 + it|
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Together this gives
<<5/2)4p4k47A(3/2+ﬁ)

2979

OSO |1/2 + it|?|3/2 + it|?|1 + it|3|256 /225 + it| "
2 12/5 +it|[2/5 + it TTes | — 5/2 + it|
- 10! - 10! ’

By (4.1]), this gives

L(Sym?g,1) > (1 — 8)(1.39873k4=1) — 0.18047k%24/2).
Choosing A = 16/5 completes the proof. m

|I5] <

5. Petersson norm upper bounds. Recall the notation from the in-
troduction. We write k = 4¢ 4+ k' where k£’ € {0,2}. The dimension of Si(2)
is £ — 1. There is a basis for Si(2) indexed by m given by

[o.¢]
Fim(2) :qm+ZAk(m,n)q", 1<m</{—1.
n=>~{
In this section we obtain an upper bound on (Fj ,, Fim). The Fj, , have
the following generating function [10, Section 6]:

-1
5 e2ﬂ'im7’ _ (Sﬁka’)('z) 1/J(7')F2(T)
2 Fune = R ) ) — 0

m=—0Q

Recall that Sy and F were defined in Section[2] We set Fy(z) = 1. Integrating
the generating function gives an integral representation of Fj, ,,,(2), namely

(S{VEL)(2) (1) Fa(T) p2mimT g
(StF)(r) $(r) — ¥ () |

where 7 = u + v and v is a fixed constant to be chosen later. Here we are
not free to take v arbitrarily. We require v to be positive and chosen so as
to avoid poles in the integrand of (5.1)); see the beginning of [I7, Section 3]
for similar discussion.

To compute the inner product (F, ,,, Fi; ), we first need coset represen-
tatives of I7(2) in SLa(Z). The index of I'1(2) in SLa(Z) is 3, and we choose
the coset representatives

(10 w— (0 -1 e (10
1= \o 1) 2=\1 o)’ 3= \1 1/

Recall that the Petersson inner product is well-defined with respect to the
choice of fundamental domain (which may be obtained from a choice of coset

1/2

(5.1) Fpm(z) = |
—1/2
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representatives). If 7 denotes the usual fundamental domain for SLo(Z), then

1 . dx d
(Fims By =~ | Fim(a -+ i) Py =57

H/To(2)

1 & N2 k—2
= — Fy, iz +1 dz dy.

W;JSJ o1 (@ + )|y y
(The presence of 4*~2 in each integral is to ensure certain invariance proper-
ties are satisfied.) To get an upper bound on (Fj, ,, Fj ) we study Fy, | 1.
In particular, the Fourier expansion of Fy, ,, changes when F},,, is acted ‘on
by these matrices, and we require upper bounds on the absolute values of
these coefficients. The generating function representation of Fy ., is key to
this step. From the definition of the slash operator and the theory of Fourier
expansions of modular forms, we have

Fimlo1(2) = Fiom(2) = 4™ + Y A (m,n)g",

n=~¢

1 00
Fk,m‘agl(z) = Zﬁka,m <_Z> = Zﬁk Z A](f) (m7 n)qn/27

n=1

oo
— —k Z _ —k (3) 2
Fil o1 (2) = (=2 +1) Fk,m<_z — 1) = (—2+1) nzl AP (m,n)g"?.
We write A,&i) (m,n) to denote the dependence on «;. Note that A,il)(m, n) =
Ag(m,n).

To get upper bounds on |A](f) (m,n)| we determine how replacing z by
—1/z or z/(—z + 1) changes the integral representation of F}, ,,. First con-
sider z — —1/z. Recall that n(z) satisfies n(—1/2) = v/—izn(z). Since ) is
an eta quotient this implies 1)(—1/z) = 2'2¢(z/2). Transformation properties
of Eisenstein series easily imply that

(- da(mr- (). w()--5()

Next consider z = —Z7. To compute n(ﬁ) we use, in addition to the
transformation law above, the fact [20, p. 145] that

. } _627”/48773(22)
”( *2)‘ nm(Ez)

Standard computations then show that Tﬁ(,;ﬂ) = —22¢(2)9(2/2). By
definition,
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z 1 z 2z
=—(E —E
S4<—z—|—1> 240< 4<—z+1) 4(—z+1>>’

and a straightforward calculation shows that

E4< : >_(z—1)4E4(z).

—z+1

Observe that

2z 1 2—1\*_ /z-1
p(2)=n(=) = (27 w(2)
2z

We see that Zz_zl corresponds to the matrix (% _01) acting on z. Certainly

G 9)=G3)6 )

so if we set w = (z — 3)/2 we have

E4<Z2_Zl> :E4< ‘Z}H ) = (2w + 3)*Ey(w)

since (% é) € SLy(Z). Combining everything gives

() = (o ()

We do a similar calculation with Fg( 2 ) and find that

—z+1
+3) - Ela)).

()=

Putting everything together yields the required generating functions:

[NCR RN

1/2
2) = ¢(T)F2(T) eQﬂ'imT_ Sﬁ(z)@b(z)Fg(z) u
P = | GStuma) o) oz
1/2

Flim <_i> - S WﬁZﬂmT : <22j0 (E4(z) - %EZL <;>>>e

—1/2
(2129(2/2) - FFy(2/2)
(1) — 2126(2/2)

du,
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z
F;
k,m(_z_l_l)

1/2 p
YOVE(T) omimr (2= 1)° 1, (2 1
S/w%mm < 240 <E4(Z)_16E4<2+2)>)
—226(2)0(2/2) - (2 = D2(3Ba(2/2+ 1/2) - Bs(2))

O(7) + 229(2)0(2/2)

We write z = = + iy, where we take y a constant to be fixed soon. The

du.

coefficients A,(;) (m,n) are then given by
1/2
AP ) = | Fin(2)e = dr,

1
A,(f’) (m,n) = S Fk7m< i )e_”mz dz.
) —z+1

To get upper bounds on |A,(;) (m,n)| it suffices to bound the appropriate
double integrals. For the remainder of the section, we set v = 1.16 and
y = 0.865, so that 7 = u + 1.16¢, z = x + 0.865i, where u,z € [—1/2,1/2].
This choice of v,y is identical to that in [I7]. These values of v and y give
reasonable bounds, and keep the difference of Hauptmoduln in the denom-
inator of far enough from zero. Further, in bounding (Fj y,, Fk m) we
require certain infinite series to be convergent, and choosing y to be just less
than v/3 /2 makes this possible.

We handle each A,(f) (m,n) in turn. For amodular form G = > a(n)q",

we write G = Zgzo a(n)q", and write RG = G — G (we also refer to RG' as
the tail of the series). Throughout the calculations we understand N to be
equal to 100. All computations were performed using SAGE [29] and Math-
ematica [30]. (See Section 5 of [I0] for computations of a similar nature.)

5.1. Upper bound on ]A,gl)(m, n)|. We have

12 1/2 .
M (. 1) = Y(7)Fa(T) _54(Z)¢(Z)F2(Z)62m‘m76—2mm wd
A= ) SeRam e — ) dud.

Trivially bounding, we have
Fy(7)

A(l)(m, n)| < e~ 21162710865
4 ) (S{Fw)(7)

Jul,|x|<1/2

‘ Si(2)
(7

— &
—
N
~—
[\
—
I
~—
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We find the appropriate upper and lower bounds on each piece separately,
and then combine the bounds after all the calculations.
The Fourier expansion of Fy(z) is given by

Py(z) =1 +24§:(Z d)q”.
n=1 djn

d odd
It is clear that

N
1Fy(2)] <1+ 242(2 d) =2 0865 < 1 10514,

n=1 dln
dodd

N
Fo(r) <1424 (3 d)e?m 110 < 1.01642.

n=1 djn
dodd

To bound RF5, we have

dn
d odd
and thus
o0
IREy(7)|, [RFy(2)| < > (n+n?)e > 085 < 4151072,
n=N-+1

where we have used the technique of taking derivatives of geometric series to
evaluate the sum. (Hereafter we do not mention the contribution of tails of
series, since our choice of N lets us easily show the tails are always negligible.)
Hence

|Fy(2)| < 1.10514,  |Fp(r)| < 1.01642.

We similarly find that [S4(z)| < 0.00452.
The next task is to obtain a lower bound on |Sy(7)|. First, we take the
derivative of S4(7) to get

d . = n 2mwinT
554(7) = 2mn§:1n<03(n) — 03 (2>>e ,

from which it follows that

d
554(7')

<21 ) (n® 4 nP)e ™16 < 0.00871.
n=1

We evaluate Sy(7) at the points 7 = 50000 + 1.167 for n € [—~10000, 10000]
and find that the minimum absolute value at these points is greater than
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0.000679. Hence the smallest possible value of |Sy(7)| is given by 0.000679 —
04%%%51 > 0.00067. Subtracting off the tail, we see that |S4(7)| > 0.00067.

It remains to handle v (z) and (7). Taking the derivative, we have

d .1 - n
aw(z) = —27iq —|—2mZns(n)q ,

n=1

and from this we get

N
d
‘dziﬂ(z) <27 (e27r'0'865 + Z n|8(n)|e—27rn~0.865>
n=1
oo
+ 27 Z n|5(n)’e—27rn~0.865‘
n=N+1

The first sum is finite, and we can evaluate it directly, getting
N
o (e2”'0-865 +3 n|8(n)|e_27m'0'865) < 1448.69599.
n=1

For the infinite sum, we can bound |s(n)| using Theorem Thus we have

0 o0
o § : nls(n)‘6727rn~0.865 <27-0.9 § :n12€27r\/2n727rn~0.865.
n=N+1 n=1

We bound the exponent by

2 2
2V 2n — 2mn - 0.865 = 2mn (—0.865 + \/>> < 27rn<—0.865 + )
n N+1

< —2mn - 0.724,
and summing the series we find that as usual the tail is negligible. It follows
that
d
dfﬂ’(z)

z

< 1448.69599.

As above, we now calculate [¢)(z)| on a grid of points. We look at points
with x = —% + 500050 ™ € [—20000, 20000]. We find that the maximum value
on this point sample is given by 254.52626, and thus we have

- 1448.69599
< 254.5262 ———— < 254.56248.
[P (2)] < 254.52626 + 10000 = 54.56248

This gives [1(z)| < 254.56248. We similarly compute a lower bound for
|t(T)]|, finding that | (7)| > 1439.51688.
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We now pull all the computations above together to get

(5.2) |4y (m,n)|

B(r) ||Si(2)¢(2)Fa(2)
lul e <1/2| (S{F ) (T) || (7)) — 9(2)

“2eme1.16 2en 065 101642 (0.00452)*(254.56248) (1.10514)
(0.00067)¢ 1439.51688 — 254.56248

< 6—27rm~1 . 166271'71-0.865

<e

5.2. Upper bound on \Ag)(m,n)]. Here

|AP) (m, )|

< 2136—27rm~1.1667rn~0.865
lul,|z|<1/2

Jia (- 555 3)]

We have already bounded everything involving 7, so we only need to bound
the parts involving z. The bound on |z| is straightforward, since |z| < |1/2+
0.865i] < 0.99912. Using this and arguing as above we find that

Z (2| < 135650, |2 Fu(z) - —E < 0.0042
2 22/ =" 240\ T4V 1642 =

Getting an upper bound on |¢(z/2)| is entirely analogous to the calculations
we have done before. We derive the bound |¢(z/2)| < 0.34276.

Combining everything from above, we have

(2/2)| - [(2/2) Fo(2/2)]
(1) — 2126(2/2)]

FQ(T)
(S4Fw)(7)

(5.3) A (m,n)|
< g 2emL16 0865 gty 101642 (0.34276)(1.35659)(0.0042)"
(0.00067)¢  1439.51688 — 212 . 0.34276
< 108.842 - 6.269° - ¢~ 2mm-1.16,mn-0.865

5.3. Upper bound on \Af) (m,n)|. From the equations above we have
|A1(<3) (m,n)| < 2e~2mm-116,mn-0.865
¢

' B(r) |[(z-1)* 1 1
e uiS1/2| (STE) () || 240 <E4( ) 16E4<2 N 2>>
221¢(2)¢(2/2)| (= = 1)*(1/2E5(2/2 + 1/2) — Bs(2))|

(1) +2126(2)¥(2/2)]
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4
We first get a bound for (22;%) (Ea(z)— %E4(z/2+1/2)). As usual, we bound
its derivative, compute values of the truncated sum on a grid of points, and
compensate for the effects of the derivative and the tail of the series. This

gives
(z—1)* 1 z 1
R <0. .
510 Ey(z) 16E4 2+2 < 0.044063

Arguing similarly for (z — 1)?(3E2(2/2 4+ 1/2) — E2(z)), we find that
1 z 1
—1?(ZE)(Z4+Z)-F

It remains to deal with ¢(z) and ¢ (z/2). Again the computations are routine,
and we have

< 2.69392.

lp(2)| < 0.00486, |¥(z/2)| < 15.95619.
From our bounds above, we have
(5.4) ]A;;’)(m,n)\ < @~ 2mme116,mn-0.865
o3 1.01642  0.044063(2.69392)(0.00486 - 15.95619)

0.00067¢ " 1439.51688 — 212 - 0.00486 - 15.95619
< 1551 - 65.766" - ¢—27m116 ,mn-0.865

Now we are in a position to get an upper bound on (Fj, ,, Fjm):
1 3 _— 1
(Floms Floym) = - Z S Fk,m|ai—1 (Z)Fk,m|al_—1 (Z)yk_2 drdy = ;(Il + Iy + I3).
i=1 F
We bound each of I, I, I3 separately.

5.3.1. Upper bound on Ii. In this integral we act on F} ,, with al_l,
which is just the identity matrix. We write

Fim(2) =q™ + Z Ag)(m, n)q",

n={
and putting this in the integral and integrating over =, we get
1/2 oo
L=\ | |Fm@+iyy*?dyds

-1/2 122

oo 1/2

< V"2 | |1Fom(a+iy)P dody

V3/2 —1/2

_ OSO yk72 (6747rmy + i |A](<;1)(m’ n)’26747my) dy.
V3/2 n={
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Changing variables, we find that

(k-2)! 1 AV ) T
I < (47rm)k’—1 T Z n’“ 1 S ut e ¥ du.
27r\/§n

Thus S;jr\/in uk—2e=u dy = ¢=2mV3n Zk 2 (k ,2 (2mv/3n)?, and it is easy to
see that

k—2
1 (k—2)! ,
g e
i=0
is decreasing as a function of n, so

(k —2)! (1) 9 _27”[” > 27T\f€
I — 1§( klZ’A (m,n)|"e gk1 Z

f—
(47Tm) n={( =0
(k —2)le2mV36 2 _
< e 2o A m P
n=>~{
Using (5.2)) gives
oo o

Z |Algl)(m,n)]26_2“*/§" < 0.2422 . 6.747% . ¢—4mm 116 Z Amn-0.865—2m/3n

n=~{

and thus

(k — 2)' + (45763)(k — 2)'(45523)6 X e—47rm~1.16610.86992€_

I <
L= (47rm)k—1 (4ml)k—1

5.3.2. Upper bound on Iz. Here we act on Fj,,, with a;l, and thus

1 1 1 X @ .
ka]a;l(z) = ;Fk,m <_z> =% EIAEg )(m,n)q /2,
n=1

Putting this into the integral and rearranging, we have

1/2 0o _
Z A (m,r) A( )(m s) S emiw(r=s) S 23/7”6_”(”5) dy dx.
r,s>1 —1/2 -2 (1‘ Ty )

We easily obtain

1 (2/B\H VB
R (BT AP A o)

3 r+s
r,s>1 +
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and (5.3 yields
108.842)2 /24/3\ F12
T
. Z 7r-0.865 7rs0865€ 3TVB(r+s)
r+s

r,s>1

It remains to bound the double sum. Since r, s are positive integers, we

1 1 . . -
have 4= < N the double sum is bounded above by

0 e—%\/§7rn+7r~0.865n ) 2

A

n=1

We explicitly calculate the partial sum with 10000 terms and then bound
the contribution of the tail, which gives

O o3 V3mntm0.865n
> - < 29.77087.
n=1 nl/?

Putting everything together, we obtain
I, < 2363259(2v/3/3)k12(6.269)% e~ 47m 116,
5.3.3. Upper bound on Is. We have

Is = S Fk,m|a51(Z)Fk,m|a§1(Z)yk_2 dx dy,
‘F

which implies
e~ % V37 (r+s)
r+s

>w~

ZrA<3>mrr|A (m, s)|

Applying (5.4) and proceeding as before yields I3 < 480-65.766%¢ . ¢~4mm1.16,
Putting everything together and simplifying, we have
Ak —2)!  e>9B(k —2)!(17.094)% —drm1.16
(4 )kemk-1 (4m)k(k/4 — 1)k-1

(5'5) <Fk,mv Fk,m> <

6. Proof of Theorem|[1.1} Let n=n(k) be the dimension of Sk (SL2(Z))
and let ¢ = t(k) be the dimension of Sp“V(2). Let {f;}7_; be a basis of
normalized Hecke eigenforms for Sy(SLa(Z)), and let {g;}}_, be a basis of
normalized newforms for SV (2). We would like to write Fj, ., as a linear
combination of f;, fi|Va, and g; (i.e. in terms of oldforms and newforms).



Coefficient bounds for level 2 cusp forms 363

Directly writing
Frm=Y_cifi+ Y difilVa+ Y ejg;
i i j
with constants c¢;, d;, e; leads to problems, so we write Fy, ,, with respect to
a different basis.

To motivate our choice of basis we require some results on Petersson
inner products. Specifically, we need to be able to evaluate (f;|V2, f;|V2) and
(fir fi|V2). We define a matrix M by M = (29). Let f;, f; be eigenforms in
Sk(SLa(Z)). Then

(filVa, £51Va) = 27%(filar, filae) = 27 %(fi, £i)-
This implies (f;|Va, fj|V2) = 0 if ¢ # j. Further, from [28, Lemma 5] we have

(o filV) = 225 i),

where a;(2) is the coefficient of ¢? in the Fourier expansion of f;. Note that
a;(2) is real since f; is a Hecke eigenform. An easy modification of the proof
of this lemma shows that (f;, fj|Va) = 0if i # j.

We would like to write F}, ,, with respect to a basis in which the forms
are all orthogonal to each other with respect to the Petersson inner product,
the nth coefficient of a basis element is bounded by C'd(n)n*~1)/2 for some
absolute constant C' > 1, and the Petersson norm of each basis element is
about the same order of magnitude. Using a basis of this form was suggested
to us by Roube (private communication). We choose our basis to consist of
the forms {g;}5_,, {filVa}ioy, {fi — wifilVa}i,, where k; is chosen so that
fi—kifi|Va is orthogonal to f;|Va. An easy calculation shows that k; = %ai(2).
Now we write

Fim = Z ci(fi — kifilV2) + Zdi(Qk/inHé) + Z ;jg;-
A % j
Note that we may take c;, d;, e; € R because Fy, ,,, fi, gj have real coefficients.
Since the basis elements are orthogonal to each other we have

(Fkyms Fioym) = 202 fi = ki filVa, fi — ki fil V2)

+Z¥ﬁMWM%+Z (94, 95)-

J
Note that

(fi = rifilVa, fi — ki fi| Vo) = (fi —Hzf1|V2afz>:< -

> s,

3()

@\»P

)i s

Ne)
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where for the inequality we have used |a;(2)] < 2-2*=1/2, From work of
Rouse [27] we have

6 I'(k 1
<f17fl> > ; (47(T)3€ ’ M7
and Lemma [4.2] yields
6 1 I'(k) 1
w2 1+41/2 (4m)k 86logk’

Taking into account these inequalities we see that

(Fmy Freym) = Z(sz + d?)é<fi,fi> + Z€?<9j79j>
i J

(95, 95) =

1 (k) 2 I'(k)
> E 2 4 d? : ; :
e (e + ’)96772 (4m)klog k " j 1372 (@m)Flogh

(k)
(ZC +Zd2+z >967r (4m)klogk

This obviously implies

log k) (4m)*
Zcf—l—Zd%—i—Ze?g <Fk7m,Fk7m>'967T2-7( og k) (47) .
i i j

(k- 1)

Recall that n is the dimension of Si(SL2(Z)) and ¢ is the dimension of
Spe¥(2). We have n < k/12, and specializing |21, Theorem 1] gives

k k k-
—k—1-|>]|-2|2| <2+~
=k ] 5] e g

By the Cauchy—Schwarz inequality, we have

Zlcz|+2|d|+2\e]!<\/m \/Zc +Zd2+262

=1 =
S ERRRDIEED I
Using the triangle inequality and (| . we obtain

n n t

44 4'601(6-274)k —27m-1.16
ol + Dol +3 bl < Vg (s g e
1= 1= 1=

M(%m-l.w i 65'663(1()'096)%2”7”'1-16)
(k—2)! (k —2)! |
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We must determine the absolute constant C' > 1 such that the nth coeffi-
cients of g;, 2k/2 £V, and f; — k; f;|Va are bounded above by Cd(n)n*=1/2,
The g; are newforms so their coefficients are bounded above by d(n)n(*=1/2.
Let f; be as above with Fourier expansion given by

= Zai(n)q
n=1

Then fi|Va = 3",._; a(n)g®", so the 2nth coefficient of 2¥/2 f;|V4 is bounded
above by

125/20,(n)| < 28/2d(n)n = V2d(n)(2n)* D2 < \/2d(2n)(2n)*-D/2,

Arguing similarly, we see that the coefficients of f; — k;f;|Va are bounded
above by %d(n)n(k_l)ﬂ. Hence we may take C' = 7/3. This implies that the
absolute value of the coefficient of ¢" in Fj ,, is bounded above by

103 SM(6.274)F 5 16
\/@< =y, 5+ )(k*l)/ze

(k/ 4-
Now define

S 49(6.274)F  10995(4.793)F  £6511(10.096)"

(l<:/4—1)(’€—1>/2Jr V(kE—=2)! " V(k—=2)!

so that the nth coefficient of F}, ,,, is bounded above in absolute value by

103 —27tm-1.16 k—1)/2
m<m<k—n/z+3(’“>e d(mn*D.

Let G € Sk(2) be given by G(z) = an_:ll a(m)Fim =Y ooy a(n)q". Apply-
ing the triangle inequality gives

B(k) =

/-1

ja(n) < Viogh (1032"‘( ® 3 lalr e T35 aupalt12,
=1

which yields Theorem [T.1]
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