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Parity results for broken k-diamond partitions
and (2k + 1)-cores

by

SiLviu RADU (Linz) and JAMES A. SELLERS (University Park, PA)

1. Introduction. Broken k-diamond partitions were introduced recently
by Andrews and Paule [I]. These are constructed in such a way that the gen-
erating functions of their counting sequences (Ag(n))n>o are closely related
to modular forms. Namely,
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where we recall the Dedekind eta function
)=/ [ -¢")  (a=e").

n [1], Andrews and Paule proved that, for all n > 0, A;(2n 4+ 1) = 0
(mod 3) and conjectured a few other congruences modulo 2 satisfied by
certain families of k-broken diamond partitions.

Since then, a number of authors have provided proofs of additional con-
gruences satisfied by broken k-diamond partitions. Hirschhorn and Sellers [9]
provided a new proof of the modulo 3 result mentioned above as well as el-
ementary proofs of the following parity results: For all n > 1,

A1(4n+2) =0 (mod 2),
A1(4n+3) =0 (mod 2),
Ay(10n +2) =0 (mod 2),
Ay(10n +6) =0 (mod 2).

The third result in the list above appeared in [I] as a conjecture while the
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other three did not. Soon after the publication of [9], Chan [3] provided a
different proof of the parity results for A, mentioned above as well as a
number of congruences modulo powers of 5.

In this paper, we significantly extend the list of known parity results
for broken k-diamonds by proving a large number of congruences which are
similar to those mentioned above. Indeed, we will do so by proving a similar
set of parity results satisfied by certain ¢-core partitions.

A partition is called a t-core if none of its hook lengths is divisible by t¢.
These partitions have been studied extensively by many, especially thanks
to their strong connection to representation theory. Numerous congruence
properties are known for t-cores, although few such results are known mod-
ulo 2. Such parity results can be found in [7], [6], [10], [8], [2], [4]. In all of
these papers, the value of ¢ which was considered was even; in this paper,
we provide a new set of parity results for ¢-cores wherein ¢ is odd.

The generating function for ¢-core partitions (for a fixed ¢ > 1) is given
by
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Given this fact, we can quickly see a connection between broken k-diamonds
and (2k + 1)-cores which we will utilize below.

LEMMA 1.1. For all kK > 1 we have
(H( (4k:+2)n k:+1> (Z Ak ) Z a2k+1 n HIOd 2)
n=1

Proof. Using the relation (1 — ¢")? = (1 — ¢*") (mod 2) we find
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We assume throughout that Ag(v) = ax(v) =0 if v < 0.
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(mod 2) Z ask+1(n)q". =

COROLLARY 1.2. Let r € N. Then for all kK > 1 we have

Ar((4k +2)n+1r) =0 (mod 2) for alln € Z
< agk+1((4k+2)n+ 1) =0 (mod 2) for alln € Z.
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Proof. Let k and r be fixed and assume that Ag((4dk + 2)n +1r) = 0
(mod 2) for all n € Z. Let

o0

S bn)g#+2m = T (1 - g@kr2myest
nez n=1
Then using Lemma [I.1] we find that
> g (4K +2)n + r>q<4’“+2>”+*
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The reverse direction is analogous. =

With this motivation, we now state the full list of parity results we will
prove in this paper. With the goal of minimizing the notation, we will write

fn+ry,re,...,rm) =0 (mod 2)
to mean that, for each i € {1,...,m},
f(tn+r;) =0 (mod 2).
THEOREM 1.3. For all n > 0,

(1.1) Ag(lOn +2,6) =0 (mod 2),

(1.2) As(14n +7,9,13) =0 (mod 2),

(1.3)  As(22n+2,8,12,14,16) = 0 (mod 2),

(14)  Ag(26n +2,10,16,18,20,22) = 0 (mod 2),

(1.5)  As(34n +11,15,17,19,25,27,29,33) = 0 (mod 2),

(1.6)  Ag(38n +2,8,10,20,24,28,30,32,34) = 0 (mod 2),

L7 A 1(46n+ 11,15,21,23,29, 31, 35,39, 41,43,45) = 0 (mod 2).

(Note that ( was proved in [9].) Thanks to Corollary we see that
Theorem is proved once we prove the following corresponding theorem
involving t-cores:

THEOREM 1.4. For alln > 0,
(1.8) as5(10n +2,6) =0 (mod 2),
(1.9) a7(14n 4+ 7,9,13) = 0 (mod 8),
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(1.10) a11(22n +2,8,12,14,16) = 0 (mod 2),

(1.11) a13(26n + 2,10, 16, 18,20,22) = 0 (mod 2),

(112)  arr(34n + 11,15,17,19, 25,27,29,33) = 0 (mod 8),

(1.13)  a19(38n +2,8,10, 20,24, 28,30, 32,34) = 0 (mod 2),

(1.14)  as3(46n + 11,15,21,23,29,31, 35,39, 41,43,45) = 0 (mod 8).

Note that every prime p, 5 < p < 23, is represented in Theorem
which helps to explain why certain families of broken k-diamond partitions
appear in Theorem [1.3| (and others do not). Our ultimate goal now is to
provide a proof of Theorem We close this section by developing the
machinery necessary to prove this result.

For M a positive integer let R(M ) be the set of integer sequences indexed
by the positive divisors § of M. Let 1 = d1,...,0r = M be the positive
divisors of M and r € R(M). Then we will write r = (75,,...,75,)-

For s an integer and m a positive integer we denote by [s],, the set of
all elements congruent to s modulo m, in other words [s],, € Z,. Let Z7,
be the set of all invertible elements in Z,,. Let S,, C Z}, be the set of all
squares in Z; .

DEFINITION 1.5. For m, M € N*  (r5) € R(M) and t € {0,...,m—1} we
define the map © : Soap, X {0,...,m — 1} = {0,...,m — 1} by ([s]aam,t) —
[s]aam © t and the image is uniquely determined by the relation

— —1
[s]oam © t = ts + SW Z(Sm (mod m).
s|M

We define the set
P r(t) := {[s]2am © t | [s]24m € Saam}.
LEMMA 1.6. Let p > 5 be a prime. Let r®) = (rgp),rz(gp)) = (—1,p) €

R(p). Then
<24t—1> B (2475’—1)
P p )

t =t (mod 2),0§t’§2p—1}.

(L15) Py (t) = {t’

Proof. First note that

1 @ _ -1
51 or

dlp

Let m = 2p. If 51 = so (mod m) then [s1]o4m © t = [s2]24m © t because
(p? — 1)/24 is an integer. This implies that
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(1.16) Py, v (t)

= {t’
We see that

(1.17) Py, 1) (t) (mod 2) = {t (mod 2)}.

Next we compute Py, . () (mod p). By (1.16) we know
(1.18) Py, (t) (mod p)
p*—1
= {t’ (mod p) |t =ts+ (s — 1) 51 (mod p), s € Sp}
= {t' (mod p) | 24t' — 1 = s(24t — 1) (mod p), s € Sy}

_ {t’ (mod p) (24tp—1> _ <24t’p—1>}

By ([1.17) and (1.18) and the Chinese remainder theorem we obtain P, i) (t)
(mod 2p) and we obtain the formula ((1.15) by imposing that the elements
of Py, . (1) lie between 0 and 2p — 1. m

pP-1

=t -1
s+ (s ) 51

(modp),seSm,0§t§2p—1}.

We now use Lemmal|l.6|to compute P, , ) (t) for p=>5,7,11,13,17,19,23
and t =2,7,2,2,11,2,11 below, respectively.

ep=2>5,1=2 We see that (%) = (%) = —1. For ¢/ € {1,2} we
have (24'57;_1) = —1 and for ¢ € {0,3,4} we have (242_1) € {0,1}. This
implies that Py, ,.)(2) = {1,2} (mod 5). Since t = 0 (mod 2) we find that
Py, (2) =0 (mod 2). Hence by Lemma we have

P107r(5>(2) = {27 1+ 5} = {27 6}

ep=171t="7. We see that (%) = (%1) = —1. Now, for ¢ € {0,2,6}
we have (%) = —1 (and these are all ¢’ with this property) so Py, =
{0,2,6} (mod 7). Because t = 1 (mod 2), by Lemma [L.6] we obtain

P,o(1)={0+72+7,6+7}={7,9,13}.

ep = 11, t = 2. Here (2451) = (i’—i) = 1. We see that for t' €

{1,2,3,5,8} we have (2£=1) =10

Pyy,an(2) = {1+11,2,3+ 11,5+ 11,8} = {2,8,12,14, 16}.

e Similarly, by Lemma [1.6| we get
P267T<13>(2) ={2,10, 16, 18, 20, 22},
Py, an(11) = {11,15,17,19, 25,27, 29, 33},
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Pys a0 (2) = {2,8,10,20, 24, 28, 30, 32, 34},
Pyg o9 (11) = {11,15,21,23,29, 31,35, 39, 41,43, 45}..

We see immediately from the above that Theorem is equivalent to the
following.

THEOREM 1.7. Let t : {5,7,11,13,17,19,23} — {2,7,11} with p — t,
be defined by

(ts,t7,t11, tis, tar, tao, tog) :=(2,7,2,2,11,2,11).
Then for all m > 0, p prime with 5 < p <23, and t' € Py, v (tp), we have
(1.19) ay(2pn +t') = 0 (mod 2/?)),

where
, 1 ifp=>5,11,13,19,
i(p) = )
3 ifp=7,17,23.

For each r € R(M) we assign a generating function

o0 o0
@ =T]T]0 -7 => e
5| M n=1 n=0
Given p a prime, m € N and t € {0,...,m — 1} we are concerned with

proving congruences of the type c¢.(mn +¢) = 0 (mod p), n € N. The
congruences we are concerned with here have some additional structure;
namely a,(mn +t') = 0 (mod p), n > 0, t' € P, ,(t). In other words a
congruence is a tuple (r, M, m,t,p) withr € R(M), m > 1,t € {0,...,m—1}
and p a prime such that

a(mn+t)=0 (mod p), n>0,t¢cP(t).

Throughout, when we say that a,(mn +¢) = 0 (mod p) we mean that
ar(mn+t) =0 (mod p) for all n > 0 and all ¢ € P(t). The purpose of this
paper is to show the congruences

ap(2pn +t,) =0 (mod 2)

when p =5,7,11,13,17,19,23 and t, = 2,7,2,2,11,2,11.
In order to accomplish our goal we need a lemma ([I1, Lemma 4.5]). We
first state it and then explain the terminology.

LEMMA 1.8. Let u be a positive integer, (m,M,N,t,r = (rs)) € A*,
a = (as) € R(N), let n be the number of double cosets in [H(N)\I'/I'x
and {v1,...,m} C I a complete set of representatives of the double cosets.
Assume that pp, (i) +p5(7i) > 0,4 € {1,...,n}. Let tmin := mingep,, 1)t
and

V:zi((Zag—i—Zr(g)[F:Fo(N)]—Z6a5>—ﬁ (5r5—t;1;n.
SIN SIN

5|M 5|M
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If
lv]
S cr(mn+¢)g" =0 (mod u)  for allt' € Py, (t)
n=0

then -
Z cr(mn+t)g" =0 (mod u)  for allt' € Py, ,(t).
n=0

The lemma reduces the proof of a congruence modulo u to checking that
finitely many values are divisible by u. We first define the set A*. Let x =
k(m) = ged(m? — 1,24) and 7(M, (r5)) := (s, ) where s is a non-negative
integer and j an odd integer uniquely determined by [] 5| M olrsl = 255 Then
a tuple (m, M, N, (rs),t) belongs to A* iff
m>1,M>1,N>1,(r5) € RIM),t€{0,...,m—1}
p|m implies p| N for every prime p;

d | M implies 6 |mN for every 6 > 1 such that rs # 0;
KN 50 remN/6 = 0 (mod 24);
KN > s ms =0 (mod 8);
24m
* ged(r(—248 — 3507 075), 24m)
for (s,j) = m(M, (rs)) we have either (4| kN and 8| Ns) or (2|s and
8| N (1~ ).
Next we need to define the groups I', I'h(V) and [s:

=)

b
To(N) = {(“ d> er ‘ N| c} for N a positive integer,

{3 )oe)

For the index we have [I": IH(N)] := N[, x(1 +p7Y) (see, e.g., [12]).
Finally for m > 1,M > 1, and r € R(M) and v = (2%) we define

)

a,b,c,d € Z, ad—bc:l},

2
(1.20) P () = 1 S ged®(8(a + kAc), me)

min —
2e{0,...,m—1} 24 St om
and 2( )
. 1 reged=(9, ¢

s|M
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2. The congruences. Let r(?) = (=1, p) throughout this section where
p > 5 is a prime. Before we prove the congruences we will show that

Pop.r® (v) > 0 for all v € SLy(Z). For v = (‘é Z) we know by ((1.20) that

p2p77‘<p) ( ) )
1 ( (]2 a+ 2 (:(12 a -+ 2pc

Ae{0,...2p—1} 2p 2p?
, 1 ged?(a + KAc, 2pc) ged?(a + ke, 2¢)
= min — | = +p
Ae{0,....2p—1} 24 2p 2
_ 1 < ged?(a + ke, 2p) n ged?(a + ke, 2))
f— p .

= min —_—
2e{0,...,2p—1} 24 2p 2

The last rewriting follows from ged(a,c) = 1 because ad — bc = 1. Next we
will show that py, ) is non-negative by proving that

d? e, 2 d? e, 2
8¢ m;nc,m+p@ m;nc,>20
p

for all integers a, c,p and A. We split the proof in four cases:

F(a7 C7p7 A) =

1
ged(a + kA, 2p) = 1= F(a,c,p,\) = —2—+§ >0,
p

2
ged(a + kX, 2p) =2 = F(a,¢,p,\) = —— +2p > 0,
p

p p_
22~
ged(a + kA, 2p) = 2p = F(a,e,p, \) = —2p+2p = 0.

ged(a + kAe,2p) = p = F(a,c,p,\) = 0,

Because py, o0 (1) = minxeqo, . ap 1) 21 F(a,c,p, A) we know py, o0 (7) = 0.

We are now ready to prove the congruences in Theorem We start
with :

as(10n + 2,6) = 0 (mod 2).

We apply Lemma We see that (10,5,10,2,70) = (=1,5)) € A*. We
choose the sequence (as) in Lemma to be the zero sequence (this will
be so for all the congruences in this paper). Because (a5) = 0 and because
P10, (1) = 0 we see that pyg ) () +p5(7) > 0 for any v € SLa(Z). Finally

1 1 1 3
We choose u = 2 in the lemma and note that c,.;)(n) = as(n) for all n > 0.

Then is true iff
as(2) = a5(12) = a5(22) = a5(6) = a5(16) = a5(26) (mod 2).

These values of a5 are all even as can be seen below, so (|1.8) is proven.
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A similar approach can be used to prove (|1.9)—(1.14)). In particular let
tp be as in Theorem and r?) = (=1, p). Then

(2p,p, 20- DT 4 r )y € A7,
We again set (as5) = 0 and see as before that
Papn (V) +pa(v) 20
for any v € SLa(Z). We further obtain

1 L 1-1)/2 1 1 pPP—1 t
— = —(p—1)2B6-(1 21+ =) (1+2) = _ P
v="p (r—1) p\ 1+ » + 5 13p 2

1 (pQ _ 1)2(1—(—1)(%1)/2)/2 _ P’ -1 Ip

8 48p 2p
Putting these values in a table we obtain
Vp [vp)
3-&5 -2 2
7| 12-1-3 11

11| 30—-5 — =% 29

22

13| 21—%— =2 20

26

17 36-—32—-21 35

19| 90—22 -2 | 89

23 [ 132— 5 — 5 | 131

We conclude by Lemma [I.8] that for all n > 0 we have
ap(2pn +1') =0 (mod u), t' € Py, (1),
if, for 0 <n < |y,
ap(2pn + t,) =0 (HIOd ’LL), t'e P2p,r(P) (tp)‘
In particular we choose u = 2 in the case p = 5,11,13,19 and u = 8 for
p="7,17,23.
The values of a;(n) have been calculated in MAPLE for 5 < ¢ < 23 and
we confirm that they satisfy the desired congruences. The authors would be
happy to supply this data to anyone interested.

Given that all of these values are congruent to zero modulo 2 (or 8,
respectively), Theorem is proved.

Acknowledgements. The authors thank the referee for carefully read-
ing the original manuscript and suggesting valuable changes to the paper.

Since the submission of this article, the authors have determined that
, , and of Theorem appear in an alternative form in
Garvan’s work [5]. However, it should be noted that the proof technique of
Garvan is different from ours, although both rely significantly on modular
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forms. Our belief is that our results provide a unified treatment of parity
results for t-cores where t is a prime, 5 < ¢ < 23.

S. Radu was supported by DK grant W1214-DK6 of the Austrian Science
Funds FWF.
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