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1. Introduction. In a series of papers, Sarkozy [11-13| investigated the
set of differences of a set of positive density in the integers. He proved the
following theorem in [11], confirming a conjecture of Lovész:

THEOREM 1. If B is a subset of positive density of the integers, then
there exist two distinct elements of B whose difference is a perfect square.

For aset H C N ={1,2,...} and N € N, we denote by D(H,N) the
maximal cardinality of a set B C {1,..., N} such that the difference set
B — B does not contain any element of H. Thus, if T" is the set of non-zero
squares, the above theorem says that D(T', N) = o(N). Sarkozy indeed gave
an explicit upper bound for D(T, N) by showing that

(loglog N)?/3

(log N)1/3
At about the same time, by using ergodic theory, Furstenberg [2] inde-
pendently proved that D(T,N) = o(N), but his result is not quantita-
tive. Recently, Green [3] and Lyall [§] provided greatly simplified proofs of
Sarkozy’s theorem with weaker bounds. Even more recently, Green, Tao and
Ziegler |14] gave yet another simple and elementary proof of Sarkozy’s the-

orem (though with weaker bounds). A sharper quantitative result was ob-
tained by Pintz, Steiger and Szemerédi 9], who proved that

D(T, N) < N(log N)~(1/12)leglogloglog N

D(T,N) < N

This bound was later improved by Balog, Pelikdn, Pintz and Szemerédi [1]
with 1/12 being replaced by 1/4.

Various generalizations of Sarkozy’s theorem have been investigated. For
example, Kamae and Mendes France [4] gave very general criteria for sets
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enjoying the same properties as the squares (known as intersective sets).
For | € N with [ > 2, the aforementioned bound of Balog, Pelikian, Pintz
and Szemerédi was valid with squares replaced by Ith powers. Sarkozy [12]
also estimated D(H, N) with H = {p — 1 : p prime}. His theorem was later
improved by Ruzsa and Sanders [10]. For more results on intersective sets,
we refer the reader to the survey paper [6].

In [7], the first author and Spencer investigated a function field analog of
Sarkozy’s theorem for shifted primes. Thanks to some improved exponential
sum estimates, they obtained a result that is stronger than Ruzsa—Sanders’
bound. In this paper, we consider a function field analogue of Theorem
Let F,[t] be the polynomial ring over the finite field Iy, and let Gy be the
subset of Fy[t] containing all polynomials of degree strictly less than N. We
denote by D(N) the maximal cardinality of a set A C Gy for which A — A
contains no squares of non-zero polynomials. Also, for A C Gy, we denote
by |A| the cardinality of A. Define

UAN) = > |{(ad)eA®|a—ad = f}
fEF[t]
f#0

which represents the number of distinct pairs (a,a’) in A2 whose difference
is a square. We first notice that if ¢ is a power of 2, the map f — f2 is
linear. This observation allows us to provide simple estimates for D(N) and
U(A,N) in this case. For a real number R, let [R] be the smallest integer
> R and | R| the largest integer < R.

)

PROPOSITION 2. Suppose that q is a power of 2.

(1) We have
D(N) < ¢/,

2) Let A C Gy with |A| = 6¢N and & > ¢~ N/2. Then
(2)
UA,N) > §2qIB3N/2T _ 5N,

Proof. For a,a’ € Gy, we have a — a’ = f2 € Gy. We first notice that
every square in Gy is of the form xg + zot? + - - - + zoit?*, where z; € F, and
k< [(N—1)/2]. Let M = |N/2]. For every @ = (21, 22,...,2):) € F) | the
M-dimensional vector space over Fy, let A, be the set of all elements a = ag+
ait +---+an_1t¥ 1 in A such that (ay,as,...,aen—1) = (21, 22,...,20).

(1) If

|A] > ¢V M > N2

then by the pigeonhole principle there exists x such that A, contains at
least two distinct elements. Then the difference of these two elements is a
non-zero square in [Fg[t].
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(2) Suppose that A C Gy with |[A] = ¢V and § > ¢ /2. From the
above estimate, we see that

UAN) > S A2 - (4] > qwﬁ JA] = 82N 5N,

zeFM
This completes the proof of the proposition.

Thus, throughout the rest of this paper, we assume that ¢ is odd. By
adapting part of the Pintz—Steiger—Szeméredi argument, we prove

THEOREM 3. Suppose that q is not divisible by 2.

(1) There exists a constant C, depending only on q, such that

log N)7

D(N) < ¢ 1N

(N) < Cq™ —

(2) Let A C Gy with |A| = ¢~ and 6 > C(log N)"/N. There exists a

constant C', depending only on q, such that

J

The paper is organized as follows. In Section [2, we will introduce basic
notation and Fourier analysis in Fy[t]. In Section (3, we will obtain some
exponential sum estimates that are necessary for our arguments. Then we
will prove Theorem [3] in Section [l We remark here that since we will not
implement the full strength of the Pintz—Steiger—Szemerédi argument in this
paper, the above bound of D(N) is not as strong as its integer analogue.
However, our approach allows us to get a bound on U(A, N), which is not
possible using the method of Pintz—Steiger—Szemerédi. On the other hand,
various arguments used to get the correct order of magnitude of U(A, N),
which is ¢*N/2, give much weaker bounds for D(N) than the one in Theo-
rem [3| Thus, our bounds of D(N) and U(A, N) are something in between
the two extremes. Also, although we work only with squares, our approach
can be easily extended to cover Ith powers when [ < p, the characteristic
of Fy, with a bound of the same strength. The cases when | > p are more dif-
ficult. The main obstruction is that our approach involves the use of Weyl’s
differencing (see Lemma@[), which produces factors of I! on certain exponen-
tial sums. Since these factors are zero when [ > p, the standard application
of the circle method is ineffective in providing non-trivial estimates. In our
future paper, we intend to apply the recent work of the second author and
Wooley on Vinogradov’s mean value theorem in function fields to overcome
the difficulty of small characteristics. We also plan to apply the approach
of Pintz—Steiger—Szemerédi to obtain a bound of comparable strength to its
integer analogue.

U(A,N) > 6% exp <—C’1(log N)7> N2,
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2. Preliminaries. We begin this section by introducing Fourier analy-
sis for function fields. Let K = Fy(t) be the field of fractions of F,[t], and let
K = F4((1/t)) be the completion of K at co. Each element £ € K, may
be written in the form & = Y, a;(§)t’ for some w € Z and q;(§) € F,
(i < w). If ay(€) # 0, we say that ord¢ = w, and we write (£) for ¢°*9¢.
We adopt the conventions that ord0 = —oo and (0) = 0. Also, we write
{&} = Y",c0 @i(§)t" as the fractional part of &. It is often convenient to re-
fer to a_1(§) as the residue of &, denoted by res¢. For a real number R,
we let R denote ¢®. Thus, for z € F q[t], we have (z) < R if and only if
ordz < R.

Let T = {{ € Ky | ord§ < 0}. Given any Haar measure d¢ on Ko,
we normalize it in such a manner that ST 1d§ = 1. We are now equipped
to define the exponential function on K. Suppose that the characteristic
of F, is p. Let e(z) denote €™ and let tr : F, — F, denote the familiar
trace map. There is a non-trivial additive character e, : F, — C* defined
for each a € F,; by taking e;(a) = e(tr(a)/p). This character induces a map
e : Ko — C* by defining, for each element ¢ € K, the value of e(§) to
be e4(res&). For & € Ky, the exponential function satisfies the following
orthogonal relation [5, Lemma 7]:

| N iford{¢} < —N,
. <$>§<:zve(xf) - {0 i ord{¢} > —N.

Let @ : Gy — C. The Fourier transform ®: T — C of & is defined
by

P(a) = Z b(z)e(za).
(z)<N

If ¥ : Gy — C, then the convolution ® x ¥ : Gy — C of @ and ¥ is
defined by

BxW(x)= Y PyP(z—y).

(y)<N
Let v € T with ordy = —N. By , we have
(2) > ay =N Y @
(z)<N (x)<N
where ¥(z) is the complex conjugate of ¥(x). Then it follows that

(3) S B =N Y [0

(x)<N (z)<N
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Also, for every a € T, we have
(4) P+« U(a) = D(a)F(a).

For a set A C Gy, we denote by A(x) the characteristic function of z. If
|A| = 0N, by , we have

(5) Y Ay = N|A] = 6N
<:v)<ﬁ
Finally, by , we have
(6) S Ak (A @B = = S (A 2B,

. N~
(z)<N (z)<N

NoTATION. For r € R, let f(r) and g¢(r) be functions of r. If g(r) is
positive and there exists a constant C' > 0 such that |f(r)] < Cg(r) for
all r, we write f(r) < g(r) or f(r) = O(g(r)). Throughout this paper,
all implicit constants and constants denoted by C,C’ or ¢; depend at most
on q.

3. Exponential sum estimates. For n > 0 and a, g € F,[t], define
Magn={a €T |{a—a/g) <n}

Let R,M € N with R < 2M/3. We recall that for all « € T, by Dirich-
let’s theorem in F,[t] (|5, Lemma 3]), there exist a, g € F,[t] with g monic,
(a) <(g), (a,9) = 1, {a —a/g) < R{g)""M~? and (g) < M?R™". Let
Myg = Ma,gﬁ(grll\?l*?' Then we define the major arcs 9 and the minor
arcs m as follows:

Mm = U Moy and m=T\

(9) <R, g monic
(a)<(9), (a,9)=1

Also, we define
Sula)= > (z)e(z’a).
(z)<M

In this section, we will obtain some estimates of Sp; on the major and minor
arcs. Specific choices of M and R will be made in Section []

LEMMA 4. For o € Mg 4 C I, we have

Sula) = > e(r’a/g)Su(a —a/g) + O((g)%).
(r)<(g)
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Proof. Let f = a—a/g. For x € Fy[t], we write z = yg+r with y,r € F,[t]
and (r) < (g). Since @ € M, we have (g) < R < M. Then

Sul@) = Y (we(a’a/g)e(8)

<a:)<]\//7

= Y Y g+ r)ellyg +r)afo)el(yg +)%B)

(r)<{9) (y)<M{(g)~1

= Y e(r?a/g)(r)e(r®p)
(1 <9)

+ Z (o) D (wa+rellyg +1)%8)).

1<(y)<M(g) !
Notice that for (y) > 1, we have (yg + r) = (yg). Also, since R < M?2/3,

{(yg +1)°8 — (y9)*B) < max{(yg), (r*)}(B)
< max{]\?qil, ]§2q72}]§<g>71]\/4\72 <q2
Thus, e((yg + )?8) = e((yg)?B). It follows that

> lyg+r)elyg+1)°B)
1< (y)<M(g)~?
= ZA (yg)e((yg)*B)

=— Z Z (yg+r)e((yg+r)p)

Z Z (yg + r)e((yg +r)*B8) + O((g))

<T> (9) (y)<M(g)—1

- @})Smm +0((g).
Combining the above two equalities, we have
Su(@) =0((g)) + Y e(r2a/g)(—=Su(8) + Olg))
i) <<g> >
=7 X Pal9)Su() +0l(a)?).
(r<{9)

This completes the proof of the lemma.
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LEMMA 5 (Major arcs estimate). For a € M, , C M, we have
Su(a) < M3{g)~2.
Proof. Since 3~y o) e(r?a/g) < (g)'/? |5, Lemma 22] and Sy;(a—a/g)
<M 2 by Lemma {4 we have
Su(a) < ()" o) M2 +(g)* < M*(g) /2.
The last inequality follows since (g)%/? < R5/2 < M2,
LEMMA 6. For o € My, C m, we have
Swm(er) = Su(a/g).
Proof. Write « = a/g + 8. Then
Su(a) = Sula/g+B) = Y (x)e(z’a/g)e(a®B).
(xy<M
Notice that for & € m, we have (g) > R. Then
(1°8) < M2 *R(g) "' M2 <.
Thus, e(2%8) = 1, and the lemma follows.
LEMMA 7. For M < (9), we have
Z e(z?a/g) < (g)*(ord g)/2.
(xy<M
Proof. We have

‘Z wa/g’ > Z (z+y)(z — y)a/g)

(x )<M< <M
Z ‘ Z (uva/g) ’
(u ><M (v) <M

Since (a,g) = 1 and M < (g), by , it follows that
2 — —
| Y el <M+ YD {uafghP =M+ Y (2/g)7"

()< AT 1<{u)<(g) 1<(2)<(g)
ordg—1
)+ Z GW' < (g)ordg.

This completes the proof of the lemma.

LEMMA 8 (Minor arcs estimate). For o € M, 4 C m, we have

Su(a) < M2MYV2R™12,
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Proof. By Lemma6] we have Sy(a) = Sa(a/g). There are two cases:
(1) If (g) > M, by Abel’s inequality and Lemma |7, we have

Su(a/g) = Z (x)e (:r alg) < maxA max’ Z e(x a/g ‘

. J<M
(x)y<M (x)y<J

< M(g)"/*(ord g)"/*.
Since (g) < M2R-L, it follows that
Swna/g) < M2MY2R™1/2,

2) Suppose that < M. For z e F,lt], we write x = + r with
(2) Supp g qlt]; Yyg
Y, € Fq[t] and (r) < (g). Thus,

mla/g)= > D (yg+rellyg+r)a/g)
(r)<{9) (y)<M(g)~1

= Y e(Pa/g) D> (ygtr).
(r)<(g) (y)<M(g)—1

Since } e(r2a/g) < (g)'/? [5, Lemma 22] and (g) > R, it follows that

)<(g) ©
Suila/g) < (9)/*M*(g)"" < MPR™2,
Combining the above two cases gives the conclusion of the lemma.
LEMMA 9. For N e N and a € T with —N < orda < —2M + 2, we have
> |Su(za)® < NMY.
(z)<N
Proof. By |5, Proposition 13], for any ¢ > 0,
2 |t 172
S ‘ Z e(y a)’ doa < M2,
T (yy<M

Then using the argument in |15, Theorem 3|, we can derive from the above
bound that

S ‘ Z e(y2a)‘6do¢ < M*,
T <M

By [5, Lemma 1], we have

, |6
H Z e(y 04)‘ do
T (<M

= #{(y1, Y2, Y3, 21, 22, 23) € Gu® |y + 3 + 3 = 21 + 25 + 23}
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Thus, combining the above estimates with , we find that

Y [Su(ea)l’®

(x)<N

= Z Z (y1) (y2)(y3) (21)(22)(z3)
(2)<N (y1),(y2),(ys),(21),(z2),(z3) <M
xe((yf + 5 +y3 — 21 — 25 — 23)za)

=N > (y1)(y2) (y3) (21) (22)(23)

(y1),(y2),(ys), (21),(22) (z3) <M
YI+y3+yi=z+23+23

< NMO3#{(y1,2,y3, 21, 22, 23) € Gue® | yd + 3 + 93 = 23 + 23 + 23}
< NM™.
This completes the proof of the lemma.
For f € F,[t], a € F; and o € T, define
Rpala) = {o € Fylt] | (e%a— f —at™) < 72},

2

The following lemma says that, in a sense, x“« is uniformly distributed in T.

LEMMA 10. Let a € T, a € F, and f € Fy[t] with f # 0.

(1) For x € Ryq4(a) and b € Fy with a # b, there exist unique c € Fy
and 1 € NU{0} such that x + ct' € Ryy(a).
(2) For any b e Fy, we have |Ryp(ov)] = |Rfq(r)].

Proof. (1) For x € Ry q(a), we have
ztct' €Rpy & ((x+ct)a—f—bt7l) <q?
& (((z+ cth)? — xz)a —(b— a)t_1> <q?
& (' e+ ctha - (b—a)t™) < ¢ 72
Since (r2a — f) < ¢, ((z + ct)?a — f) < ¢! and f # 0, we see that
ordz > ord(ct!). Since a # b, comparing the orders shows that
(7) l+ordz+orda=-1 & [|=—orda—1—ordz.

Thus, [ is uniquely determined. Moreover, we see that the leading coefficient
of 2cat'ar is equal to b — a. Thus, ¢ is uniquely determined.

(2) Consider 9,5 : Rya(a) — Ryp(a) defined by v, p(z) = x + ct,
where ¢, [ are defined as in part (1). Suppose that 1,22 € Ryq(o) with
r1 + e1th = 9 + cat!2. Since (22a) = (f) = (23a), we have (z1) = (x2).
Then, by ,

li=—orda—1—ordz; = —orda —1—ordxzs =g,
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from which it follows that 1 = 2. Thus, 1), is injective. Similarly, we
can prove that ¢, : Ryp(o) = Ryq(cr) is also injective. It follows that

[Rip(@)] = |Rya()l-

LEMMA 11. For a € T, we have

[Sar(a)] < ()"
Proof. We first notice that if () < M2, then
[Sar(@)] < M2 < ()"
Thus, in the rest of the proof, we can assume that («) > M2 Let feFy[t],
a€Fyand x € Ry q(c). We have
e(x?a) = e(f +at™) = e4(a).

Notice that f = 0if and only if (z2a) < 1. Then it follows that (z) < (a)~'/2.
If f # 0, then (z?a) = (f). Thus, (z) is independent of a. We have

Su(e)l =] Y (@)e(aa)]
(z)y<M
é\ > e+ X X Y @e’a)

(z2a)<1 1<(f)<M2q—2(a)~1 0€Fq zER o ( )

1/22:1

(z2a)<1

+\ S @Y @) Y

1<(f)<M2q=2(a) 1 a€lq TERfq(c)
— ()1 4 ’ Z 1/2 ~1/2 Z a)|Rya(c ”
1<(f)<M2q=2(a) =1 a€ky

By Lemma (2), the above inner sum is 0. This completes the proof of the
lemma.

4. Proof of Theorem For N € N and A C Gy, we define
W(AN)= > (Hl{(a,d) € A’ |a—a = [},
feF[t]

which counts the number of pairs (a,a’) in A? whose difference is f2 with
weight (f). In this section, we will prove the following theorem.

THEOREM 12. There exist constants C, C’' > 0, depending only on q,
such that whenever A C Gy with |A| = N and § > C(log N)"/N, we have

WA, N) > 6% exp (—C’(l;(log N)7> 2.
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We notice that since W (A, N) > 0 and W(A, N) < NY2U(A, N), The-
orem [3|is a direct consequence of the above theorem.
Let v € T with ordy = —N. For n > 0 and g € F,[t], let

Mgn = U Ma,gn;

(a)<(g)
(a,9)=1

where M, 4, is defined as in Section 3. We also define
1 —~
F(g,n) =—= A(zy) 2.
= 3 1)
(xy<N
TyEMyg,y
The following lemma is about the density increment.

LEMMA 13. Let A C Gy with |A| = 6N. Let n > 0 and g € Fq[t].
Suppose that N > N' = —log,n —2ordg > 0. Then we can find a set

A" C Gy with |A'] = §'N’ such that
(1) &' >0+ F(g,m),
(2) W(A,N) > (g)?W (A", N").
Proof. Let G = ¢?Gyv. By (3) and (4), we have

Z AN (G + ) Z |Ax G(x Z |A*G:cy

(z)<N < y<N (
== Z | A(z)] \G<w7)|2
<a:)<N
For v € Mgy 4, and y € G, we have
(gPyay — gya) < (gPyn < q"".
It follows that
Gay) = Y elg’yry) = N,
() <N’
Thus, by the definition of F(g,n),

~ ~ ~2
> JA(@y)P|G(zy))? = 6F(g,n)NN'".

(z)<N
TYEMg n

If x = 0, then also

=) =

1A(0)[21G(0)]% = 2N N"".

=) =
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We notice that 0 ¢ My, as N’ > 0. Combining the above estimates yields

3 Am<G+x>|2z]1v S A PGy > (62+5F (g, n) NN,

(z)<N (z)y<N
xye{0}UMyy,y

Moreover,
> 1AN(G+ )| =|A]|G| = NN,
(z)<N

Thus, there exists z' € Gy such that |4 N (G + 2')| > (6 + F(g,n))N’. Let
A" ={y € Gy : g’y + 2’ € A}, then the set A’ satisfies both conditions of
the lemma.

PROPOSITION 14. There exist constants ¢; > 0 (0 <1i < 3) such that the
following holds: Let N > ¢o, and consider a set A C Gy with |A] = N and
§ > N~Y. Suppose that W(A, N) < c102N?. Then there exist N' and a set
A" C Gy with |A'| = 0'N" such that

(1) N'> N —c3logN,

(2) &' > 6+ c36%(log N)~,

(3) W(A',N') <W(A,N).

Proof. Let @ : F,[t] — C be defined by

@(m):{<f> if £ = f> € G,
0 otherwise.
By @, we have

WAN) = 3 As(-A)@)0@) = = 3 i) 28w,

N N .
(xz)<N (z)<N
Also, we notice that &(0) =Sy (6), where M=|(N+1)/2|. Let R=[c4log N|
and K = |cslog N|, where c4,c5 are large constants. Since W(A,N) <
c162N? and |A(0)[20(0) > 62N3 for ¢; sufficiently small, we have

(8) 7A@ RISy ()| > ° NP,
(z)<N
x#0
Let Mg4, 9 and m be defined as in Section 3. We now divide the
summation in into various cases. Consider those x with zy € m. By
Lemma |8 and , for N and ¢4 sufficiently large, we have

) > 1A PSue) < max [Sulay)| 32 1A
(T)<N (z)<N
ryem

< M2MR™V26N? = o(6°N?).
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Consider those x with A\(azq/) < |A|I/€ ~1. By Hélder’s inequality, and
Lemma[9] for N and ¢; sufficiently large, we have

(10) > |A(27)|2Sar (z)
(z)<N
A(zy)<|AIK !

< max |A(a) 1/3< Z |A(z) ) (Z |Sar ()] )1/6

(zy<N
Aem)<lalR @)<N fe)<H

< (5]/\}[’5—1)1/3(5[\}2)5/6(]’\71/\4\10)1/6 _ 0(52]@3)'

Thus, it remains to consider those z with z # 0, zy € M and A(zv) > |A| KL
Let

M(a,g) ={r € Gn | zy € M, 4 and A(zy) > |A|K1Y).
By (8)-(10),
(1) PN« Y S A RIS (a)]

1<(g)<R, g monic T€EM(a,g)
(a)<(9), (a,9)=1

< X e AP Yo |Sule)l
1<{g)<R, g monic 9 re€M(a,g)
(0)<(9), (a.9)=1

For z € M(a, g), since >y, (r2a/g) < (g)'/? |5, Lemma 22], by Lem-
mas [4] and [11] we have

Sur(27) < {9) "2 Sm(ay — a/g)l +(9)* < (g) /2 (ay —a/g) ™" + (9)*.
Also, by , we have
M@ @I([AE? < Y0 AP < Y AP =N
zEM(a,g) (z)<N
Thus, for c5 sufficiently large, it follows that
(12) IM(a,g)| <6 TK? < K°.

Let T € N with J{A—\l < K3 < T. Then for a fixed £ € Ky and distinct
fieF [t (1<i< K3), we have

1 W+1
—g <0 M+ = <T<K.
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Also, since ordy = —N, we have (zy —a/g)~! = ]/\7<x —a/(g7y))~!. Hence
> IBunl< Y (o) AN —a/(gn) 7+ (9)?)

zEM(a,9) zEM(a,g)
< (9)VPNEK + (g)°K® < (g)"/*NK.
Substituting this into , we have

PN« Y max Ay ()T K.
1<(g)<R ?
(a,9)=1
g monic

For1<r<Rand1<k<K,let

L) = {a/g | (9) =7, g monic, (a) < (g),

o~ o~ — 71
(a,9) =1 and |[A|k~!' < max |A(zy)] <|Alk—1 }
zeM(a,g
Then it follows from the above inequality that
PN* < D7 Ll JAPE V2K,

1<r<R
1<k<K

which implies that

1< Y Lk %K.

1<r<R
1<k<K

Thus, there exist some r and k such that
(13) 1L,k| > K FY2K 2R,

We now aim to obtain an upper bound for |£, ;|. For a fixed g € Fy[t], by
the definition of F'(g,n), we have
1

~ I -~ 1 ~_
F(g,R(g)""M %) = R Z |A(z7)* > S Z |APE2.
|4 (z)<N | (a)<({g)
JJ’YEngﬁ@),lﬁ,Q (a,9)=1

Summing over all g € Fy[t] with g monic and (g) = 7, we have
Fmax F(g, Rig) ™ M2) > ——
(9)=r AN

which implies that

L0kl < 7R max F(g, Rig) ™' M)
g)=r

1L, 4] 1A]PR2,
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Also, by the same argument as in ,
1Li| < 07K,
Combining the above two inequalities, we have
ILr k| < 51212 gl)&);F(g, }/é(g>_1]\/4\_2)1/2.

This together with shows that there exists g with (g) < R and
F(Q? §<g>_1]/\4\_2) > 61052K_4R_27

for some constant cig > 0. Then by Lemma there exist N’ € N and a set
A" C Gyr with |A’| = 6’ N’ such that

(1) N’ = —log,(R{g)"'M~2?) —20rdg > N — 2R > N — 2¢4log N,

(2) &' =6+ F(g, Rlg) "' M~?) > § + crociedd?(log ),

(3) W(A',N') < (9)*W(A',N') < W(A,N).
This completes the proof of the proposition. ~

Proof of Theorem Suppose that we have a set A C Gy with |[A|=0N,
§ >2N~1 and W(A, N) < 6% exp(—cg%(log N)") N2, where cg is a large con-
stant. By applying Proposition [14] repeatedly, we can construct a sequence
of triples (Ni,Ai,(si)iZ() such that N; € N and A; C GNi with |A,’ = 0;N;
which satisfy

(1) (Noa AUa 50) = (Na A7 5)a

(2) Ni+1 Z NZ — C2 IOg Ni,

(3) (5,‘4.1 > 0; + 0352-2(log Ni)_6,

(4) W(Ait1, Nip1) < W(Ai, N;).

CLAIM 1. For N sufficiently large, we can construct a sequence of triples
(N;, Ai, 6:)Z satisfying 1) with Z = |cz(log N)®/6| and c7 a large
constant.

Proof. Notice that when we make use of Proposition to construct
(NriJrl, Ai+1, 5i+1) from (Ni, Ai, 51), we need Ni > Co, (SZ > N;l and W(AZ, NZ)
<c (5,?]/\7;2. Since the sequence (NN;)i>o is decreasing and the sequence (9;)i>0
is increasing, it suffices to show that for IV sufficiently large, for any sequence
of triples (N;, A;,8;)Z satisfying —, we have Nz > ¢y, § > NZ_1 and

—~9

W(A;, N;) < cléiQNi (0 < i< Z). Notice that
(log N)7
5

Thus, if 6 > cg(log N)7/N for some sufficiently large constant cg (in terms
of ¢ and ¢7), then Nz > N/2 > ¢p. Since § > 2N~ !, we have § > NZ_I.
Also, there exists a large constant cg (in terms of ¢y, ¢, ¢7) such that for cg

Ny >N —c3ZlogN > N — cocr
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sufficiently large (in terms of ¢g),

1 N N —
W(A,N) < 6% exp (065(log N)7) N2 < §2qcollos N)T/O 2 < 5201]\722.

Since (N;)i>o is decreasing and (d;);>0 is increasing, it follows that
—~2 —~2
W (A, N;) < W(A,N) < c16°Ny < 10?N;  (0<i< 2).
This completes the proof of the claim.

CLAIM 2. We have 67 > 1.

Proof. Suppose that §; < 1 for all 0 <i < Z. Let N be sufficiently large
such that c3(log N;)7% <1 (0 <i < Z). Then for 0 < i < Z, we have
> 1 1 . c;;(log Ni)_6
51' 5i+1 - (2 (52 + 03(52.2(10g Ni)_G N 1+ 035i(log Ni)76
c3(log N;) =6 1 —6
> —c3(log N)™°.
~ 1+ c3(log N;)=6 — 263( og )
Summing over all ¢ with 0 < i < Z, for ¢7 sufficiently large (in terms of ¢3),
we have

1 1z 1
—— —>Z¢3logN) 0 > =
5 5, = gellesN) ">,

a contradiction. This completes the proof of the claim.

Since it is not possible that 7 > 1, we conclude that if 6 > cg(log N)"/N,
then W(A,N) > 62 exp(—c6%(log N)7)N2. By taking C' = cg and C’" = ¢,
the theorem follows.
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