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Optimal £, discrepancy bounds for
higher order digital sequences over the finite field F,

by

JOSEF DICK (Sydney) and FRIEDRICH PILLICHSHAMMER (Linz)

1. Introduction and statement of the main results. We study equi-
distribution properties of point sets in the s-dimensional unit-cube [0, 1)*
measured by their Lo discrepancy (see [2, [15, 18] 26] [31]). For a finite set
Pn.s = {xo,...,xn_1} of points in the s-dimensional unit-cube [0,1)° the
local discrepancy function is defined as

Moot~ AP
where t = (t1,...,ts) € [0,1]® and An([0,t), Pns) denotes the number of
indices n with x,, € [0,¢1) X --- x [0,t5) =: [0,t). The discrepancy function
measures the difference of the portion of points in an axis parallel box con-
taining the origin and the volume of this box. Hence it is a measure of the
irregularity of distribution of a point set in [0, 1)®.

The Lo discrepancy of Py s is defined as

1/2
(1) ﬁQ,N(PN,s)=< S |A(t)]2dt> .
[0,1]¢
For an infinite sequence Ss = (xg,x1,...) in [0,1)® the Lo discrepancy

Lo N(Ss) is the Lo discrepancy of the first NV elements of S;.

It is well known that a sequence is uniformly distributed modulo one if
and only if its Lo discrepancy tends to zero for growing N. Furthermore, the
Lo discrepancy can also be linked to the integration error of a quasi-Monte
Carlo rule; see e.g. [15},[32] [46] for the error in the worst case setting and [52]
for the average case setting.

A lower bound on the £y discrepancy of finite point sets has been shown
by Roth [39]: for any s € N (the set of positive integers) there exists a
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number ¢, > 0, depending only on s, such that for every point set Py, in
[0,1)® consisting of N > 2 points we have
(s—1)/2

2 Lon(Pro) = e, BT
This lower bound is best possible in the order of magnitude in N, as shown
first by Davenport [I0] for s = 2 and then by Roth [40, 41] for arbitrary
dimensions s € N. Other constructions of point sets with optimal Lo dis-
crepancy were found by Chen [4, [5], Dobrovol’skii [I7], Frolov [23] and
Skriganov [42] [43]. Davenport used point sets consisting of the 2NN ele-
ments ({+na},n/N) for 1 < n < N, where N € N and « has a contin-
ued fraction expansion with bounded partial quotients. Further examples of
two-dimensional point sets with best possible order of Lo discrepancy can be
found in [19] 20, 211 25, 27, B7]. On the other hand, Roth’s [4I] proof for di-
mensions s > 2 is a pure existence result obtained by averaging arguments as
are the constructions in [4] 5] 177, 23] [42], 43]. Explicit constructions of point
sets achieving the best possible order of convergence have been a longstand-
ing open problem. Finally, a solution was given by Chen and Skriganov [7]
who, for every integer N > 2 and every dimension s € N, gave for the first
time explicit constructions of finite point sets consisting of N points in [0, 1)*
whose £ discrepancy achieves an order of convergence of (log N)¢~1/2/N.
Their construction uses a finite field ), of order p with p > 2s5%. We also
refer to [8] where the arguments from [7] are considerably simplified, and
to the overview in [I5] Chapter 16]. The result in [7] was extended to the
L, discrepancy for 1 < p < oo by Skriganov [44]. See also [45] where a
construction over Fg was studied.

On the other hand, it was shown by Proinov [36] that for an infinite
sequence S of points in [0,1)® there is a constant ¢, > 0 such that

(log N)*/2
N

for infinitely many values of V. This lower bound is known to be best pos-
sible in dimension s = 1. One-dimensional infinite sequences whose Lo dis-
crepancy satisfies a bound of order y/log N/N for every N > 2 were given
in, e.g., [3, 24, 27, 36, B8]. These constructions are mainly based on the
symmetrization of sequences (also called reflection principle). On the other
hand, although it was widely believed that Proinov’s lower bound is also
best possible for arbitrary dimensions s, so far there was no proof for this
assertion.

‘CQ,N(SS) > C{g

1.1. The main results. In this paper we prove two main results:
We provide for the first time explicit constructions of infinite sequences
in [0,1)% for which the first N > 2 points achieve an Ly discrepancy of order
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(log N)*/2/N for arbitrary s € N. This result is best possible by the lower
bound of Proinov [36].

Furthermore, for any integer N > 2 and any dimension s € N, we give an
explicit construction of a finite point set of NV elements in the s-dimensional
unit cube with the optimal rate of convergence for the Lo discrepancy in
the sense of the lower bound of Roth. Our construction is different from
that of Chen and Skriganov [7]. In contrast to [7] where the construction
uses a finite field F, with p > 252, our method is, independently of the
dimension s, based on the finite field Fy of order two. Furthermore, our
result does not use the Davenport reflection principle [I0] and also does not
use the ‘self-averaging’ property from [7]. Instead it is based on higher order
digital nets and sequences from [111, [12].

In our proofs we do not keep track of constants which depend only on the
dimension s since they are significantly larger than the constants obtained
n [14]. Therefore, in the following, we write A(N,s) <5 B(N, s) if there is
a constant ¢ > 0 which depends only on s (and not on N or m through
N = 2") such that A(N,s) < ¢;B(N,s).

THEOREM 1.1. For any s € N one can explicitly construct an infinite
sequence Ss of points in [0,1)* such that for all N > 2 we have

(log N)*~D72 (log N)*/2
oy Vs

where S(N) is the sum-of-digits function of N in base 2 representation, i.e.,
if N =2 ... 2™ withmy > --- >m, >0, then S(N) = r. Obviously,
we have S(N) <1+ (log N)/(log?2) for all N € N.

EQ,N (Ss) <5

REMARK 1.2. It follows from [28, Corollary 3] that for any ¢ > 0 we
have

. 1 log M log M
| — <SN<M:(1-
Moo M {0_ < ( 5)210g2 210g2}’

Hence the density of N € N for which S(V) is at least of order log IV is
equal to one. More precise results on the distribution of the sum-of-digits
function can be obtained, e.g., from [11 [30].

<S(N)<(1+¢)

The above construction can also be used to obtain the following result
for finite point sets, which was first shown in [7] by a different construction.

COROLLARY 1.3. For any s € N and any integer N > 2 one can ez-
plicitly construct a point set Py consisting of N elements in [0,1)° such
that
(log N)ts—1)/2

L2,N(PN,S) <5 N
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A comparison of the approach in this paper with the method used in [7]
can be found in [16].

1.2. Explicit constructions of sequences and point sets. We now
present explicit constructions of sequences and point sets satisfying Theo-
rem and Corollary For p € N let Q(2?P) := {O, 2%, 2%, cee 22;1

The construction of sequences S; = (xo, 1, ...) in [0, 1)® satisfying The-
orem (1.1l was introduced in [II], [12] and is based on linear algebra over the
finite field Fy of order 2 (we identify Fo with the set {0,1} equipped with
the arithmetic operations modulo 2).

First we need to recall the definition of digital nets according to Nieder-
reiter [33}, [34]: For m,p € N with p > m let Cy,...,Cs € FA*™ be p x m
matrices over Fy. For n € {0,...,2™ — 1} with binary expansion n =
no + n12 + -+ + nypu_12™! we define the binary digit vector 7 as 7 =
(ng,n1, ... M1)€ FZ" (the symbol T means the transpose of a vector or
a matrix). Then compute

Cinl = (Tjn1,%jn2,--- ,acj,mp)—r forj=1,... s,
where the matrix vector product is evaluated over Fs, and put
Tjp = xj7n712_1 + $j7n,22_2 + 2P € Q2°).
The nth point x, of the net Pom ¢ is given by @, = (Z1,...,Zsn). A net

Pam s constructed this way is called a digital net (over Fp) with generat-
ing matrices C1,...,Cs. Note that a digital net consists of 2™ elements
in Q(27)°.

We also recall the definition of digital sequences according to Niederreiter
[33, 134], which are infinite versions of digital nets. Let Cy,...,C, € Fy*N
be N x N matrices over Fo. For C;j = (¢j i)k een We assume that for each
¢ € N there exists a K(¢) € N such that c¢j,, = 0 for all k& > K(¢). For
n € Ny, where Ny = N U {0}, with binary expansion n = ng + n12 +
oo 12 € Np, we define the infinite dyadic digit vector of n by
i = (no, N1, -+, Mm-1,0,0,...)" € FY. Then compute

Cjﬁ = (:Ujm’l,l‘j’n,g,...)—r fOI"j = 1,...,5,
where the matrix vector product is evaluated over Fs, and put

Tin = Tjn12 "+ Tjn22 0 4 €[0,1).

The nth point x, of the sequence S, is given by x, = (z1p,...,Tsn).
A sequence Sy constructed this way is called a digital sequence (over Fa)
with generating matrices C1, . .., C,. Note that since ¢; ¢ = 0 for all k large

enough, the numbers z;,, are always dyadic rationals. (We call z € [0,1) a
dyadic rational if it can be written as a finite base 2 expansion.)

Explicit constructions of suitable generating matrices Ci,...,Cs over
F5 were obtained by Sobol’ [47], Niederreiter [33][34], Niederreiter—Xing [35]
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and others (see [I5, Chapter 8] for an overview). For completeness, we briefly
describe a special case of Tezuka’s construction [49], which is a generaliza-
tion of Sobol’s construction [47] and Niederreiter’s construction [33] of the
generating matrices.

We explain how to construct the entries c; ¢ € F2 of the generator ma-
trices Cj = (¢jke)ke>1 for j =1,...,s. To this end choose the polynomials
p1 = x and p; € Fafz] for j = 2,...,s to be the (j — 1)th primitive poly-
nomial in a list of primitive polynomials over Fs that is sorted in increasing
order according to their degree e; = deg(p;), that is, ex < ez < -+ < e
(the ordering of polynomials with the same degree is irrelevant). We also
put e; = deg(xz) = 1. (We point out that Niederreiter [33] uses irreducible
polynomials instead of primitive polynomials.)

Let j € {1,...,s} and k € N. Take i—1 and z to be respectively the main
term and remainder when we divide k—1 by ej, so that k—1 = (i—1)e; +z,
with 0 < z < e;. Now consider the Laurent series expansion

mejfzfl

Z ag(i, J, z):r:_g e Fo((z™1)).
(=1

pi(z)t &

For ¢ € N we set
(3) C.]ykzz = aé(i7 j7 Z).
Every digital sequence with generating matrices C; = (¢cji¢)re>1 for j =
1,..., s found in this way is a special instance of a Sobol’ sequence, which, in
turn, is a special instance of so-called generalized Niederreiter sequences (see
[49. eq. (3)]). Note that in the construction above we always have ¢, = 0
for all £ > /.

Observe that generalized Niederreiter sequences (as are Sobol’s and Nie-
derreiter’s sequences) are digital (¢, s)-sequences with

S
(4) t=> (e;—1).
j=1

See [49, Lemma 4] for details.

To obtain a sequence which satisfies Theorem we need the following
definition.

DEFINITION 1.4. For o € N the digit interlacing composition (with in-
terlacing factor «) is defined by

Do 10,1)* 5 [0,1),  (x1,...,30) > DY &ra2 70TV

a=1r=1

where z,. € [0, 1) has dyadic expansion of the form z,, = & 1271 4+&, 2272+ - -
for 1 <r < a. We also define this function for vectors by setting
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2 :0,1)* = [0,1)%,
(71, %as) = (Dal(®1, -5 Ta)s - s Dol T(s—1)at1s - - - > Tas) )
for point sets Py s = {®o, Z1,...,zny_1} C [0,1)*® by setting
Da(PN.as) = {Za(®0), Zo(@1), - ., Do (®n 1)} € [0,1)°
and for sequences Sys = (xo, x1,...) with x,, € [0,1)*® by setting
DolSas) = (Zg(w0), Za(®1), - ).

We comment here that the interlacing can also be applied to the gen-
erating matrices C,...,Cys directly as described in [12 Section 4.4]: Let
C1,...,C4s be generating matrices of a digital net or sequence and let ¢,
denote the kth row of C;. We define matrices E1, ..., Es, where the kth row
of E; is given by €, in the following way. For all 1 < j < s, u > 0 and
1<v<alet

gj,ua+v = E(j—l)a—l—v,u-‘,—l'

If C1,...,C4s are the generating matrices of a digital net Py os or digital
sequence S,s respectively, then the matrices F1, ..., Es defined above are
the generating matrices of Z3(Pn as) or Z5(Sas) respectively. Thus one can
also obtain generating matrices F1, ..., Es € FQNXN which generate a digital
sequence satisfying Theorem

Above we assumed that ¢; ;¢ = 0 for all k > K(¢). Let Ej = (€jx.0)k ren-
Then the interlacing construction yields e, = 0 for all k > aK(¢), where
« is the interlacing factor.

We shall show that the sequence 73 (Ss), where S5, is a digital sequence
in dimension 5s constructed for example according to Sobol’ as presented
above, satisfies the bounds in Theorem

To construct finite point sets for any integer N > 2 we proceed in
the following way. Let m € N be such that 2™~ ! < N < 2™ and let

X0, T1,...,Tom_1 € [0,1]3*71 be the first 2™ points from the sequence in
dimension 3s — 1 as introduced above with p; = z and ps = 1+ z. Let ,, =
(1 .-+, %35—1,n) and define the point y,, = (N27"™, Z14,...,235—1,n) €

[0,1)3%. Let now

Pom s = {Z3(yg), Z3(Y1) - - - D3(ygm) }.

To obtain a point set consisting of N points we use a propagation rule
introduced in [7] (see also [I5, p. 512]): The subset

~ N
PN,s = 'sz,s N <|:O, 2m) X [0, 1)51>
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contains exactly N points. Then we define the point set

2m ~
(5) Pn,s = {(Nx1,$2,...,xs> D (x1, e, ..., xg) € PNﬁ}.

We will show that Py ¢ satisfies the bound in Corollary We remark that
Chen and Skriganov [7] applied the same propagation rule but to a different
point set.

1.3. The general construction principle. Our approach is based on
higher order digital nets and sequences constructed explicitly in [IT], 12]. We
state here simplified versions of their definitions that are sufficient for our
purpose.

The distribution quality of digital nets and sequences depends on the
choice of the respective generating matrices. In the following definitions we
put some restrictions on Cf, ..., Cs with the aim to quantify the quality of
equidistribution of the digital net or sequence.

DEerFINITION 1.5. Let m,p,a € N with p > am and let £ be an integer
such that 0 <t < am. Let Cq,...,Cs € ]ngm with C; = (éj,l,...,éj,p)T,
ie., ¢j; € F3' is the ith row vector of the matrix Cj. If for all 1 < i;,, <

- <51 < p with

s min(vj,a)
E g tjp < am—t
Jj=1 =1
the vectors
Cl,’iLyl 3o 9 Cligas -9 Csiigugr o9 Csiga

are linearly independent over Fy, then the digital net with generating ma-
trices C1,...,Cs is called an order « digital (t,m, s)-net over Fo.

Next we consider digital sequences for which the initial segments are
order «v digital (¢, m, s)-nets over Fy:

DEFINITION 1.6. Let @ € N and let ¢ > 0 be an integer. Let C1,...,Cs
e F gXN and let Cjamxm denote the left upper am x m submatrix

of Cj. If for all m > t/a the matrices Ciamxms---,Csamxm generate
an order « digital (¢,m,s)-net over Fy, then the digital sequence with
generating matrices C1,...,C is called an order o digital (t,s)-sequence
over Fo.

From Definition [1.5|it is clear that if Pom , is an order a digital (¢, m, s)-
net, then for any ¢t <t < am, Pam s is also an order « digital (¢',m, s)-net.
An analogous result also applies to higher order digital sequences.
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From [11 Theorems 4.11 and 4.12] (where we set a = d) we obtain the
following result:

PROPOSITION 1.7. If Syus is an order 1 digital (t', as)-sequence over Fa,
then Z5(Sas) is an order a digital (t, s)-sequence over Fy with

[0
t=at )
« +8<2>

For the construction based on Sobol’s and Niederreiter’s sequence intro-
duced above we have and therefore we obtain explicit constructions of
order « digital (t, s)-sequences with

t:ag(ej—nH(;‘).

Note that in the construction introduced above we have c;, = 0 for all
k > {. Using the interlacing construction we obtain generating matrices
Ei,...,Es with Ej = (€ r)keen and ejg, = 0 for all & > ol. Let Ejnym
denote the first m columns of E;. Then we see that the kth row of E;nxm
is the zero-vector for all £ > am. This implies that the first 2" points of
the digital sequence with generating matrices E1, ..., Es are the same as the
points of the digital net with generating matrices E1 amxms - - -, Es,amxm- In
particular this implies that all coordinates of all points are dyadic rationals.
(For more general constructions of digital (¢, s)-sequences a similar result
holds, however we do not use this fact here.)

Note that a digital net can be an order a digital (¢,m,s)-net over Fy
and at the same time an order o digital (¢',m, s)-net over Fy for o/ # a.
This means that the quality parameter ¢ may depend on «. If necessary
we write t(«) instead of ¢ for the quality parameter of an order « digital
(t(a),m, s)-net. The same holds for digital sequences. In particular, [12
Theorem 4.10] implies that an order « digital (¢,m,s)-net is an order o’
digital (¢',m, s)-net for all 1 < o/ < o with

(6) t' = [td'/a] < t.

The same result applies to order « digital (¢, s)-sequences which are also
order 1 < o < « digital (¥, s)-sequences with ¢ as above. In other words,
t(a/) = [t(a)d'/a] for all 1 < o’ < a. More information can be found in
[15, Chapter 15].

We will show that every order « digital (¢, s)-sequence over Fo with o > 5
satisfies the requirements of Theorem

1.4. Geometric properties of (higher order) digital nets. We give
a geometric interpretation of the digital nets introduced above. For a = 1
they go back to Niederreiter [33 34]. The condition in Definition says
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that so-called dyadic elementary boxes of the form

f[ aj  aj +1
2(11" 2dj ’

j=1

with integers d; > 0, di + --- +ds = m — ¢, and integers 0 < a; < 245
contain b’ points of the net, which is the fair portion of points of the net
with respect to the volume of the box. Thus smaller values of the so-called
quality parameter ¢ imply stronger equidistribution properties of a net. For
more information see [34, Theorem 4.28] or [I5, Theorem 4.52].

The more general definition for a > 1 goes back to Dick [11} [12]. Rather
than considering boxes containing the right portion of points as for the
case « = 1, here one considers unions of such boxes. To give geometric
interpretation, we define for v € Ny, a1 > --- > a, > —v+1land k1,...,Kk, €
{0,1} the union of intervals

Jo(at, ... ap, K1y Ky)

oo
= {az €[0,1) :m:Z§d2_d with &, = k; for i = 1,...,1/},
d=1
where we set J = [0,1) for v = 0, where a; € {-v+1,—v +2,...,0}
does not yield any restriction and where we always use the finite expan-
sion of z for dyadic rationals. For instance we have J2(0,—1,0,0) = [0, 1),
J2(1,0,0,0) = [0,1/2) and J5(3,1,1,1) = [5/8,6/8) U [7/8,1). Let 1(z) de-
note the indicator function of a set J (that is, 1 for x € J and 0 otherwise).
Then an order « digital (¢,m, s)-net satisfies

2m—1
Z 1j(x,,) = Volume(J)
n=0
for all J of the form
S
H Ja(al’j, ceey CL,,J.J, HLj, ey ﬁyj,j)
7j=1

for all x,; € {0,1},all 1 <r < viand 1 <j <s,and all aj; > aj2>--->
@jp; > —Vj + 1 with

S min{'/j ,OA}

Z Z max{a;,,0} < am —t.
j=1 r=1

Thus higher order digital nets contain the correct proportion of points not
only for elementary dyadic intervals, but also for certain unions of disjoint
dyadic intervals. Thus higher order digital nets have an additional structure
which classical digital nets do not necessarily have.
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2. Walsh series representation of the squared £, discrepancy.
As an important tool in our analysis we use a Walsh series representation of
the Lo discrepancy. This representation will be deduced within this chapter.

2.1. Walsh functions. We introduce Walsh functions in base 2 (see
[9, 221, [50] ), which will be the main tool in our analysis of the Lo discrepancy.
We recall that No = NU {0}.

For k € Ny the kth Walsh function waly, : [0,1) — {—1,1} is defined in
the following way: let k have base 2 representation

k= Ha_12a_1 +---+ I€12 + Ko,
with k; € {0,1}, and let = € [0,1) have base 2 representation

& &
eyt
with & € {0,1} (unique in the sense that infinitely many of the §; must be
zero); then

walg(x) = (_1)§1I€0+"-+§ana_1'

For dimension s > 2, vectors k = (k1,...,ks) € Nj and ¢ = (x1,...,xs)
€ [0,1)® we write

walg(x) := H walg, (7).
j=1

A summary of properties of Walsh functions can be found in [I5, Ap-
pendix A]. See also [6] for Walsh functions in the context of discrepancy
theory, [29] for Walsh functions in the related context of numerical inte-
gration in [29], or [48] in the related context of pseudo random number
generation.

We report on a relation between Walsh functions and digital nets over [Fo
which will be useful for our analysis. Before we do so we need to introduce
some further notation. By @& we denote the digit-wise addition modulo 2,
ie., for real numbers z,y > 0 with dyadic expansion z = ) .2 &/2" and
y =20, ni/2" with w € Z and & # 1 for infinitely many  and n; # 1 for
infinitely many j, we put

o
TDY = Z %, where (; := & + n; (mod 2).
i=w

For vectors ¢,y € [0,1)° we set x Dy = (1 D y1,...,2Ts D ys). Note that
eg. fore=2"14234+254... andy=2"24+2"44+2%4+... we have
r®y=2"1+224+234+... =1 (see 22, Section 2]). Thus z D y is a
dyadic rational which is not defined via its finite expansion. However, in
this paper, we only use @ in conjunction with dyadic rationals x and y for
which we assume that x and y are given by their finite expansion. Therefore,
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in this paper, x @ y will always be a dyadic rational defined via its finite
expansion.

It can be shown (see [15, Lemma 4.72]) that any digital net Paom g is a
subgroup of ([0,1)%,®). Since for any x;,x; € Pm s and any k € Nj we
have

walg (xn, ® ;) = walg(xy) walg(x;)
it follows that waly, is a character of the group (Pam s, ®). Hence, for any

digital net Pym s with generating matrices Cy,...,Cs € F5*™ and any k =
(k1,...,ks) € N§ it follows that

2m 1 . > > =
2™ i Ok + -+ CJ ks =0,
(7 S wal(wn) =4 S T
h—0 0  otherwise,

where for k; € Ng with dyadic expansion k; = K0+ K12+ -+ ﬁjya_12“_1
we set k‘j = (ij,/ij’l, .. .,Hj7p_1)T with Kja = Kja+l = = Kjp—1 = 0
for a < p. For a proof of this fact we refer to [13, Lemma 4.75] (there only
p = m was considered, but only minor modifications are required to obtain
a proof of ) We will call this relation the character property of digital
nets.

2.2. The Walsh series expansion of the L, discrepancy. The
squared Ly discrepancy of a point set Py s = {@o,...,&n_1} can be viewed
as a function of {xg,...,zN_1}, i.e. a function of Ns variables:

L3 n(Pn,s) = L5 y({mo, -, TN_1}).

To obtain its Walsh series expansion, we use the following well known for-
mula of Warnock [51] (see also [I5, Proposition 2.15]).

PROPOSITION 2.1. Let Py s = {xo,...,Zn_1} be a point set in [0,1)*.
Then
N-1 s 2 2
12 l—ay, An([0,1), Pn,s)
2 _ n,J N sy U)y ' N,s
CinPro) =g -y L =57+ | ( N a,
n=0j=1 [0,1)*

where T, ; s the jth component of the point x,,.

We need the Walsh series expansion of the indicator function 1y (),
first given by Fine [22] and nowadays well known. To state this expansion
we need a weight function p defined for non-negative integers. Put u(0) =0
and for k € N with base 2 representation k = kg+k124- - -+ Kq_22¢" 242271
with k; € {0,1} put u(k) := a.
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Then for x € [0, 1] the Walsh series expansion of 1}y ; () is given as
l[O,t) (z)
1 1
~1—xz+ Z W < Z or Walk®27+u(k) 1( ) Walk@%(k)l(x)) Walk(t)
k=1 r=1
Using Parseval’s identity we therefore obtain

1
S Lo, (®)1[0,0)(y) dt

’ 1 1
= (1 - l’)(l - y) + Z W (Walk@2u(k)—1 (x) - Z 27" Walk®2r+u(k) 1( )>
k=1 r=1
1
X (Walk@zu(k)l (y) — Z or Walk@2T+u(/€)*1 (y)) :
r=1

Using the fact that An([0,t),Pns) = Zivz_ol H‘;Zl Lio;)(%n,;) we find
that

An(10,8), Py o)\ > 1 =1 A
| (autonrn) "

N )(iL‘nJ)l[Ot )(xm,j) dtj.

[0,1]¢
Combining the last two equations we obtain

2
(8) S (AN([Oa;T),PN,s)> dat

- e 3 [t o

n,m=0 j=1
S | =1
+ Z 22u(k)+2 <Walk@2“(’“)1(l’"7j) - Z or Walp gort i) - 1(5%]))
k=1 r=1
00
1
X <Walk@2#(k)—1 (-rm,j) - Z or Walk@2r+u(k) 1(xm,J)>:|
r=1

The Walsh series representation of (1 — x,, j)(1 — @y, ;) can easily be
found. For example it was shown in [I5, Lemma A.22] that

1 =1
(9) X — 5 = — Z W Walga—l(fﬁ).
a=1

Using together with the last equality we obtain the Walsh series repre-
sentation of S[o 10 (An([0,t),Pn,s)/N)*dt
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Using @ again and Proposition we can now obtain the Walsh series
expansion of the squared Lo discrepancy:

N—-1 s

(10) L3 N(Pns) = —S - = Z 11 < +Z 2%2 walga—1 (20, ;)

nOgl

1
N Z ga+a’+2 Walya-1gga/-1(Zn,;)
1<a<a’

N2 Z H [( +22a+1 walga—1(Zn,;)

n,m=0 j=1

1 1
X (2 + z:l W W&lQa—l(l’m’j)
a=

N N N

o o0
1 1
+D_ s <Walk@2“‘“‘1 (7ng) = 2 5 Wolkgzrsnty -1 (7n)
k=1 r=1
=1
X <Walk@2u(k)l (l’m]) - Z or Walk@27+u<k) 1(5Um,y)>}
r=1

The following lemma can now be obtained upon comparing coefficients.

LEMMA 2.2. For any Pns = {xo,...,xn-1} in [0,1)° we obtain

N—-1
1 2
ﬁ%,N(PN,s) = 3N Z Z r(k,0) walg(x,,)

n=0 keNj

Z Z (k,1) walg(x,) waly(x,,),

n,m=0 k,lEN§
where k = (ki,...,ks), U= (l1,...,15), r(k,1) = [[;o; r(kj,1;). Further-
more, r(k,l) = r(l,k) and for non-negative integers 0 < I < k with k =
2=l 4y 20—l yith gy > - > a, >0 and 1 = 20071 oo 20wl th
by > .-+ > b, >0 we have

1/3 if k=1=0,
1/201+2 if v=1andl =0,
—1/2mtat2  yf 4 =2 gnd | = 0,

r(k, 1) = —1/20F92*2  4f y —=w +2>2 and a3 = by, ..., a4, = by_a,
1/(3-4%) if k=1>0,
1/20m+bi+2 if v=w, a1 # b1 and ag = ba,...,a, = by,
0 otherwise.
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Proof. As already mentioned, the result follows from upon compar-
ing coefficients. For instance we have

1 1 1
g + Z 72‘1""2 walya—1 (-TUn,j) - Z W Walzafl@ga’—l (xn,j)
a=1

with

1<a<a’
Zr (k,0) waly(zp ;)
k=0
1/3 if k=0,
r(k,0) = 1/20%2 if k=201,
’ _1/2a+a’+2 if k= 2a71 ® 2(1’717
0 in all other cases.

Now it suffices to check all cases. m

We can simplify the above formula further. But first we recall what we
mean by a digitally shifted digital net:

DEFINITION 2.3. Let Pom ¢ = {x,...,xom_1} be a digital net over Fo
and let o € [0,1)*. Then we call the point set Pom s(0) = {xo @ 0o,
L xom_1 B o} a digitally shifted digital net over Fy.

In this paper we will only consider digital shifts which are dyadic ratio-
nals. Since the points of a digital net are also dyadic rationals, the operation
@ is well defined.

LEMMA 2.4.

The squared Lo discrepancy of a point set Py s = {xo,...,TN_1} in
[0,1)° can be written as

N-1 N-1
1 1
Lin(Prns) = > r(k, 1) > walk(2n) - > waly(m),
n=0 m=0

k,1€N3\{0}

where the coefficients r(k,l) are given as in Lemma .
If Pom s is a digital net over Fo with generating matrices Cy,...,Cs €
FO*™ then
‘C%,T" (PQM,S) = Z r(k,1),
k,leD*
where D* =D\ {0} and D is the so-called dual net given by
D={(ky,....ks) eNS:C{ k14 -+ Cl ks = 0},
where for k € N§ with base 2 expansion k = ko + k12 + K222 + - we

put k = (Ko,...,Kp-1) .
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o If Pom 4(0) is a digital net over Fo digitally shifted by the digital shift
o then

L3 o (Poms(0)) = Y (k1) waly(o) waly(o),

k,leD*
where D* denotes the dual net excluding 0.

Proof. From r(0,0) = 37° and from the symmetry relation r(k,l) =
r(l, k) we obtain

2

Lan(Prs) = 55 = N Z Z r(k,0) walg(z,)
n=0 keN§
;| N2
+ﬁ Z Z r(k,1) walg(xy,) waly ()
n,m=0 k,IEN

=7(0,0) — 2r(0,0) +(0,0) — N2 Z > r(k, 0) wal(xn)
n,m=0 kENs

N-1
— Z Zr((),l)wall(:cm)

n,m=0 [€Ns

1 N-1
+ 52 Z Z r(k, 1) walg(z, ) wal; (,,)

n,m=0 k,leNS
(k,1)#(0,0)

1 N—-1
= <3 S rlk ) walk(e) waly(2m)

n,m=0 kIeNs\{0}

| V-1 | V-1

= Z T(kvl)ﬁ Z Walk(wn)ﬁ Z waly(zm),
k,leNg\{0} n=0 m=0

which proves the first part. The second part follows immediately from the

first part and the character property of digital nets. The third part

follows in the same manner as the second part using the additional equality

walg(x @ o) = walg(x) walg(o). =

3. The proof of Theorem We give the proof of our main result.
Throughout this proof we assume that o > 3 unless stated otherwise. We
consider the construction of digital sequences S,s based on (3)) in dimension
as and apply the digit interlacing function Z5(S,s) of order . The sequence
Ss i= 25(Sas) := (xo, x1,...) in [0,1)% is an order « digital (¢, s)-sequence
witht =a 2% (e;—1) +5(5). Using (6)), Z5(Sas) is also an order o digital



80 J. Dick and F. Pillichshammer

(t', s)-sequence with t' = [ta//a] <t for all 1 < o/ < «. Thus it is also an
order o digital (¢,s)-sequence for all 1 < o/ < «; see Subsection for
more details. Note that we have t > s(‘;) > (3) =3.

Let C1, ..., Cs denote the generating matrices of the digital sequence Ss.
Let C; nxm denote the first m columns of C;. As explained in Subsection
only the first am rows of C} N« can be non-zero and hence Cj is of the

form
C. — Cj,ame‘Dj,amXN c FNXN
J 2 )
ONxm ‘ Fjnxn

where Oyx,n denotes the N x m zero matrix. Note that the entries of each
column of the matrix Fjj yyxn become eventually zero.
We use the first part of Lemma [2.4] to obtain

N-1 N-1
) B 1 1
(11) L5 n(Ss) = g r(kz,l)ﬁ E Walk(mn)ﬁ E waly(x,).

k,IENS\{0} n=0 m=0

Let N = 2™ + ... 4 2™ with m; > --- > m, > 0 (hence r = S(IV)). We
consider the point sets

Pi = {w2m1+..+2mi—1 o ,$—1+2m1+--~+2mi}7
for ¢« = 1,...,r, where for ¢ = 1 we define 2™ 4 ... 4 2™i-1 = (. Any
ne{2mM 4. 42 —142M 4. 2™} can be written in the form

n=2"M 4 ... 42Mi-1 4 q=2Mi-10 4 q

with @ € {0,1,...,2" — 1} and £ =1 4 2Mi7 M-t ... £ 27171 f 4 > ]
and ¢ = 0 for ¢ = 1. Hence the dyadic digit vector of n is given by

- a
n = (CL(), A1y .-y Amy—1, lo, ll, lg, .. .)T =: <Z> y
where ag, ..., am,—1 are the dyadic digits of a and [y, {1, 2, . .. are the dyadic
digits of £. With this notation we have
Ojﬂmixmia
Ciit — 0 + Dj,oszN [
i = —— | /.
0 Fjnxn

For the point set P; under consideration, the vector

D .
(12) ;= | =2emx) g
FjnxN

is constant and its components become eventually zero (i.e., only a fi-
nite number of components are non-zero). Furthermore, Cjam,xm,a@ for
a=0,1,...,2™ —1 and j = 1,...,s generate an order « digital (¢, m;, s)-
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net over Fy (which is also an order o digital (¢,m;,s)-net over Fy for
1<d <a).

This means that the point set P; is a digitally shifted order « digital
(t,m;, s)-net over Fo and the generating matrices

(13) Cl,amiXmi; o 7Cs,ami><mi
of this digital net are the left upper am; x m; submatrices of the generating
matrices C1,...,Cs of the digital sequence. We denote the digital shift,
which is given by , by o;. Note that all the coordinates of the digital
shift are dyadic rationals since the components of 7;; become eventually
ZETOo.

Let D; denote the dual net corresponding to the digital net with gener-
ating matrices , ie.,

Dy =1{k=(ki,...,ks) €N} : O qmnsmi b1+ + C o s, ks = 0},

\ivhere for k € Ny with base 2 expansion k = kg + k12 + k222 + --- we set
k= (Iio, Rly..., I{amifl)—r. Set D;k = Dz \ {0}
We now obtain a bound on the L5 discrepancy using the dual nets D;.
For a vector k = (k1,...,ks) € N§ we put u(k) =>_°_ u(k;), where, as
already mentioned earlier, the function p : Ng — Ny is defined by u(0) =0
and for k = ko + K12 + - + ka—22972 4+ 2471 with x; € {0,1} by u(k) = a.

LEMMA 3.1. Let N =2™1 4 ... 4+ 2™ where my > --- > m, > 0. Using
the notation above, let

(14) Jiivw ={(k,1) € Df x D}, : r(k,1) # 0},
(15) Tii(2) = {(k,1) € Tiir - p(k) + p(l) = 2}.
Then
T Qmi 9y e ‘j ‘/(Z)‘
2 1,0
(16) L5 n(Ss) <s 2. NN > oz
1,4/ =1 z=mi+my —2t42
Proof. By the character property we have
1 —1+2m12_,_:...+2"% (e {Walk(ai) if k € Dy,
walg(x,) =
9mi § 0 if k ¢ D;,

n=2M14...4-2"i—1
where again for i = 1 we set 2™ + ... 4 2™i-1 = (, and hence

N-1 r P — 1421 - 2™

1 | 2mi 1 |

N § walg(z,) = : N om; § ‘ walg ()
n=0 =1 n=2m1 +...+2mz—1

r

2mi
= Z N Walk(di).

=1
keD;
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Inserting this into ((11)) and interchanging the order of summation we obtain

r

(17)  L3n(Se) = > > (k1) walg(o) waly(oy)

< N
ii'=1 (k1)ED; XDy,

<y S |r(k.D)l

ii'=1 (k1)ET; i

oMy My

oMy My

since |walg(x)| = 1 for any «.
According to the definition of r(k,1) in Lemma for (k,1) € J; v we

have
1

Thus from we obtain

r

1
(18) LEn(S) <5 Y Y. I

iyi' =1 (k1)ET,

oMy YMy

Now we reorder the sum over all (k,l) € J; according to the value of
p(k) + p(l).

Assume that k = (ki,...,ks) € Df. Let kj = Kjo + Kj12 + -+ +
Fja;—22% 2+ 2%~ with a; = u(k;) for j = 1,...,s. Let further &j,, denote
the uth row vector of the matrix C} am,xm,. Then

CY s k1 + -+ CJ ks =0

S,ami Xm; Vs

is equivalent to

s a;—2
ST ST =
Z ( Z Cjut1hju + Cj,ajfl) =0.
j=1 u=0
Hence it follows from the linear independence property for the row vectors
of generating matrices of digital nets in Definition that
wk)=a;+---+as>m; —t.
In the same way I € D}, implies that ;(I) > my —t. Hence (k,1) € D} x D},
implies pu(k) + p(l) > m; +my — 2t + 2.
Thus for the innermost sum in we have

S o ZOO | T (2)]
ou(k)+u) 2z
(k,l)e.ji’i/ z:mi+mi/—2t+2

By substituting this result into the result follows. =
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To obtain a bound on the right-hand side of , we first obtain a
bound on the number of elements in the set J; #(z). We do this in the next
six lemmas.

LEMMA 3.2. Using the notation above, we have

z—my+t—1
19 |Fw)= > Nk € T uk) =2 and pl) = z—2}|.
z1=m;—t+1

Proof. We have

z
(Tiw () = Y (k1) € Tir : plk) = 21 and pu(1) = 2 = 21},
z1=0
Now (k,l) € J; implies k € D} and I € D};. We already showed in the
proof of Lemma that k € D} implies that p(k) > m; —t, and I € D},
implies that p(l) > my — t. Thus we only need to consider the case where
z1 > m; —t, and z — 21 > my — t, and hence the result follows. =

LEMMA 3.3. Using the notation above, we have

z—my+t—1
Fw@l < Y min{[{keDi: k) =2} max R (k.z -2,
z1=m;—t+1 u(k):ZZ1
* 2
{teDy k) =2—=} max RO},

p)=2—=
where
RY (k2 — 21) = {L € D} : (k,1) € Fiw(2) and p(l) = = — =},
RO, %) = {k € D} : (k1) € J0(2) and p(k) = z}.
Proof. Each summand in can be estimated on the one hand by

{(k.1) € Tiw s (k) =21 and  p(l) =2z — 21}
<|{k €D : p(k) = 21} max | (k2 — )|,
keD; ’
n(k)=21
and on the other hand by

{(k, 1) € Tiiw: (k) =21 and p(l) =2z — 21}
<WLeDj:pk)=z—=}) max [R7)(a).

il

w(l)=z—=
Hence the result follows. m
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To prove the next results we introduce some notation. Let k;,1; € Ng. In
the following we simultaneously use two different notations for the binary
expansion of k; and [;. First let

kj = 9aja—1 4 ... 4 9%t

with aj1 > -+ >a;z >0 and

=20l 4 obja;—1

with bj1 > -+ > bj 5, > 0. Thus v; denotes the number of non-zero digits
of k;, and w; denotes the number of non-zero digits of ;. For k; = 0 we use
the convention that v; = 0 and a;; = 0. Further we set aji+i = bja;+i =0
for i > 0.
We also use the notation
kj = kj70 + kj712 4+ 4 kj,aj71—12aj‘171
with binary digits k;; € {0,1}. Thus
“_{1 if i = a;, for some 1 < v < v,
" 0 otherwise.
Analogously we write
L =10+ a2+ + Ly, 12707
with binary digits I;; € {0,1}. Thus
l”—{l if ¢ = bj 4, for some 1 < w < wyj,
M 0 otherwise.
We now study the factors appearing in the bound in Lemma [3.3] sepa-

rately in two steps.

LEMMA 3.4. For z1 > m; —t + 1 we have

-1
[{k € D; 2 k) = 21} < ( 2 )2’“

and for z — z1 > my —t + 1 we have

|{l c D:/ : M(l) — 21}‘ <, (Z — 21 +1S - 1> 9z—z1—my+t—1
Proof. 1t suffices to show the first estimate, the second estimate is a di-
rect consequence of the first bound. The number of k = (ki,...,ks) € D}
with p(k) = 21 has been studied in [I4]. Assume first that k; > 0 for 1 <j <s.
The case where one or more of the k;’s are zero follows by the same argu-
ments. Let X(vy,...,vs) denote the number of such k = (ki,...,ks) € D}
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with p(kj) = aj1 = vj. Then k € D} implies that
(20) G kLo + 4 E 0, 1kt —2 + Eh,

ST ST ST
+ Gy iko 0+ F Copy1h2m—2 + Coyy

ST ST ST =
+ Cs,lks,(] ++ Cs,vs—lk&vs 2+ Covs = 0,

where ¢j,, € F5" denotes the uth row vector of the matrix Cj qm,xm,. Since
by the (order 1) digital (¢, m;, s)-net property the vectors

Clay++>Clugs--+sCs1y---Csug

are linearly independent as long as v + - - - + vs < m; — t, we must have

(21) v+t vs>m; —t+ 1.
Let now A denote the m; x ((v1 —1)+-- -+ (vs — 1)) matrix with column
vectors 51,T17 e 7511;1717 ey SH, ,E'S’Tvrl, ie.,
T T ST ST
A= (01,17 s Cly =195 G5 1 765,1;571)
Further let
ST
f_Cl”Ul .”+Cs,vs

and
- T
k = (kl,(]a sty kl,’u172, ety ks,[)a L) 7kS,U572)

length (v1—1)4-+(vs—1)

Then the linear system of equations (20| can be written as

(22) Ak =f
and hence
D(vi,...,0s) = Z 1=|{ke ngl—l)—i---.—l-(vs—l) . Ak = f}].
ReF(1— D+ +ws=1)
Ak=F
By the definition of the matrix A and since Ci am;xm;s-- s Cs,amixm; are

the generating matrices of an (order 1) digital (¢, m;, s)-net over Fo we have
rank(A){: (’Ul—l)—i-'--—i-(vs—l) if (vl—'l)—l—---—i-(vs—l) §mi—t,
>m; —t otherwise.

Let L denote the linear space of solutions of the homogeneous system Ak =0
and let dim(L) denote the dimension of L. Then it follows that

di (L){:O ifog 4+ +vs <m —t+s,
im
<vi+---4+vs—m; +t—s otherwise.
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Hence if v1 + - - - +vs < m; —t+ s we find that the system has at most
one solution and if v; + -+ + vs > m; — t + s then the system has at
most 201 TUs=mitt=s golytions, i.e.,

o )<{1 ifor+--+vs<m —t+s,
V1y.ooyVUs) S
° QUi s TmiH =S G gy e vg > My — t s,

Recall that v; + -+ + vs = p(k).

In the following let (Z) denote the binomial coefficient, where we set
() =0if k> n. Thus

HkeDj:kj>0forj=1,...,sand p(k) = 21 }|

-1
(Zl+8 > if 21 <m; —t+ s,
s—1

—1
<Zl +s : )221—mi+t—s if 2 >m; —t+s.
S p—

In general, for @ # u C {1,...,s} we have

{k € Dj : k; > 0 for j € u, kj = 0 otherwise, and u(k) = z1}|

-1

<Z1 @llil 1 ) if 20 < my —t + |ul,
-1

(Zl |Z|‘qi| ) )221_mi+t_|u| if 21 > m; —t + |ul.

Thus, in general, for z;1 > m; —t + 1 we have

-1
e D7) = 1) <, (7)o
LEMMA 3.5. Let Rﬁ)(k,z — z1) and Rﬁ;(l,zl) be defined as in Lem-
ma[3.3} Then for k € D} we have

2(z — 21) — 2my —i—t—i-s) (3(,2—21) — 3my —i—t—i—s)

Rk =) < S

S

and for 1 € D}, we have

R, 21)| < (

S S

2z1—2mi—|—t—|—s> <3zl—3mi+t—|—s)

Proof. Again it suffices to show the first estimate, the second estimate
follows by the same arguments. For the proof we first need to analyze for
which (k,l) € D; x Dy the factors r(k,l) are different from 0. To do so we
consider a number of cases.
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Recall that r(k,l) = [[;_, 7(kj, ;). For r(kj,l;) # 0 it follows that in
some sense k; and [; cannot be too different. Let us elaborate this in more
detail: Assume that r(k;,[;) # 0. Now Lemma implies that in order for
r(kj,1;) not to be 0 we must have 0 < |[v; — w;| < 2. Further we must have:

(i) WJ — ﬁ)}| =0 => ajo = bj72, e ,aj,’gj = b]ﬁ;j,
(i) 5w, =1 = k; =0or [, =0,
(111) ”Uj — wj| =2 = if 1,);7 = %j + 2 then a;3 = bj71, ces Oy = bj,@ja
if w; = vj + 2 then bj’g =Qj 1y bjﬂﬂj = a5,

If |v; — wj| > 2 we always have r(k;,1;) = 0.
For given (k,l) € J; # (%) we define the following sets for —2 <7 < 2:
ar={je{l,...,s}:v;=w;j+71}.

Note that a, Ny = 0 for 7 # 7" and | J2__,a, = {1,...,s} by Lemma
We observe that:

(1) For j € ap we have [;; = kj; for 0 <i < aj2 — 1.
(2) For j € a; we have I; =0 and k; = 2%171,
(3) For j € g we have k;; = 1;; for 0 < i < min{a;1,bj1} — 1.
(4) For j € a—; we have [; = 2%:17! and k; = 0.
(5) For j € a9 we have [;; = kj; for 0 <i < bjo — 1.
Thus, in all cases, k;; =1;; for 0 <i < min{a;j2 — 1,b;2 — 1}. We now set
hjﬂ' = kjﬂ' = lj),; for all 1 S ] S sand 0 S 1< min{ajg - 1,bj,2 — 1},
and for u; = min{a;js — 1,b;2 — 1} we set
hj=hjo+hj12+ +hj,, 129" for1<j<s
if u; > 0 and hj = 0 otherwise. Thus we only need to consider the cases
where

by = by + (2997 (2907, Ly = Ry 28 (2
for1 <j<s.
We now prove a bound on ]Rl(lg(k:, z — z1)|. Let ¢, denote the uth row
of the matrix Cj am,, xm, -
Let k € D} be fixed and p(kj) = a; for 1 < j < s. We have [v; —w;| < 2
and I € D}, implies that

ST ST ST ST
Cl,lhl,O +-- 01751’271}"1:1’1,2*2 + Cl,bLQ =+ Cl,bl’l

ST T ST ST
+ C2,1h270 +o 02752,2—1}127132,2—2 + C2,ba2 + C2,b21

T T T e
+ Cs,th,O + 4+ 657b572_1hs,b5’2—2 + Cs,bsg + Cs,bs,1 =0.
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If bj1 or bj2 is zero, we set E’B = (. Note that we consider k to be fixed,
thus the hj;’s are also fixed. For J € ai; Uay the values bj1,b;2 are fixed
by k; as shown in cases (1) and (2) above. For j € ap U a—; the values b2
are ﬁxed by the choice of k; but b; ;1 is not; see cases (3) and (4). For j € a_
neither b1 nor b; is fixed. Thus it follows that

Z Jb]l Z ijl Z ]bj2 ],]1)

JEag JEa_1 JjEa_2
s bj2—2
— - T . e e
= Z Z Ciry1hyr + Z Cjbje =€ >
7j=1 r=0 jEaiUaz

where the vector &' is fixed by k, since the hij and bj1,b; 9 are fixed by k
for j € a1 U ag. Since p(l;) = bj1 for 1 < j < s we have by1 + -+ bs1 =
Z — 21 = Z29.

Since h; is fixed by k; for 1 < j < s, it follows that for each given vector
(bj,i)1§i§2,1§j§s, where bj}l > bj,g and where b1,1+~ . -—|—bs,1 = 29, at most one
such solution exists. Thus |RZ(112 (k, z2)| is bounded by the number of possible
choices of (bj;)1<i<2,1<j<s, for which we prove a bound in the following.

The order 2 and order 1 digital (t,m;, s)-net property and I € D}, imply
that

bi1+bio+ba1+boo+ - +bs1+bs2>2my —t,
22:b171+bg,1+"‘+b371 > my —t.
Thus we have
bio+ - +bso>2my —t— 20+ 1.
Let bj1 = d; + bj 2, thus d; > 0 (where 6; = 0 if I; = 0). Then
29 ="Db11 4 F+bs1 =01+ -+ 05+ b2+ - +bso
>0+ +0s+2my —t— 20+ 1.
and therefore
O+ 405 <229 — 2my + t.

Thus, for given by 9, ...,bs2, the number of possible choices of by 1,...,bs1
with b11 + --- 4 bs,1 = 22 is bounded by the number of possible choices of
d1,...,0s, which itself is bounded from above by
2z9—2m+1
Z <r+s—1>:<222—2mi/+t+s>.
= s—1 s
Now consider the number of possible choices of (bj2)i<j<s. If j €

U?__, ar, then bjy is fixed since k; is fixed, and if j € a_g, then bj; >
bj2 > bj3 = a;1. Note that b; 3 is fixed since k; is fixed for all 1 < j < s. By
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the order 3, order 2 and order 1 digital net property and I € D}, we have
big+bia+biz+ -+ bs1+bs2+bs3 > 3my —t,
b1 +bio+ - +bs1+bso > 2my —1t,
zg=br1+-+bs1>my —t.
Let 25 = b1 o+ baa+ -+ + bs2 < z2. Then
big+ -+ +bss>3my —t— 20— 25> 3my —t — 229.
Let bjo = 5} +bj 3. Then (5} > 0. Then we have
22> bt ot b =0+ 0 bzt + s
>0 440+ 3my —t— 220+ 1
and therefore
8+ + 0, <320 —3my +t— 1.

Since by13,...,bs3 are fixed, the number of admissible bja,...,bs2 is
bounded from above by the number of possible choices of 8%,...,d%, which
in turn is bounded by
3zo—3m+t
Z (T+81>:<3223m7;/+t+5)
~ s—1 s ’

Since the number of possible choices of (b;;)i1<i<2,1<j<s is bounded by
the product of the number of possible choices of by 1, ..., b1 and the number
of possible choices of by 2, ..., bs 2, we deduce

Rk, 20)| < (222 - ”*8) (322 e ”8).

Thus the statement of the lemma follows. =

Before we combine Lemmas and to obtain a bound on |J; i/ (2)|,
we show in the next lemma that for ‘small’ z the set J; #(z) is empty. In the
proof we need to assume that o > 5.

LEMMA 3.6. Let « > 5. Then J;y(z) = 0 if z < %maX{Smi + 3my,
Smi + Smi/} -1+ %
Proof. We use the notation from the proof of Lemma [3.5

Assume that (k,l1) € J;(z). Consider again the five cases from that
proof. The following hold:

(1) For j € ap we have a2 =b;; fori =1,...,w; and w; = v; — 2.
(2) For j € a1 we have aj;41 =bj; =0fori=1,...,w; and wj = v; — 1.
(3) For j € ag we have a1 = bj41 fori=1,...,w; and w; = v;.

(4) For j € a_y wehave a;; = bj;41 =0fori=1,...,v;and v; = w; —1.
(5) For j € a—y we have a;; = bj ;40 fori=1,...,v; and v; = w; — 2.
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Since a;j; > aji+1 we therefore have b;3 > a;5 for 1 < j < s. By the
order 5 digital (t,m, s)-net property we have

a1 taipgt+arstarstars+---+as1+as2+as3+as4+ass
>dm; —t

and

Zi=a11+-+as1 > a2+ F a2
2 a3+ +asz > arg+ -+ asy

Thus, since b;; > bj; 1, we obtain

z—z1 =22 =br1+-+bs1 > b3+ +bs3z > a5+ tass > dmi—t—4z.

From the proof of Lemma m we have z — z1 > my —t + 1, therefore
z2>bmj —t—3z1 >5m; —t+3(my —t+1—2),

which implies

5mi + 3mi/ 3
> Ty 2
=T "1
Analogously we have
. 3m; + dmy iy §
- 4 4

Thus we have J; #(2) =0 if z < imax{5mi +3mg, 3m; +5my} —t + %. .

In the following we obtain a bound on |7; i+ (2)| for z > m; +my — 2t + 2.
In Lemma 3.6/ we considered z < 1 max{5m; 4+ 3m;, 3m; +5my} —t + 3. At
the beginning of this section we showed that ¢t > 3. Since % max{5m; + 3m,
3m; +5my} —t+ % > m; +my —2t+ 2 for t > 3, Lemmas andyield
a bound on |J; i (2)] for all z > 0.

LEMMA 3.7. For all k > 0 we have

|ji7z~/(mi —l—mi/ — 2t+ 2 + H)‘

W2
<2I€/2+2 Z <Zl+mz_ +3>
) s—1

" <2(/<;—zi)+5+2—t)(3(/{—23)4—5—1—3—275).

S S
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Proof. Combining Lemmas [3.3H3.5] we obtain

| T30 (2)]
—my+t—1
) z ’mZ in {221mi+t1 <Zl + 5 — 1) <22 —2z1 — Qmi/ +t+ S)
z1=m;—t+1 S 1 §

9 <3z3213m, +t+s>

iz —my -1 (z —z1+8— 1) <221 —2m; +t+ s)
s—1

5 (321—3mz+t+3>}

To simplify this bound further we first use the change of variable z =
m; +my — 2t + 2+ k for kK > 0. Then we have

|$’i/(mi + my — 2t+ 2+ H)‘

< Z min{g% (zl +m; 1t+3> <2(’€ Z)+s+2 t)
8_

S S
z1=0

(3(m—z1)+s+3—2t>

)

- K—2y+my—t+s 2z1+5+2— 32’1+S+3—2t .
s—1
Let

B(zi,zé)—223<zi+mi_t+8> (22’2+8+2—t><322+8+3—2t>

s—1

Then we obtain

K
(23)  |Tipr(mi+my —2t+2+k)] < Z min{B(z], k — 21), B(k—21,21)}

z1=0
[£/2] [£/2]
<2 Z min{B(z],k — 21), B(k — 21, 2])} <2 Z (24, K
z1=0 7=0

PSS (Arm ) (s rer)

s—1 S

(3(K—zi)+s+3—2t>
X ..
s
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The following lemma now implies Theorem Since the proof makes
use of Lemma [3.6| we need to assume that o > 5.

LEMMA 3.8. Let a« > 5. Let N = 2™ + ... 4+ 2™ > 2 with mq > -+ >
my > 0. Then
(log N)*~!

12 r.

Proof. Assume that ¢ < i'. Note that for k < |[(m; —my)/4+t—5/4] we
have J; i (m; + my —2t+2+ k) = () by Lemma Now we use Lemma
to deduce for the innermost sum in Lemma [3.1] that

L3 5(Ss) <s

c- | T (2)]
2 oz
z=m;+my —2t+2

(e}

1 \ﬂ,i/(mi+mi/—2t+2+m)|
2mi+mi/ Z 9K
k=|(mi—my)/4+t—5/4]

1 > 92 /2] Zi+mi—t+s
s QM+ Z 2&/2 s—1
k=[(mi—my)/4+t—5/4] z1=0

" <2(/€—Zi)+s+2—t)(3(K—zi)+s—|—3—2t>'

S S

<s

Since t depends only on the dimension s but not on m;, m;,, we can simplify
the above expression to obtain

i | T, (2)]
2Z
z=mi+my —2t+2
- 1 i 1 [”f] 2+ my\ (2(k — 20)\ (3(k — 2})
§ gmitmy /2 s—1 s S ’
r=[(m;—m;)/4] z1=0

We estimate the binomial coefficients using 0 < 2] < & to obtain

/ .
<Zl + ml) <o (mi + 15712+ 1) <, (log N)* Yk 4+ 1)L

s—1
() (3 e

S S

and

Thus we have

s | T (2)] (log N)s~1 > (k+1)3¢
) 9e 5 Tomitmy > ToR2
z=mi+my —2t+2 k=[(m;—m)/4]
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Inserting this bound into Lemma [3.1] we obtain
2 (log N)*~ N (5 +1)%
PROPALLIa S SR i
1<i<i' <r k= (mi—my) /4]

Using the fact that for i < i’ we have m; > m; we deduce for any fixed
1 <7 <7 that

T o0 _"_1 1
> oy oy oy L

i'=i k=|(m;—my)/4] i'=i k=|(m;—my)/4]

1 =1
< Z S (mi—m)/16 = 2) a6 <1
i =i q=

Thus we obtain
x

(k+1)3¢
> 2 S
ISZ'SZ"S'I’ K= L(mi—mi/ )/4J
and therefore
(log N)*~!
N2

where r = S(N) denotes the number of non-zero digits in the binary expan-
sion of N. u

L3 n(Ss) <s

T,

4. The proof of Corollary We first prove a bound on the Lo
discrepancy of order 3 digital nets.

4.1. A bound on the £, discrepancy of order 3 digital nets

THEOREM 4.1. Let s,m € N. For every (digitally shifted) order 3 digital

(t,m,s)-net Pom s over Fy we have
(s—1)/2
L2 9m (Pam 5) < WZT

Proof. The proof of Theorem can be obtained by specializing the
proof of Theorem to the case where r = 1. In the following we describe
the necessary changes in the proof of Theorem to obtain the result. The
reason for requiring only o = 3 instead of a > 5 is that we do not make use
of Lemma in this proof.

Let Cq,...,Cs € Fngm be the generating matrices of Pomg and recall
the definition

D={keNj:Clk + - +Clks=0 (mod 2)}

and D* =D\ {0}. We can use the same argument as in the proof of Theo-
rem where r = 1. Take J = J; # and J(z) = J;#(2) from the proof of
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Theorem with 1t =1 and m; = m, i.e., by and we have
J ={(k,l) € D* x D* : r(k,l) # 0}.
J(2) ={(k,1) € T : u(k) + p(l) = z}.

By the same arguments as in the proof of Theorem (see ), we
have

L3 (Pam 5) = ‘ 3 r(k,l)walk(a')wall(a)’

k€D
< D kD= > Ir(kD)
k€D (k)T
and for (k,l) € J we have
1
r(k, )| < Seouk) T
Thus (cf. (18))
L5om(P) <s Y 1
2,2m s TICETOR
(kHeg

It follows from the (order 1) digital (¢,m, s)-net property and k € D*
that p(k) > m —t, and from I € D* it also follows that u(l) > m — ¢ and
hence p(k) + p(l) > 2(m —t 4+ 1). Therefore (cf. Lemma

(24) LZon(P)<s Y |7 (ZZ” .
z=2(m—t+1)
From Lemma we find for z = 2m — 2t + 2 4+ k with k > 0 that

|T(2m — 2t +2 + k)|

/ [=/2] 2 4+m—t+s
s s—1

. (2(n—zg)+s+2—t>(3(m—zg)+s+3—2t)_

S S

Inserting this result into (24) we obtain

1 T (@2m — 2t + 2+ k)|
2
L5 9m (Poms) <s 52m—2+2 Z ok
rk=0
00 (/2]
t+ s
< mwdan > (V1)
21 =0

" <2(n—zl)+s+2—t)<3(n—zg)+s+3—2t>

S S



Optimal Lo discrepancy bounds 95

k/24+1(k+1+m—t+s)51
— 22m ZtZ

2r/2 (s —1)!
X(Zf@—i—s—{—Q—t) (Bk+s+3—2t)°
s! s! '

Since the sum over x is now from 0 to co, we do not need to use
Lemma Thus also the assumption that o > 5 is not needed and o = 3
is sufficient.

Using the fact that ¢ depends only on the dimension s, we therefore

obtain
s—1 @ HSS s—1

2 m m
52,2’” (PT”,S) <5 92m—2t Z 2,€/2 <s 922m—2t "
k=0

Thus the result follows by taking the square root. m

4.2. The proof of Corollary This proof uses Theorem and
an idea from [7].

Proof. For an integer N > 2 we choose m € Nsuch that 2! < N < 2™,
Let Pym 5 be an order 3 digital (¢, m, s)-net over Fy with the property that
the first component of Pam ¢ is a (0,m, 1)-net over Fy. Note that such nets
exist for every m and can be obtained in the following way: Take the digital
sequence introduced in Section in dimension 3s — 1. Concatenate to the
nth element the component n27" for n =0,1,...,2™ — 1, so that the new
points are of the form (n27™, yn.1,Yn2, - - -, Yn,3s—1), where (Yn1,- .., Yn3s—1)
is the nth point of the sequence. Then the set consisting of the points
(27, Yn1,yn,2) for 0 < n < 2™ is a digital (0, m,3)-net. Apply the digit
interlacing composition to the point set

{27, yn1,Yn2, -, Yn3s—1) :n=0,1,...,2™ —1}.

We can now use [I3, Proposition 1], which states the following: Let
C4,...,Cqs be the generating matrices of a digital (¢,m,s)-net and let
Cfa), .. .,Cs(a) be the matrices obtained by applying the interlacing con-
struction to C4,...,Cys. Then C%a), ey Cs(a) are generating matrices of an
order 3 digital (¢, m, s)-net. In particular, it follows that the first component
of the order 3 digital net obtained this way is a digital (0, m, 1)-net.

We now proceed as in [7]. According to Theorem we have
m(s—1)/2

2m
As shown above, the first component of Pom ¢ is a digital (0,m,1)-net
over [Fo. Hence the subset

~ N
'PN75 = 'Pgm75 N ({0, 2m> X [0, 1)81>

(25) Lo gm (Pam 5) <5
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contains exactly N points. We define the point set

2m ~
PN, = { <N£L'1,CL'2, e ,acs> D (w1, 9, ... x5) € PN,S}.
Then we have (with y = (y1,...,9s))

(NLon(Prs))® = | 1A([0,9), N, Pws)) — NA([0,9)* dy

[0,1)¢
1 1 s _
- SS A([Ohlezim) X H[O’yi)vNaPN,s)
0 0 =2 9
_om N
mel .2 Ys
2m N/2m 1
= S [ 114010,9), N, Pvs) — 270, (0, ) 2 dy
0 0
N/2’"1 1
= S [ §1Ax00,9),27, Pon ) — 27A,([0,9)) > dy
0 0
< 2@ Loy (Pom )2
= N 2,2m 2m s .
With we get
2m
(N£2,N(73N,s))2 <s W’ms_l L5 (logN)S_l.

Taking the square root and dividing by N we finally obtain

loec N (s—1)/2
£2,N(PN,S) <s (g]if n

dyy - -

Acknowledgments. H. Niederreiter also independently suggested re-
cently that higher order nets may achieve the optimal rate of convergence

of the Ly discrepancy.
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